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We describe a field theory by two parameter spaces in order to separate the two functions 
fulfilled by the space-time, i.e. the representation of the degree of freedom of the dynami- 
cal system and the specification of the order of measurements. After the two functions of 
space-time are separated, we abandon the assumption of the displacement invariance and assume 
the momentum-conservation law of finite “range’.* Further, we replace the assumption of 
the field by the assumption of the particle. Then the domain of the applicability of theory 
is extended so as to be able to describe the elementary particles with finite degree of freedom. 
Some possible observable effects peculiar to the theory of finite degree of freedom are discussed. 
The difference between the concept of space-time distance in the present field theory and 
that in our theory is mentioned. 


§ 1. Introduction 


Field theory describes elementary particles and their interactions as a dynamical 
system of field variables which are functions of space-time coordinate, on the basis 
of the principle of the special theory of relativity and the quantum mechanics. In 
the theory, space-time fulfils two distinct functions. The first one is the represen- 
tation of a degree of freedom of the dynamical system. The second one is the 
specification of the order of measurements in the dynamical principle. (The order 
is specified by space-like surfaces in space-time.) We may characterize the concept 
of space-time by these two functions. In order that a parameter space can fulfil the 
two functions, it is necessary that the dynamical principle is invariant under the © 
translation group in the parameter space, i.e. the displacement invariance. The 
displacement invariance is not a mathematical theorem but a physical assumption 
in the concept of the movement in physics. 

The principle of the special theory of relativity requires the invariance of 
theory under the inhomogeneous Lorentz group, i.e. the rotation group plus the . | 
translation group. While the requirement of invariance under the rotation group 
has been shown to be very useful for unified understanding of the experimental 
data, the requirement of the displacement invariance merely derives the To 
conservation law. The derived conservation law has the accuracy of zero “ range.” 


* We define “range” by g in Eq. (3-4) and Eq. (4-10). 
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We wish to mention in this paper that when we abandon the assumption of dis- 
placement invariance and assume a momentum conservation law of finite “ range,’* 
the domain of the applicability of theory is effectively extended without losing the 
merit of field theory. 

In order to abandon the assumption of displacement invariance, we have to 
describe a theory by two separated parameter spaces, each of which fulfils each 
one of the two functions of space-time respectively. Each separated space no 
longer deserves to be called space-time because it fulfils only a part of functions 
of the space-time. In the theory described by the two parameter spaces, it seems 
natural to replace the assumption of the field in field theory by that of the ex- 
istence of the elementary particle. 

Previously, we have attempted to construct a theory which is based on the 
assumption of the existence of elementary particles and does not rely on the concept 
of the space-time characterized by the above-mentioned two functions and accordingly 
also on the concept of the field.” In this paper, we start from the assumptions 
in field theory and replace some of them by weaker assumptions, and arrive at 
the theory attempted previously. The theory is shown to contain the present field 
theory as a special limit. We discuss about the examples of dynamical systems 
(i.e. the system of elementary particles with finite degree of freedom) which can 
not be described by field theory but can be described by our theory. The possi- 
bility of experimental test for the existence of such a dynamical system is also 
mentioned. 

Physical theories degenerate if the assumptions restricting them are replaced 
by weaker ones, when the assumptions are consistent, independent and supported 
by experimental data. But when the assumptions are not consistent, they have to 
be replaced, in some cases, by weaker ones. Our consideration based on such idea 
would not be meaningless in a sense that it would give a possibility of being free 
from the inconsistency** of field theory caused by the infinite degree of freedom 
and it would stimulate the reexamination of the necessity of the fundamental as- 
sumptions in field theory. 


§ 2. Assumptions in field theory and introduction of the third picture 


Field theory is based on the following assumptions: (I) the special theory of 
relativity, (11) quantum mechanics and (III) the existence of fields. 
(I) a. The theory is described by a parameter space called space-time which 


is a Minkowskian space, i.e. a four-dimensional real vector space with the inner 
product 


LVS LY FH In rt y= PP Ptaytgytaty®. (2-1) 
* See the foot-note of the preceding page. | | 


. ae mechanics is described by a separable vector space (Hilbert space) and, therefore 
is applie only to the dynamical system of finite degree of freedom. Field theory applies quantu 
mechanics to the dynamical system of infinite degree of freedom. : 


by P,. ; 
(II) c.1. A complete set of commuting observables {{(2/o)}* exists, of 
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(I) b. The theory is invariant under the inhomogeneous Lorentz group 


(L), 


x!*=a,' x’ +a", 
Qa =o a", ‘ah real 
det (a,”) >0, a,°>0. (2-2) 


(II) a. When a dynamical system is given being described by a certain 
number of variables, v;, a Hilbert space corresponds to the system and a dynamical 


_variable is represented by a linear operator. Measurable quantities are functions 


of dynamical variables and represented by Hermitian operators called observables. 
The result of measurement of an observable is one of eigenvalues of the observable. 
A complete set of commuting observables exists. 

(II) b.1. Measurements have an order. The order of measurements is speci- 
fied by space-like surfaces in space-time. 

(II) b.2. In the successive measurements specified by two parallel space-like 
planes, 


Oy N- 2 pty— OF 05 7 +7, =0, (2-3) 
where 7 is a time-like unit vector and 7 is a parameter, when a set of results 
a= {a,} of measurement belonging to o, of a complete set of commuting observables 
{¢,} is obtained, the expectation value of the result of measurement o, of an ob- 
servable ¢ is 

ee aso ae Fo), (2-4) 


where P,, is the observable representing the total energy-momentum of the system, 


om . . 
€4—yn"(t,—7,) and ¥, is the common eigenvector of {¢,} associated with a. 


(III) a. The dynamical system is described by field variables which are 
functions of space-time coordinate having several components ¢,(a2) which trans- 
form linearly under L-group (2-2) as 


bp (x') =Sp*G_(x). (2°5) 
(III) b.1. The equations exist which determine 4,(2) at an arbitrary x by 


the field variables and their first derivatives on a space-like surface in space-time. 
(The equations are called the coupled field equations.) 


(III) b.2. An observable P, exists which expresses the coupled field equations —__ 


in the form 
10,,09(x) =P,9e(2) —¢,(x) P,=[P,, be(x) |. (2-6) 


(II1) b.3. The observable representing the total energy-momentum is defined 


* g/o means x On o. 
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which ¢(2/c)’s are functions of field variables ¢,(x) on a space-like surface o in 
space-time. 


Ce) CG. .2e [¢(2/o), €(2'/o) |=0 (2-7) 


(the micro-causality). 
The consistency of (I) with (II) and (III) requires the existence of a unitary 


representation U(L) of L-group which gives 
b9/(x) =U(L)$_(x) U"(L), $e! (Lx) =Sp*Ga(2). (2-8) 


For this, it is necessary and sufficient that the Hermitian operators ee Mea —M"" 
exist which generate the infinitesimal U(L) and satisfy 


[p*, P=, 
iL, D)=D*9?— Dg”, (2-9) 
iLdte, Merman dee or Mer +o Mero Me 
From (2-6) 
#— PP Ae = M*, (2-10) 
and from (2-9) 
[P“, P’|=0 (2-17) 
are required. 
When ¢4'(x) which is defined by a canonical transformation 
bs* (2) = Rbg(a) Re... PrRaRG, (2 
is transformed under L-group by a unitary representation as 
Og" (x) =U" (L)Ge*(x)U* (L), be” (Lx) =S0"$."(x), (2-13) 


we can use $/(x) instead of ¢,(x) as dynamical variables. We call the freedom 
expressed by (2-12) and (2-13) the “ picture’. The picture characterized by (2-10) 
is called the Heisenberg picture. Another known picture is called the interaction 
picture (T’omonaga picture). U“”(L) in this picture is generated by P*, M+ 
which are determined by the free field equations obtained by omitting the coupling 
terms from the coupled field equations. It is characterized by 
Dr Po AMY = M Om, (2-14) 

When R is taken to be 


fee ec (2-15) 
the variation of ¢'() under the infinitesimal L-transformation is 
OB e" (x) =1/2[ 246." (x) + (at O— 2" 0") be" (x) |a,,—0"b," (x) a, 
= 1/2 25°°0," (aan (2-16) 


ie i 
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(the infinitesimal part of S¢ is expressed by 0¢+2$). Then the infinitesimal 
generator of U*(L) is formed by 


D=0, Me =N*, (2-17) 
where N“” is defined by 
ELI nO (2) le eb (25): (2-18) 
Since DB, A“ in (2-17) satisfy (2-9), R in (2-15) defines the third picture 
characterized by (2-17). 
From (2-6), an observable ¢(x) satisfies 


pee ae ean ola eres (2-19) 


for an arbitrary vector €. Then (II) b.2 is restated for the system of fields as 
follows. When a set of results a= {a(x/o)} is obtained in the measurement of a 
complete set of observables {¢(2/o)} ona space-like plane o, the expectation value 
of the result of the next measurement of an observable £(2/o+€) (€ is arbitrary 
but €°>0) is 


(Yilo], €(2/o+€) F,[c]), (2-20) 


where ¥,{|0] is the common eigenvector of {f(2/o)} associated with a. 
In order to separate the two functions of space-time, we describe* the field 
theory by using two Minkowskian parameter spaces, in which an L-transformation — 
of one space always accompanies the same L-transformation of the other space. 
We denote vectors in the two spaces by x and € respectively. We define ¢,(x) 
in x-space in accordance with (III)a and (III) b, hence o in (2-20) is a plane 
in x-space. We represent ¢ in (2-20) by a vector in ¢-space. Then, (2-20) is 
written as 
(Pol C(2/s, Ss) Fale). (2-21) 
Since ¢(x, €) is given by (2-19), €(x, €) is considered to be a function of $,(x, €) 
satisfying . 
in bala, 2) =[P x, b02, 41, 
(2-22) ** 
i? g(x, 2) =[P,, bola, 2]. 
og 


$,(x,¢) is transformed by L-group in x-space (L,) and L-group in ¢-space (Le) 
(although L, is always accompanied with L,) as 


Pelee) =O Lj On(2; 6) UCL), Oe! (La, ©) = Seo tele, £5. oe ead 


* In the field theory which assumes the displacement invariance, €-space is naturally redundant. 
Rewriting field theory by using the separated x and €-spaces is serviceable for the understanding 
of the theory in §8 and § 4. 

** be (z, )=a(et+6). 
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and 
bol" (x, €)=U(Le) be (x, §) UL), Bo!" (x, Le) = Sp" Gatry s)he 
respectively. ¢,(x, €) is considered to be a variable in the Heisenberg picture for 


both L, and L;. We can use variables in the other picture defined by a canonical 


transformation 
bof(z, f)=M (2, 2) ¢s(x,6)M (2; £), UM— M(x,5)¥. (2-29) 


The picture which is the interaction picture for L, and the third picture (2-17) 
for L, exists. In this picture, 


3 Lae, ; 
5 be (2,4) =[PY, bee I, 


z 
(2-26) 
be@ (x, é) =0, 


t 


age 
and the observable ¢%(z,€) is independent of ¢. Then, (2-21) is expressed by 
(P(o, &), M(a/o) Eo, Sa), Vad [o, Sal exp liP™[o]- Es—8) Ba 
eX oaaTs 
where P™[o] is the observable P, in (2-22) expressed by the variables satisfying 


(2:26) and F(c| is the common eigenvector of {¢€%(2/c)} associated with 
a={a(z/o)}. This is a rewriting of the usual field theory in the third picture. 


§ 3. Abandonment of the assumption of the displacement invariance 


We replace, in this section, the assumption of the displacement invariance in 
field theory by the assumption of a momentum-conservation law of finite range g.* 
_As the assumption of the displacement invariance is abandoned, we describe the 
theory by the two parameter spaces, 2-space and ¢-space, each of which fulfils each 
one of the two functions of space-time. Our theory is obtained by replacing the 
assumptions (I), (II) and (II) of field theory by the following (I’), (II’) and 
CEI) 3 

(I’) a. The theory is described by two parameters x and € which are vectors 
in two separate Minkowskian spaces. The L-transformation (2-2) in 2-space ac- 


companies the L,-transformation 

dpc mare (3-1) 
in ¢-space, and conversely the L-transformation in €-space accompanies the L,- 
transformation in 2x-space. . 


3 (I) b. The theory is invariant under L-group in 2-space and L-group in 
-space. 


* Eq. (8:4) and Eq. (4-10). 


weaker ones. In the theory in § 4, we can assume even Py 
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(II’) a. The same as (II) a. 

CII’) b.1. Measurements have an order. The order of measurements is specified 
by vectors in €-space. 

(II’) b.2. When a set of results a= {a,} of measurement belonging to ¢, of a 
complete set of commuting observables {¢,} 1s obtained, the expectation value of 
the result of the next measurement belonging to €,(¢,0—&, > 0) of an observable C is 


(FG) ,°%..)), 0.62) =exp[eP- (€.—€) )%,, (3-2) 


where ¥, is the common eigenvector of {C,} associated with a and P, is an ob- 


servable representing the total energy-momentum. We define exp [zP-€] -by 
Feynman’s operator calculus.” 

(IU’) a. The same as (Ill) a, except that “space-time” is replaced by, “- 
space ”’. 

(III’) b.1. The equation which determines 4,(x) at an arbitrary x by ¢5(2x) 
and its first derivative on a space-like surface in x-space exists. (Such equation is 
called the free field equation.) 

(I1I’) b.2. An observable P,° exists which expresses the free field equation 
in the form 


19,9 e(x)=[P2, p(x) ]. (3-3) 


(III’) b.3. The observable representing the total energy-momentum has the 
form 


Pict Pe Pola. POlel= \ Ter) exp — pa do", (3-4) 


where J,,(x) is a function of field variables and g is a real number. 


(IIl’) c. The same as (III)c, except that “space-time” is replaced by — 


“* a-space.”’ 


The consistency of (I’) with (II’) and (III’) requires the relation (2-9) for » ~ 


#— PO M“—M” which are determined by the free field equation. But 
[P*, P’]=0 is not required, because x-space and ¢-space in (I’) are independent 


with respect to their translations contrary to the case in §2. Therefore, P,"|o] 


with g3<0 is not excluded. . 
In (III’), free field equations are assumed but coupled field equations are not 


assumed. Hence P,, is defined but P, is not defined. P, is assumed* in (3-4). 
When we assume J,,(x) equals the interaction part of the energy-momentum tensor 
in the interaction picture in the usual theory, P, in the limit y=0 coincides with. 
the total energy-momentum vector in the usual theory. When we assume 


L (2) =9 » H(x) (3:5) 


: ; b 
* We can assume P,. It is due to the replacement a the assumptions of field theory by 


aa 


mee ie) ato hey} /> 
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with an invariant function H(x) which does not contain the derivative of the 
field variable, P,[o] in g>0 coincides with that of the usual theory which assumes 


the interaction Lagrangian —H(2x). 
From (III’) b.1 and (III’) b.2, every observable is expressed as a function 


of variables on a fixed space-like plane o; in x-space, 1.e. C[d(2/o1) |=C (2/1), hence 
in (I) b.2, we can take {,}={C(x/o)}, C=C(a,/ox) and {a} = {a(x/oy)}. 
Then (3-2) is expressed by 
(Pa [oy ? E,| > € (21/1) G [o1 > $2]) > 
¥,[01, &.)=exp[iPloi]- 2—F1) ] Valor], (3-6) 


where “,|o,] is the common eigenvector of {€(x/o)} associated with a= {a(x/o;)}. 
(3-6) coincides with the formula (2-27) in field theory when o,=o and 


P,lel=P"(¢]. (3-7) 


It should be noted, here, that o in field theory is a plane in the space-time and 
specifies the order of measurements but o, in (3-6) is a plane in 2-space inde- 
pendent of the order of measurements from the assumption (II’) b.1. However, 
as we show in the following, the expectation value in (2-27) depends only on a 
set of numbers {a(x/o)}, i.e. 


ian: lor, 5 ; ‘ (21/01) vee lor, €2]) St CP les; Fs] bag ead Py, : al Core &3]), 

(3:8) 
when (21/01) =a( 22/02) for all a, and 2, which are connected by an L-trans- 
. formation 2x,"=a,"x,"+a". Accordingly, when (3-7) is assumed in (III’)  b.3, 
(3:6) and (2-27) are physically equivalent. Thus, the theory of (1’), (II’) and 
(III’) contains field theory as a special case.* 

For the proof of (3:8), we have to show it only in the case that x, and 2, — 
(and hence o; and o,) are connected by an infinitesimal L-transformation 
Le aay a (3-9) 


Since 
CO 22) =O" (ay) + (2* 0" = 2 OEE (ay) a, OBO a (3-10) 
(3-8) is proved from the following relations, 
Oo (a) SVE" (ta) V Fe [eal Vai lols (3°12) 
Pa" [o4, %2)= V exp[iP™ (oi) (6-4) ] V4 VER [o,]= VOM or, $4], (3-12) 


* This means that the assumptions (I’), CII’) and (III’) are weaker than (1), (ID and (III) 
of field theory. Therefore, new inconsistencies which have not been contained in field theory may 


not appear in the theory of (I’), (II’) and (lL oe Theses pa lets - 
AY) cand (I) in. § 4. argument holds for the theory of (I), 


1S >See « 


ee ye FOP 
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(0) 0 

where P,“ and L,, are known operators called the momentum and the orbital- 

angular momentum operators for the free field. 


In aC -12); we have used [P,, P,]=0 (2-11) and the condition for the localized 
interaction 


Leake )sol (a4 = 07 for_ Ae)? 20. (3-13) 


When (2-11) is not satisfied (the interaction (3-4) with g40) or (3-13) is not 

satisfied (the non-localized interaction), we have the case in which a special plane o; 

have to be specified in (3-6). A special plane oy(Q) is introduced in (4-15) in § 4. 
In (IH’)c, it is assumed that 


[¢-(z), Co(x’)J=0 for (x—2z')’>0, (3-14) 


but (x) in (3-14) is a function of free field variables, hence (3-14) is not the 
microcausality assumed in field theory. The assumption of (3-14) and the positive 
definiteness of P,” lead to the relation between spin and statistics only for the 
field variables satisfying free field equation. 


§ 4. Replacement of the assumption of field by the 
assumption of particle 


The field variable in (I’), (II’) and (III’) in §3 is the same operator with 
that of the usual theory in the interaction picture and expressed as 


ba(x)= > lace, 1) up (pe? +b* (Pp, 1) v,e' (pe? |, p=—m. (4-1) 


We can use a(p, . and b*(p, 7) as dynamical variables, instead of ¢,(x). In this 
case, the degree of freedom expressed by a plane o; in 2-space is replaced by a 
degree of freedom expressed by a surface p= —m” specified by an intrinsic quantity 
m of the particle. The fact that every degree of freedom is specified by the in- 
trinsic quantity of the particle seems to show that the description based on the 
existence of the particle is the more direct one than that based on the existence 
of the field. 

We replace the assumption of the field by the assumption of the particle. We 
assume further that every degree of freedom of the system consists of a finite 
number of points in order that the Hilbert space is clearly defined and any di- 
vergence never appears in the theory. The theory contains field theory in a limit 
of infinite degree of freedom. The theory is obtained by replacing (I’), (II’) and 
(III’) in §3 by the following (I), (II) and (IH”). 

(1’) a. The theory is described by parameters of points in coordinate spaces 
31, 3? ..., expressing degrees of freedom of the system and a parameter ¢ ina 


Minkowskian space. 


~ 
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- The degree of freedom expressed in 3” is the subspaces 2°(o7'), a (ony, #5 
: specified by real numbers of called intrinsic quantities. 
"(one of 3”) is a Minkowskian space. 2” (x) (degree of freedom of mo- 


mentum) is a set of discrete points p which lie on a surface 
p= My (4-2) 


in 3” with a density given by 


dn=%.Q 


TP exp[—Ag(N-p)'], (4-3)* 


0 


where /,, 4, Q are positive real constants and N, is a unit time-like vector in 
oy : as” 


S©(J,, Jy!) (degree of freedom of spin) is defined by a set of g points which 
distinguish the functions of p « 2”(m;,) 


ug (Pp), i=1, 2, ssiist Ges f=1, 2, el, (2J,+1) (20,'+1), (4-4) 


which are transformed by an irreducible representation D(J;, J;’) of Lo-group 
(3-1) in 3” and defined by an independent solution of the invariant homogeneous 
equations, 


21 Laa(p) ue (bp) =0, a=1, 2, --:, (2dy+1) 25)! +1). (4-5) 


The L,-transformation (3-1) in 2” accompanies the L,-transformation in ¢- 
space. The L-transformation (2-2) in €-space accompanies the L,-transformation 
inne”: 

(1”) b. The theory is invariant under L,-group in +”. 

GM) a; ~The same:as (1l’) a:\(= (11)-a)s 

(II) b. The same as (II’) b. 

(III’’) a.1. A set of intrinsic quantities k= (o', 0, :--) is called “kind”. A 
kind specifies a set of degrees of freedom (3(o72),S(o?), -::). 


_ (I) a.2. We define operators a,(s) and a*(s) which are specified by the 
coordinates of kind & 


s=(s1, 3, ++), sie 3'(¢2) (4-6) e 

and satisfy | 
[az(s), apy (5') | =O ppy Ossr 5 fe 

[av(s), au(s’) e=[ae*(s), as") ]u=0. (4:7) ae, 


[A, B],=AB+BA. When +(—) is assumed in (4-7), k is called FermicDirae 
(Bose-Einstein). 


CHIT’ ’) a.3. The dynamical system is described by variables a,(s) and a(s). 


+ 


*K . : 
_* The physical meaning of the constant vector N, is discussed in § 5. 
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(III’’) b.1. The observable representing the total energy-momentum has the 
form 


P= 23 Ppdx™ (5) ax(s) + PD CS Povere). (4-8) 
CI”) “b. 2. a,(s) and a;*(s) appear in P," always in the combinations 


a,(s)u’(p) +a,* (5) a! (p) and a;,*(s) u'*(p) +a,(S) u'* (Dp), (4-9) 


where s and 5 are two sets of coordinates of & (4:6) which correspond one to one 
and are distinguished in an invariant way under Lygroup in 3”. (s and § are 
called coordinates of particle and antiparticle respectively.) 


CII’) b.3. P,® consists of products of a,(s) and a;*(s) and each product 
has the factor 


Vag *exp(—{(+p'+(N Dep) }/e, (4-10) 


where WN, is the vector in (4-3) and p’ with +(—) sign is the momentum coor- 
dinate in a(s) (a*(s)). 
In (1’)a (4-3), a special direction N, is introduced in 3” in order to make 


‘finite the degree of freedom of momentum. As we shall mention in § 5, the ex- 


istence of N, has some possible observable effects in the phenomena of energy 
larger than a certain critical value determined by 4,. In the limit 4,=0, (4-3) 
coincides with the state density in momentum space in the usual theory in an 
invariant normalization. The vector N, also serves for the invariant expression of 
the momentum conservation law of finite range in (4-10) and for the specification 
of a special plane oy(0) (mentioned under Eq. (3-13)) in (4-15). The finite 
density (4-3) requires gy of the order of 


G= (AMOS, (A=Maxs4g,, P= Mine 4): (4-11) 


We can not assume g=0, although we can assume g to be arbitrarily small by 


assuming Q to be sufficiently large. 
The canonical transformation associated with L,-group, 


ay (s) =U(Ly) a, (s) U"*(Ly), a! (s) = UL) af (8) UL) 
is generated by the Hermitian operator A" satisfying (2-9), 
“= — 1 >) a,* (s)[p*(9/Op,) — p’ (8/O,) |ax(s)- (4-12) 
k,s 


In (III) b, the form of P, is assumed, since we have neither a coupled field 
equation nor a free field equation. P, in (4-8) coincides in the limit 4,=0 with 
P, (2-14) in field theory except for the case excluded in field theory, i.e. the 


case of half-integer-spin boson. 
For the half-integer-spin boson, P,” is defined in field theory from the field 


equation as (4,0) 


ee | ae oe ON NIB 2 0 Pa ee ne alg Me Rr cree CE Nae 
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Py2= S) p,(ar* (s)a,(s) —a,(5)a,*(s)),; (4-13) 


while (III’’) assumes 
P= >) p,(ar* (5) a. (s) +n" (5 a(S ))- (4-13) 


The half-integer-spin boson is not excluded by the positive definiteness of P, in 
the theory of (I), (II) and (II”). 

We assume the existence of antiparticles ((III’’) b. 2) and the conservation of 
momentum ((III’’”) b.3). We have not, however, assumptions related to the con- 
cept of the field, i.e. the assumptions of the displacement invariance and, the 
microcausality. We can introduce a parameter 2 in a Minkowskian space and 


define operators of function of x as 
Gun (2) (20) 7 (4,0)? D7 (aes) te (ple ax (s )ug'(p)e?*) (4-14) 


and its Hermitian conjugate. We assume that L,-transformation in 2” accompanies 


Ly-transformation in .z-space, and L-transformation in 2x-space accompanies Lp- 
transformation in 3”. It is not required, however, that observables are functions 
(or functionals) of 4,(2) and satisfy the relation (3-14), hence (I’’), (II’”) and 
(III’”) can not exclude the integer-spin fermion. Thus, the theory of (1’”), (II) 
and (III’’) can not imply the relation of spin and statistics. 

The 2-space and the operators introduced in (4-14) are useful for a concise 
expression of P,"?. The following P,,” satisfies the assumptions in (III’’) b. 


PP[aW(0)]= | Tu(e) exp] — 2 gat |dor, (4-15) 
6 x (0) = oe 
where [,,(z) is a function of (4-14) and oy(0) is the plane being perpendicular 
to N and containing x=0. (N, is defined also in x-space, because L, in 3” ac- 
companies L, in x-space.) P,"|ay(0) | is the same operator with P,[c] in (3-4) 
with o=cy(0) and in the limit 4,=0, except for the system in which half-integer- 
spin bosons and integer-spin fermions exist. (When P,[c]=P[c] (3-7), the theory 
does not depend on the special choice of the plane oy(0) because the relation of 
the form ‘of (3-8) holds in this case.) Accordingly, the theory of (I’’), (II”) 
and (III) coincides in the limit 4,=0 with the theory of (I’), (II’) and (II’) 
except for the system excluded in the theory of (I’), (II’) and (HIII’). Thus, the 
theory of (1), (II’’) and (III’’) contains the usual field theory as a special limit. 


§ 5. Possible observable effects peculiar to the 
theory of (I), (II) and (III) 


1. High energy electron-electron scattering 
Referring to the differential cross section of high energy electron-electron elastic 


_-_ Scattering, we consider the physical meaning of the existence of a special direction 


N, in 3" ((4:3), (5-3)). 
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We assume P,"? in (III) b for the system of electrons and photons in the 
form of (4-15) as 


PP= | 9,,H(2)do, W(x) ie (x)r"W(2)A,(2). 1) 
6 7 (0) 
We consider the problem in the limit y=0 (Q—>co in (4-11)). (x), $(x) and 
A,(x) are operators of (4-14) and the same operators with the electron and photon 
field variables in field theory in the interaction picture except for the density of — 
degree of freedom of momentum, e.g 


ba(x) = (27) 7 (4,0)78 3 S) (a(p, 1) ups (p) ce?" £b*(p, i)v9'(p)e"®”). 


(5-2) 
The summation over the momentum coordinate is replaced by 
cr 3 
S=1.0| ©? exp[—12(V-p)'] and 
B Po 
(5-3) 
he dk 2 2 
>= 2,0 |\=—~exp[ —4,7 N-%)?] 
i Ro 
for electrons and photons respectively. We take 
Le=mM, Py=1, p=-m, R=0. (5-4) 


The transition probability between two two-electron states is given by (II’’) b 


(= (II’) b) as 
Wa»=|¢| exp[iP-¢]|a)|’, 


(Bo) 
lap=a* (pi, i) a* (po, 2) |O, lbp =a*(p7, aa: (pi, Za!) |O>. 


0) is the common eigenstate of a complete set of observables {a;,*(s)a,(s)} as- 
sociated with a set of eigenvalues {0}. Since ¢-space satisfies all the conditions 
to be satisfied by x-space in (4-14), P,'” is expressed also in ¢-space. Then, 


P,=PO+ | Yq H(8)do* (4), 
5 ny (0) 
H(é) =ieh (2)7° $2) A, ©); 
. oy (¢/2) 
et ==exp[iP-€/2] 2 | \ d'é,..d*é, PCA(A,) HE n)) 
Lie f 8 
oy (-$/2) 


x exp[—iP-€/2]. (5-6) 


Since operators #, ¢ are expressed in (5:6) in ¢-space, we can define in €-space the 
cross section in the usual way. The transition probability per unit volume in 


~€space is defined in the scattering approximation as (We consider a calculation 


‘14 . T. Tati 


using the following wa, to be an approximation. ) 
coy = lim |b]e*|a)|?/lim |e” d'é | (5.7) 
£0-> 00 p70 
and calculated from (5-6) in the lowest order as, 


War= (27) *0,(p1+p2—pi' — pa’) |KI’, 


See S ae ran 0) exp[—4,2(N- ps — pi)" 


nee ae 7. U1) (ty! 7 ‘Uy) exp[— AA (N: pi- —pi)'I}. (5-8) 
Gite pi)? 1 


The factor containing 4, comes from 


ROLPCA, (2) As(2!) 0) = 9, (on * =r | ex litte x!) —4,7(N- ay) . (5-9) 
Theveross section as deaned by 
eS Pio Po ((22)*mQ)* 2Was(mQ)? exp[—42(N- py’) —42(N- py’) ] 


((pr- pr)? —m')"” Pro Po 
d*p!  d*p) 
Pio pr 
In the coordinate system N=(0,0,0,1) and in the case p,=0 in the system, 
(5-10) becomes, for 7>1, 


(5-10) 


* * * * 
Bes 2.2 9* ieee 
eat —| A’ csc ae sec 5) CD; (5-11) 
3 = re 

* = _ — 

. C=exp| — 2/27? mv sin |, D=exp| —24,7 m cost |, “ 
seta 2 2S) sin’ Os ge ee os OGD 2 eae 

2+ (7-1) sin’ 6 [2+ (7-1) sin’) ene 


- where 7 is the classical electron radius, 7 is the angle of scattering and is is the °% 

_ energy of the incident electron in units of m(py=ym). = ae 

_ The L, (homogeneous Lorentz)-transformation is the relation between the des- 

criptions by two observers also in our theory. Accordingly, the cross section i 

: the observer in the coordinate system other than that of N=(0, 0, 0,1) is. obtained — ‘ 
_ from (5-11) by an L,-transformation. Although (5: 11) is a covariant ees 
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for Lo-group, do depends on the components of the vector N. Therefore, if 4, or 
4, is not zero, two observers having a relative velocity close to the light velocity 
observe different cross sections. We can observe this difference by comparing the 
very high energy scattering of two electrons with pf: and p,=0 and the scattering 
of two electrons with p,* and p,.*=—p,*, where p,* and p:* are connected with 
pi and p, by an L,-transformation (pF =p, ps =1Lyp3): 

If, for instance, we assume that we are in the coordinate system of N= (0, 0, 
0,1) (or we are moving against the system of N=(0, 0, 0,1) witha velocity very 
much smaller than the light velocity) , then the angular distribution for the case pi=—pr 
does not depend on 4, and /, (4, reduces the total cross section) and is identical with 
that of the Mdller scattering as we can see directly from (5-8) and (5-10), but for the 
case p.=0, the angular distribution depends on 4,, 4, and7. Fig. 1 shows the deviation 
from the Méller scattering in 
two cases, A. 4,>4,, 42m?7 
314 B. Ag hii, Pm? =0:2. 
-At present,” non-zero 4, and 
4, less than 107“cm are not 
excluded. 

Generally, we can detect, 


in principle, the special direc- 
tion N by comparing the transi- ee ie ee ae 
tions with two initial states 9 


which are connected by an Fig. 1. 
L,-transformation, if 4, is not . 
zero. The upper limit of values 4, can be given but the non-zero 4, are not ex- 
cluded at present. We are very anxious to know whether the direction N or non- 
zero 4, really exists. 

2. The self-energy of the electron*™ 


The self-energy of the electron is given from (5-6) in the usual way by 


2 (p) in 
|ja)=a*(p, i)|0), |b)=a*(p', 7’)|0), 


cals || dx, dx, P(H (21) H(2)) |b) =1e 8 p—p') © (b) (ue (p)u'(P)). 


el 2 


(5-12) 
- By using (5:9) and 
a2 ‘ ot 12 a) Te ptimm gs 
(0|T (¢ (@1) ¢ (22) ) = —aye | melee: (a ago, CN: D) ae ween, d’p, 
(5-13) 


a The self-energy of the photon will be investigated elsewhere by using quantum electrodynamics 


Ze nonvanishing photon mass, (F. Coester, Phys. Rev. 88 (1951), 798.) 


ee 
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( imA+z) 7k 22.2(N- 8)? 22 (N: PH) lo es 
2 (p)=2| de [dk Tete RL RN 


S(p) depends on p and 3(p)—0 when |p| co. For small |p|, 


f 


fs “B)- ; Lary 2 
S (p) = 2 (0) +24'(N: p) \dz|a'e seer exp[— (4,2 +42) (N-2)*]4+-", 
y ett ( im +z) SE Gere 1. B)?). 545 
3(0)=2\de| de Ea jap CPL Ge +A) (NH (5-15) 


F 


(0) is observed as the increment of mass. The mass of the low energy physical 
electron is then given by m+0m, dm= (0). 


§ 6. The concept of the space-time distance 


In the theory of (I’), (II’) and (III’) (§ 3) or (1), (II”) and (III) (§ 4), 
it is assumed that the theory is described by the parameter ¢ which is a vector in 
a Minkowskian space in which the L,-transformation is accompanied by the L- 
transformation in x-space (I’) or L,-transformation in 2” (I). We can remove 
the assumption of ¢-space from the theories of (1’), (II’) and (IIl’) and (1”), 
- (II) and (III), if we express the dynamical principle (II’) b=(II”) b in the 
following way: Measurements have an order 


O;, Oz, a (6-1) 


When a set of results a= {a,} of measurement belonging to O; of a complete 
set of commuting observables {¢,} is obtained, the expectaion value of the result 
of measurement belonging to O;,; of an observable ¢ is 


(a exp[—i 2 SECM On) IC exp|[z = Pe Or O;.1) ||a), (6-2) 


where |a) is the common eigenvector of {¢,} associated with a= {a,}, P, is the 
observable representing the total energy-momentum of the system and C (G30 85) 
is undetermined parameters specified by (O,, O,,:). 

The dynamical principle containing undetermined parameters C,(O,, O;.1) ((6-1), 
(6-2)) and the assumption that the theory is invariant under L,-group in 2x-space 
((1’) b) or in 3”"((1’’) b) imply the assumption of the €-space in (or vA 
It may become clearer in the expression (6:2) (which is used in the theory” 
attempted previously) that the theory in §3 or in § 4 does not rely on the space- 
time characterized by two functions mentioned in § 1. 

The space-time distance is defined in the theory in §3 or in §4 by a mean 
value C,(O;, O:.1) of C,(O,, O41) in (6-2) which fits the results of a number of 
measurements belonging to O,; and O,,;. In our theory, the concept of space-time 
distance resides in the results of measurements. _ It depends on the measured ob- 
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servables. For instance, in the results of measurements of the observables {C, 
which commute with P ([P,, ¢,|=0 for i=1, 2,3, [Py,C,]&0), C(O; Oni) for i= 
- 1,2,3 are completely undetermined (when [P“, P’]=0), hence in the results of 
these measurements only time-distance exists and space-distance does not exist. 
C,(O;, O;.1), #=1, 2,3, 4 are only undetermined parameters which are introduced 
to express the relations between the results of measurements belonging to the order . 
(O;, O:.1). Also in field theory, the measured space-time distance is a mean value is 
Xpi-—2X,; Of X.1—2; in (2-4) which fits the results of a number of measurements “a 
belonging to the order x; and x;,1. However, the space-time distance x;,1— 2; exists 
before it is measured, because the existence of .x;,; and x; is assumed in field theory 
in the definition of the dynamical system to express the degree of freedom of the 
system. In the theory in §3 and § 4, space-time distance does not exist before it 
is measured, because C,(O,, O;.1) or €-space is not used to define the dynamical ser 
system. Therefore, the fluctuation of C,(O,, O,,1) is the fluctuation of the space- . 
time distance itself. 
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An attempt to investigate the concept of Global Symmetry on the strong interactions in 
pion-baryon system is presented. To this end, the absorption processes of K~-meson by proton 
are investigated at low energies. The general relations of complex phases in K~-P absorption 
are also presented. We obtain rather conclusive evidence for inconsistency of Global Symmetry 
with the present experiments. The effects of the intermediate K-N states and A states are 
also discussed. It should be noted that this conclusion is derived only by kinematical con- 
siderations and not by details of dynamics in the model. 


§ 1. Introduction 


Recently, experiments to investigate and test some model of the strong interac- 
tions of elementary particles have become available. However, since we have not 
yet anything useful to get into details of dynamics in the model of strong inter- 


actions, it is necessary to draw results from experiments only by kinematical con- 
siderations and not by details of dynamics in the model. 


The concept of Global Symmetry on the strong interactions in pion-baryon 
system was proposed by many authors” independently. And many attempts” have 
been made to test this symmetry, but no definite conclusions seem to have been 
derived up to the present. Among many attempts, Kawarabayashi investigated the 
Global Symmetry using the K~-proton absorption processes. But as he neglected 
the intermediate /-state, his conclusion may not be taken as conclusive. 

We will take into account the effect of this A-state in Section 3. To test 
Global Symmetry, it may be desirable to investigate directly the scattering of pion 
on hyperon and the pion-nucleon scattering. » However, it may be quite hopeless 
at present to make an experiment on direct pion-hyperon scattering. So one has 
to ask for some processes having the virtual effects of pion-hyperon interactions. 
For this reason, we consider the absorption processes of K~-meson by proton at 


low energies. In Section 2, we will sketch a method to test Global Symmetry 
under the following assumptions. | 


}) The effects of the intermediate K~--N states are neglected. This as- 
sumption may be plausible, for the K-baryon coupling would be weaker than the 


m-baryon coupling by about order of unity. These effects will be considered in 
Sections 3 and 4. 
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IT) Processes z+ 322+ are neglected. If the branching ratio of A pro- 
duction is very small, this assumption will be accepted (see Section By: 

HI) Only S-wave is taken into account. Present experimental results show 
that the S-wave is dominant in the low energy region. In Section 3, by using 
the unitarity of S-matrix, the general and exact relation of complex phases in 
K~-P reaction are presented. In Section 4, we wil present a method to test 
Global Symmetry, using the relation given in Section 3, and the experimental data 
are analysed by the method given in this section. 


§2. A Sketch of testing Global Symmetry 


We consider the following processes, 
K-+P>K-+P 
—> Jo 1 gt? (1) 
=> Ar a”. 
Transition matrix for the processes (1) may be written as 
Crd Lihat =a CeVvI Sy cry ede Pe (2) 


where unitarity of S-matrix and assumption 1) are used. Using assumptions II), 
III) and the invariance under the Wigner time reversal, we obtain the following 
relation for the phase in eigen-channel of Eq.(2), 


etre r¢*41, or 4,=0,+ (1/2) +07, (3) 


where J is total isospin, 4, and 0, represent the absorption phase and the z-Y scat- 
tering phase shift in the J-state, respectively. If we consider the z-Y scattering 
in the final state of the processes (1), by Global Symmetry, 7 interacts with 
isodoublet Y=(5*, Y°) and Z=(Z°, X~) in the same form as z interacts with 


nucleon, where Ya wie") and Zo ah te). On the other hand, z-»' 


scattering occurs in the ordinary isospin states, J=0, 1, 2 and z-A scattering does 
in I=1 state, so we can obtain the relation between these two cases, i.e. the 
ordinary isospin and isodoublet cases. We will denote the z+’ and z-d scattering 
phase shifts as 0), 0;, 0,, and 0,‘ respectively. 2-Y and 2-Z scattering phase shifts. 


are denoted by a). and a@3,. like the phase shifts in the z-N S-wave scattering. 


The scattering S-matrix can be expanded by the projection operator of the Jee 


and 3/2 states, where J, is total isospin in the case of isodoublets, 


S= Py22*2 + Psj.e?**9/2, (4a) 
seriou Th); (4b) 
Pyo=1/3(2+7D. (4c) 


where 7 is the isospin operator of Y or Z and I is that of pions. 
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Isospin’ states of (a-2') and (z-/) states are denoted by 


ROTO) —=12 OP; 
OG bat Sd Pat eS (5) 
flo =o ee 
; Gell) =| Adye 
= The pelts of the operations of tI to the states (5) are given as follows ; 
3 LS Oe 2120 
rI|S1)=—|S1)4+V2|A1), (6) 
TiS 2) = 122): 
rI|A1)=// 2 |21). 
| Using (5) and (6), we can evaluate the S-matrix element for the processes (1); 
é eo —(S OfS|F0) = e**Au2, (7a) 
681 = (31 |S|S1) =1/3 (Qer*02 + er 25/2), (7b) 
. EP DIS (2 Boece. ses (7c) 
‘s e281" — (11|S|A1)=1/3 (e412 4+ 262312), (7d) 
From (7b) or (7d), we obtain 
COS 2 (A4/2— 3/9) = 1. (8) 


From (7a) and (7b), we get the following relation, 
cos 2(0,;—0,) =2/3+1/3 cos 2(a42— 3/2). (9) 
Combining (8) and (9), we obtain 
cos 2(0,—0)) =1, 
that is, |o,—0,|=nz, n=0, 1, 2, +--+ . Then, if we take »=0, 
; |o,—d5| =0. (10) 


Even if we took 0, the following discussions would not be altered. cay and 
(10) lead to” =S 


[0,00] =|4,—4)| =0. (11) 


After all, we have shown that the difference of absorption phases between J=0 
and I=1 is equal to that of scattering phase shifts and that the difference vanishes 
exactly. 

We will get some information about the phase difference 4,;—4, by the analysis 
__ of experimental results and investigate how the relation (11) is satisfied. sN(2'>), 
N(**), N(2°) and N(A) denote the probabilities producing S-, ¥*, Y° and A in 


os re 
» | \ 
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at processes (1). And we write the ratio of absorption matrix elements as 
— 7p! (41—4o : : 
M,/M=re'*~*. Then we get the following relations by charge independence 


NS") _ 2/32 2/8 rcos(4,—4,) +r° 


NE) 959/329 378 7 Cos Ad) EP? ae 
and 
Using the experimental. results by Alvarez® et al., 
N(3-) : N(3*) :.N() : N(A) =8:4:4:<1, 

we get 

|4,— glen = 70°. (14) 
The most recent experimental data’? show that 

|41—dp|eop=62° + 4°. (14’) 
These results are quite inconsistent with 1.0 


the relation (11). In Fig. 1, we have ws‘) 
shown the relation between N(+'")/ N(x") 
N(S-) and Ne Se Ge, taking 0.84 
2N(2°) 
cos(4,—4,) as parameter. Circles are 
the experimental result by Alvarez et al. 
and that reported at Kiev Conference’? 
(1957). -If Global Symmetry is valid, 
the experimental data must be on the 0.4 
curve of cos(4,—4))=1. However, the 


experimental data are quite far from this 


Alvarez et al. eos (A,— 4,) =0.4 


“curve. It will be quite difficult to under- 0.2 
stand the very large phase difference (14) 
and (14’) with the errors due to assump- Gisela (4,— 4,) =1 
tions I) and II). Indeed, the effects 0. 0; 5 5 ae 
of K-N states and reaction, 7+ 2 22+A N(3*)-EN (37) 


2N (s" ) 
Fig. 1. N(3*)/N(27) and {N(3*)+N(3-)} 
/2N(2°) taking cos(4,—49) as a parameter 


do not sufficiently alter the above con- 
clusion (see Section 4). Therefore, we 
obtain rather conclusive evidence for in- 
consistency of Global Symmetry with the present experiments. 


§ 3. General and exact relations of complex phases 
and amplitudes in K~-P reactions 


We will take into account the effects of K-N states and 2++22+A process- 


es. To derive the general relations of complex phases and amplitudes, however, 


St sa 


a A ry Oe CRS 


PERE An ie oe Serpe 


dives 
pth ee: 
_ 


1 eee 


a 4 
a 
s 
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we will use only the unitarity of S-matrix with the invariance under the Wigner 


time reversal. 
In the processes (1), there are two isospin states, I=0 and J=1. The S- 
matrix of the [=0 state has two channels and can be expressed by the invariance 


under the Wigner time reversal as 
K-N T-2 
os <= A 
Ager * a-Gyeccten 


= 


5 | i dg 2%59 |” (15) 
Coe Boe | 


Sp) 


where all parameters are real, and Ay and B, are positive. 0)* and 0, are real scat- 
tering phase shifts in K-P and z-3' scattering respectively, and 4, is the absorp- 
tion phase in 2-3’ production. Using the unitarity of the S-matrix, we obtain fol- 


lowing relations : 
Ay + Co = Be oy Sl. (16a) 
Age tite. #80 Rie stort, (16b) 
By and 0, have relation respectively to Ay and 4, by (16), 
Ajp=5o; (17a) 
A= y+ 0" 22/2. : (17b) 
By the same way, the S-matrix of the J=1 state can be expressed as 
Arend: Cet Crees 
Si ul Geers Bye at Bers 
Cee as < Bret s Bogan 


, (18) 


where all parameters are real, and A,, B,; and B, are positive. 0,*, 0, and 0, are 
real scattering phase shifts in K-N, z-3' and z-A scattering, respectively. 4, and Jd, 
are absorption phases of z-¥' and z-/ productions in K~-P reactions. Using the 
unitarity of the S-matrix, we obtain the following relations : 


Af +C?74C/=1, (19a) 
C?+B?74+B"=1, (19b) 
C2+B?+B2=1, | (19¢) 
A, Cye* 44s" + C, Bye?" #41 4 C, Bl et’ #44 — 0, (19d) 
A, C64 2#s* + C, Bl et?-145 4 BC e884“, 0, C196) 
Cy Cyettarts +B, B’ e#?!*#81 4 B BY 84-8" 0), (19f) 


wet we 
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Now, we have to solve Eq. (19), i.e. unknown parameters such as B,, B’, B,, 0;, 0’ 
and 0, must be expressed in terms of known parameters A,,'C,;,C, 0,"; 4, and 4, 


To solve Eq. (19), we will take into account the experimental evidence that 
C, is vanishingly small. If we choose C,=0 in (18), we obtain 


B=-0; (20a) 
0,=4,—0,*—27/2. (20b) 


(20a) tells us that if the branching ratio of A-production is very small, the pro- 
cesses 7+ 2—22+A can be neglected. We can obtain the exact solution of Eq. (19), 
using the phase relation (20b). Eq. (19) has only one solution, 


Mey ey es To (21a) 
Bd 28* (21b) 
O’=d4,+4,—20,*+72, (21c) 
and 
— A CA/C? (22a) 
PEG Cr 
A,—C32/C? . 
Bi Pee yie ee eee dt LO ye BP (22b) 
ya 1A) + = AD 8, 
Bra (A,+B,). (22c) 
1 


§ 4. Test of Global Symmetry 


We can test Global Symmetry using (17), (21) and (22). To this end, we 
transform the S-matrix (18) by the following unitary matrix, 


1 0 0 
Ue 10817 2/8» 77 1/3. | (23) 
Qual oe nyse ios 


The bases in (18) are transformed by U as follows ; 


[Ke Py ee Py (24a) 
i n—2) >V/1B V2 |2—2)— 2M}, (24b) 
|In—A 9/1/38 {|n—-2) + 2 |z7—A)}. (24c) 


Then, the S-matrix (18) are transformed by U into the following form; 
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Ave, / 2/8C.e% V/ se 
—7/ 1/8C,e**4, +7/ 2/8 C,e%*4 
gre Aeon ies P/3(2B.e 1/3[)/ 2Bie7**3 
ia arya WERE CR? Bie i IB eee —9/ 2Byes AB ery 
a 7aise Cie" 1/3[)/ 2Bi ec 1/3[Be** 
yf 278 Ces, y/ 2B ea Bet)” 4-2 B ea ay BB {o 


(25) 
Before proceeding to test Global Symmetry, we suppose the processes (1) as fol- 


lows. The incident probability of K~-P states is distributed into final states in 
accordance with the unitarity of the S-matrix (the conservation of probability). 


_After the initial probability is distributed into final states, we will assume that 


final pion-hyperon states proceed to scatter under Global Symmetry, having the 
complex scattering phase shifts due to other opening channels. This assumption 
may be accepted if the imaginary parts of phase shifts in pion-hyperon scattering 


‘are very small (i.e. ( and ~, are almost equal to unity). Indeed, these values, 


and /,, are almost equal to unity (see Table Il). Then, the real parts of phase 
shifts in pion-hyperon scattering may be regarded as the phase shifts in pion-nucleon 
scattering. 

Now, we will impose Global Symmetry on the transformed S-matrix (25) 
with (26). We then obtain. 


a 956 a oe ao . 
ee Aer, 1/ 2b Gres y 1/3 CQe*" =) 


—/1/3 Ges. +1/ 2/3 C,et4a / 
eer ara rT) id | 
Zi i [OF a J 
S/= a ot On E2E*A/2 0 
a SURG Ce (na ve a, 
vy t/3Cye*"s 
=e ~ . > ial et *s/2 
28 Ce as a 
Equating (25) and (26), we obtain 
Pas Wei2 Bie tL Beets —21/2 Bet" = py e?t*1/2, (27a) 
1/3 {Bie + 2B 44 4217/2 Ble?) =p, e%es/2, (27b) 
1/3 {2 Bie**— 1/2 Bets + Bret) =0, (27c) 
By the same way, the following relation in the case of [=O state can be obtained, 
Bye?*?0= py e?**il2, (28) 
Combining Eqs. (27) and (28), we obtain 
; By B, cos 2(0,— 0) =1/3 {2.2 + 9p, cos (aise 5 (29) 
and 
he es Pro's (30a) 
Pr =p) +3(B,;— By). ‘ ‘ (30b) 


~ 
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> and #, can be expressed in terms of experimentally known quantities by (17), 
(22) and (30). The values of a and (1 are listed in Table II. 


In the very low energy region, K~-P scatterings are well described by the 
scattering length approximation, 


kcot7 fa Np 07 a 
1 pak: HT To ty n> (31) 
where & is the incident K~-meson momentum in the c.m. system, and the unit A=c= 
y=1 is used (y=10-*c.m.). 
The values” of a; and 6; are listed in Table I. 


Table I. KA--P zero energy scattering amplitudes reported at CERN Conference in 1958 


(igs ae ayttbo | a,+1b, 
sol. 1 | 0.28+70.54 | 1.19-+20.22 
| e | 
sol. 2 | 1.28+20.71 0.43+20.18 


With this approximation, A? can be expressed in terms of a, and Jy, 
2 
aeron(i— 2) 
z kb; 
2 2 Saleh : 
ay + by (14+) 


I 


Ap= (32) 


f; can also be expressed in terms of a; and b;, and cos 2(0,;*—0)*) are almost 
equal to unity in the very low energy region (7T,<50 Mev.). The values of A; 
and /, are listed in Table II. 


Table II. Ay, A, and p, as function of center-of-mass momentum k 


ti oe sol. 1 sol. 2 

k | Ay A, | ai | Ao Ay al 
Poet. Pao uk. OOS Sh STOO eS ¥ 1.00 1.00 1.00 
OI 0.948 0.987 0.974 | 0.944 0.984 0.957 
0.2 | 0.900 | 0.981 | 0.963 0.907. | 0.971 0.932 
0.3 . 0.855 0.978 0.959 0.881 0.960 0.916 
0.4 0.813 0.976 0.958 0.862 0.950 0.906 
0.5 0.773 0.947 | 0.959 0.847 0.942 | 0.898 

| 


In estimation of % and /,, the branching ratios in the Report” at Kiev Conference 


(1959) are used. These values in Table II show that / and /, are almost equal 
to unity, sO @. and a4, may be regarded as S-wave scattering phase shifts in the - 


case of pion-nucleon. If we use the large phase difference 4,—4, of (14) or (14’), 


ab aL 


ze 
5. 


Si ee TSS EE PO 
eee y or Lie > 


the left-hand side of (29) is always negative, but the right-hand side is always — = 3 
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positive,* in the very low energy region. Then we can conclude that the effects 
of intermediate K-N and /-states cannot alter the conclusion in Section 2. After 
we had completed the present work, we recieved the Physical Review Vol. 115, 
No. 6, containing a paper by M. Ross and G.L. Shaw. In this paper, entitled 
“ Test of Global Symmetry in K-P Reactions”, they essentially neglected -effects. 
But if this neglect is accepted, the fact that Global Symmetry does not hold is 
self-evident (see Eqs. (8) and (20a)), 
(25; 1|S|zA; L)=V/2 /3 (e212 e?*28/2) =a to 

Even if Global Symmetry is valid, the pion-hyperon scattering will be regarded 


as pion-nucleon scattering, if and only if ~ and , are almost equal to unity. 
This is the reason why we have discussed the effects of intermediate K-N 


and A-states. 
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The ratio of the renormalized and the bare coupling constants in the 6-decay interaction 
is calculated in two ways. The first is evaluation of the contribution from the process in 
which a neutron and an antiproton, which virtually exchange an infinite number of pions, 
are annihilated into an electron-neutrino (or antineutrino) pair. For this purpose a dispersion 
relation for the vertex function of the B-decay is assumed. Using this relation the ratio is 
calculated in the “ladder” approximation of Federbush, Goldberger and Treiman. The 
result is that the ratio is smaller than unity. The second way is calculating the ratio so as 
to include the main contribution from virtual nucleon pairs. For this purpose we derive an 
equation for the vertex operator of the f-decay. The vertex operator is calculated using Goto 
and Machida’s approximation. The result is that the ratio for the axial vector coupling 
constants is larger than unity, while that for the vector coupling constants is smaller than 
unity. The experimental value for the ratio (~1-2) is reproduced at a rather small cutoff 
energy (~ one-pion rest mass). 


§ 1. Introduction 


The question of whether the ratio 74 /fa, where g4 is the renormalized coupling 
constant in the #-decay interaction and /, is the bare axial vector coupling constant, 
could be determined to be equal to or larger than unity has recently been raised 
in connection with. the conserved vector current proposed by Feynman and Gell- 
Mann.” Recent experimental values” of the ratio Ja/Gv, Where Jy is the renormal- 
ized vector coupling constant, is somewhat larger than unity. On the other hand, 
the p-decay suggests that the effect of renormalization is very small for gy, since 
only leptons are associated in the /-decay, and experimental values for gy and the 
vector coupling constant in the #-decay are very close to each other. If gp is equal 
to fy, the bare vector coupling constant, as Feynman and Gell-Mann suggested, and 
 f4=fy from the viewpoint of the universal Fermi interaction, gy, should be larger 
than fy. Old calculations? showed that 94/9 >1 when fu=fy, but Jal/fa<1 and 


tif). | eae 
Recently Fujii and Furuichi’ -have shown that the intermediate three-pion 


state has favorable contribution to the renormalization of the axial vector coupling 
constant. Their evaluation includes a nucleon loop which virtually interacts with 
three pions and an electron-neutrino pair. The virtual nucleon pair may therefore 
make favorable contribution to the renormalization of the axial vector coupling 


constant. 
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In this note it will be suggested that the virtual nucleon pairs which cannot be 
reduced to ordinary nucleons in the sense of Feynman diagram have an effect of 


increasing the ratio g4/fs. In § 2, calculations are made to evaluate the contribu- 
tion from the process in which a neutron and an antiproton, which virtually ex- 
change an infinite number of pions, are annihilated into an electron and neutrino 
(or antineutrino) pair. To do this, a dispersion formula for the vertex function 
of the #-decay interaction is assumed. Physical implication of this formula is 
discussed. Regarding this formula as an integral equation for the vertex function, 
we shall evaluate the form factor in the “ladder” approximation.” In § 3, the 
effect of virtual nucleon pairs are investigated, and it will be shown that the effect 


is to increase the ratio g,/f4. Discussions and conclusions are made in § 4. 


§2. The calculation in the ladder approximation 


> 


In this section we shall calculate with the “ladder” approximation which 


has been used by Federbush, Goldberger and Treiman to invetigate the electro- 
magnetic structure of the nucleon. To do this, we shall first derive the dispersion 
formula for the form factor of the §-interaction. The notation in this section is 
exactly the same as those in Goldberger and Treiman’s paper.” 

The importance of the dispersion relations presumably lies in the fact that 
in several cases they can be directly tested by experiments. In other cases it is 
at least possible to extract approximate relations between observable quantities. 
This may be the reason why the dispersion relations have been used to express 
the relations between observable quantities. In our case, however, it is absolutely 
necessary that the dispersion relations include the unobservable quantity f, or fy. 
Thus it is the first problem that the bare coupling constants are to be defined. 

We shall define the bare coupling constant, f,, at the high energy limit of 
the form factor a(¢), that is, lim a(€)=f;. This has not been proved, but based 


on the following speculation : "The higher the energy transfer is, the nearer to 
the nucleon core the electron-neutrino pair is emitted, and at the high energy 
transfer limit the lepton pair is emitted by the nucleon core itself. The statements 
similar to the above were made concerning. the high energy limit behavior in the 
quantum field theory sometime ago by several authors, but have not been proved 
rigorously. Rather, at the high energy limit approximate calculations” showed . 
that this limit value was not finite but zero. The only exception is the evaluation® 
in the Lee model which can be solved exactly. In the following, therefore, we 
shall assume the aboye speculation. 
We assume the dispersion formula as follows: 
a() =f. [mee a Q) 
a3 oS’ +E —7E 


Usually, the dispersion relation for a(€) has been written with one subtraction 


_ because of the uncertainty at infinity. In our case, however, we have assumed 


rs 
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that a(€) tends to f, at infinity. Im a(—6é’) should tend to zero, since otherwise 
Eq. Q) is meaningless. Then actually Eq. (1) shows a(€) is f4 at infinity. If 
we assumed a(&) is zero at infinity, f, might be dropped. This corresponds, 
however, to the assumption that there is no nucleon core that emits a lepton pair, 
and it may be meaningless to disscuss the ratio of the renormalized to the bare 
coupling constants. 
Note that substitution of 
a | Ima(—§’) dé', (2) 


A fase Soros 
T e—1€ 


which is obtained from Eq. (1) at €=0 into Eq. (1) itself leads to Goldberger 
and Treiman’s® dispersion formula for a(¢). 
If we write Im a(—€’) as 


Ima(—&’) =tan¢, (€’) Rea(—€"), (3) 
the solution of Eq. (1) may be of the form 
/ 
a(é) =f.) exp | dé saa (4) 
The evaluation of g,(€’) is readily performed in the “ ladder”? approximation 
employed by Federbush, Goldberger and Treiman,” 
2 Sea NN Ul ge Zi 
,éy=t ={ £ (= aaa |p — Am?) 0(2—€), 5 
gi (F) =tan Boe z (F — 4m?) 6( ) (5) 


where 6(A?—€&) is introduced to assure Im a(é) at infinity be zero. f4(¢) is as- 
Saumed.-to- be f.Z, at €=0. -Z, can be evaluated in a similar way if we notice 


that it is just the Z,-factor of the isoscalar part of the electromagnetic form factor — 


of nucleon because of Ward’s identity. Using the dispersion formula of the form 
Eq. (1), the first term, f4, being replaced by unity, we obtain 


A2 ; 
_, tan[3g?/32a[ (€’ — 4m’?)/€"* | . 

9=exp \- \ az! [3/ is = | ‘ (6) 

(2m)? 
Finally, we obtain 
; = 3 
_, tan {9?/32n| (E’ — 4m?)/E" "| 
J4/f a= Za EXP | + \ dé" \A/ ar ; | é (7) 
(2m)2 


Similarly, we obtain 


a Eta rN pee : ry 
dy fv = Za exp |— | dé! tan n/n Am Wer i. (8) 


, , (2m)2 
It may be clear that Gal Fee Gul fais. The numerical values are given in 


Bigs 1s 
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1.0 
/\. es + see 
0.8 > 
? n p np 3 


Fig. 2. The Feynman diagrams cor- 


0.6 responding to the “ladder” approxi- 
mation. 
0.2 eee Balfa + + Taos 
&v/fy n n n 
1 2 : Afem Fig. 3. The Feynman diagrams for 
Fig. 1. The cutoff dependence of the ratios the ordinary B-decay, corresponding 
in the “ladder” approximation. to Fig. 2. 


It is to be remarked that in the “ladder” approximation a neutron and 
antiproton pair is annihilated into a lepon pair, exchanging virtual pions (Fig. 2). 
This includes a virtual nucleon pair, but this picture can be reduced to an ordinary 
neutron §-decay (Fig. 3) in the sense of Feynman diagram. 

Another point to be remarked is that if we calculate only to the second order 
in g (to two terms in Fig. 2), we have 


= 


2 eihaay Pas al 
pS pee ( ¢ a 8(€—Am) (#6), (9) 
7 : 


and substitution of Eq. (9) into Eq. (1) yields 


2 2 
g =—J4 7 4] ( 2 ) 9 
Salta 322 nS m (10) 


at large A, i.e. logarithmic divergent. On the other hand, from Eq. (7) we obtain 
(for comparison with Eq. (7), we put Z,=1) 


galfa~ ( Ets Ne Aces (=) (11) 


1 M21 


at large A, ie. linearly divergent. Thus, we can say that the sum of logarithmic 
divergent terms is linearly divergent. 


§ 3. The effect of virtual nucleon pairs 


We will investigate in this section the effect of virtual nucleon pairs following 


Maer yes 


a adh Mela 12 he Ma 
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the method that has been used by Goto and Machida” to investgate the electro- 


magnetic structure of the nucleon. We first define the vertex operator [’(p, 7; q) 
of the /-decay interaction by the following equation : 


a(p) T°, (p, n; q)u(n) =—u(p) | dted' yx 


x e”D,{0|T Y(t) A,Fu(y) |0) Dye" u(n) (12) 
where 
De in (13a) 
t= Be ae (13b) 
A,=faZ2$p (0) ir. 7s¢n(0), (14) 
I= Nu Pp (15) 


The notation other than the above is the same as that used by Goldberger and 
Treiman.” The I’,(p. 7; q) is related to matrix element (p|A,|7) by the equation 


(p\|A,|n)= (22) * (mn? / pom) u(p) V'.(d, 25 Dum) (16) 
Performing the indicated differentiations, we obtain 
—D,(0|T (2) Ay Guy) |0) Dy = (2) fait’ ,709(9) 
4 [dia S*(a—2') Se! (2! fait 109(D) 


“i |a'y'a (D)fitieveSe ky 2 Cy Hy) 


—(0|T (x) A,tn(y) 10), (17) 
where 
Sx! (a—y) =i(0|T¢ (x) $(y) |0), (18) 
\ata's* (x— 2!) Sz! (x! —y) =i(0|T 7 (2) #(y) |0), (19a) 
| aty’ Se! (x—y') E*(y!—y) =i0|TY (x) (y) 10), (19b) 
ae | 
n(x) =D.$(2), (20a) 
and 
(20b) 


2, <= 

7(y) =$ (9) Dz. | 

In Eqs. (19a) and (19b), ¥* is a proper self energy operator with dm, the mass 
renormalization constant, subracted, and defined by 

B.S, (a—y) =3(a—y) + [ata B4(e— 2) Se'(2'—9"), Ca) 


Sq! (2—y) Dy=3(2—y) + | dty' Sy (ae ae ro: (21b) 


2S: 
’ 
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Using Eq. (18), we may readily find Eqs. (19a) and (19b). 
In this way we obtain 


x | dt ad! yD, ¢0|T $y (x) A, Pn (y) |0) Dy 


=f 41 p16 * (p) Sy (Df si pV that p1s Sy (1) 5* (n) 


- \@ ad'ye”'{0|T$y(2) Ap@n(y) (Oe, (22) 
me where 
z el Sp | de OS" zY, (23) 
\ 
= ~ and 
< Sep) = \ d'xe”’ Sy (2). (24) 
= Since 
ee u(p) 3*(p) Se’ (p) =0, (25a) 
s and 
x Sy (2) >*(nm)utn) =0, (25b) 


os 
a) hie 
Li te ee 


in view of Eqs. (21a) and (21b), we finally obtain 
a(p)l'.(p, n3 gun) =a(p) fair Tou) | 
—a(p) | d'rd* ye(0|T (2) A, $a y) [OD (26) 


The vertex operator for the vector coupling may be obtained just in the same 
manner, except for f477,7, being replaced by f77,. 

: Eq. (26), which corresponds to Eq. (2-5) of reference 9), is rigorous and no 
approximations have been made. We further remark that Eq. (26) is applicable 
to the capture without any change. 

Thus our task may be to evaluate the second term of Eq. (26) so as to 
estimate the effect of virtual nucleon pairs. This may be accomplished by using 
_ Goto and Machida’s approximation® in which the main contributions from the 
- virtual nucleon pairs are included. The calculations are much complicated, but 

the final result is very simple and given by ; 


u(p)E,(p, ns Qu(n) =fat(p) ir, 7su(n) 


: Say En | dk a(prSe(p— Ai pToSe(n— k)7s4(k)u(n), (27) 


de reraes) ey 


ae ee RD Ye be 


On Ratios of the Renormalized and the Bare Coupling Constants oo 


It may be so that Eq. (27) has the same form as the sécond order perturbation theory, 
except for gy’ being repiaced by g”(>@), hence the effect of virtual nucleon pairs 


is, to increase the pion-nucleon coupling constant. The ratio &4/fa is readily ob- 
tainable, and 


de /2 
Galfa=1+—— {Lh (A/m) —1,(A/m)} (29) 
where 
1 
1 (A/m)? t+ (A/m)?(1—2) 
(A/mm) = —— At : \ a ] ar Ta On 
: 4x (A/m)*— (p/m)? ) £4108 C+ (p/m)? (1—2t) ” ce 
1 
i (A/m)? 1 a 
I (A/m) = | der — — ——— 
Ape 4n (A/m)?— (f/m)? ) eae eRe t+ (A/m)?(1—2) e 
(31) 


A= Feynmann’s cutoff momentum, and “~=pion mass. Similarly we have, for the 
vector coupling constant, 


12 
dy [fr=1 men {T,(A/m) +I,(A/m)}. (32) 


via 
Since I, (A/m) >I,(A/m)>0, 
we conclude that 


Galfa Zot eat OE : (33) 


The cutoff dependence of 15 
the ratios is given in Fig. 4. 


2.0 falBv Balla 


In conclusion we may 
say that the effect of virtual 10 
nucleon pairs is to increase 
the ratio g,/f, although we 
should not take the above 
result too seriously for the 0.5 
interactions between the P- 


wave pion and the nucleon 


&vify 


are neglected in the above ap- 6 Rr, oN 
proximation. Experimental 0 0.1 0.2 0.3 0.4 

value Ga/. a~1.2 1s obtained Fig. 4. The cutoff dependence of the ratios in Goto and 
at low cutoff, Aw~ p..* Machida’s approximation. 


§ 4. Discussion and conclusion 


It has been shown in §3 that the vertex operator, Eq. (27), which includes 
the main contribution from the virtual nucleon pairs, has the form of that in the 


5 Fis. 4 we have assumed g?/47=15. On the other hand, which of the two coupling cons- 
tants Aye oa q/4n should be identified with the observed constant is not clear. In case of 
9/2/4x=15 the larger value of cutoff energy, 4~2y, is necessary to reproduce the experimental value 


of g4/f4. The qualitative features however, may not be changed. 


J’ yas 


Rei ‘ 
gt 
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second order perturbation theory expressible by the Feynmann p p 
diagrams in Fig. 5. On the other hand, the ratio 74/f4 in the 
second order perturbation theory is smaller than unity, ir- 


respective of the magnitude of cutoff momentum. One might, + 
therefore, think that our result may be misleading. 

In general, the ratio of the renormalized and the bare e : 
coupling constants is expressible as Z,-'Z,. In the second Fig. 5. The Feyn- 
order perturbation theory the first factor, Z,-*, corresponds man diagrams in 
to the Feynman diagrams in Fig. 5. In this approximation the second order 


: soi thes 
the value of Z,~! is such that Z,-'=1. The second factor, perturbation the 


Z,, is the bare state probability and the second order per- 
turbation theoretical evaluation yields the result Z7,<Z,. Then the ratio is such 
that Z,Z,-1<1. On the other hand, our calculation yields the ratio at once, hence 
Z,1Z, itself corresponds to the Feynman diagram in Fig. 5. In the strict sense, 


ory. 


therefore, correspondence of our calculation to the Feynman diagrams is only superficial. 

We have calculated the ratio g,/f, with the “ladder” approximation in § 2 
and with Goto and Machida’s approximation in § 3. Both approximations include 
nucleon pairs and the results are quite different. As noticed in § 2, the “ ladder ” 
approximation which may be expressible in Fig. 2 is reducible to Fig. 3 in the 
sense of Feynman diagram, which does not include nucleon pairs. We may spec- 
ulate, therefore, that the difference of the results in §2 and in §3 might come 
from whether nucleon pairs not reducible to ordinary nucleons exist or not. 
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We propose to examine whether the observed mass difference between the members of 
each charge multiplet, for both baryons and mesons, can be explained in terms of an electro- 
magnetic self-energy. The electromagnetic form factor is introduced to play the role of cutoff 
factor, and the isospace transformation property of each individual elementary particle is 
taken into account for the phenomenologically assumed form factor. 

The following results are obtained from the e?-order self-energy calculation: (i) The 
observed neutron-proton mass difference (2.5m,) may be explained using the suitable form 
factor which is assumed to agree with the empirical one for the momentum transfer below 
1 Bey/ce. The desirable behavior of the form factor for the higher momentum transfer is 
shown with a few examples, which may suggest some information about the inner structure 
of the nucleon. The calculated mass difference has no direct close connection with the root- 
mean-square radius of the charge or magnetic moment distribution, but strongly depends 
upon the higher momentum behavior of the form factor. (ii) The similar argument seems 
favorable for understanding that the observed Y~—2* mass difference is considerably larger 
(13m,), while. (Ms++Ms-)/2—Mso is comparatively small (~1.5m,). (iii) Both the 
observed z+—7 mass difference (9m,) and the observed K°(K°)--K+ mass difference (87) 
may also be understood, if the suitable form factors are assumed according to the isospace 
transformation property of each meson. (iv) Although no experimental data have been 
made available about the Z9—#- mass difference with sufficient accuracy, the argument similar 
to that for the nucleon leads to some conjectures. 

Finally, the strong interaction corrections to the mass shift are estimated for the baryons 
and mesons in the lowest approximation of g2. This effect cannot be thoroughly neglected, 
but in most casés it seems to be regarded as a small correction to the main electromagnetic 
effect. 


§ 1. Intreduction 


35 


Up to the present, there have been measured the following mass differences,** 


M, —M, = (2.534 0.02) m,, 
My-— My+ = (13.4 0.7) m., 


* The main features of this work were partly reported at the 11th annual meeting of the 
Physical Society of Japan (Sendai, July 17, 1956), at the 13th annual meeting (Kyoto, October 18, 
» 1958), and at the 14th annual meeting (Hiroshima, October 11, 1959). : 
+ L. W. Alvarez, Proc. 9th Conference on High Energy Nuclear Physics (Kiev, 1959) Part 
Ill, 1. This article came to us after our work had been finished by using the older experimental 
data. Most of our:arguments, however, need not be changed by the new data except for the improved 


accuracy of the mass of 5° of the latter. 
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M,-—Myo= (8.7 + 0.8) ™,, 

M;-—Mz=™ (15+17)m., (1-1) 
M,+—M,0= (9.0+ 0.3) ,, 

M xo Roy — Met = (7.641.2) m,. 


The order of magnitude of these mass differences is not far and away beyond 
1/137 times of the rest mass of the corresponding particle. This fact suggests 
that the origin of these mass differences appears to be purely electromagnetic. 
Thus it might be of interest to take the viewpoint that the mass levels of in- 
dividual baryons and mesons may be determined by the charge independent strong 
interactions, and that the smaller mass shifts between the members of the same 
charge multiplet are given by the electromagnetic interaction which violates the 
charge independence. The purpose of the present work is to examine whether all 
the observed mass differences (1-1) can be systematically understood as the electro- 
magnetic effect, by means of the phenomenological treatment. 

In 1953 the present author pointed out” the possibility that the negative self- 
energy due to the magnetic moment interaction could explain the rest mass of the 
proton being lighter than that of the neutron, introducing the phenomenological 
Pauli moment. Our calculation”’® in the e’-order perturbation approximation 
indicated that the observed 2— p mass difference could be understood if the straight 
cutoff was made at the momentum |k|~1 Bev/c. Similar attempts were also made 
independently by Oishi,”*® Feynman and Speisman,®” and Petermann.” These 
authors used the Feynman cutoff technique or something like that, but their 
qualitative results were quite akin to ours. At that time there was no experi- 
mental evidence about the electromagnetic structure of the nucleon, so the cutoff 
factor was introduced only as a mathematical convenience in those early works, 
except that Petermann took into account the momentum dependence of the vertex 
correction in the eg*-approximation. In 1955 the high energy electron scattering 
experiment at Stanford” showed the evidence for the finite size of the proton. 
From that time on, experimental information about the electromagnetic structure 
of the nucleon has been piled up.*) We then recalculated® the nucleon mass dif- 
ference, attempting to use the empirical form factor thus established as a cutoff factor, 
and found that the observed value of nucleon mass difference and even its sign 
could not be reproduced so long as the experimental form factor was assumed to 
be correct at all regions of the momentum transfer. Afterwards similar analyses 
were made by several persons,”"? and again this difficulty has recently been 
stressed by Kato and Takeda.” As has been reported by us,!® however, one need 
not be surprised at such a discrepancy. That is because the empirical form factor 
has been established only for the momentum transfer |k|<1 Bev/c and its validity 
for |k|>1Bev/c has never been justified, while the quadratically divergent part 
of the self-energy expression is fairly sensitive to the behavior of the form factor 


ee Bais oh ee os 
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at larger |k|. As a matter of fact, we have shown"™ that a suitable form factor 
can be conceived so that it may explain not only the scattering experiment up to 
690 Mev but also the observed nucleon mass difference. A detailed discussion of 
this problem will be found in Sie 


As soon as the experimental data on the *-hyperon mass difference were 
published, an attempt to explain this mass difference was made likewise, the straight 
cutoff being used by the author™ and the Feynman cutoff by Marshak and others. 
The result indicates that the cutoff momentum |k|~ Msc may produce the observed 
~' mass difference, if somewhat large anomalous magnetic moments of the 3’ are 
assumed. In § 4, assuming the trial 3-hyperon form factor to be very close to 
that used for the nucleon and using the sufficiently small magnetic moment of the 
+", we shall show a possibility of explaining the 3 mass difference, contrary to 
Kato and Takeda’s criticism.” Our argument seems favorable for explaining the 
fact that the ¥~ — 3** mass difference is considerably larger while (Ms+ + My-)/2— Myo 
is comparatively small. In §5, a speculation on the Z-hyperon mass difference 
will be made, although it has not yet been experimentally established with 
sufficient accuracy. 

As for the z-meson mass difference, Feynman,’ Oishi,” and Petermann® in- 
dependently made the e*-order perturbation calculation using the Feynman cutoff 
factor or something like that, and showed that the reasonable cutoff parameter 
could explain the observed mass difference. It will be shown in § 6 that the rather 
simply assumed z-meson form factor explains the observed z mass difference. On 
the other hand, the AK-meson mass difference, which has recently been observed at 
Berkeley,” has the opposite sign contrary to Gasiorowicz and Petermann’s ex- 


pectation.”” We have pointed out’ that there is a possibility of understanding 


the opposite sign, if the isospace transformation property of the K-meson is taken 


into account. A few examples of the trial K-meson form factor which explains 
the observed K mass difference, will be discussed in § 7. 

In § 8, the contribution to the electromagnetic mass shift through strong in- 
teractions will be estimated, in the g?-approximation, for all the baryons and 


mesons. 


§ 2. Expression of electromagnetic self-energy with form factor 


The experimental electromagnetic form factor of the nucleon refers only to 
the space-like part of the invariant momentum transfer k. Generally speaking, the 
form factor may depend on the time-like part of *° as well as the space-like part 
of it, just as the Feynman cutoff factor. We are going to assume, HOWE that 
the form factor works essentially as a cutoff factor for the space-like ’, considering 
that such a form factor is tractable in examining the high momentum behavior 
which turns out to be responsible for the trend of the calculated mass difference. 
Use of the form factor including the time-like #? dces not change the qualitative 
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photon 


features of the following discussions. 

All the baryons are assumed to be Dirac particles baryon "4 > 
with the Pauli magnetic moment. The form factor F,(4) ; 
i iated with the Dirac charge e and intrinsic magnetic Pig.h.® Chere) Onees 
is associated wi e Dirac charg g Marea TS ase? 


‘moment e/2M, and the form factor F,(k) with the 


anomalous Pauli magnetic moment ve/2M.* Here M is the rest mass of the 
baryon. The e”-order electromagnetic self-energy of a baryon represented by the 
diagram in Fig. 1 is calculated using these form factors. Now the integration 
over &, can be carried out independently of the form factor, and the contribution 
becomes** 


om—— (di {Fi I(L) -| 3A PD Ti PFO |so! Su kceL) 


T 


where a=e’/42=1/137, /=|k|/M, and 


Fig. 2. The solid lines show the J(/) and J(J) functions 
for a baryon with respect to 7=|k|/M. The dashed 
lines represent these functions including the surface 
term contributions 4/, 4J, and 4J,. J, is the surface 
term contribution of the Dirac-Pauli self-energy and 
4J, that of the Pauli-Pauli self-energy. 


ee The natural unit #=c=1 is used henceforth throughout this paper. 
The expression (2-1) is directly given by the corresponding equation in our early report 
(ref. 2) or 3)), if the surface term is omitted before the integration over |k| is done. Afterwards 


the same expression, apart from the form factor, was also obtai 
3 ; tained by K. H 
(1956), 1173). bs uang (Phys. Rev. 101 


iii tulle (tie edie 
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EOS 2/ LEP G/ tae Sh: 
JM =V14P-V/V142. 


T(Z) comes from the positive self-energy due to the Dirac-Dirac interaction, 
and —J(/) the negative self-energy due to the Dirac-Pauli and Pauli-Pauli interac- 
tions. Unless the form factor is introduced, the integrals of [(Z) and J(l) over 


/ are respectively logarithmically and quadratically divergent. Fig. 2 shows the 
behaviors of these functions with respect 


to 7. In (2-1) the surface term con- photon 
tribution” arising from the translation jon ome oe 
OLemmmentuin variable <has been omitted, 077 422 4 a eee 
but its effect on the numerical result. is Fig. 3. The e?-order self-energy of a meson. 


(2-2) 


not very large in most cases. 

The K-meson is assumed to be a spin 0 particle as well as the z-meson. 
The e*-order electromagnetic self-energy of a meson represented by the diagrams 
in Fig. 3 is calculated by introducing the meson form factor. Omitting the surface 


‘term again, we have the contribution 


2n 


a ee, | ar’ ()K(), (2-3) 
0 


where #7 is the rest mass of the meson, /=|k|/m, and 


12 


K(/) 


L=|k|/m 


Fig. 4. The solid line shows the K(Z) function for a 
meson with respect to /=|k|/m. The dashed line 
represents this function including the surface term 


contribution 4K. 
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Ky Sole a ee (2-4) 


Unless the form factor is introduced, the integral of K(Z) is quadratically divergent, 
as shown in Fig. 4. Either Klein and Gordon’s formalism or Duffin and Kemmer’s 
formalism naturally leads to the same final result of K(/). 

For the convenience of our later discussions, let us represent the form factor 
as the sum of isoscalar and isovector parts. : 


Nucleon : 
FOOD =FIPOO +3 FY O 
=|k|/My, (2-5) 
FSD) =F SD +75F PD 
FP 0) =F PO) =1/2 
FSY (0) = = (Hy + Ha) [2 = — 0.060 ;. (2-6) 
Fi (0) = ae = (fbp— f'n) /2 cod =1.853 
2'-hyperon : 
FED) =FLEO) ELF ) 
| 7=|k|/Ms, 2-7 
FE=FEO+hFPO) 9 soe 
F(0)=0, F(0)=1 
FSS (0) = (45+ + #s-) /2= fof - (2-8)* 
FSP (0) = (Hs*—fs-) /2 
=-hyperon : 
PP SF) —e FY @) 
=|k|/ Mz, 2: 
FEDEPEOo—nFeo) / 2-9) 
Fis (0) =F ip (0) =—1/2 
F§S) (0) = (f4e- + f4z0) /2 3 (2- 10) 
FSP (0) = (Hs-— P40) /2 
m-meson : 
FPO=LF(Q), l=|k\/m,, (2-11) 
EY Ole (2-12) 
-K-meson : 


POD =F 1) +7 FM O 


FPO =F +,R~O) (2-18) 


* 
The fact that (4++s5-)/2= Hso holds independently of the perturbation approximation, was 
pointed out by the author? and also by Marshak and others.15) 


extended for /40, [F,2* BOs COO ]/2=F,29 (1), (2-7) obviously gives the relation 


tr 
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FS (0) =F (0) =1/2. (2-14) 


ee 0 (502,70 
fiéte 4 t= ) dey 0700" | Sand) 2. denotes the anomatote magnetic 
0 —1 00 —1 


moment of the baryon in units of the corresponding baryon magnetons. Since 
F’,(0) represents the total charge of the particle divided by an elementary charge, 
Q/e, the above relations of F,(/) for 7=0 are reduced to the well-know 
and Gell-Mann relation, Q/ e=4(S+H) — 
number, #( is the number of baryons minus the number of antibaryons, and 
[,=3% 73; or I; The vanishing of F{?(2) in (2-11) even for 740 is due to 
the fact that the strangeness of the z-meson is assigned to be zeno and that the 
charge conjugate z*-and z~-mesons belong to the same charge triplet, as commonly 
assumed. The above particular situation on the z-meson form factor generally 
holds true for neither the other isovector particles nor the isospinor particles. 

Hofstadter and others *” examined several models of the nucleon form factor 
to analyze the high energy electron scattering data. In Table I, let us list several 
types of these models together with the asymptotic behavior at the high momentum 
transfer. In order that the form factor may serve as a convergent factor for the 
divergent integral, the product of F,(/)F,(Z) in the self-energy expression has to 
satisfy the condition : 


n Nishijima 


Fi) FQ) Sl when > 0, 


y<0 for logarithmically divergent integral, (2:15) 


y<—2 for quadratically divergent integral. 


| Asymptotic 
ptnde) | o(7) io) behavior 

Gaussian (G) e-r? et? et 
Hollow exponential (HE) re-r (4/3)(1 +22)-3— (1/3) (1-+22) -? I-A 
Exponential (EXP) e-r (1 +/2)-2 [-4 

> -2 
Yukawa II (YII) r-le-r (1+/2)-1 & 
Yukawa I (YI) | r2e-r 1 tan1/ Gat 
Clementel and Villi (CV) r—le-r —O(r) (1—/2)/(A+2) const. 


§ 3. Nucleon mass difference 


Introducing the nucleon form factors (2-5-6) into the self-energy expression 
(2-1), we obtain the nucleon mass difference, 


1 M,= (OMy) Tg=—-1 (0My) ee ie 4M, oe 4M, ’ (3 = 1) 


where 


I., where 5S is the strangeness quantum | 


uy 
~ 
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4M, =— Za My | dary Pep 1) | 
or ; 
1 (3-2) 


4M,=— My| a@F FSD 46F LY FIP +5F YP FY)IO | 
ih 0 


Hofstadter and others® have shown that both form factors; EXP and CV, 


with the root mean square radius of 0.8 fermi, 
Faxe(D) =17-E + 1.20857 )* } 


1=|k|/My (3 3) 
Foy (1) = (1—0.40282) / (1 +2.01422) } 


fit the high energy electron scattering data up to 650 Mev, under the assumption 
Fis=F y=Fsy. Use of Fé, however, is excluded for the present purpose on account 
of the condition (2-15). Fey, and Fey Fux, can be used in (3-2), but they do 


9).10),11).13) )Iow it should be remembered 


not produce the observed mass difference. 
that these empirical form factors have been established only for the momentum 
transfer 7<<1(|k|<1 Bev/c), and that the validity of their high momentum be- 
haviors for 7>1 has never been justified. 

As to 4M,, I(2) decreases as 1// for large J, ‘aheteiore the behavior of the 
form factor below /<1 determines the major part of its numerical value with the 
negative sign. Thus we may safely adopt the empirical form factor, eg. Frxp, 
in 4M, and obtain 4M,~—2.1m,. Since J(/) linearly increases as / for large /, 
4M, is considerably sensitive to the high momentum behavior of the form factor, 
and the empirical form factor ought not to be inserted into 4//, without any 
justification. At present we cannot get any information about the high momentum 
behavior of the form factor or the inner part of the distribution function, either 
from reliable theoretical study or from available experimental data. We now 
attempt to make a trial function which agrees with the empirical form factor 
below 7<1 but generally differs from it above 7>1 so as to explain the observed 
mass difference. 

We are going to discuss the problem from two different but rather simple 
standpoints, although there may be many other possible cases. 

G) The first standpoint: It is assumed that every component of the form 


factor F,(/) can be written as F,(0) multiplied by a trial function F,(J). It 
follows that 


FPO =FP 0 = FO, (3-4) 


FX (D) =—0.060F,(d), (3-5) 
FS (2) =1.853 F,(D). | (3-6) 


Two examples of the trial form factor Fy are shown in Fig. 5, in which F,, and 


F'4r are assumed to have the positive and negative signs for large / respectively. 
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l=|k//M 3 


= 02) 


All 


—0.4 
Fig. 5. The trial nucleon form factors Far and F471 are shown together 
with Fzxp and Fey. For example, they are given by 
Faz=1/ (142.5395 12) + 0.1284 14 e—9- 5/2, 
Fau=[(4/3)/(1+0.6893 /2)3— (1/3) / (1 +0.6893 22) 2] —0.1795 14 e-9-5/2, 


Fyxp and Fey are also shown in the figure for the sake of comparison. If either 
F 4, or F4r is used in (3-4-6), we have 4M,~4.8m,. As the use of the trial 
form factor for 4M, does not appreciably affect its numerical value (41,—~ 
—2.3m,), we thus obtain the observed-value of the mass difference, 4M, + 4M,—= 
2.5m,. As is seen from (3-5), we have here assumed the quite small value of 
|F.3(2)| even for large 7. Then the term of 6FisFyy in (3-2) primarily con- 


tributes to 4M,, while the remaining terms of 6FysFiy and 5FysPoy have an effect | 


on the total contribution only within about 10% so far as the common form 
factor F, is taken for every component. ‘Therefore the condition 


FWDFY(D>0 for large Z (3-7) 


is necessary in order to get the correct mass difference from the first standpoint. 


The condition (3-7) excludes the use of FoF jy fon, Piskap i082) a ere ve 


also assumed above that FsFy <0 and Foss <0 for large J, but these inequalities 
are not always needed and one of them or both may be positive, in which case 


4M, undergoes only small change. Furthermore, the assumption Fy,=F\y in (3-4) 


is not always necessary for explaining the nucleon mass difference. We may indeed 


assume that Fis% Fw for large 7, which leads to a nonvanishing inner charge dis- 


tribution of the neutron with 


patible with the available experimental data.” 


a sufficiently small r.m.s. radius so as to be com- - 
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(ii) The second standpoint: It 1s assumed that both the isoscalar and 
isovector parts of the form factor for large / behave similarly with the same order 
of magnitude in the absolute value, without regard to their behaviors at small J. 
The smallness of the observed value of |Fys(0)|=|3(4)+/,) |=0.06 may be under- 
stood qualitatively as a result of minor z-meson contribution to the isoscalar part 
of F,(J)for small 2. |F.,(2| for large 7, however, might become as large as the 
isovector part of F,(/), on account of the con- 
siderable contributions from the other heavier 
particles as well as a large number of = 


Fp) 
0.5 


mesons. Now let us conceive a model of 

F,, which is close to —0.06F;., for small 0 
l but behaves as $F, for large 7. Two 0.12 
examples of such a trial form factor are 
shown in Fig. 6, where Fy, and Fy,, be- 
come close to Fy, and F4,, for large / re- Fig. 6. Two examples of Fy; are shown. 
spectively. Furthermore, both F,,(/) and 

Fy (2) are also assumed to behave as 4/7, for large /. 4M, is then given by 
the sum of three contributions from 6F\s Fx, 6FesFiy and 5F,; Fx, each of them 
being of the same order of magnitude, roughly ~1.5m, in the absolute value. 
Therefore the observed mass difference can be explained only under the condition 


—0.5 


all-of FiO FY Fie and) FLUE = Oetior larcew « (3 8) 


This restriction means that all of Fys, Fe; and F,, should have the same sign for 
large J, just as either 4, or F447; Instead of 4F',, however, F, itself may be taken 
as an asymptotic function of the form factor. In this case, each of the above three 
contributions roughly amounts to ~5m, in the absolute value, therefore the ob- 
served mass difference can be explained only under the condition 


any two of FIP FS, FSP FSP and FLY F§>0 and the remaining one <0 
for large 7. (3 -8’) 


It should be noted that there is no other possibility than either (3-8) or (3-8) 
to explain the nucleon mass difference, insofar as the second standpoint is concerned. 

The trial form factors, F,, and Fy4,;, may be arbitrarily represented by a 
linear combination of the same or different type of functions with various param- 
eters. As is shown in Fig. 5, for example, F,; may be written as a sum of the 
YIT function with the r.m.s. radius of 0.82 fermi and the modified G function 
_ without affecting the r.m.s. radius, and F,,;; as a combination of the HE function 
with the r.m.s. radius of 0.78 fermi and the modified G function with negative 
sign. Fig. 7 shows the graphs of the square of proton form factor, *”, versus 
R for these trial AJ and AII models together with the EXP and CV models, 
which are to be compared with the experimental points by Hofstadter and others.® 
Here Ff” has been defined by (Fist Fiy)?=[ (Fas + Foy) /1.79 P. 
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0.02 


k? (fermi ~’) 
Fig. 7. F(2 is plotted against 2 in units of fermi-?. The trial form factors Fay; and F477 
are compared with those of the EXP and CV models. The experimental points show the 
electron-proton scattering data between 500 and 650 Mev measured by Hofstadter et al. 
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Fig. 8. The nucleon distribution functions pas and paz7 corresponding to the trial form factors 
Far and Far assumed in Fig. 5 are shown as exainples, together with p, yp and py, - The 
detailed behaviors at the inner region should not be taken seriously. 
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The corresponding spatial distribution functions, ~4;(7) and Parr(7), are given 
by the Fourier transforms of F4;(k) and Fy4;;(k) respectively. Fig. 8 indicates 
Anr’o(r) for these trial functions. Those for the EXP and CV models are also 
shown in the figure. Needless to say, the detailed behavior of the trial distribution 
functions, 4, and fz, at the inner region should not be taken very seriously, be- 
cause we have just shown them as arbitrary examples among a large number of 
possible models. The future experimental and theoretical works, which are intended 
to investigate the inner structure of the nucleon, will not only discriminate between 
these models but also test the standpoints presented above. 


§ 4. -hyperon mass difference 


Let us consider first the ¥-— 2* mass difference calculated from (2-1), 
M,-— M;+= (0Mz) 7-1 (0Ms;) neti=4M,+4M,, (4-1) 


where 4M, and 4M, have a formal resemblance to those for the nucleon (3-2), 
except that the form factor components satisfy the different conditions because of 
the isovector nature of the &. 

If the first standpoint is taken, it follows that 


FD =0, (4-2) 
FPO =F), (4-3) 
FP) = (s+ + Hs") Fa) =n Fad, (4-4) 
FPO => (tsps) FD, (4-5) 


where /=|k|/My and F, is assumed to be similar to the trial nucleon form factor. 
On account of (4-2), 4, vanishes and 4M, has the contributions only from 
Fy Fy; and F2sFy,. If we assume a sufficiently small value for |/s0| following Kato 
and Takeda,” 4’, becomes too small to explain the observed ¥-— 3+ mass dif- 
ference (13m,), even though the high momentum behavior of F, is taken into 
account. 


We should recollect that the charge independence requires F, (0) =0, but this 
is not the case for general /, i.e. 


FY(12)A0 for 140, (4-6) 


which implies a nonvanishing charge distri- 
bution of the 3° in contrast with the z°. This 
effect was ignored in the previous calcula- 
™) To take (4-6) into account is 
nothing but a partial application of the second 
standpoint in a sense. We then assume 
that F(Z) behaves as F,(/) for large J, which 


Fig. 9. Two examples of Fz are shown. 
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is named as Ff, and its behavior is shown in Fig. 9. In this case it follows 
from (4-3) and (4-6) that 4M, does not vanish but is small enough as compared 
with the nucleon case, since |Fis(2)| is still small for 7<1. In order to explain 
the large *~ —3'* mass difference, the condition 


Fi? (1) FS?(D) >0- for large 7 4:7))2 


is necessary to hold, because the term F,;F, provides the main contribution to 
4M,. In fact, assuming the reasonable values of /s+—fs-~3.7 and |/4s0|~0.08 
in units of hyperon magnetons, which were used in Kato and Takeda’s eimatione 
we obtain 4M,+ 4M,~(13+1)m,, where the upper or lower sign corresponds to 
the unknown sign of /so. 

Now we consider the problem entirely from the second standpoint. It is assumed 
that |F,s| and | F.;| as well as | F;,;|and| F’| behave as | F,| for large Z, however small or 
large they may be at 7/<1. The argument for 4/4, in the last paragraph holds 
true also in this case. As regards 4M,, however, each of three parts, 6| Fy oy|, 
6|F.sF\y| and 5|F,;F.y|, has the contribution with the same order of magnitude 


Seu 


(~5m,). Consequently, the large 37 mass difference can be obtained only 


under the condition : 
allot PA RS hee and: Fe FY > 0. ator large. (4-8) 


If the asymptotic function of the form factors is assumed to be roughly twice as 
large as F, instead of F, itself, the condition : 


any two of FSO FSP, FSP FY and Fs FS >0 and the remaining one <0 
for large J, (4-8’) 


is necessary to hold. There is no other possibility than either (4-8) or (4:8’) 
to explain the 3-—3* mass difference from the second standpoint. It should be 
interesting to note that the conditions (4-7) and (4-8) or (4-8/) are formally 
equal to those for the nucleon, (3-7) and (3-8) or (3-8’). This resemblance 
of the conditions between nucleon and 3’ does not seem trivial, but might suggest 
some implication of the inner structure. 

Next we shall discuss the mass of 3°. It is convenient to calculate the mass 


difference, 
y ao 5 es = 
7 (Ms++Msz-) —My=— m,\ all FY" TO = (arp FP +) Fp) J |. 
+ 0 — 
(4-9) 


which is to be compared with the observed value (241)m,. The expression (4-9) 
is less ambiguous than that of M;-—Ms0 or My+— Ms, for it does not contain 
the product of the isoscalar and isovector parts. If the choice (4-3) 1s taken, the 
first term of (4-9) including /(/) provides the contribution ~3m,, without respect 
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to the first or second standpoint. In order to explain the observed mass difference 
(241)m,, the second term of (4-9) including J(/) must have contribution 
(141)m,. Either consideration from the first or second standpoint similarly in- 
dicates that there is a possibility of understanding the observed value of 3 (M,++Ms-) 
— Ms. only under the condition. 


FY DFS) <0 for large f. (4-10) 
Owing to the condition (4-10), the 


two contributions of /.;Fy, and 
F.;Fey, to 4M, turn out to have 


Bae ea 7 x a eae the opposite signs, but the fore- 
= - going argument on the + — 2° 


Fig. 10. The eg?-order vertices which produce 
the Pauli moment like interaction between 5? 
and A°, 


mass difference under the condition 
(4-7) need not be changed. The 
condition (4-10), however, con- 
tradicts (4-8) ; consequently (4-8’) must be taken so 


that the mass difference between *~, 3° and ¥* may be _ 
consistently understood from the second standpoint. pases 
We have ignored in the above the effect of the virtual = A 2 
dissociation of the 3° into a A’ and a photon. Fig. 10 Fig. 11. The e¢*-order 


c - 7 yo 
shows examples of the corresponding Feynman diagrams of so hence ok anale 


the eg’-order vertices which produce the vertex factors Rene Dere em ra RES 
FSD and F,°% (1). The e?-order self-energy due to and a photon. 
this effect shifts the mass of 3° by an amount, 


due to the virtual 


OMe ee M; \ ar (smePre +4) 1 EW Bo () , (4 3 11) 
i) 


where the small contribution including J?” is neglected because of F,°”(0)=0, 
and —J” represents the main contribution from the diagram shown in Fig. 11. 
If the relative parity between ¥' and A is even, J‘°”(Z) may be approximated to 
J(/). The lowest order perturbation calculation by using the charge independent 
interaction suggests that |F,'°” (0) | >| FS (0) |= |/s0], and then the effect seems to 
make the mass of 3° lower, even for the first standpoint. Thus there is a possi- 
bility for explaining the observed value of 4(Ms++Ms-) —Mso. by taking ac- 
count of the shift of (4-11), even if the condition (4-10) is not satisfied. The 
somewhat detailed discussion will be made elsewhere. 


$5. &-hyperon mass difference 
From (2-1) the = mass difference may be calculated as 
Mzo— Mz-= (0M) 75241 — (0M3) 2 1 = 4M, + 4M, (5-1) 
where 4M, and 4M, are formally equal to those of the nucleon (3-1). As both 


where /=|k|/m.. 


ke eM as ok ak Mk a a 
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the e -hyperon and the nucleon are isospinor particles, the situation might be quite 
similar to each other. 

Let us now consider the = mass difference from the first standpoint. If the 
strong z-baryon interaction is common to the nucleon and the = ST Les gore oy 


not predominantly contribute to the form factor for small 7, we may expect that 
FY) (2D) =— FS?) — for small 7. (5-2) 


The relation (5-2) would be checked by measuring the magnetic moment of the 
= in the future. The choice of the form factor similar to (3-4-6) gives -4M,~ 
—3m, and 4M,~7m,, and then we have Mz—M,-~4m,. On the contrary, if 
the z-baryon interaction is such as gz:,<gyy,z, and if other situations aré same as 
the above, it follows that M/z.—M,-<0.. We might thus expect that the future 
experimental data on the = mass difference would test the validity of the above 
alternative assumption on the z-baryon coupling constants, so far as we discuss 
the problem from the first standpoint. 

Next we shall conjecture the possible cases from the second standpoint. If 
both the z-baryon and K-baryon interactions are symmetric between nuclon and 
=, and. in addition if the relative parity between nucleon and = is even, the 4- 
hyperon form factor as a function of 7=|k|/M/; would become quite similar to 
the nucleon form factor even for large 7. Then it may be expected that 
Myo— M.- = (Ma— M,) Mz/My=4m,. On the other hand, if the opposite sign 
of the mass difference, Mzo—M--<0, is measured by the future experiment, the 
condition 

6FO FO 46F © FP+5F LFS <0 for large / (5-3) 


should be satisfied in order to explain the mass difference. The sign of the in- 
equality (5-3) is opposite to that for the nucleon, (3-8) or (3-8’). Such a dif- 
ferent condition might be expected, if at least one of the z-baryon and K-baryon 
interactions has no symmetry between nucleon and £, or if the relative parity 


between nucleon and = is odd, even though the coupling constants are common 


between them. 


§ 6. 2-meson mass difference 


Introducing the z-meson form factor (2-11-12) into the self-energy expression 


(2-3), we may calculate the z-meson mass difference, 


fos) 


a 


My — —_ 
M4 —M,o= (Om) 1g=41— (0m,) ,-0= og Mm 


a 


Jaren KO. (6-1) 


0 


Since K(J) is always positive, (6-1) is obviously positive def- 
he explicit behavior of the form factor. That is, a charged 


inite without respect to t : 
greement with the observation. 


az meson ought to be heavier than a neutral one in a 
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This fact seems plausible from the intuitive viewpoint that a classical charge dis- 
tribution has positive self-energy. It should be emphasized, however, that the 
vanishing of the isoscalar part of the z-meson form factor, namely, the vanishing 
charge distribution of the z°’ as a result of the . 
strangeness assignment by Nishijima and Gell- 
Mann’s rule, is responsible for the positive sign 


™Mn+—= M7 (Me) 
8 


of m,+—™M,0- 
We can explain the observed value m,+ 4: 

—m,o=9m,, using a rather simple form factor. 

Fig. 12 shows the calculated z mass difference 

versus the r.m.s. radius of the charge distribu- 10 

tion for several models, G, HE, EXP and YII. obs, 

The r.ms. radius of 0.6 to 0.8 fermi is required 


to explain the mass difference, as long as we take 5 

these simple models. According to the disper- 0.2 : ; oes ee 
sion eee investigations, Goldberger and Fig. 12, oThe waleniaed Meaeeeee 
others”? have obtained the r.m.s. radius of 0.41 mass difference is shown against 
fermi for the z-meson, although there is no the r.m.s. radius of the charge 


distribution for the G, HE, EXP 


direct experimental confirmation about this. If 
and YII models. 


a somewhat smaller r.m.s. radius, say ~0.4 

fermi, is confirmed by future experiments, we can conceive the suitable form factor 
with an arbitrarily smaller r.m.s. radius. so that it may explain the observed z 
mass difference, because (6:1) is fairly sensitive to the high momentum behavior 
of the form factor. 


§ 7. K-meson mass difference 


From (2-3) the AK-meson mass difference may be calculated as 


M xt — IM xo( Ro) = (OM K) r= 1 — (OM) ry=-1= (OM) 2-1 — (OME) eg= 11 


a ( ; : 
=o mx | dla PPP OKO, (7-1) 
0 
where /=|k|/mx. (7-1) contains the product F; Fy, in contrast with F? in (6-1). 
Since K(Z) increases as / for large J, the integral (7-1) strongly depends upon 
the sign of the product FF; for large 7. Thus the negative sign of the observed 
mass difference, x+—71x0%)—8m,, can be explained only under the condition 


FOES <0. for large J. (7-2) 


As a matter of fact, the observed value of the K mass difference may be 
produced by using the suitable form factor, which satisfies not only (2-14) but 
(7-2). Let us now try to conceive a suitable model of the form factor so that it 
may explain the observed mass difference at the r.m.s. radius of ~0.4 to 0.5 fermi. 


meoe APS VE 
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Such an example is arbitrarily represented as 
a linear combination of the same and/or dif- 
ferent kind of functions with various parameters. 
For example, F¢; is assumed to be always posi- 
tive for every range of J, and For, negative for 
some large value of /, so that the product 
Fe, Fea may satisfy (7-2) and may be used for 
4F;F,. Fig. 13 shows the calculated K mass 
difference against the r.m.s. radius of the charge 
distribution for two trial models Fg and Fe 
with different parameters. At the r.m.s. radius 
of ~0.4 fermi for the model C or at ~0.5 fermi 
for the model C’, we get the observed K mass 
difference. These values of the r.m.s. radius, 
however, cannot be taken seriously, for the 
result strongly depends on the used model. 
The Fourier transform of the trial K-meson 
form factor provides the corresponding charge 
distribution p(r). The inner behavior of the 
trial distribution function should be regarded as 
an arbitrary example among many possible 
models. The somewhat complicated charge 
distribution of the K° is shown in Fig. 14 as 


mx*— mx (me) 


o1 


| 
iS 


a 
is) 


all) 


7 (fermi) 

Fig. 13. The calculated K-meson 
mass difference is shown against 
the r.m.s. radius of the suitably 
assumed charge distributions pe 
and o¢’. For example, the trial 
form factors Fg; and Feq are 
assumed to be given by Fe;,7= 


i 2 2 
1/ +i") Lo pisos ames 


almx=V (72). The model C cor- 
responds to the choice of param- 
eters, 6=0.6 and c=0.5, while 
the model C’ to b=0.1 and c=0.25. 


—4 


is) 
r (fermi) 


Fig. 14. The charge distribution of the K® for the two examples pc and 
oc’ is shown. The value of Arr? p(X (r) is taken as ordinate in the 


figure. 
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examples with the parameters chosen for the models C and C’. In the present 
circumstances, trying to discuss the inner charge distribution is so speculative that 
we shall not go further but conjecture only on some qualitative features. The 
inequality (7-2) suggests that the spatial charge distribution might have the prop- 
erty, 


Ps(r) Py (r) <O for small r. 3) 


The inner charge density of the K° is then proportional to |s|+|?y| while that 
of the K* proportional to ||es|—|e,||. Consequently the stronger charge concen- 
tration of the K° at the inner region may have the larger positive self-energy in 
agreement with the observed mass difference. The Nishijima and Gell-Mann rule 
informs us that the K° can virtually dissociate into a pair of one kind of baryon 
and the other kind of antibaryon, such as (p and 3"), (2 and 2°), etc., whereas 
on the contrary the z° dissociates into the same kinds of baryon-antibaryon pair, 
such as (p and p), (2* and S*), etc. Therefore we may expect that the K° 
has a fairly complicated charge distribution unlike the z°, and such an inner charge 


distribution seems to be responsible for the opposite sign of the observed A-meson 
mass difference. 


Nakano and Miyachi®” previously calculated the K-meson self-energy, taking 
into account an additional electromagnetic interaction of the type, 0,6*0,6(0,A, 
—0,A,), which was derived from the eg?-order vertex. The self-energy due to 
this effect partly covers the contributions of the diagrams in Fig. 3, if the suitable 
form factor is introduced. Although this effect gives rise to a new additional con- 
tribution, their result of the lowest order calculation by using the Feynman cutoff 
factor seems insufficient to explain the correct sign of the K mass difference only 
by itself. This is because the electromagnetic self-energy due to the sum of the 
ordinary electromagnetic interaction and the additional one is still positive apart 
from the form factor. Needless to say, if we introduce the form factor behaving 
like (7-2) into both the ordinary and additional interactions, we have the negative 
contribution to the K mass difference. The additional contribution, however, may 
be regarded as a small correction as far as the lowest order calculation is concerned. 


§ 8. Strong interaction corrections 


Considerable parts of the electromagnetic self-energy with the strong interaction 
corrections may be comprised in the self-energy diagrams of Figs. 1 and 3 in which 
suitable form factors are introduced, because the rigorous form factor, if it were 
known, would include the vertex corrections of all orders in g. Examples of such 
diagrams of the lowest order in g are shown in Figs. 15-16 (a) for baryons and 
mesons. There are some other self-energy contributions from the strong interaction 
which are not contained in the diagrams of Figs. 1 and 3. These diagrams of 
the lowest order are shown in Figs. 15-16 (b) and (c). Among these contributions 
the essential parts of the self-energy diagrams in Figs. 15-16 (b) may be replaced 


=e 
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(a) 


& & 


Fig. 16. The meson self-energy 
diagrams of the e2g2-order. 


Fig. 15. The baryon self-energy diagrams of the 
e g?-order. 


by the contributions from the diagrams, in which the observed electromagnetic 
mass difference of the particles in the intermediate states is taken into account2” 
In the following we are going to study whether this type of strong interaction 
correction appreciably contributes to the main electromagnetic mass difference. 

In the lowest order approximation the charge independent strong interactions 
provide the mass shifts for the diagrams of Figs. 15-16 (b), 


4(M,— M,) = — (M,—™,) (ge /4). (OL yx /OMy) 
+2 (My-—Ms+) (gvzx/42) (Olysx/OMs) 
— (Myo— Mx) [ (grex/ 42) (OLysx/OmMx) — (gv1x/ 42) (OLysx/OmMx) |, (8-1) 
4 (Mzo— Mz-) = — (Mzo— Mz-) (geze/4) (OLz2,/9Mz) 
—2(Ms-— Msz+) (giex/4t) (Olzsx/OMz) 
— (mM xo—mx+)| (gesx/42) (Ol zrn/AMK) — (geax/42) (Olz1x/Pmx) |, (8-2) 
A(Mz-— M+) = (Mz-— Ms) (ghzn/42) @ls20/8Mz) 
— +2(M— M,) (givn/ 42) Olsvn/@My) 
—2(Mzo— Mz-) (g32x/ 42) (Ol szx/OMz) 
+2 (mxo—Mx+) [ (gsex/ Ar) (OI szx/OMx) — (gswx/ 47) (OT. svx/OMx) |, 
(8-3) 
4[1/2 (M+ +Mz-) — Moo] 
= —[1/2(Mz++My-) — Myo] (gize/42) (Blizz /8Ms) 
+ (mgs—Mq0)| (G3. 1m/ 42) (OL ie/ Pitre) — (S330 / 42) (Asr0/9mM)], (8-4) 
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A(m,+—Myo) =2[1/2 (M+ +My-) — Moo] [ (giare/42) (OLi2n/OMz) 
— (g3s"/47) (OIs2,/9Ms) |, (8-5) 
A (mM xo— Mx) = (Mn—M,) | (givn/42) (OL ivx/ OM) — (gswx/ 42) OLsvx/OMy) | 
+ (Mso— Msz-)[ (g32x/42) (OL s2x/OMz) — (g5zx/ 42) (OLszx/OMz) | 
+2(M;-— Ms+)[ (ghsx/42) (Olsex/OMsz) — (giwx/47) (OTsyx/OMz) |. 
(8-6) 


Some contributions to the mass difference from several diagrams just cancel out 
each other. The above equations have been expressed by only the nonvanishing 
remainders. In these equations Jy,z denotes 


it 1 if 
eee AP Ui 1k (8-7) 
XYZ hiv? q p=q—M; Gomis 


for the baryon X satisfying (p—Mx)¢#=0, or 
il it it 2 
I eal S eee Poe | (8-8) 
BaP ea) ee gay I ee 


for the boson Z satisfying (q?—mz)¢=0, where I’ stands for 1 or iy; in accordance 
with the scalar or pseudoscalar coupling of the interaction (X YZ). In Tables II—I1, 
the calculated values of 0J/0M and 0I/0m appearing in Eqs. (8-1-6) are listed. On 
account of the logarithmic divergence of 0//0M, the straight cutoff at My has been 
made for simplicity. The same straight cutoff has been made also for 0//0m, though 


Tabl II. 0//0M and 0//0m for baryons 


r Olver OLs2n Olsen On sic Olsen ic Ol s3 OlzesK 
0My 0Ms 0Mz OMs 0My 0Mz OMy: 
1 ooo tee 0.049 0.172 0.070 0.132 
15 0.025 0.015 0.011 0.004 0.026 0.005 0.013 
a ae a i a ee es ee 
nee __ 
r OTs Aw Olssx Oly ak Oly sic Olsy Olsen Olean OLz3 pe 
OM OMx Om i OM je Om jc Om jc OM jg Om je 
i 0.605 oon 0.121 0.110 0.288 0.136 0.256 0.219 
15 —0.018 —0.021 —0.025 — 0.026 —0.013 —0.022 —0.018 


Table III. 07/8M for mesons 


OM=z 
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it has no divergence, in order to keep a consistency of the result. At any rate 
the calculated values are not very sensitive to the cutoff momentum. 

Strictly speaking, we have to solve a set of simultaneous equations (8-1-6) 
regarding the six kinds of mass differences as unknown quantities, after we add 
the electromagnetic mass differences calculated in the preceding sections to the 
right-hand side of each equation. Tables II-III indicate, however, that the strong 
interaction corrections are not very large as compared with the observed mass 
difference. We may then estimate the strong interaction corrections by inserting 
the. observed values of mass difference (1-1) into the right-hand sides of Egs. 
(8-1-6), instead of solving the simultaneous equations. 

As for the baryon mass shifts, the scalar coupling contribution turns out to 
be generally comparable to the observed mass difference while the pseudoscalar 
coupling contribution is sufficiently small. It should be remembered, however, that 
the lowest order perturbation calculation may in general provide the overestimated 
result for the baryon current contribution, and that the straight cutoff technique 
may also lead to oversupply as compared with other cutoff techniques. Assuming 
that g2/42~15, g?/4n=1 and |M,—M;-|~M,,— M,, and considering the above 
situations, we may conjecture from Eqs. (8-1-3) that |d(~M,—M,) |S0.5m,, 
|4(Mzo— Mz-) |<S1m, and |4(M;-— Mz+)|S1m,. Here we have made a reduction 
by a factor of about one-fifth for the possible overestimation. If the relative parity 
between 3’ and A is even, the coupling (4m) is pseudoscalar and then (8-4) 
gives a rather small contribution, | [4 (Mg++ My-) — Mgo|| S$ 0.5m. | On the con- 
trary, if the relative parity between ¥ and A is odd, and if the scalar coupling 
constant g2,, is also assumed to be of the same order of magnitude as the pseudo- 
scalar g,?, we have an appreciable contribution, 4[4 (My++ Ms-) — Myo] <10m,, even 
after we have made the reduction for overestimation. 

As for the boson mass shifts, both the scalar and pseudoscalar coupling con- 
tributions are of the same order of magnitude and have the same signs, and then 
they appear to produce considerable mass shifts. The (237) and (A2z) inter- 
actions, however, destructively contribute to 4(m,+£—m,o),-and the resultant mass 
shift becomes smaller so long as gsr™~Bis, is assumed. For A(mxo—mxt) there 
‘s no contribution from the z-baryon interaction, and the (NK) interaction and 
the other K-baryon interactions destructively contribute to the resultant mass shift 
so long as all gx’s are taken to be common. Moreover, we should remark that 
if the pair suppression effect is taken into account, the result in the lowest order 
perturbation approximation may be reduced to some extent. Considering these 
situations and remembering again the use of the straight cutoff technique, we may 
conjecture from Eqs. (8-5-6) that |4(m,+—m,0) |\<1m, and |4(mx0o—mx+) | $0.5. 

No numerical estimate on the self-energy of the type shown in Figs. 15-16 
(c) has been made in this report, for such an effect seems small enough judging 
from the rough estimate by Kato and Takeda.” : 

Although reliability of the perturbation approximation for the strong inter- 
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action should be problematical and although, in addition, the estimate has been made 
only for the special types of the lowest order diagrams, the above study seems to sug- 
gest that the strong interaction effect cannot be thoroughly neglected, yet in most 
cases it may be regarded as a small correction to the major electromagnetic effect. 


§ 9. Concluding remarks 


In the preceding sections, it has been shown that most of the observed mass 
differences (1:1) can be understood as the effect of electromagnetic self-energy. 
It has been stressed there that the high momentum behavior of the isoscalar and 
isovector parts of the form factor plays an important role in explaining the mass 
difference. Some trial examples of the form factor have been conceived in the 
hope that at least their qualitative features might be tested by experimental and/or 
theoretical investigations in the future, though there are naturally many other possi- 
bilities for choosing the trial functions. As is seen from the spectral representation 
of the form factor by using the dispersion relation,“”*”” the isoscalar and isovector 
parts may in general have individually different behaviors. 

With respect to the requirements of the relativistic invariance and of the 
gauge invariance, the form factors assumed in the present work are clearly unsatis- 
factory. A generalization of the noncovariant form factor to the covariant one 1s 
directly possible, and the use of the covariant form factor does not essentially 
change the qualitative results of our argument. As to the gauge invariance re- 
quirement, we may take the gauge transformation defined by Chrétien and Peierls,” 
so far as the two-point form factor is concerned. 

We are now going to show an intuitive version of the argument made for the 
nucleon mass difference. According to our original attempt,” the nucleon mass 
difference is explained as a result of the predominance of the negative self-energy 
due to the magnetic moment distribution over the positive self-energy due to the 
charge distribution, 

My—M,=0M,—0M,~—e( 1 )+La+ay—mil(s%) (5), On 

r 2My Tame 
where the classical self-energies are assumed to. be e*{1/r) for the charge distri- 
bution, and —/?(e/2My)*{1/r*) for the magnetic moment distribution. If we 


radius of the distribution, the observed mass difference is then explained by taking 
the value of 7 <1/My=~0.2 fermi, which obviously contradicts the experimental 
data of the electron scattering. However, if the inner behavior of the distribution 
function is suitably conceived so that it may give (1/r)> lf/r-and (l/r S1/F, 
the observed mass difference can be explained by (9-1) at the value of 7~0.8 
fermi. The similar intuitive explanation for the other particles is also possible, 
if the isospace transformation property of the individual particle is taken into 
account. 

It has been suggested that the considerable largeness of the Y-—Z* mass 


ee se | 


ye} : i 


Electromagnetic Mass Difference of Elementary Particles 57 


difference seems to be connected with the isovector nature of the ¥. It has also 
been shown that the opposite signs of the mt—2° and K*—K° mass differences 
are consistent with their strangeness assignment. 

The lowest order estimation of the mass shift due to the strong z-baryon and 
K-baryon interactions suggests that the effect may be regarded as a small correction 
in most cases. Some care should be taken of 4(M,++Ms-) —Myo, to which we 
may have an appreciable contribution from the (Az) interaction, in case of the 
opposite relative parities of ¥ and /. 


* * * 


After completion of this work, several recent articles treating of related sub- 
jects have come to our notice. Hofstadter (Nuovo Cimento 12 (1959), 63) has 
demonstrated that the proton form factor fitting the electron scattering data can 
be given by some cutoff proton models unlike the exponential model formerly 
described by him.® The distribution functions of his cutoff models have a some- 
what strong behavior in the inner region, just like our trial model proposed in 
the present report. Katayama and others (Prog. Theor. Phys., to be published) 
have shown that the nucleon mass difference can be explained by using the trial 
form factor which has a negative strong behavior at the high momentum region. 
Their result is qualitatively equivalent to ours given by the form factor P's, for 
the first standpoint. Hiida and others (Prog. Theor. Phys. 22 (1959), QAT ~ Sous) 
have tried to calculate the nucleon form factor based on the perturbation theory. 
Sakurai (Phys. Rev. 114 (1959), 1152) has given some prediction as to the = 
mass difference. His argument is qualitatively close to ours for the first standpoint, 
though he has not considered the form factor. Riazuddin (Phys. Rev. 114 (1959), 
1184) has attempted to deduce the z-meson charge radius from the observed 7 mass 
difference. As has been stated in our report, such a result strongly depends on 
the used model, because the calculated mass difference is sensitive to the inner 
charge distribution but not to the r.m.s. radius. Bransden and Moorhouse (Phys. 
Rev. Letters 2 (1959), 431) have calculated the y-—3'* mass shift which comes 
from the K-meson mass difference in the intermediate states through the strong 
This effect is included in our estimation, though we have made the 


re boot 
pe 


interaction. 
straight cutoff. Our result indicates that the mass differences of n—p, =° 
-__3'* in the intermediate states also give similar contributions, but the 


nt correction seems insufficient to explain the observed » mass difference 


and 5 
resulta 
by this effect alone. 
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A method of analysing the data of high energy jet showers in nuclear emulsions is 
proposed. We discuss the possibilities to ruduce the nucleon-nucleon collisions to pion-nucleon 
interactions. If we use the experimental data on x-p collision at 5 Gev as the pion-nucleon 
interaction, we can estimate the energy and angular distribution of emitted pions in rather low 
energy jet showers (< 100 Gev) and the obtained results fairly agree with the experiments. 
As to the high energy jet showers (2 100 Gev) we can conclude that almost all of collisions 


are regarded as peripheral ones and that the properties of the pion-nucleon interaction reduced 


from the nucleon-nucleon collision are similar to those of the pion-nucleon interaction actually 
observed. It is also suggested that the nucleon has a core whose radius is about a nucleon 


Compton wave length. 


§1. Introduction 


In the last few years, experimental data on the multiple production of the 


particles in the nucleon-nucleon collisions have been accumulated in the high energy 
region. However, we have only a few. pieces of information on the properties of 
elementary interaction because of the complication of the phenomena. We should, ° 
instead of directly comparing the predictions of specific theories with experiments, 
rearrange empirical data so as to get some clues to understanding the mechanism 
of high energy collisions. Thus, it is desirable in investigating the high energy 
‘nteractions between two nucleons to establish a method for the analysis of these 
data. 

Recently, Ezawa’ has proposed a method of the analysis by introducing the 
concept of impact parameter into the nuclear collision. He assigned this impact 
parameter to each event and classified the experimental data by using this pa- 
rameter. In this sense, his method gives a possibility to separate the head-on col- 
lisions from the peripheral ones in experiments. 


Several authors” have attempted to analyse the peripheral collisions separating 


* Present Address: Research Institute for Fundamental Physics, Kyoto University, Kyoto. 
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them from the central ones. For example, Okun’ and Pomeranéuk pointed out 
that if nucleons collide with each other with a large angular momentum the Feyn- 
man diagrams including only the exchange of one pion contribute predominantly 
to the matrix element of this process. Therefore we can obtain knowledge on the 
vertex parts through which the pion interacts with the nucleon and produces other 
pions or strange particles. 

An attempt to analyse events by Williams-Weizsacker’s method has been pro- 
posed by Cernavskij,”» who applied Fermi-Landau’s and Heisenberg’s theories to the 
interaction part between pions and a nucleon and obtained the results in disagree- 
ment with experiment. The conclusions derived from these analyses, however, are 
strongly affected by what theory one applies to the interaction pat between pions 
and a nucleon.* Thus, it would be impossible to conclude that Williams-Weizsacker’s 
method is not applicable although his calculated results are in disagreement with 
experiment. We may say that no theories for the interaction between pion and 
nucleon are reliable in the high energy region. 

In this paper we shall show a_ possibility to interpret a nucleon-nucleon 
collision as the sum of two pion-nucleon collisions which are caused by the in- 
teraction between a nucleon and the cloud of its partner. We shall show our 
fundamental idea in § 2. Using the data on z~—p collisions at 5 Gev, we shall 
investigate the nucleon-nucleon collision with rather low energy (10 Gev~300 Gev 
in the laboratory system) in § 3. In § 4, we shall generalize the method developed 
in §2 and §3 to an extremely high energy region (more than 100 Gev in the 
laboratory system). Finally in §5, we shall give a possible suggestion to the 
momentum distribution of pions in the proper field of nucleon. The discussions 
in §5 are closely related to the structure of the nucleon. 


§2. The fundamental idea 


The nucleon has the proper field around itself due to the interaction between 
the nucleon and the pion. We consider what réle the pion in the proper field 
plays in a nucleon-nucleon collision. The dissociation time of a pion from the 
nucleon in its proper field is, in the order of magnitude, w~' or so, where w is the 
frequency of the pion.** If the nucleon moves with a Lorentz factor 7, the dis- 
sociation time of the above considered pion is of the order of 7,/w in this Lorentz 
frame. We consider the collision of two nucleons in their center-of-mass system 
(hereafter we denote this system by C.M.S.). In C.M.S. let the Lorentz factor 
of a colliding nucleon be 7,. The time during which two nucleons pass by each 


* For example, if we apply Fermi-Landau’s theory® to the interaction part of pions and a 
nucleon, the angular distribution of emitted pions does not agree with experiment, and if Heisenberg’s 
theory» is applied, the number of emitted pions and the value of transverse component of the mo- 
mentum of emitted pions do not agree with experiment. 

** Tn this paper we use the unit #=c=1, 
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other is (vy,)~* in the order of magnitude, where y is the pion mass. If the 
dissociation time of the pion whose frequency is w is so long that it satisfies the 
condition 


Te/o > 1/ (47) ’ (2 : iy) 


we may consider that there is no interference among the contributions caused by 
the pions having different frequencies. 

In this case the nucleon-nucleon collisions may be interpreted as the pion-nucleon 
collisions. 

If the frequency of an exchanged pion does not satisfy the relation (2-1) the 
above method may not be valid. 

If there is a core in a nucleon, the frequency of the pion in proper field is 
limited by an upper bound. For example, let the extent of the nucleon core be 
~M- (M is the mass of the nucleon), then the frequency of the pion exchanged 
during a collision is at most of the order of magnitude M and always satisfies the 
relation (2:1) as the Lorentz factor 7, increases. In this case, we can divide the- 
nuclear collision into two parts: one is caused by the core-core interaction and the 
other the peripheral one, which can be reduced to the pion-nucleon interaction. 

In the following we attempt to analyse high energy nucleon-nucleon collisions 
under the assumption that the condition (2-1) holds. In particular, we want to 
try to reduce the collision between two nucleons to the pion-nucleon collision. 

Let the momentum and energy of a pion be q and w in the nucleon rest” 
system. When this nucleon moves with velocity —v. (v= 72—1/7-) in C.Ms., 


the momentum, k, and energy, ¢€, of the pion in C.M.S. are as follows: 
ky =7e(qi veo) 
k=q (2:2) 
€=7.(W—Veu) 


where k, andk, (q, and q,) are parallel and perpendicular components of momentum 
k(q) to the direction of the nucleon motion. If g is ~/# and 7.>1, we can ignore. 
k, compared with k,. Now we consider the center of mass system composed of 
this pion and another nucleon which moves with the velocity v, in C.M.S. Denote 
this system by z-N.S. (See Fig. nO 

According to our assumption there are two x-N.S. which move in opposite 
directions with the Lorentz factor y/in C.M.S. Further, we assume the secondary 
pions are emitted independently in each z-N.S. 

In C.M.S., 2-N.S. moves with the velocity v’ (and the Lorentz factor nas 


From the. relativistic kinematics, we obtain 


» VWre—1A—w/M) +7091 /M (2-398 


OA to/M)—V7e—19)/M 


As above mentioned, we ignore k; here. When 7,>1, 7’ is as follows: 
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= (1t+0*/M)/2V 0*/M (7 > 1), (2-4) 

w*=w—q,. 
It is interesting to note that the x : - 
Lorentz factor of z-N.S., 7’, is inde- CMS. O noes af @ 
pendent of the incident energy 7, but Qn te rc O 
only depends on the energy and ‘s 
momentum of the pion which is lost rise pS Ned met, 
from the nucleon. We can get the 7“ + 7=7 OF Os | 
order of magrfitude of 7’, putting I Ox moaie: - ae . 
q~O eae (x-N.S.) — =4 

ee ey MAB (2-5) Fig. 1. Schematic drawing of z-N.S. 


N: Nucleon z: pion 
If the value of 7, is not so large 7’ 


can be written from Eq. (2:3) when g~0 and wry 


rth eat ateinics {1+ (1+p/M)?/ (472 /M)} -¥? 2 1.5-(141.2757) "7. (2-4) 
2V /M 
From Eq. (2-4’) we can see that 7’ depends little on 7, when qi vp. 

Here, we crudely discuss the angular distribution of the emitted pions in 
C.M.S. If the number of emitted pions is so large that the nucleon is almost at 
rest in z-N.S., the secondary pions may be emitted in a nearly isotropic way in 
this system. (In the present stage, we have no interest in whether such an as- 
sumption is valid or not because we are going to discuss the behavior of the 
secondary pions roughly. See §§3 and 4.) 

If the emitted pions distribute isotropically in z-N.S. the anisotropy factor o 


ees 
0° =0.39" + {log(7/+V77—1)}*. (2-6) 
From Eqs. (2:5) and (2-6) we obtain the anisotropy factor 
o ~ 0.57. (2-7) 


According to the Polish Group the average value of o in the range of 2<y,<140 is 
oop) 0.62 (2-8) 


The agreement between (2:7) and (2-8) seems to show that our model fairly 
reproduces the nature of the angular distribution of emitted pions in nucleon- 
nucleon collisions. 


* The anisotropy factor o is defined by 
 g2=<(log tan B/2)2)_ 
where the bracket ¢ ) expresses the average for all emitted particles and # is the emitted angle of 


the pions in C. M.S. If the angular distribution is isotropic is 0.39. See Appendix I and compare 
with references 6) and 7). 
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Of course we must not strictly admit the above discussion because o of each 
shower distributes widely, from 0.2 to 1.0, and to put 7/=1.5 has its meaning 
only in the sense of average. In fact, the momentum of the pion which plays a 
rdle in the collision is not at all constant and so the value of 7’ should be found 
in a wide range at around 7/~1.5. Moreover, we have assumed in deriving Eq. 
(2-7) that the angular distribution of emitted pions in z-N.S. is isotropic, but 
actually the secondary pions are not always produced isotropically in their C.M.S. 

Taking the above circumstances into account we shall estimate the value of 
y’ and then the momenta of the exchanged pions from the value of o in §4 and 


§ 5. 


§ 3. The analysis of the experiments. I (v,< 10) 


Employing the experimental data of z~—p collision at 5 Gey as the pion-nucleon 
interaction in z-N.S.,° we analyse here the experimental data of the nucleon-nucleon 
collisions surveyed by Kaneko et al.” (the energies of the incident nucleons in 
these data are less than 300 Gey in the laboratory system and their mean value is 
about 30 Gev). In the experiments surveyed by Kaneko et al., 7. is nearly equal 
to 3.8 on the average. Substituting 7,~3.8 into Eq. (2-4’) the value of 7’ becomes 
about 1.4, and then the total energy in z-N.S. is about 3Gev. On the other hand, 
in the experiment on the z~—p interaction quoted above the total energy in their 
C.M.S. is also about 3Gev. Consequently, it is justified to use the experiment 
on the z~—p interaction at 5 Gey in ‘analysing the nucleon-nucleon collisions sur- 
veyed by Kaneko et al. 

The number of emitted pions in the 2~—p interactions at 5 Gev is 3.3 on the 
average and we may expect that about 6.6 pions are produced from the two z-N.S.’s 
on the basis of our model. This expected value, however, is rather smaller than 
the number of emitted pions in a nucleon-nucleon collision at about 30 Gev which 
is nearly 10 averaged over all events. This disagreement is probably caused by 
the conscious selection of the events, which have rather large multiplicities, from 
the whole events of nucleon-nucleon collisions. 

Therefore, the events in the z~—p collisions at 5 Gev whose multiplicities are 
larger than the average one and are nearly 5 should be used for our purpose. 
In order to select the events with multiplicity 5 from the whole zp col- 
lisions we assume that the distribution of charge states of emitted pions is de- 
termined only by their statistical weights. With this assumption we can calculate 
the momentum and angular distribution of emitted pions from z~—p collisions with 
multiplicity 5 using the experimental data at 5Gev. The calculated results are 
shown in Fig. 2. According to Fig. 2, the momentum distribution of emitted 
pions can be represented fairly well by the Planck distribution with the temperature 
T=p~0.7. As to the angular distribution it is nearly isotropic with a slight 
peak in the forward direction of the incident negative pion. 
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The experimental data for the nucleon-nucleon collision surveyed by Kaneko 
et al. are shown in Fig. 3. The distribution of the transverse momentum P, of 
the emitted pions fits fairly well to the Planck one with T'~0.7p. 


However, the energy distribution 
of emitted pions in C.M.S. does 
not quite fit to the Planck dis- 
tribution with 7~ 0.74. The 
disagreement is particularly re- 
markable in the high energy 
region. An energy distribution 
of the Heisenberg type (ocE~ 
dE) has a similar tendency to 
the experiments at the high 
energy region, but /,-distribu- 
tion of this type does not agree 
with experiment as to the posi- 
tion of its peak. In these senses, 
the distribution of momenta 
p, f(p) dp, slightly differs from 
the isotropic one, /(p) p’ dpdJ. 
Practically, however, it may be a) Momentum distribution 
said that the angular distribution 
of emitted pions is isotropic. 

We shall show how we can 
explain the nature of the nucleon- 
nucleon collisions basing on the RRs f Pen as i 
model givenin § 2. Theinterac- 
tion between the pion and nucleon 
in z-N.S., which moves with a 
Lorentz factor 7’ in C.M.S., is 


pee T=0.7 Histogram: Experimental 


distribution 


Planck’s 
distribution 


0.4 0.8 it? 1.6 Gev/c 


1 cos @ 


Experimental angular distribution 


Fig. 2. The momentum and angular distribution of the 
emitted pions in z~-p collisions at 5 Gev 


expressed by the z—p interaction at 5Gev. For simplicity we assume the distri- 
bution of emitted pions is an isotropic Planck distribution with T=0.7p in z-N.S.* 
Therefore the distribution of emitted pions in a nucleon-nucleon collision in C.M.S 
is obtained by letting the isotropic Planck distribution (T'=0.74) move with he 
Lorentz factor 7’. 

Let the energy and momentum of emitted pions in C.M.S. be E and Pe 
respectively. By means of the Lorentz transformation the energy distribution of 
emitted pions in C.M.S., f(), is written as follows: 


4 : 
= Here we do not assume any specific model of the interaction mechanism in a pion-nucleon 
collision. The Planck distribution is chosen only because it is simple and easy to treat mathematically 
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where v/=// r*—1/7'. (See 
Appendix II.) In the limit of 
7’ —>1(v' 0) f(E) . tends to 


the ordinary Planck distribu- 


tion with the temperature 7’. 


The energy distribution /(£) E Eig 
are shown in Fig. 4 for a) Energy distribution 
various values of 7’. The 


Histogram : Experimental distribution 


energy distributions (3-1) 
with Wea teo mt and 
T=0.74 does not seem to 


:Planck’s distribution 


<= ae == am : Heisenberg’s distribution 


disagree with the experimental 
one except for the sharpness 
of the peak (at E=y~2p). 
The angular distribution, 
which is obtained from the 
two isotropic Planck distribu- 
tions moving in the opposite 
direction with the Lorentz 
factor 7’, is written as follows : 


(iA ec) rr ale 
Serie ie hae) 


g(I) = 


x TE (wo! cosd)t ions 
pel Dy! : Gev/c- 


b) Pr-distribution 


/ % 
x Dix 2), (3 2) Fig. s. The energy and Py-distribution of the emitted 


pions in nucleon-nucleon collision at ~30 Gev 
where . 


Ky a(n 2) 


bes 
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i am : “peri 1 distribution 
= K(za+m Histogram: Experimenta 
F(g)=2 5) eC tm) 
m=0 1-+-™m pasa 
/ al — } Theoretical distribution (Eq. (3-2) ) 
Zt. pate aw eer eee Oo hah kage ae eee aS J 


and K, is the Kelvin function 
of y-th order. (See Appendix 
Neyesrrom 1(3-2),-we* can 2 \ 
estimate the anisotropy factor 
o defined by (2-6), namely 


[Pred 83} 
EST) eae ae 
: F(z) 
[oo /2v /— 
<a [log (Vv 
yea yl! 2” 


yp +1} ©. (3-3) 


(See Appendices I and IL.) 
The values of o are listed in 
Table I for T=0.74. Since 
the series in the expression (3-3) hardly converge and the terms up to »~15 


contribute to (3-3), the o for 7/=2.0 and 2.4 have been estimated by means of 
the extrapolation method for »v. 


E/p 


Fig. 4. The calculated energy distribution from Eq. (3-2) 


Table I. The anisotropy factor with T=0.7p 


o : The anisotropy factor calculated from Eq. (3-3) 
o,: The anisotropy factor calculated from Eq. (2-6) 


7 1.2 | 1.6 | 2.0 2.4 
o 0.48 | 0.60 | ~0.7 | ~0.8 

| | es OS 
ES | 0.45 | 0.60 | 0.70 0.76 


Since o is still not so large for the 7/=1.2~1.6 as seen from Table I, the 
angular distribution (3-2) may be said to look a little like an isotropic one. Here, 
in calculating the values of o in Table I, the angular distribution of emitted pions 
in z-N.S. has been assumed to be isotropic instead of the actual one in 2-—p in- 
teractions at 5 Gey which has a slight peak in the forward direction of the incident 
pions. The direction of motion of the z-N.S. in C.M.S. may be the same as that 
of the nucleon and opposite to that of the pion, because in most cases the mo- 
mentum of the nucleon is larger than that of the pion in C.M.S. We may expect, 
therefore, that if the experimental distribution of emitted pions in m~—p collisions 
at 5 Gev were used for the behaviors of emitted pions in z-N.S. it leads to a more 
satisfactory result; namely, the calculated angular distribution of emitted pions in 


ye yee as 
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the nucleon-nucleon collision is almost isotropic as shown in the experiments. 


(See Fig. 5.) 


initial state final «distribution: of emitted pions 

“5 Er] ees rn re 
CMS. sf | ‘ / 
N 7 


if isotropic ; actual 
distribution distribution 
in z-N.S. | (as shown in Fig. 2) 
in z-N.S. 


Fig. 5. The schematic explanation of the angular distribution of emitted pions 


In conclusion, we may say that the angular and momentum distributions cal- 
culated on the basis of our model reproduce the feature of the experiments surveyed 


by Kaneko et al. However, the discussions in this section are still inconclusive 


because of the poor statistics of the experiments. In order to test our model more 
precisely experimental data with the energy near 30 Gev must be accumulated. 

The values of anisotropy factor o calculated from Eq. (2-6) are written in 
Table I besides the values from Eq. (3-3). These values coincide with each other 
except for small 7’. Thus, it may be crudely said that Eq. (2-6) is correct for 
any energy distribution of pions in their center of mass system and so we shall 
use Eq. (2-6) hereafter. 

Differences between o and o, for small 7’ are due to the following circum- 
stance: In deriving Eq. (2-6) Giok et al. assumed the velocities of emitted pions 
are near the light velocity, while in Eq. (3-3) we have assumed the Planck dis- 


tribution for emitted pions. 


§4. The analysis of experiments Il. (v.10) 


In this section we generalize the method developed in previous sections to 


very high energy nuclear events.* 

_ First, we estimate the Lorentz factor of 2-N.S., 7’. We denote the Lorentz 
factor of the system in which emitted pions distribute isotropically (we call it 
M-system, hereafter) by 7, in distinct from 7’. Naturally it is not necessary raft 


to be equal to 7. 


* An idea similar to ours has been proposed by Hayakawa, (Cosmic Radiation (in Japanese), 


(Iwanami Shoten, Tokyo, (1959), 149). 
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We can get the value of 7 for each event from its angular distribution ; for 
example, if we assume the angular distribution of emitted pions to be ((m-+1)/2) 
xX cos” J(m=even), we obtain 7 from the relation 


F=V/m/2+1. (4-1) 
(See Appendix I.) 

It is easily shown that we can determine 7’ from 7 and the inelasticity K, 
if we assume that the nucleon retains its direction during the collision and changes 
its momentum only along the shower axis. Then the momentum of the nucleon 
in C.M.S. after the collision, P,, is 


P,=(1—K)7.M. (4-2) 
Eq. (4-2) is correct only if 7,>1 and K is not so near to 1. We denote the 
magnitude of the momentum, the angle and the energy of emitted pion in C.AZ.S., 
M-system and z-N.S. by (p;, 4: €:), (pi, 9s, €;) and (pi, %, €/), respectively. From 
the definition of //-system, the equation 


S) p; cosd;=0 (4-3) 
should be satisfied, where the summation should be carried out over all pions that 
compose the (-system. From the definition of the z-N.S. we find 

Pie) pd C680,’ =0 (4-4) 
7 


where P/ is the momentum of the nucleon in z-N.S. after the collision and is 
expressed as 


P/=7'1—K)A—v’)7M. (4-5) 
The total energy of emitted pions in C.M.S. is given by 


According to the Lorentz transformations we have 


Pp: cos 0; =F (p; cos oO, ee 


€:=7(€; +p; cos ’;), Fae 
pi cos 0! =7' (p; cosd;— v’ €;) 
€,/=7'(€;—v’ p; cos Y;). oe 
From Eqs. (4:7), (4-8) and (4-3) one finds that 
Pass cos U,/=7'(v—v’) ps €; (4-9) 


where we use the relation 7Die= De; From Eqs. (4-4), (4-5) and (4-6) we 
obtain ; 


v'=1—K(1—3). (4-10) 


ey seers hs 


>. 
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Using (4:10) we can determine the value of 7’ from K and 7 for each nuclear 
jet shower. Then w* in Eq. (2-4) can be written in terms of 7’ thus obtained: 


w*/M= (1—v')/(1+v’). (4-11) 


The total energies of emitted pions in M-system and z-N.S. are given by Eq. 
(4:6) 


(€)/M= >) ¢./M=Ky./7 (4-12) 
and from Eqs. (4-8), (4-7), (4-3) and (4-6) 
e)>/M= > €,//M=K;,7'(1—v'd), (4-13) 


respectively. Taking (4-4) into account, we get the total energy in z-N.S. as 


E'=My,/y'. (4-14) 
The inelasticity of the nucleon in z-N.S., K’, is given by 
K'=7'7,(1—v') K/ {7/7 —v’) = 1}. (4-15) 


When v’ is not so close to 1 we may put K’~K. 

Therefore we can obtain the various quantities in z-N.S. for each event from 
its angular distribution and inelasticity. In this case, however, we can choose — 
either sign of 3, plus or minus. As shown in Fig. 6, there are two nucleons N, 
and N, and two lumps of the pions M, and M, with the velocity +v in both of — 
which pions are isotropically emitted, in final state. If the one z-N.S. consists of 
N, and M, and then another consists of N, and M, we use positive v in all formula 
above given. We denote the quantities thus determined by the ones with suffix 1, 
for example, 7)’, «:*, ---. If the two 2-N.S. are composed of the combination 
(N,, M,) and (N,, M,) the sign of v must be taken to be minus, and in this 
case the calculated quantities are expressed 


by adding suffix 2, say 72’, w2*, --. It ‘a M, M, 
will be decided later on to choose which +o Ak) Oke as 


=) U 


combination is suitable for actual cases. 


Now, we try to analyse the experi- Fig. 6. The state after collision 
> 


N,, No : nucleons after collision with the 


mental data of jet showers in nuclear emul- Eietiennnas SPs 
sion, mainly the showers observed by the M,, Mz: lumps of pions in which they 
Bristol group.” From the experimental distribute isotropically. 


values of ,,* 7., K and m for each event 

we can get the quantities characterizing the nature of the z-N.S., 7%, w*, Ce), 8 

Their numerical values are listed in Table II. 
As seen from Table II, the values of 7; are quite large and «,*/M corre- 

sponding to them are very small. This means the energies of pions lost from 


* m, is the-number of shower particles. 
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Table II 
Event |N=3 n/2| Te | Kite an 7 12 (>/NM 11’ | w,*/M | To wo*/M 
Bricinocne pore. |b W00. “WeO12e6 | 18-5. 33 0.36 | 9.0 | 0.0031} 1.56 | 0.12 
7 cece 4 17 28 | 0.36 dk Az 0.69 28 | 0.0340] 1.07 | 0.49 
i Cia ee 30 | 0.19 73 | 63 | 0.45 145 | 0.0012] 1.28 | 0.26 
se ee Ges |p. 3041 0-21 Ps eh 0.70 65 | 0.0060-| 1.24 | 0.26 
P13 OY alle Sout 00.98 BSS a clay Oat 97 | 0.0027! 125 | 0.26 
P10 18 Sale Ocenia pues 0.67| 34 | 0.0220] 1.03 | 0.63 
P16 Teno p45 Sy O24 oh ae 0 2.5 0.63 49 | 0.0110} 1.20 | 0.30 
P5 DieaBu. 12 67 0.244) = 8 2 1.4 0.51 2.7 | 0.0370 | 1.24 | 0.25 
Pe SOM h a87 0.36) 718 32 0.66 52° | 0.0093.) = 1.055 |» 0:64 
P2ON1, | 48 | 110 |. 044 | 2 14 0.47 3.5 | 0.0210] 154 | 0.14 
Bed). 1d | 112 -Ga4e | 194 1 79.9) S024 26.5 | 0.0004] 1.62 | 0.16 
PaO el pa 35 142 | 019 | 1000 | 224 | 0.48 51.4 |} -0.0001 | 1.27 | 0.23 
B25. ))| 36 180 | 0.06 | °2 | 14 | 044 | 5.4 | 0.0088) 2.26 | 0.05 


t+: The events (P7~P25) were observed by the Bristol group. 
tt: K in Bristol experiments are the rate of the energies of emitted pions to available energy. 


nucleons are very large. For example, we see w,*/M~0.034 for event P7 (the 
initial energy 7,=28) and the corresponding energy of exchanged pion, w,, is larger 
than 2.54.* For event P19, which is initiated by a nucleon with the initial energy 
7-=30, the value of w,*/M is nearly 0.0012 and leads to wo, 50p. As to the 
initial energies both events differ little from each other. Nevertheless, 17 particles 
are produced in the P7 event, while only 4 particles are found in the P19 event. 
It is quite strange that the number of emitted pions in event P19 is less than the 
one in event P7 in spite of the larger energy loss of nucleon in the former (w=250/) 
than the one in the latter (w22.54). Such a strange feature is generally observed 
in any choice of two events with the same initial energies in Table II. 

In addition to that, it is evidently unreasonable from our standpoint to admit 
such large values of w, because the losses of these high energy pions leads to give 
to the nucleon a strong recoil, hence Williams-Weizsacker’s method will become 
illegitimate. In this case we must treat the problem quantum-mechanically and 
should not accept the classical picture which is our standpoint. According to the 
above-mentioned reasons, the combinations (N,, M,) and (Nj, M,) are not suitable. 

Next we consider another type of combination, (N,, Md.) and (N,, M,). From 
Table II, the values of 7,’ are almost constant and range from 1.2 to 1.5. The 
corresponding energies of pions are small as expected in §2. This fact enables 
our point of view stated in §2 to be reliable. It is thus verified that one can 
reduce the nucleon-nucleon interaction to a pion-nucleon one and investigate the 
latter interaction from high energy jet showers. 


* From the relation o*=w—gq), we can easily show W=>(w*? + py?) /20*. 
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N: Total number of emitted pions in the 
jet shower. 


Fig. 7. N—<€>/M plot 
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Fig. 8. N—<€’>/M plot 


The mean energies of emitted pions in M-system, (€)/N, are listed in the 


seventh column in Table II. 


The fact that these values are nearly constant for 


yarious showers shows that the pions are produced as a lump in which the pions 


move isotropically and have nearly the same 
energy for any lump irrespective of the process 
of formation of lump. Fig. 7 shows this cir- 
cumstance; the rest energies of pion lumps 
(=(€)) linearly depend on the number of 
emitted pions. This fact agrees with the well- 
known results obtained by the two-center 
model or fire-ball model.” 

The numbers of emitted pions, N, are 
plotted in Fig. 8 taking the total energies of 
emitted pions in z-N.S., (é’), as the variable. 
In this figure we hardly recognize any corre- 
lation between them. 

In Fig. 9 we plot the number of the 
emitted pions, N, against E,’, the total energy 
(pions’++nucleons’) in z-N.S. obtained from 
(4-14), for the events listed in Table II. We 
also plot the corresponding number of emitted 
pions for jet showers initiated by the secondary 
particles in primary showers which were 
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Fig. 9. N—E,//M plot 
YZ. Secondary jet shower observed by 
the Bristol group. In this case, N= 
3n,, ms=the number of shower 
particles. 
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observed by the Bristol group.* The plotted points are localized nearly in the 
same region for both kinds of data. 

We may conclude that our model is correct at extremely high energies in the 
same way as in the rather lower energy region discussed in § 3. 


§5. The momentum distribution of pion in nucleon proper field 


In the previous section it is noted that the energy of the exchanged pion 
(speaking more precisely, w*=w—gq,) can be derived for each event from 7 and 
K. The distribution of w* derived from experimental data might give some clue 
to investigate the structure of the nucleon. 

From Eqs. (4-10) and (4-11) we obtain 


Og gab th aia (sn) 
M 27-KG+V7 =) 
If we assume that K and 7 are independent of each other, we can obtain the dis- 
tribution function of a, f(a), from the distribution function of K and 7 determined 
experimentally. Further, if we assume that the distribution of the momentum of 
the exchanged pion is equal to that of the pions in the proper field of a nucleon, 
we can infer the latter, ¢(qg), from f(a). 
The distribution function of 7, P(7), can be derived from the distribution of 
o experimentally determined by the Polish group,” who have obtained o of each 
jet shower in an energy region 140>7,—2. This distribution of o is given in 


Fig. 10.** Eq. (2-6), together with the distribution of o, enables us to get P(7) 
which is shown in Fig. 11. 


1.0 2.0 3.0 40 L 
a aS he as be oP Fig. 11. Distribution of 7, P(7) 
2 0.4 0.6 0.8 = In obtaining P(7), we have used only 
the distribution of « which corre- 
Fig. 10. Distribution of anisotropy sponds to 20.39, because Eq. (2-6) 
factor o shows o>0.39. 


The secondary particles in primary jets are generally considered to be pions. In order to 


‘oa! pick out the secondary jets brought by pions we selected the events that have the inelasticity 
** Though the mean value of « slowly varies with 7,, 


; 1 the m we neglected this dependence 
obtained the distribution function of « from all events. e : ee 
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On the other hand, we know little of the distribution of K, O(K).™* The 
only information from the experiments is that various values of K, ranging from 
zero to 1, have been found. Now we assume Q(K) may be written as 


(1/(@—-8) P=KDo 


Q(K) = i (5-2) 
0 otherwise 
where we regard § and 0 as parameters. 
From P(7), Q(K) and (5-1) it is easily shown: (see Appendix III) 
S(@) Aiea: \ (5-3) 
where R is the region of 7 defined by 
8 => (2a/(1+e))-7/G+V7P—1))= 8. (5-4) 


Using Fig. Fe f(a) are calculated for various values of § ‘and @ and the 
results are shown in Fig. 12. As seen from it, the position of the maximum and 
the shape of the tail of the curve f(a) are affected by the values of 9 and 0. 

On the other hand, if we assume that the momentum distribution. of the pion 
in proper field, p(q), is of spherically symmetric, f(a) is given as (see Appendix 
III) 

flay="-|p0/z) de (5-5) 


Che | p— pl Met)2 2/4 


where (q) satisfies the normalization condition 


° tS (@) 
lpn dqak. 
0 


If all events of nucleon-nucleon 
collisions are completely understood 
on the basis of our model and if we 
know p(q), f(a) calculated by Eq. 
(5-3) should have the same meaning 
as that obtained by Eq. (5-5). In 
fact, as shown in §4, the nucleon- 
nucleon collision, in most cases, can 
be reduced to the pion-nucleon colli- 
sion and then we may say that f(@) 
calculated by Eq. (5-3) coincides 
with f(a) expressed as Eq. (5-5). 10 20 

As shown from Eq. (5:5), f(@) Fig. 12. The graphs of f(a) 
has the general nature that the posi- (a) 7 fia) sforevarious 0.28 Bip 
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tion of the maximum of Le 
fla) is at a=p/M~0.15. 
This general nature should 
be found in f(a) calculated 
by Eq. (5-3) and then 
restricts the values of 0 to 
be in the range from 0.1 
to'0.15 as seen in Fig. 12. 
Of course we might 
be able to calculate ¢(q) 
from /(@), but it would 
be meaningless to discuss 
the detailed form of (q) 
because of the poor ac- 
curacy of experiments. 
Here we only show /(a) 
corresponding to the Gaus- 


15 


6=0.13 B=0.5 
6=0.13 B=0.7 
6=0.13 p=08 
p=1.0 


= 
S 


SSS 


Eat Sh 
v 
S 
an 
w 


=) 
ao 
T 


calculated from Ses 


go= 10" the distribution 
Gaussian type of 9 (q) 


go=oe 


sian type of ¢(q), 
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Fig. 12. The graphs of f(a) 
b): f(a) for fixed 6(=0.13) and various 8 


P(g) =V 2/a- qs e-Fl, 
(5-6) 

in Fig. 12. It is seen from 
Fig. 12 that the spread of the momentum distribution, which is ~q, varies 
according to the value of /. 

If we are interested only in the spread of the momentum of pion in proper 
field, we can obtain it without any detailed knowledge of (gq). For this purpose 
it is enough only to note the relation 


CP) = (3/4) ¢ (Mae/p— / May") (9-7) 


which is verified in Appendix III. With f(a) shown in Fig. 12 the values of 
Vv (q@» for d=0.13 and 2=0.5, 0.7, 0.8, 0.9 and 1.0 are shown in Table III. 


Table II]. The value of W¢q?) 


B | 0.5 | 0.7 0.8 0.9 1.0 


V(q>/M | 0.3 | 0.6 | 0.7 | 1.0 | 16 
From Fig. 12 and Table III we may say that the spread of the momentum 
distribution of pions in proper field is finite and has the magnitude of order M 
and its distribution function decreases rapidly as q increases. 
According to the experiments on the elastic scattering of electrons or pions 
with the nucleon, it has been found that the nucleon has a core with a finite 


— 6 Y 
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radius ~4M~. Roughly speaking, there is no contradiction between the value of 
‘(gy in Table HI and th 

Vv (¢) and that of the experiments on the structure of nucleon. Of 

course, the values in Table III should not be rigorously accepted since O(K) used 

in calculating f(a) has not been ascertained experimentally. 


§ 6. Conclusions and discussions 


We have tried in this paper to investigate to what extent we could get in- 
formation about the interaction between the pion and the nucleon and about the 
structure of the nucleon from the analysis of the experiments on the multiple pro- 
duction of pions. 

We assumed that two nucleons interact with the proper fields of their partners 
respectively and then two pion-nucleon systems (z-N.S.) are symmetrically produced 
in the center of mass system (C.M.S.). It may not always be realized that only 
these symmetric collisions in C.M.S. occur, and actually there are a few asymmetric 
collisions. The experimental events analyzed in this paper, however, are almost 
of symmetric feature and then this assumption seems to be satisfied here. 

The second assumption which we have made is that the nucleon keeps its 
direction of motion and changes its momentum only along the shower axis. Since 
the available experimental data do not show any azimuthal asymmetry, this as- 
sumption may be a plausible one. 

We treated all events as those caused by collisions of a nucleon with a nucleon. 
In order to pick out the nucleon-nucleon collisions we selected the events in which 
the number of grey and black’ tracks is as small as possible. 

From the results in §3 and §4, we may conclude that in most cases the 
nucleon-nucleon collision can be reduced ‘to the pion-nucleon collision on the basis 
of our model stated in § 2; in other words, the peripheral part of the nucleon plays 
the main réle in nucleon-nucleon collisions. 

In our analyses, we could not get any indication on the nature of the core-core 
interaction from the present experimental knowledges. This may be partly due to 
the poor statistics of the experiments and partly to the unconscious selection of 
the events. Consequently, in order that we can precisely analyse the nucleon- 


nucleon collision and closely study the nature of the nuclear interaction, it is ab- 


solutely necessary to investigate the interaction between pion and nucleon at high 


energies. 
The discussions, in § 5 show a possibility to investigate the structure of the 
nucleon from the high energy nuclear events. We may say qualitatively that the 


nucleon has a core with a finite radius which is roughly equal to its Compton 


wave length. 
As seen in Fig. 7, the mean energy of emitted pions in M-system is nearly 
her hand, we see in Table HU that the in- 


constant for any M-system, On the ot 
is generally small and constant (~0.1~ 
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0.4). These circumstances, as well as the fact that most of the nucleon-nucleon 
collisions can be reduced to the pion-nucleon collisions, may suggest that the pion- 
pion interaction is considerably stronger than the pion-core interactions. 

Finally, we consider a method from which we separate the peripheral collisions 
from the whole events. In peripheral collisions the momentum of the pion re- 
sponsible for producing one z-N.S. is about 2/ or less than it. Thus o* is restricted 
in the range ({/5—2)4#Sw* S(\/5+2)4, when we remember w*=w—gq,. The 
corresponding values of 7’ to these w* are found in 1.035 7/ 2.8. Using Eq. 
(4-10), we obtain the relation K~7 (7-1/7 —1) G/—-V/72—1)/7'. If7 is known 
from the angular distribution of shower, K must satisfy the relation 


0.82 K/77-V7P-1) 20.1. 
When K and 7 in an event do not satisfy the above condition, we may say this 


event is not the peripheral collision and we should take into account the core-core 


interaction. 
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Appendix I 
In this section we derive the relation among the anisotropy factor o, the 
Lorentz factor of M-system 7 and the parameter characterizing the angular distri- 
bution, m, (f/(Y)occos” V). 
Ia. o fer the isotropic angular distribution 


We consider the case that the particles move isotropically in C.MW.S. Let us 


use x=log tan (/2) as the variable instead of the angle of particle motion in C.M.S., 


0. Then the angular distribution is written as 


2a. 


f(x) = 2a —<____ 
al +e")? (I 1) 
a=loge ~ 0.43. 
From Eq. (1-1), we easily obtain the anisotropy factor co, 
eae ' ete c 2 dz Tater 
" male oe | (e+e)? ~ da? 3 Sy ee 


This value, 0.39, slightly differs from the one employed by Lindern and by Ciok 


et al., 7~0.36. But, if we are interested only in the order of magnitude of « 
this difference is not essential. 


where /’ is the mass of particle, z 


=. =e !lL,LU 
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Ib. o for the anisotropic angular distribution (= ((m-+1) /2) cos" 3, m=even) 


In this case the distribution of x is easily shown as 


ee m en 
f(x) =20( ) . 
pee) es (1-3) 


Since this f(a) has the maxima at r= + log (\/ m/2+V m/2-+1) we may express 


f(x) as follows: 


1 ne 7 12/9612 DER ee 
T(a) ss Oy Gay: Le ere ogee —29)2/20 3 ; (I: 4) 
OT, ee i df / 5 
oe 2 | ax’ if L= ry OF Lg ; @! i 5) 


where x, and 2x; are the positions of the maxima of f(x). From Eq. (1-4) the 
anisotropy factor o is given by 


2 


=o" {log(V/m/2+V m/2+1)} 


On the other hand, from Eqs. (1-3) and (1-5) we can easily show that o’ is 
independent of m. It is quite natural to choose o’=0.39 so that o should be equal 


to the anisotropy factor at m=O, 0.39. Consequently, we obtain the relation be- 


tween o and m, 
07 =0.39? + {log (/m/2+V m/2+1)}?. (1-6) 
Ic. The relation between 7 and m. 
Consider two M-systems travelling in opposite directions with the Lorentz factor 


7. For cases in which the Lorentz factor 7, with which C.M.S. moves against 


the laboratory system is considerably larger, 
each M-system are near the light velocity, Ciok et al. derived the expression 
9° =0.39 + {log(7+V 7—1)}*. (I-7) 
Gomarins Eq. (1-6) with Eq. (1-7) we can easily show the relation 
Fav m/2+1. (1-8) 


Appendix II 


We derive Eqs. (3-2) and (3-3) in this section. 
bution in a particle system, f (p’) dp’ (normalize 


ce eat amped | ‘(p'/)?+1)-1)7 (II -1) 
t(p') 4p tat F(z) (exp(zV (p/P) ty ) 


=p/T (T =the temperature of system) and F(z) 


is given by 


than 1 and the particle velocities in’ 
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F(z) =>? S K,(z(1+™)) : 


m=0 1+m 


We consider the case where the above system travels with a Lorentz factor 
* in an observing system (in which the energy and momentum of the particle is 
denoted by E and p, respectively). From the Lorentz transformation we get 
E!=7(E—‘tp) and dp’/E’=dp/E and then the momentum distribution of the 
particles in the observing system is given by 


=, ap ea ep) See 2 4\= 
St (p)dp fb SFG) = (exp {27 (E—sp)/4} —1)~. CE-2) 


Integrating Eq. (II-2) over the angle and transforming the variable from p 
to E, we obtain the energy distribution, f(Z)dE, as follows: 


v4 


dE z rat asa y 
OE Hea 9 al CA era | eo 
= 6 2 =| y, log (1%) — y-log (1—e*>) {tose 
aor Kec y- log ey Sioa \ og (1—e™”) y| 


(II -3) 
y4=27(E+0p)/4, ys=27(E—dp)/p. 


Carrying out the integration in (II-3) with the use of the expansion formula of 
log x, we get Eq. (3-2) in which the factor before the square bracket is omitted. 

The integration of Eq. (II-2) with p leads to the angular distribution of particles. 
Expanding the factor exp{—z7(wp)/v} in Eq. (11-2) by the powers of (wp), this 
integration with p are expressed by the Kelvin function. The odd power terms 
of (bp) vanish if there are two such systems including the same number of par- 
ticles and travelling in opposite directions with velocity v. Thus we can directly 
obtain Eq: (3-2), and then Eq. (3-3) from this (3-2) and Eq. (1-6). 


Appendix III 


Ifa. In this section we derive f(a) under the assumption introduced in § 5 that 
P(7) and Q(K) are independent of each other. A probability with which the inelas- 
ticity of an event is found in the range (K, K+dK) and the Lorentz factor of 
its M-system in (7,7+d7) is given by P(7)Q(K)dydK. Instead of K we use 
the new variable a, 


weak iA Pol 
27—-K7+V 7 —1) 


introduced in §5. Integrating P(7)Q(K(7, @))-0(7, K)/0(7, @)-dyda with 7, 
we can obtain the distribution function of a, f(a); namely 


_. - 
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(ye Pinot 7 i Soe 
f(a ral O( wee Ja) peat (III-1) 


If O(K) is given by Eq. (5-2), we have only to let Q in Eq. (III-1) be 1/(8—2) 
and to carry out the integration with 7 over the region satisfying 


p> 2a7/(1+a) G4+V7—-) 2s, (III -2) 
The region of 7 defined by Eq. (III-2) is shown in Fig. 13. 


Yysyyyyulens - 
S (l+a)6 are 
2)/ad—a’ (1—0 *T2_< a) P 
Spe LON C= TCE) 
ig | 
1 fia a a 
1 | 
f_ | ___. 
) 0 .. B B 
2-6 1-6 2-8 1-8 
2a ie : 2a ii 


->6 


l+a 7+V7-1 
Fig. 13. Allowed region of 7 in Eq. (III. 1) 
(The shaded region satisfies Eq. (GHEE Ay) 


_It is noted that as seen from Fig. 13 the integral region is affected by whether 
d/(1—@) is less than 3/(2—/) or not. ; 


IIIb. Denote the momentum distribution of the pions in nucleon proper field as 


(1/47) e(q) dq. 
Transforming the variables from (gq, cos J,@) to (q,a@, %) where 
a=(V¢+e—¢qcos)/M, (III -3) 
it is easily shown that the distribution function of a, f(@), is expressed as 
flay = \ pada. (11-4) 


ys) 


a 
g=\(Ma/p)—(ph/ Me) |» 


Putting g’=x in Eq. (III-4), we obtain 


f(@) _" pi/ax)dx. (III-5) 
(CM |») —(n/Max))? 4? / 4 


IIe. We consider the quantity 


co 


(Me le yale te ) fladda. (III -6) 


Domai pL Ma 


From Eq. (IlI-5) this quantity can be expressed as 
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= ye | o(i/z dz (111-7) 
i) u2-p2/4 


where we use the relation | F(2— (1/2) Ddz=|" F(u)du. Carrying out the in- 
0 
tegration by parts in Eq. (III-7), we obtain 


ao 


\a‘e(@) da. (III-8) 


0 


( Map = 4 
\ p: Ma/]/ 34 
From the definition of ¢(q) the integral in Eq. (III-8) is interpreted as the average 
of g’. Accordingly we can get the relation 


woes ((ue ahd 2 )) 2 11-9 
<q) 5 5 fame oak ( ) 
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The energy spectra and the angular distributions of the protons inelastically scattered 
from the levels in the dipole giant y-resonance region are investigated by taking into account 
the nuclear interaction, as well as the Coulomb interaction, between the incident proton and 
the nucleons in the target nucleus. The calculated results for some nuclei are compared 
with the experimental ones. It is pointed out that, as the results of nuclear interactions, the 
spin flip parts of the target nucleons in the nucleus play an important role. Based on the 
fair agreement of the calculated results with observed ones, it is proposed that the measurements 
of (p-p’) scattering provide a powerful tool to investigate the dipole giant 7-resonance, and 
that the measurements give an effective way to studying the nuclear reduced matrix elements. 


§ 1. Introduction 


Tyrén and Maris’ have measured the energy distributions of about 180 Mev 
protons inelastically scattered in the forward direction from many nuclei, and ob- 
served such peaks in the energy distributions that correspond to various excited 
states of the target nucleus. One of the most clearly visible peaks is the large 
and broad resonance-like one with several Mev width at such an energy of the 
proton that corresponds to the excitation energy of about 20 Mev of the residual 
nucleus. The existence of the peak is limited to the very small angle scattering, 
i.e. the angular distribution of the proton is sharply forward peaked. After ex- 
amining several possible mechanisms for the reaction, they have concluded that, 
though the radial part of the wave function is changed by the excitation, the 
Coulomb interactions between the proton and the protons in the nucleus can com- 
pensate for the forward dip of the nuclear form factor in the dipole. transition, 
and that the forward peaked angular distribution for the giant resonance peak 
around 20 Mev of the residual excitation in (p-p’) scattering should be due to 
the dipole excitation of the giant 7-resonance by the Coulomb interactions.” 

Recently, Kawai and Terasawa” have investigated the peaks in the energy 


€ the reactions for many nuclei in terms of the Coulomb excitations. 


spectra oO 
Their results are free from the ambiguity which may arise from the assumed nuclear 


model, because they have evaluated the cross sections for the inelastically scattered 
proton by means of available photo-nuclear data. They have found that the cal- 
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* A part of this subject has already been published in a note in 
2 should be readed as 4. 


183. In the right hand side of Eq. (1) in the previous note, a factor 
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culated cross sections reproduce the shapes of the observed energy spectra for most 
of the investigated nuclei, and that their results are always by a factor 2 to 4 
smaller than the observed ones in the range of the Coulomb excitation for most 
of the nuclei. Then’ they have concluded that the discrepancy would have to be 
attributed to the failure either of the Coulomb excitation hypothesis or of the Born 
approximation. 

In view of the above situations, it seems worth while to investigate more 
quantitatively the high energy proton inelastically scattered from the levels of the 
dipole giant 7-resonance region, basing on the nuclear interactions between the nucleon 
and the nucleons in the target nucleus, since the nuclear interactions contribute 
to the excitation mode of the dipole giant 7-resonance region. In this paper we 
will investigate the effects of the nuclear interaction. 

We use the ¢-matrix in order to take into account the nuclear interactions 
within the framework of the impulse approximation. At this point, we introduce 
the ratio of spin flip terms to non spin flip terms of the nucleons in the target 
nucleus as the results of nuclear interactions. The ratio plays an essential role 
for the cross section and the polarization of the proton. We use the value of ratio 
determined by the experimental polarization of the proton, and replace the nuclear 
reduced matrix element by the experimental photo-nuclear data. Therefore we can 
compare the calculated results with the experimental energy spectra having the charac- 


teristic peaks in (p-p’) scattering without referring to any special model for the 


mechanism of the 7-ray absorption and without the knowledge on the wave functions 
for the initial and final state of the nucleus. § 2 is devoted to the formulation for 
the energy distribution of the proton, and the calculated results are compared 
with the experimental ones in § 4. 

Subsequently, we calculate the angular distributions of the protons inelastically 
scattered from the levels corresponding to the characteristic peaks with the aid of 
the integrated cross sections for the dipole 7-absorption, which is experimentally 
observed. In § 3, the formula of the differential cross section is derived. The 
results are contained in § 5. 

Also the discussions connected with the results are done in § 4 and §5. 

In § 6 the concluding remarks are given. 


§2. Energy distribution 


In order to treat the inelastically scattered proton within the framework of the 
impulse approximation, we express the scattering spin matrix between particles 
with spin 1/2 in terms of some quantities which are invariant with respect to the 


space rotation and reflection and time reversal as follows, according to Wolfenstein 
et al.,” 


M(z) ates + for, Cin =F 1 (Gin ae Fin) 4 0014 Cig +€o1, Tm» > (1) 


where 1 and 7 refer to the incident and target nucleons, respectively. gq, nm and 
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p are three mutually perpendicular unit vectors which form a_ right-handed 
coordinate system, defined by 


qa na Xe pagxn, 

| eo’ — Keo| | ko X ko’ | 
where k, and k,’ are the momenta of the incident and scattered nucleons in the 
center of mass system. The scattering coefficients of spin operator a, 8, 7, 0 and 
€ depend on momentum transfer; ky’—k), a sum of the energies of the incident 
and scattered nucleons ; |ko’|?+|k |", and a difference of the energies of these nu- 
cleons ; |ko’|?—|ko|?. Therefore, p=q X m equals (Ko’ +k )/|Ko’ +4o| only on the energy 
shell where |ko’|*—|ko|?=0. It is important to note that the dependence of the 
scattering coefficients on the energy is weak compared with their variation with 
ky! — kp. 

Now, in the inelastic scattering of nucleons of some handreds of Mev on 
light nuclei, the transition from the nuclear ground state ~ to the excited state 
W is assumed to be brought about by a single nucleon-nucleon collision inside the 
nucleus, and mainly single particle levels will be excited by this collision. The 
single two-body collision is described by means of the ¢matrix approximate to a 
free nucleon-nucleon collision. The approximation of replacing the ¢-matrix inside 
the nucleus by that obtained from free nucleon-nucleon scattering should be rea- 
sonable at this energy. When the mass of nucleus is assumed to be infinitely 
heavy, the differential cross section of the protons inelastically scattered from the 
nucleus, exciting the nucleus into a certain single particle state, is given by 


(do gy ot 8) T»(0)* 2 

de (g)=2“L 3} TelTeO)TeO)"I, (2) 
where 

Tp =(Ue1”| S) M0); |e” ) (3) 


is the scattering matrix for the nucleon involving a nuclear transition, while k; 
and k, are initial and final wave numbers of the protons, respectively, and @ is 
the angle between k; and k, where @ is 4 9»-r0ay, and A is the mass number of the target 
nucleus. Here >} means the sum over all final sub-states with the same energies, 


y . . 
and the factor 2=4 x (4) arises from the transformation-coefficient 4 for small 
scattering angles and $ from the fact that one must take the trace in the two- 
dimensional spin space for the incident and scattered proton. Here the effect of 


distorted wave has been neglected since its effect is expected to be small for light 


nuclei in the interested angular region. 
For brevity, we restrict ourselves to consider the protons inelastically scattered 


from the even-even target nucleus with spin 0 and isotopic spin 0 at its ground 
state such as-C” or O”. ~ Then the wave function of the final state ¥ in Eq. (3) 
represents a level in the group of levels which consists mainly of excited levels 
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with J=1> and T=1 in the dipole giant y-resonance region. At this transition 
the parity change is 4t=(—1)’ and the isotopic spin change JT=1. Then one 
can write Eq. (3) as 


5 ES aa s er 7, {My(O) + S (—1)’o(4),1M(@)3|®, (3’) 


where k=k,—k;, and M,(@),; and M,'(@); are the scattering spin operators of the spin 
independent and dependent parts of the i-th nucleon in the target nucleus as de- 
fined by Eq. (1), respectively, and o(z),' is the spin operator for the i-th nucleon 
in the nucleus, and 7, and 7, are the isotopic spin operators for the incident proton 
and the 7-th nucleon in the nucleus, respectively. 

Since the dependence of the scattering coefficients on the energy is weak com- 
pared with their variation with k as above mentioned, one can approximate Eq. (2) 
as follows, assuming that the charge exchange collisions do not take place in the 
present case, 


5 A 
do (@) eee (|M, |? +2|M?|*) |C P| 3) e-***7,,| O|?, (A) 
dQ k; 
where 
1 A 
A=|CP| s esr > (eo) oye lie Den Seal (5) 
and 


[MoP=|a)+|7), (2° P= 7+ [B+ |éP? 
while @=3(a,,—@ yn) which is equal to }(a,— a) except for the Coulomb terms, etc. ; 
here @,, and a@,, are the coefficients of p-p and p-m scattering spin matrices, 
respectively, and a, and a, are the coefficients of the scattering spin matrices for 
the triplet and singlet isotopic spin states, respectively. Here it should be noted 
that Eq. (4) does not contain the scattering coefficient 6 in Eq. (1) (See the 
Appendix) . 

In the small scattering angular region, the angular dependence of the nuclear 
form factor is determined by the lowest order non-vanishing multipole matrix term in 
expansion of exp|—zkr]. Here, exp|—ikr] is contained in the nuclear form factor 
of the scattering amplitude for the proton. As for the proton inelastically scattered 
from the level in the dipole giant 7-resonance region the monopole matrix element 
vanishes and the dipole element does not. And the matrix element is, at very 
small scattering angles, proportional to the one for the electric dipole y-excitation, 
since the excited state is identical with the one of the giant j7-resonance in the 
photo-nuclear reaction. Therefore, as kR<1 (R is nuclear radius) at forward 
scattering, one can approximate Eq. (4) as 


(8 | Sheetal =RE|(S—S 21 0). 


Since the electric dipole moment is developed only as a result of the displacement 


—" ws 
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of the center of electric charge from that of mass, i.e. since, for the dipole ab- 


sorption to occur, the nuclear center of mass must be displaced from the center 
of charge, one must transform as follows, 


Z N Zi A 
Ue Se ices) a ee 
st =2>) ae 


where A= N-+Z. 


A 
The term } does not contribute the dipole moment. The term 
Z 2 
P| Sz.|%| 


relates to the cross section of the dipole 7-absorption. The factor 2 in 2 st cor- 
responds to the effective charge in the photo-nuclear reactions. Then, Eq. (2) is 
reduced to the form 
do (0) = 4 
dQ hee 
where 4 is defined by Eq. (5), i.e. the ratio of the nuclear reduced matrix element 
of spin flip terms to the non-spin flip ones and does not depend on k,—k; for 
the present case where the multipole order of transitions does not mix. 
On the other hand, the cross section for excitation of nucleus by energy Feve 
through the absorption of electric dipole j-ray, o,(Fec), 1s connected with the 


{|G + FPR LACFE+ IPP +IED ERP] Stzal@P, 6) 


nuclear reduced matrix element as follows,” 


e 1 3 aa ee | 
VIS z,|0)P=— > — p> (Eece (= aCe 7) 
CP] S3 dO Bue) (G-) m Bue) 
where p(E,,-) is the number of states per unit energy interval, and E,,. is the 
energy of the state % above the ground state. 

From Eqs. (6) and (7), one obtains, for the energy distribution, 


ao ist A Rais ak ACFP+ IEP +ED} eS “Bk ie 5 (Lae 
(8) 


since 
d’a 


do 
ae, Tea pe Se 
82 pc d2QdE 


d 


Now, we can investigate the energy distributions of the inelastically scattered 
protons from the levels considered without any knowledge on the wave functions 
for the ground and the excited states of target nuclei. And we need not consider 
mechanisms for the absorption of the dipole 7-ray. 


§ 3. Differential cross section 


Integration of (8) by the energy E... gives the differential cross section of 
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the proton inelastically scattered from the level in the dipole giant 7-resonance 


region, 
do 4 ( e if Sie} =o a fale Q\2 c|2 ky 2 Opn (Eero ) 
pee sees fi Se (24 + i +A Te +- 3 + E yh k Bee 
de y= 2 (A) tart tit +acat+ Be +e} |e 
(9) 
here it is assumed that the dependences of @, #, 7, € and 4 on the energy are 


very weak. 
By using the relations 


Ry ea a = ae oD hal es ies (2 pad pO ae /1 poe cos) 
Ree eyliere ie laee, E E E 
and 
ee Lael. 
i 


where FE is the incident energy of the proton and @ is the angle between k; and 
k,, and m is the mass of the proton, one will obtain 


do aA (6 \ 2m is 2 2 2 
(6) + (<) oe Ala +R +AC7P + LBP + EDD} 
LTE g Sy) oe ae ean 
x {4 (2-1) sint 2+ EI fogs (Bare) dB (10) 


when one introduces the harmonic energy EF, and the mean energy EF defined by 
Levinger-Bethe :” 


En 7 \ Oph Chas ) Chk I\ “on Ees) dE exe ? 


jes jz “exc Onn CE ) HORS I On (he ) dies . (11) 


Within the conditions of E,,.<E and small angle scattering, the differential cross 
section is approximated by 


do 4 2m = E 
MR py Ae 2 ane) 2 2 2), 4 ge 
Boy =A (2) (PE) a PE ACEP BP ED) 20a Bae) Bae. 


: (12) 
It is expected that the measurements of the differential cross section of these 


processes will give new information on the integrated cross section of the electric 
dipole 7-ray absorption. 


§4. Results for the energy distributions 


To calculate the energy distributions of the protons inelastically scattered from 


On the Inelastically Scattered Proton and the Dipole 7-Absorption 87 


the levels in the dipole giant 7-resonance regions, we need not have any special 
assumptions for the ground and excited states of target nuclei since the wave 
functions of the states are taken into account through the cross sections of the 
dipole 7-absorption. The ratios of spin flip to non spin flip nuclear reduced matrix 
elements, 4, are determined by the observed polarizations since the polarizations of 
the protons inelastically scattered from the levels in the dipole giant 7-resonance 
regions are very sensitive to the values of 4.° Therefore, Eq. (10) connects the 
experimental data of (p-p’) scattering with the experimental data of photo-nuclear 
reaction and the ratio of spin flip to non spin flip nuclear matrix element. If the 
quantities a, 8, 7, 0 and & are parameterized by the analysis of the nucleon-nucleon 
scattering experiment,” the magnitude of the energy distribution of the proton 
inelastically scattered from the level considered is a function of the cross section 
of the dipole 7-absorption o,,(F..¢), and the value of 4. When we substitute the 


2 d? : ‘ 
ae (mb - sterad~“' Mey ') Sone (mb - sterad~* Mev’) 
Scattering angle ; 3.2° Scattering angle; 5.5° 
| S. M. 5 
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1 | 1 | 
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Fig. 1. Energy distribution of 182 Mev proton 


inelastically scattered from the level in Fig. 2. Energy distribution of 177 Mev proton 


inelastically scattered from the level in the 


the dipole giant 7-resonance region of C2, 
In the calculations of @, f, etc., in the text, 
we use the two-body scattering phase shifts 
derived at 180 Mev from the Gammel- 
Thaler (G. T.)® and the Signell-Marshak 
(S. M.)® potentials. For the estimation of 
oph(Eerc), we use the sum of o(7, 2) mea- 
sured by Barber et al.™ and «(y, p) mea- 
sured by Cohen et al,1” 


dipole giant y-resonance region of OV. For 
oph(Eere), we use the sum of (7, 2) measur- 
ed by Katz et al.2? and o(r, p) measured by 
Stephens et al.2? 
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value of 4 determined by the polarization experiments and the observed data of 
Oy,(Eere) into Eq. (10), we obtain fairly good agreement of the observed energy 
spectra with the calculated values for the proton. 

The cross sections of the dipole 7-absorption and the polarizations of the in- 
elastically scattered protons from the excited levels of C” and O” are measured 
in detail. Then, we calculate the energy spectra and differential cross sections of 
the protons inelastically scattered from the levels in the dipole giant 7-resonance 
regions of C? and O". The results calculated through Eq. (10) are compared with 
the experimental data in Figs. 1 and 2 for C” and O", respectively. It is im- 
portant to note that the results agree with the experimental data in their absolute 
values, since the nuclear interactions as well as the Coulomb interactions between 
the proton and the nucleons in the nucleus are taken into account in the formula. 
‘To calculate @, 2,7, 0 and €, we have used the two-body scattering phase shifts of 
energy 180 Mev derived from the Gammel-Thaler® and Signell-Marshak® potentials. 
And we use 4=0.1 for C”, since one can reproduce the experimental polarization 
of the proton inelastically scattered from the level by using a small value of /. 
On the other hand, we use 4=0.8 for O", since one can reproduce the observed 
polarization of the proton inelastically scattered from the level by using almost 
unity for 4. The calculated polarizations of the protons for various values of 2 


P() a os 


22 Mev level of C” 
4 19 Mev level of C” 


$ 20 Mev level of 0% 


Fig. 3. Polarizations of the protons inelastically scattered from the levels in the dipole giant y- 
resonance regions of C!2 and O16, Experimental points are measured by Hillman et al.2®) The 


curves are calculated by the use of the two-body scattering phase shifts of 180 Mev derived from 
the Gammel-Thaler potential. 
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are compared with experimental data in Fig. 3. Fig. 3 shows that the dependence 
of the polarizations on the small values of 4 is very sensitive. 

As for light nuclei the threshold energies of o(7, 2p) and o(7, np), etc., are, 
generally, very close to, or slightly higher than, the energy E.,< of the peak for 
the sum of o(7, 2) and o(7, p) cross section. For C® and O" investigated in 
this paper, the threshold energies of o(7, 2p), o(7, 2p) and o(y7, 2”) are always 
higher than the energy E£,,. of the cross section peak of the dipole 7-absorption. 
For the sake of the clearness, we tabulate the threshold energies of the photo- 
nuclear reactions for C” and O" in Table [.1” 


Table I. Threshold energies and the energies of the cross section peak 
The energies are in Mev. 


| | | | The energy Eerc of the cross sce on 
(7, 2) -| (rb) | Ge 2n) | Gr, mp) | (yr, 22) | peak for the sum of (7, ”) and 
| (7; P) 


Ci 4387 | 6.00. 42> +32 27.5 27.2 | 22.5 
Ow | 15.6 | 121 | 289 | 230 (Stee) 22 


| | 


Since the contributions of o(7, 2p), etc., to 7,(E.,<) are very small even for higher 
excitation energies, one can use the sum of o(y, p) and o(y, m) for op,(Eec). If 
one takes into account the contributions of o(7, 2p), etc., to Op,(He.c), one obtains 


a slightly broadened shape for the calculated result of the energy distribution of 


the inelastically scattered proton. Furthermore it is expected that when one takes 
into account the effects of the levels in the excitation energy 19~24 Mev region 
which are not excited. by the dipole 7-ray absorption one will obtain the broadened 
shape of the characteristic peak of the energy spectra of (p-p’) scattering rather 
than the present results. However the energy E.,, which gives the characteristic 
peak in the~ energy distribution of (p-p’) scattering is not altered by these 
effects. 

The measurements of the energy spectra of the inelastically scattered proton 
provide a procedure to determine the existence of excited levels of the nucleus and 
to fix the excitation energy. In the present case, since the energy Eee” which 
gives the characteristic peak of the dipole giant 7-resonance in the energy distri- 
bution of (p-p’) scattering must agree with the energy F,,. of the cross section 
peak for o,,(E,,-) in the dipole giant 7-resonance, it is expected that the observation 
of the energy distribution of the inelastically scattered proton provides an effective 
tool to fix the excitation energy E,,. of the cross section peak for o,(Eexc). In 
order to evidence the considerations above inentioned, we tabulate the energies 
Eyeax Of the cross section peaks and the magnitudes of the peaks, nar’s of o(7, 2) 
and o(7, p) for C® in Tables IT and III, respectively.”~"” 

When one uses the most recent experimental data by Barber et al.” and Cohen 
et al” for C?(y, n) and C”(7, p) cross sections, respectively, the energy exe of 
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Table II. C?2(7, 2) Cu 


Reference Epeak (Mev) omar (mb) ao 
Montalbetti et al. (1953) | 21.4 | 14.0 
Nathans et al. (1954) | 22.0 8.6 
Barber et al. (1955) 22.5 8.3 


Table II. C12(y, p)BU 


Reference 


| Epeak (Mev) Tmax (mb) 
Halpern et al. (1952) | 21.5 18 
Haslam et al. (1953) 21.2 16~33 
Cohen et al. (1956) 22~23 16 


the cross section peak for o»,(F...)=c(7, 2) +o(7, p) agrees with Eze’ which 
gives the characteristic peak of the dipole giant 7-resonance in the energy dis- 
tribution of the proton inelastically scattered off C”. And also when one uses the 
data of Barber et al. and Cohen et al. for o,,(F,.<), one can reproduce the magni- 
tude of the characteristic peak in the energy distribution. 


§ 5. Results for the angular distributions 


For the purpose of calculating the angular distribution of the proton inelastically 

scattered from the level in the dipole giant 7-resonance region, one needs to es- 
timate the integrated cross section |oy,(Eerc)dE2:c, the harmonic energy Ey, and 
the mean energy E of the dipole y-absorption for the target nucleus. Since the 
plot of o,,(E..c) versus E,,. is a sharply peaked curve, the integrated cross section 
may be obtained with sufficient accuracy by integrating the experimental value up 
to an energy 25 Mev, and so on, i.e. by integrating the experimental one within 
the resonance region, and also Ey, and E must be close together. 
. Since the cross section of the dipole y-absorption falls off rapidly enough at 
energies above the giant resonance, any high-threshold multipole processes are 
suppressed. Since the E,.4, of the giant y-resonance is about 20 Mev for C” or 
O”, the processes of (7, 2p), (7, mp), etc., set in off resonance. The contributions 
of (7, 2p), (7, mp), etc., to fop,(Eere) dE eee can be quite negligible in C® and O” 
since the absorption cross section falls off sufficiently 10 to 20 Mev above the Eyoax 
of the resonance. In order to evidence the justification for the neglect of the con- 
tributions of o(7, 2p), o(7, mp), etc., to fop,(Eecc)dE ex, we tabulate in Table IV 
the relative integrated cross sections,” 


100 Mey 100 Mey 


5 (1, 2n) dE om | \ ee iL 
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Table IV. Relative integrated cross sections 


| se p Wer | 5 ; 
Position of the peak Position of the peak 
| FE) | for (7, 7) | (7, 2n) | for (7, 2n) 
C2 i! 23 Mev 0.003 42 Mey 
O16 1 22 Mev 0.002 40 Mev 


In the calculation for C”, we use the experimentally integrated cross section 
§Opn(Eece) dE ere in order to be free from the ambiguity contained in the dipole 
sum rules, and HEy~E=20Mev. And also on the basis of the reason above 
mentioned, we use the sum of jo(y, p) dE... and Jjo(7, 2)dE exe for [Op (Here) dE exe 3 
here {o(7, 2)dE,,. and \o(7, p)dE,,. are measured by Strauch’? and Halpern et 
al.,’” respectively. The results for C” are shown in Fig. 4 being compared with 
the observed value by Tyrén and Maris. Since the experimental value of them 
has errors of 50%, the calculated results lie within the limits of the errors. The 
sharp peak of the results are owing to the strong peaked matrix elements of the 
Coulomb interactions at forward. It seems that the agreements of the calculated 
results with observed value are well. 


da 
oes d 
dQ (mb/sterad) &. (mb/sterad) 


S. M. experimental value | 
15 its experimental value 
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10° 20° Gus 


10 
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Fig. 4. Differential cross section of the proton Fig. 5. Differential cross section of the proton 
inelastically scattered from the level in the inelastically scattered from the level in the 
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The results for O' are shown in Fig. 5. Here we use E,;,~E=20 Mev and 
use the integrated cross section estimated by Morinaga™ which is the sum of 
fo(7, n)dE en and jo(7, p)dEexe- 

‘If one uses the dipole sum rules of Levinger- Bethe” and Goldberger et al.” 
for {op(Eer)dEexo) One obtains the results larger than the observed ones of C” 
and O" by a factor of 3 to 4. This discrepancy is not interpreted by the errors 
contained in the observed (p-p’) scattering data. The discrepancy indicates a 
failure of the dipole sum rules of Levinger-Bethe and Goldberger et al. for ‘tx 
and O¥. This is consistent with the fact that the dipole sum rules of Levinger- 


‘Bethe and Goldberger et al. are not justified for @-particle nuclei since the strong 


correlation between nucleons inside the a-particle nuclei makes the separation of 
the nuclear center of mass from the center of charge very difficult and suppresses 
the dipole photo effect.” 

On the basis of the quantitative agreement, it is expected that the measure- 
ments of the protons inelastically scattered from the levels considered provide a 
procedure to estimate the integrated cross section of the dipole 7-absorption. 

For the angular distribution, the larger the value of 4, the broader the shape 
of the calculated results. However, the #-dependence of the shape of the results 
is not so sensitive as the polarization of the proton considered is. 

The effect of the distortion of the incoming and scattered waves will tend to 
broaden the angular distribution. However, in the large scattering angles where 
the distortion has a large effect, the above formula is not applied as RR>1. As 
for the estimation of the integrated cross section of the dipole 7-absorption, one 
needs not have the agreement of the results with the observed ones in the region 
of over all scattering angles, i.e. the agreement in the shapes of the angular dis- 


tributions, it may be sufficient to obtain the agreement of them in their absolute 
values at forward directions. 


§ 6. Conclusion 


If one considers the proton inelastically scattered from low-lying levels of a 
nucleus it can be expected that the contributions of the spin flip terms of nucleon 
in the nucleus are small since the struck nucleon in the final state is still bound 
in the nucleus. In the present case, however, one must take into account the spin 
flip of the target nucleon as the final state of the struck nucleon is in the continuum 
state. The spin flip terms play important roles for the cross section and the 
polarization of the inelastically scattered proton. 

The fact that the formulas for the cross section derived in the framework of 
the impulse approximation without any special assumptions reproduce the experi- 
mental data for C® and O" very well gives a powerful support for the justification 
of the impulse approximation as a method of investigating the inelastically scattered 
proton from the level in the dipole giant y-resonance region for all light nuclei. 
Therefore one can expect that the impulse approximation is a useful method even 
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for the nucleon-nucleus interactions in which the final state of the struck nucleon 
is in the continuum state when the energies of the incident nucleons are sufficiently 
high ; for instance, the energy is 180 Mev at the present case. 

The quantitative agreement of the calculated results with the observed ones 
are helpful to discuss the quantitative relations among the (p-p’) scattering on 
light nuclei, the dipole giant 7-resonance of photo-reactions and the ratio of spin 
flip to non spin flip nuclear matrix element, where the non spin flip matrix element 
is proportional to the cross section of the dipole 7-absorption. 

Therefore, if a, 8, 7, 6 and & are reasonably parameterized by the two-body 
scattering, it is possible to determine the value of 4 through the experimental 
cross section of the inelastically scattered proton from the level considered when 
Op,(Eere) is measured. Studying the value of 4 is to investigate the contributions 
of the spin flip and the non spin flip terms of the nucleons in the nucleus, 1. e. 
the nuclear reduced matrix element. The measurements of the energy spectra for 
the high energy (p-p’) scattering give a way to investigate the nuclear matrix 
element when o,,(/.,-) is known experimentally. 

The observation of the energy spectra of (p-p’) scattering gives a procedure 
to fix the energy of the cross section peak of the dipole y-absorption. Furthermore, 
when the ratios of spin flip to non spin flip nuclear reduced matrix elements are 
determined by the observed polarizations of the protons, the measurements of 
(p-p’) scattering give a powerful tool to estimate the magnitude of the peak of 
Opr(Eer) and the value of §op,(Lecc)dE exc. For example, the measurements of 
the protons inelastically scattered from the levels considered may remove the dif- 
ficulty which any given measurement for the cross section of the dipole 7-absorption 
measures partial cross section for particular nuclear reactions, rather than the cross 
section of the 7-absorption. 

We can develop the similar formulas for the ‘nucleons inelastically scattered 
from the excited levels by means of the M1, E2, etc., transition matrix elements 
corresponding the transitions of the excited to the ground states. 

The most serious error is caused probably by neglecting the elastic and in- 
elastic scattering of the incident and scattered proton before and after the excitation. 


Though the problem of this effect is left for later consideration, it does not seriously 


alter the above results since it can be expected that the effect would be very small 
for the high energy proton and in the region of kR<1 in which we are interested. 
The author would: like to express his sincere thanks to Dr. Y. Nishida for 


his sympathetic understanding, many stimulating and helpful discussion. Thanks 


are also due to Dr. T. Terasawa for his discussion. 
The author wishes to express his gratitude to Prof. M. Kobayasi for his 


encouragement. 
Appendix 


In: this appendix we summarize the selection rules for the proton inelastically 
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scattered from the nucleus in order to complete this paper. 

Within the framework of the impulse approximation, the scattering matrix 
for the nucleon involving a nuclear transition from a state with J, and Ty to a 
state with J and T is given by 


A 1 1 

T(k) =(IT| 3) 33 (=) ha ee" (MG (9) + 3 (— 1)", M9) ) Jo To). 
f=1 vl=— v= — 

(A-1) 


Here o,! and ci, are tensor operators of rank 1 in the spin and isotopic spin of 
target nucleons, respectively. 71,, is a tensor operator of rank 1 in the isotopic 
spin of the incident nucleon. The quantities MZ, and M,' are given, in decomposing 
M(@), of Eq. (1) in the text to the spin operators of the incident and _ target 
nucleons, by 


M)= ATTOn ? My = do, ? My = cn a (7 + 3on— 1E0») ? Mo= ~5 (7+ Po, + EG) > 


(A-2) 
where o,, o,, 7 are the spin operators of the incident nucleon in the q, n, p-right- 
handed coordinate system. 

Now, expanding the target nucleon operators e~":, e~"*"io,1, we define the 
reduced nuclear matrix elements : 


A 1 eles = 
F,=(IT| >) 31-1)" V4 QL+1) (=i) flr) Yi th th Mo (8) Jo To), 


(A-3) 

and 
Ru= (ITI Sis 1)" V/ 40 (21-+1) (—i)" f(r) T, (ls) th M,()dlJoTo), 
(A-3/) 

since 


(JT| ss Sue i a ot ee 


= - Somes (1lp O|kv) (RJpYM,|JM) Rr, 


where 7’,(/s) is a tensor operator of rank & composed of operators in the I-s 
space. If we restrict ourselves to consider the excited state levels in the dipole 
giant 7-resonance region, the isotopic spin flip 4T=1. The isotopic spin flip terms 
generally include the charge exchange collisions. However, if we disregard the 
charge exchanges between the incident and target nucleons, we can reduce the 
reduced nuclear matrix elements by putting sy ses LP eon WO Meet 


Fi=M,(9) (JT > V 42(21+1) (—)(S}— 3}) jkr) YillJo To), 
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= a Vas ic aE ks Zz N 
Ryu=M,' (0) (JT|| Sa V 42(21+1) (—i)' (S1— SD) (hr) Tl) |!JoT 0). 


Taking the trace of Eq. (A-2) for the incident proton, we obtain 
Tr [2(k) T(k) | and Tr[T(k)o1, T(k)*] which correspond to the cross section 
and the polarized cross section of the proton, respectively, as follows, 


Teer (hy) =) ae pe 
rIT(R)T(R) "= 3 {Cla + FP) 


Ff-+—— >. (BP + IPP +16) Ru? 


1 H yI2 D =, = 
+ sp cq (1400140) (22"00)40) 413 — > VAP IFP +E) | Ru Reh, 


uth Qk 
(A-4) 
= el , 
ee ag ek et EP Bel 
eh. I / 


where T'(k) is defined by Eq. (A-1). 
The selection rules for Z, 7’ and & are, for the non spin flip part, 


and for the spin flip part, 
|J—J)|<k<J+dp. 


In both cases the parity change dr=(—1)’. Furthermore, / +k+1 must be even 
and /’/=1, 142, for the last term in Eqs. (A-4) and (A-4’). 

For comparatively small angle scattering, the lowest allowed value of Z will 
predominate, owing to the k-dependence of the radial integrals in the reduced 
nuclear matrix elements. For the case whére only one value of 7 contributes to 
it, the ratios of the spin flip to the non spin flip reduced matrix elements do not 
depend on the momentum transfer. 

For the target nucleus of spin and isotopic spin 0 at its ground state such 
as C”® or O", the selection rules are J=J for the non spin slip terms and k=J 
for the spin flip terms. And in the parity change 4r=(—1)”, both Z and & — 
equal J for the spin flip terms, hence the last terms in Eqs. (A-4) and (A-4’) 


vanish. 
If there is no isotopic spin change for the target nucleus, one has to put 


Fy i Ih in Eq. (A-1). 
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In this paper we discuss decay interations based on Sakata’s composite model in which 
neutron, 7, proton, ~, and A-particle are supposed to be “elementary”. Symmetry with respect 
to n, p, and A is also assumed. Then it is shown that (7K) currents are necessarily added 
to the usual strangeness violating (|4S|=1) baryon vector currents in the conventional Yukawa 
type interation. This is analogous to the situation that (zz) and (KK) currents necessarily 
appear in the |4S|=0 leptonic decay interaction in the Sakata model. By taking the (xK) 
currents into account, the transition probabilities for K.3, Ky3, and beta- and muon-decays of A 
are shown to be consistently described with the same coupling constant as that obtained from 
K,»* decay. Thus the coupling constant for strangeness-violating leptonic decays seems to be 
smaller than that for strangeness conserving ones. For non-leptonic decays, the Hamiltonian 
which guarantees the |4/|=1/2 selection rule is easily found by virtue of the additional neutral 
terms with the universal coupling constant. The lifetimes and branching ratios for non-leptonic 
decays of A and K are in good agreement with experiment in terms of the normal beta-decay 
coupling constant. The situation is a little complicated for Kr3. Admixture of |4/|=3/2 
transitions are also briefly discussed. Some comments are made on the observability of 2%, 


a neutral meson having an isotopic spin 0. 


§ 1. Introduction 


In recent experiments the universal V-A Fermi interaction” is remarkably suc- 
cessful in explaining, at least, the strangeness-conserving leptonic processes such as 
beta-decay, -e decay, and probably »~-capture by a proton. For the non-leptonic 
decays of A, 3, and probably =, the order of magnitude of decay rates seems to 
be in agreement with the V-A Fermi interactions with the beta-decay coupling con- 
stant? while the branching ratios and asymmetry parameters are not well explain- 
ed, especially for +’. On the other hand, the strangeness-violating leptonic decays 
require a smaller coupling constant by factor 5 or so.° In the meantime, it was 
pointed out that the vector coupling constant of /-e decay is equal to that of beta- 
decay within one or two percent accuracy of recent experiments. Stimulated by 
this excellent agreement, Feynman and Gell-Mann” have introduced the additional 
(xz) current into the vector snteraction in order to explain that the strength of 
nstant of vector interaction is not affected by renormalization. This 
| less electro-magnetic current, but this (az) 
In this connection we must 


the coupling co 
situation is analogous to the divergence 
current has not yet been confirmed by experiment.” 
also notice that this (77) current follows® quite naturally from the Sakata model.” 
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For the strangeness-violating decays, Sugawara” proposed to add only the 
(K,° x*) current to the vector part from the phenomenological point of view, and 
thus he obtained a good result for the decay rate of Kae 

In the present paper, we consider the decay processes based on the composite 
model” and discuss, first of all, how the boson currents have to be added to the 
vector part of the Fermi interactions both for |4S|=0° and for |4S|=1 decay 
processes. Here we further assume the invariance under the exchange of 7 and 
A in addition to the usual charge independence”. These boson currents are obtain- 
ed by reinterpreting the Sakata model in terms of the Yukawa type representation 
in which the pion and K-meson are also considered as elementary particles. For 
|4S|=1 all of the (K,° z*), (K,° z*) and (K* x") currents appear and the coefh- 
cients of these terms are uniquely determined contrary to Sugawara’s theory.” 

Another reliable rule is the |4/|=1/2 selection rule for the non-leptonic 
decays. This can lead to the decay branching ratios of hyperons and K-mesons,” 
but cannot give any quantitative information on the lifetime. This selection rule 
and the V-A Fermi interaction are, therefore, considered to be somewhat comple- 
mentary, and their combined use is desirable. We introduce a neutral current for 
the |4S|=1 case, following the full symmetry with respect to 7, p, and A.” Then 
the sum of this neutral term (7/) (7m) and the normal term (p/) (7p) together 
with the boson current terms guarantees the |4J|=1/2 selection rule. 

In §3 the strangeness-violating leptonic decays are discussed. Using the 
effective Hamiltonian deduced in this paper, transition rates w(J—p+e™+y), 
w(K*>7°+e*+yv) and’ w(K®,.>2++e*+y) are calculated without any divergence 
and found to be consistent with experiment in terms of the coupling constant 
obtained from w(K*—p*+y»).° § 4 is devoted to the calculation of the non-leptonic 
decays of A, K,", K*>2z and K*-—>32, where we encounter with the same type of 
divergence and will replace it by a constant. Branching ratios are calculated for 
the both cases of the usual type (pA) (%p) interaction and the |4/|=1/2 type 
interaction which is justified by experiments. In addition, the lifetimes of these 
processes are in good agreement with experiment within factor 3 in terms of the 
beta-decay coupling constant. The transition rate for K*—>3z due to the direct 
(K* x°) (a* 2°) terms is smaller than the experimental one by factor 20. This 
term turns out to contribute to the small deviation from w(K*—>2z2++27)/ 
w(K*—22°+2*)=4. The main contribution should, therefore, come from the 
diagrams containing baryon closed loops, which are not calculated here. 

Possibility of observing 2”, a neutral meson having an isotopic spin 0, is 


also discussed in connection with K*tz*+2% process which is allowed by the 


|4q(=1/2 rule. 


§ 2. Interaction Hamiltonians 


The idea of the Sakata model” is to assume n, p, A,e, » and “# to be funda- - 
mental particles. Other baryons, pions and K-mesons are considered to be com- 


‘3 
: 
s 
= 
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posite particles of m, p and 4. Furthermore, “ the full symmetry ” is assumed in 
strong interactions ; that is, in the limiting case in which the basic particles p, 
and A have an equal mass, the strong interactions are invariant under the aa ge 
of m and A (or p and A) in addition to the usual charge independence and the 
conservation of electric charge and baryonic number. 

The weak decay interactions are generated by one of the following fundamental 
Hamiltonians : 


ee A — 1+ 5 = 1 5 

Ei 2 ga ( LPs rit A) (rir, sud p)+he, (2-1a) 
V2 V2 

H,=V2 9 (Air, ae 4) (rir, Lats n)+h ., (2-1b) 
V2 We 

H,=V2 4% (iz, 1t7 ) (air, 1+is A\+h Ci (2-1c) 
V2 V2 

5 Way eae (Bir, ws \ (227. FE ») +h.c., (2-1d) 
V2 V2 

Hav. (Piry td) (ei, I») @ 
TALE Ly. 73 Lys oy y)+h.c. (2-1e) 


The combination (g) instead of (é) in (2-1d) and (2-le), and the (~) (e) 
type interaction, will not be discussed here in detail. In Eq. (2-1) p, A, etc., 
denote the wave functions of the proton, /-particle, etc. p is defined by p*7s 
where the asterisk means the hermitian conjugate. It is to be noted that the coupl- 
ing constants g’s are real, if the Hamiltonians are T(=CP) invariant, and 4, n, 
and p are transformed with the same phase under the time reversal. 

The interaction Hamiltonians (2-la) and (2-1b) consist of |4I|=1/2 and 
|41|=3/2 parts, but if we take their sum assuming a simple relation, 


Table I. Two particle configurations of mesons 


Strangeness Jso-spin Configuration Particle 
ai | 1/2 eae Ke 
| (Ap) Kt=K- 
(pi) a 
0 1 : (pp—na)|V 2 x0 
(np) ‘i 
0 0 (pp+na—244)/V 6 x 
(pA) Ke 
1/2 = 
; (nA) Ko 
0 0 (pp+nitAd)/V 3 pda 
—<— + 
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Gi= G5 (= oe) (2-2) 


the resultant Hamiltonian generates only |4/|=1/2 transitions. 
In order to reinterpret the Hamiltonians (2-1) in terms of the usual Yukawa 
type description introducing bosons explicitly, we list the two particle configu- 


rations of mesons in Table I.” 


i) Lepton-baryon weak interaction 
The fundamental “ minimal ” electromagnetic interaction Hamiltonian 
Hep, pA, (2-3) 
in the Sakata model can be rewritten in the following form in the Yukawa type 


description : 


EE id nett 


> 


Toa iNe N+| ox 22=% 9 | 41K 24 (8,—3,)K, (2-4)* 


2 


a 


where 
n=(2\, N=@,7), 
and 
Fa lieoks RE(Re SER: (2-5) 


and A,,¢,, and K are the photon, z;meson, and K-meson wave functions, respec- 
tively. Next, we must replace the vector part of the strangeness conserving 
lepton-baryon weak interaction ‘current, ipy,n, in the Sakata model by J,;+7I,. 
in the Yukawa type description, where I, is the iso-vector part of J, and is given 


by 


L,=iNy,— N+| 6x C29») 6 | 41K (0,—0,)K. (2-6) 


a “a 


Thus we get the following effective Hamiltonian for the 4S=0 case: 


He'=9aliprn—V2is- B,—9,)8 +iK* 8,—9,)K" (eiz, ya ») +h. ey 


(2-7) 
where ¢~ denotes the destruction of z~ meson or the creation of z* meson. 
Besides the charge independence, we make use of the invariance under the 
exchange of and A in strong interactions. Then, the vector part of 4S=0 
lepton-baryon weak interaction current, ip7,, in the Sakata model must be replac- 
ed in the usual Yukawa type interactions by the current which is given by the 


* Throughout the present paper we do not discuss the currents involving Y and & 


, 
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exchange of » and A in the J,,+7J,. current. Thus we can write down the vector 
part of the effective interaction Hamiltonian in the Yukawa-type theory as follows: 


ae =: <= aye p=84 > P= = 
Hp=9,| ipr,A—iV/2 RG, 9.) ( eyes 8”) +iK°@,—3,) 6°] 


x (zz, Seyi (2-8)* 
V 2 
It is to be noted that both in the fundamental interaction Hamiltonian (2-1le) and 
in the effective interaction Hamiltonian (2-8) the change of isotopic spin of baryons, 
[4ilj is 1/2. 
ul) Non-leptonic weak interactions 
In a similar way, the fundamental interaction (2-1a) is reinterpreted by intro- 
ducing bosons explicitly. (4) and (7p) in (2:la) are replaced by the first 
factor in (2-8) and by JI,,+7J,., respectively. 
Noticing that (2-la) can be rewritten by using the Fierz transformation as 


(ARNE (air, eae A) (Bir, itis p) +h. C., (2-9) 
V2 


V2 


we get the following effective Hamiltonian for the vector part of the elementary 
interactions : 


== Pa <— (QR aa < 
H,= | ipp,A-V 21K B,—9,) (4g +40") +636 | 


ve 
x [ii7,p +2 id* (8,—4,) 0 —iK°(0,—-9,)K*]+h.c., (2-10) 
= $e ny, A—/ 21 G,—3,) (+ -—¥ 9) as (,—9,)8° | 
V2 2 e 
x [ibr,p+id- (0,—9,)8* +iK* (6,—0,)K*]+h.c., exnee) 


H, =| inr,A—V2iR'G,—3,) (49-3 9) iK 6,48" | 
Von 2 Z 
 [izy,n+i¢* (0,—3,)6- -iK°(6,—0,) K"| +h. c., (2312) 
ete a Aey/21K°(6,—0 es 0 V3 ”) GK 3,-3.9" | 
H. el iar, /2iK°3,—3,) (5-9) RK @,-9,)§ 


x [iAr, A—iK* (8,—9,)K* +iK°(8,—0,)K*|+h.c. (2-13) 


By the effective Hamiltonian we mean the interaction Hamiltonian of four — 


* After the completion of this work the authors were informed that Y. Fujii (unpublished 
work) and S. Ogawa et al. (preprint April 1, 1960) had independently derived this effective Hamiltonian. 
S. Okubo! and Y. Yamaguchi” have discussed the possibility of conserved vector current 1n the 
Sakata model. 
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fermions, or in general, four external lines - B 

(A, B) (C, D), in which radiative correc- fe 

tions between A and B or C and D due to 

strong interactions are taken into account 

for the vector part, but radiative corrections 

between (A, B) and (C, D) are all neglected. 4 * c C eae 
This situation is shown in Fig. 1. Fig. 


oe : : ; : Fig. 1. a) Diagram taken into account 
1(a) is included in the effective Hamiltonian, = Lae 


in the effective Hamiltonian (2- 


but Fig. 1(b) is not. 10)-(2-13) 
If the coupling constants y are chosen b) Diagram not included in the 
to be real, (2-10), (2-11), (2-12) and effective Hamiltonian 
(2-13) are simplified in the final form as 
2 i af = < 0 
= | ipr,A—V2 iK* (6, ,) (4 p4Vs =o +i— Kr Ky’ 3 -5,)¢- | 
v2 V2 
| ity ea Ds pee ee \K+] 
pe 
ia ae «| idr.p+Vv2 DS (0, —3 ee : g+¥ or) 4 ¢ hes 3 or | 
V2 2 2 Wa 
x [ipr.n—V 2 id- (6,—9,) 8 +iK* (8,—9,) K°], (2-10’) 


=| Gir, A+ Erm) —i2K,(3,—9,) (46-3 o) _RG,-3 6° 
+iK* B,—9,) 6" |x (iPr ob+i6- B,—3,)8° 41K (@,—3,)K*], 
(2-11) 
Bh= 7 E (a7, A+ A7,n) —i2K;'(8,—9 (+ V3 9) _iRG,—3,)6° 


4K *(8,~0,) | x inr,ntid* @,—,)6-—iK"(,—9,) K, 
(2-12/) 


ae 
H.= 9) i(nr,A+Ar,n) - 2K), —,) (<9 ¥3 9") R63, )6" 
HK-G,-3)6° [x(iTr ARG, 3) K* iG, 3K, 
(2-13’) 
where 
1 ca ee 
Kae (K+ RY), Ki= Ks (2-14) 


§ 3. Strangeness-violating leptonic decays 


The following leptonic decays are illustrated by the direct interactions-in the 
effective Hamiltonian (2-8) : 


——e | Ss 
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A>pte ty, (3- 1a) 
K*>r+et+y, (3-1b) 
KY >xt+erFty, (3-1c) 
KY >at+erF+p. (3-1d) 
Apart from the direct terms shown in © 
Fig. 2(a) or (b) we have diagrams in- P e esp e 


volving baryon closed loops as in Fig. 
2(c), which are, however, omitted in : 
this section. A v “ Bees 
(a) (by (c) 
In Table II the decay rates of (3-1) 


are shown with both the _beta-decay GSS NY se ots eB 
a b) Diagram for K->z+e+y 


coupling constant, c) More complicated diagram omitted 
Fe eae 107% erg cm’, (3-2) in our calculation 
and the coupling constant g, obtained from Kj, namely 
Je (9a ~1/27. (3-3) 


Detailed calculations are given in Appendix. 


Table II. Transition rates of strangeness-violating leptonic decays 
Teese 


Process | Experiment (sec!) | Theory (3-2) Experiment/Theory | Theory (3-3) 
w(K+>ritet+y) | 3x 108 | 8x 107 1/27 3x 108 
w(K, > xt+e-+y) | 8x 107 | 3x 108 
w(K. >nt+e-+y) | ~3x 108 8x 107 ~1/27 3X 108 

re ; 3 
w(Kt—>7+et+y). | abs 1.55 1.55 
w(Ktonr't+ptt+y) | 
RS Pet vy S| < 107 | 5x10? <4is 2x 108 
w( A> p+p-+yv) < 5x 106 | 8x 108 aga 7 3x 105 


“It is concluded from Table II that the coupling constant in the |4S|=1 
leptonic decays seems to be smaller than that of the normal beta-decay by factor 
5. It would be too early, however, to say anything about the beta- and muon- 


decays of A. 
Here we note that 


w(K*t>n+e* +») =w(K,>2* +e7+) =w(K~Yort+e +), (3-4) 


11) 


as a consequence of the |47|=1/2 current rule. 


Finally, it is important to point out that the Sakata model gives rise to a 


decay involving another neutral meson, 


FS Ee oat ace. 
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Kta"+et+y. (30) 
The branching ratio 
i w(K*t—>n”+et +) (3-6) 
w(K*t>n°+e* +») 


is plotted in Fig. 3 vs. the mass of 7”. 
The calculation is given in the Appendix. 
The effects of 2” on the electron spectrum 
of K.3* has been discussed by Sawada and 


Yonezawa.” 


§ 4. Non-leptonic decays 


The effective Hamiltonians (2.10’/—12’) 
are responsible for the following non-leptonic 


processes : 
L>pt+r, (4-1a) 
P>nt+n, (4-1b) 
Koa 2, (4-1c) 
Ki Sat tn, (4-1d) 
Kt sat +2". (4- le) 


and Y. Miyamoto 


w(Kt— et +v+n%) 
w(Kt—+ e++y+7") 


Mx— Mx 


Sel 


Fig. 3. Branching ratio (3-6) vs. the 
mass of 7° 


We are going to calculate the matrix element shown in Fig. 4(a) or (b), but 


more complicated diagrams like Fig. 4(c) 


N 
TT. - 

a 

A (a) 
N 

wT 

N rT 
A -@ 


Fig. 4. a),d), and e) Diagrams for d>N+4+z 
b) and f) Diagrams for K>z+4+7 
c) More complicated one neglected here 


ment with experiment. Fortunately, Fig. 


trouble. 


are neglected. Although a divergent 
integral is unavoidable for the baryon 
closed loop, the ratio of, say, (4-1a) 
to (4-1d) is independent of the weak 
coupling constant and of the divergence. 
This ratio is, therefore, considered to 
be reliable. 

It is quite difficult to estimate the 
contributions from Fig. 3(d) and (e) 
because of badly divergent integrals. 
We have, however, a hope that these 
should be small, because these give a 
very small asymmetry parameter® while 
Fig. 4(a) gives a large one in agree- 
4(f) always vanishes and causes no 


The results are summarized in Table III, in which the undetermined numerical 
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factor is chosen to explain w(A’>p+27-).* Detailed calculation is given in the 
Appendix. 


Table III. Decay rate of non-leptonic processes 


ee Experiment I Theory I (sect?) | _ Experiment Hheary II (sec™) Experiment 
(sec71) | Ja=9=9 | Theory I | IJa=9 9n=9 Theory II 
w( A> p+n-) 23x10° | 23x10 | SF 23x10 | 1 
w(A9>n+79) 1.3109 9] 2) T2x109 <4 al Pca 4 2 | ~1 
w(K, >2*+27) 9x 109 2.71010 133 | 27100 | 1/3.3 
w(K,9 >79+7°) 2X MOS o> 14K 10S | 1/15 Lae SO < | 1/15 
w(K*—>x++79) 2x10" | 0 00 Reese 10a 1/1300 


We should conclude that the decay rates are quite consistent with experiment.” 
It is to be emphasized that the |4/|=1/2 selection rule is realized by choosing 


Ja=Jo=I(=Ie)- (4-2) 
Even if one chooses 
Ja=—J9J and 9,—=0, (4-3) 


the branching ratios of 4 and K accidentally coincide with those in the case of 
(4-2)™; namely, in each case we have 


w(M—> ptr) /w(L>n+n") =2, (4-4) 
and 
w(K) 2 +27) /w( Ky 2° +2") =2. (4-5) 
The remarkable difference is, however, that 
w(K*—>n*t+2°)=0 for (4-2), (4-6) 
and 
w(Kt ont 4+m)=w(Kion +27) for (4-3). (4-7) 


It is likely to assume that (4-2) holds as the first approximation, and a few 
percent deviation from the |4/ |=1/2 rule is expected as higher order effects. 

Since the decay K*—>2* +2" is allowed by the |4J|=1/2 rule, it is necessary 
to compare it with Kt-nt-+n. As-is shown in Fig. 5 and the Appendix, 
w(K*—>2*+2") is comparable with -w(K,.>2* +27) even for big 7” mass. In 
order to forbid Kt2*-+2" we have to choose 


Mt —.354 Mev. (4-8) 


* Actually this choice of the numerical factor is also consistent with m>a”+v decay within 


factor 2.2) 
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w( Kt +727). 


; Pete g eedtlen tO 
Incidentally, the decay rate o 3, dui “w(K ont ta) 


the direct term in the effective Hamiltonian 


(2.10’—12’), turns out to be quite small,” 1 ed 


w(K* >nt+att+n-)=w(K*>27° +7°+97*) 
=2,.910° sec’, (4-9) 


while the experimental rate is 510° sec™. 
The main contribution is expected from diagrams 01 
involving baryon closed loops, which is supposed 
to give the experimental branching ratio 


w(K*—2*+2*+27-)/w(K* >2* +2°42°) ~4, 
(4-10) 


so that (4:9) might contribute only to a small  % 


deviation from the main terms. This is easily 
understood if one notices that our direct term 
is not totally symmetric in three pions. Such 
an asymmetric term is theoretically predicted to 
contribute by about 1/20 of the symmetric part. 


Fig. 5. Branching ratio w(Kt— 
m+n) /w(K,{>nxt+z7) vs. the 
mass of 7% 


§ 5. Discussion 


We have so far studied what kind of boson current has to be added to the 
vector part of the Fermi interaction for the |4S|=1 case. The essential point of 
our argument is, first of all, based on the Sakata model and on the symmetry with 
respect to n and A. So it is very important for the test of the Sakata model to 
compare the results obtained from these boson currents with experiments, because 
if these results contradict experiments we are obliged to discard this model, pro- 


_ vided that the effect of mass difference between / and 7 is quite small. 


For the non-leptonic decays we have introduced the neutral combinations like 
(nA) (7n), which are not usually accepted. Then the sum of the normal terms 
(pA) (7p) and this neutral term guarantees |d/|=1/2. Both decay rates and 
branching ratios fit to experiments well, so that this may support the existence of 
the neutral terms. 

Trouble is, however, how to get the decay rate of K,i. Electromagnetic cor- 
rection to the |4/|=1/2 rule seems to be too small to explain the observed de- 
viation.”” Another problem is a more quantitative treatment of K,j and, in general, 
the estimate of the process involving baryon closed loops and divergent integrals 
as shown in Fig. 4(d) and (e). 

It still remains open to question why the coupling constant of the strangeness- 
violating leptonic decays is smaller than that of non-leptonic decays, while the 
latter is consistent with the normal beta-decay coupling constant. 
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In conclusion we are tempted to say that the decays of strange particles can 
be explained in terms of the V-A Fermi interations together with the additional 
boson currents, which naturally satisfy the |4J|=1/2 rule. So we can say that 
this is not in contradiction with the Sakata model, since these boson currents are 
natural consequence of the model. 

The authors would like to thank Prof. N. Fukuda for his encouragement 
throughout this work and careful reading of the manuscript. 


Appendix. Decay Probabilities 


For the sake of convenience, lowest order perturbation calculations are shown 
in this Appendix. 

i) K-etvin decay 

The following part of the effective Hamiltonian is responsible for this process : 


5 ) (2iz, itt ») +h. a (A-1) 
WA 


2 


The decay rate is” 
A 2\2 - 4 ; 
w(K* et +042) =— (7M) ( vi. mx T( vs.) (A-2). 


9% (2n)> \ M, Mx 
where 
EES eae 
a=--4 42-2 ating, (A-3) 
and 
I (| = 0.0238. | (A-4) 
Mer 


M, mx and m, denote the masses of the nucleon, K-meson, and pion, respectively. 
> 


~ One readily gets 


w(K*—>e* +¥+n") =8.3X 10° sec, (A-5) 


for the beta-decay coupling constant 
g=1.4X10-* erg cm’. (A-6) 


w(K*—e* +v+n") can be obtained by replacing m, by m,’, taking numerical 


factors in (2-8) into account, and is : 
w(K* et +y+2") =e ee -) [a Mn (A-7) 
w(K*—>e*+v+7") 3 ( Mr a 


ii) M>pte-+y decay 
For the Hamiltonian 


H=y/29 (Bit. Fy 


A) (er, BS Tey) thc. | (AB) 
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the decay rate w(A°>p+e7+v) in the lowest order perturbation se 


4 S = (gM,")” ee )M ie (A-9) 
CONS SREY Esch 0 acarvin ut) 


where M, means the mass of the 4-particle and J is given by (A-3). One finds 
w(M > pte +v) =5.3X 10" sec™ (A-10) 
for the coupling constant (A-6). 
iii) A—>N+2 decay 
We evaluate the decay probability w, for A” ->p+z~ corresponding to Feynman 


diagram of Fig. 4(a), where we assume the following Hamiltonian for the weak 
interaction, 


Hav 20 (pir, ext A) (nix, ~2* p\-h. c. (A-11) 
Ve V2 


The divergent matrix element for the nucleon loop is replaced by a constant C 
which depends only on m,’. Then the decay rate reads 


2 
w= (9M)? * ; Me) Pe DI a Me) oes 
7 a7 
yc [OME = Me)? m3 (ME +MY) yy cys, (A;12) 


M?M? 


where g,°/4z is the pion coupling constant. 
But, in general, the Hamiltonian (2-10’—12’) must be used instead of (A-11). 
Then the decay probability can be written in terms of wy, J, 9, and g as 


2 
w(d->p+z7-) =w,| Ja : 


g 
—9q. \2 
w(A>n+7)=w, ( £3526 : (A-13) 
V2g 


Especially for 9.=9%,=g, the |4/|=1/2 rule holds, and (A-13) become 
w(A>p+n-)=w,, 
w(A-n+n°)=(1/2) wy. (A-14) 
For 9.=g and g,=0, we also obtain 
wA>p+n)=wy, 
w(A—>n+n°) = (1/2) w,, (A-15) 


which coincide just with the result of the |4/ a2, rule. 
Comparison of our formula with the experimental transition rates gives 


2 : 
(gMi)* |CP?=2.9x 10-", (A-16) 
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iv). K-2+2 decay 
We evaluate the decay probability w, for K*—>z*-+7° corresponding to the 
Feynman diagram of Fig. 4(b), where we assume the following Hamiltonian : 


H=//2 9(iK* (6,—9,)¢) (nix, Ca p) +h. C (A-17) 
Vv 


The divergent loop in the figure is also replaced by the same constant C as that 
of A>p+z, and we have 


72 f2)2 Caterer $Y) 
Jn (GMQ")" | A(mix : m=) ng Ati) OCP 8 As 
Az (27) rg m1 K M? 


In general, the Hamiltonian (2-10’—12’) must be used instead of (A-17). Then 
the decay probability can be written in terms of wx, Ja, J and g as 


We= 


; Ge d.)5 
w(K*—>7* +2") = Ga 9 ays, 
g 


w(K, >2* +27) = () wr, 
w(K >29 +7") = Chay ae (A-19) 
Especially for Ja=%=g, the |4J|=1/2 rule holds. (A-19) becomes 
w(K*t >2* +2") =0, 
w(K, >2t +27) =wre, 
w(K > +2") =1/2 wr. (A-20) 
For J.=g and g,=0 we obtain 
w(K*>2*+n7°)=wr, 
w(K >t +27) =we, 
w(K, >7°+2") =1/2 wr. (A-21) 
Using (A-16), we get 
We=2.7 X10" sec™, (A-22) 


which is in agreement with the transition rate for K,° decay. (A-21) must be 
ruled out because of the too rapid decay rate for the K* meson. 

vy) K-a+n2" decay 

In a similar way, we have, 


* In reference 2), the relation between wy and w(K*+—>79+et+y) was established. Eq. (2-17) 


[9,2 2 ; 
in reference 2) is satisfied by taking G=—2P=n/ 9S . 9K" The factor 2 in (A-1) and (A 


T 
must be adjusted. 
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: 2 (gMe)? 4Qng—m,)? 
Papies 2 + _ygpt O/) _. dx e oe Mer 
es Ean An (27)* Mem ‘ 
 VAnx= ma — me} {ix + mai) — me} ICP. (A -23) 
- Myx My +M, 
7 w's/twx is plotted vs. m,/mx in Fig. 4. Since a heavy neutral meson has not 
i yet been observed, we have to require m,,—354 Mev. 
a vi) K,, o7+a-+2 decay 
of The effective Hamiltonian for K*—-7°+7°+27* is given by 
i nae Frage 2 he 
: H=——7= (iK*@,—3,)0") (id* 6, —3,)9"), (A-24) 
“: V 4 
we : 
2 and the corresponding decay rate is 
wv zi “ 4 m,> 
“a w(K* 2° +2°+2*) =—__ (Qn) yD a aera ht My! Mx X 0.070. (A-25) 
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Rigorous solutions of Einstein’s field equations of general relativity are presented. They 
are found to represent the gravitational field within a shell of radiation flowing outwards in 
a homogeneous universe. These models suggest that the effect of complete conversion of 
matter into radiation appears to decrease the curvature of the universe. 


§ 1. Introduction 


Following a method initiated by Vaidya,” Raychaudhuri” considered the case 
of a mass particle being completely annihilated and converted into radiation. He 
found that such a process could not be adequately described by the field equations 
of relativity. However, Israel? found that the relativity equations are adequate to 
describe such a process of complete conversion of a mass particle into radiation 


and he has given a model for the same. 
In all these attempts, the mass particle was embedded in Schwarzschild space- 


time and after the complete conversion into’ radiation, the hollow created was 
empty (flat). It would be of interest to see how these conclusions are modified 
when the same process is studied, not in the 
ground of a homogeneous universe. 

We begin with the Lemaitre universe, given by the line-element 


dst= — 2 Zed +sin’ 1 (dl? +sin’ 6 dg’) }+ dT° (1-1) 
and choose a convenient radial coordinate r by the substitution 
ey Ag y Meee (1-2) 
1 + £5 r/2 


where P, is a constant. Then (1-1) reduces to 


P ? dr’ r 2 ee) 2 y D} 
eases sca AOE 2 ; (d@?+ sin 9ag) |-+aT°, (1-3) 
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where 
Qo= Pi /44+1/Z7". (1-4) 


The radius of curvature of this universe will be Z=Z,e%”. The advantage of this 
particular choice of radial coordinate is twofold: (i) The radius Z, of the universe 
is reached in (1-1) at %¥=2/2 and therefore in (1-3) at r-»oo. (ii) Different 
closed as well as open, static or non-static, models can be included by suitably 
restricting the values of G, Py and Q). 

The pressure ~) and density of the cosmic fluid in (1-3) are 


ih: Se LEU ee ee (G5 EN ea, 


AT? as Aad 
3 (42) " =< fe | 
OT) = | +3 _ we 5 
TT 4 ar é Qy A 4 ( ) 


For the process of complete conversion of matter into radiation, the following 
idealized situation is visualized. At the instant t=0, the matter at the origin of 
(1-3) starts emitting radiation. At t=, the last material speck at the origin is 
converted into radiation. Then at much later time ¢, we have a shell of radiation 
moving outwards from the origin. Let r=R,(t) and r=R,(t) be respectively the 
outer and the inner boundary of this radiation shell. Both the boundaries are null- 
surfaces, being respectively the first and the last wavefront of the radiation emitted. 

Outside the shell, in the region +>), is the original cosmological space-time 
(1-3). With the help of the well-known boundary conditions of O’Brien and 
Synge” it has already been shown by -us” that a pure radiation field can never be 
connected with a homogeneous universe with non-zero density of matter. We therefore 
take the shell region R,<r<R, to be occupied by a mixture of matter and flowing 
radiation. The application of the O’Brien-Synge conditions at the outer boundary 
r=, will detemine completely the field within the shell in terms of g,; of the 
outer cosmological model. When the same conditions are applied at the inner 
boundary r=,, it is found that the field in the region 0O<r<R, must be a tons 
mological one but with a curvature different from that of the cosmological model 
in the region r> Rp. 

In § 2 we shall set up Einstein’s field equations of general relativity appropri- 
ate to the problem and in § 3 present two rigorous solutions which represent the 
gravitational field within a shell of a mixture of matter and flowing radiation. In 
§ 4 we shall study the application of the O’Brien-Synge conditions and show that 
the shell must be bounded by two different cosmological models. In view of the 
idealized situation mentioned earlier, we can interpret the solutions as representing 
the field after the complete conversion of a mass particle into radiation in a hom- 
ogeneous universe. 
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§2. The field equations 


The energy tensor for a mixture of matter and flowing radiation is 
Ti= (ptp)viv—pgi tow, w! (2-) 


where p is the pressure and p is the density of matter while o is the density of 
flowing radiation.” In a co-moving frame of reference we can take 


G=w su 0 y= 1, (2-2) 

er er =O: yer = 0.) we): 20! ==0, (2-3) 
(2-1) then leads to 

Ti=—pteoeuw,w, TZ=Tf=—p?, 

Té=ptomw, Th=cw,w. (2-4) 
There is one equation satisfied by the components of T;’ which is 

Ta oO (2-5) 
W4 

The Einstein field equations 


fi 4 - RG? =F Ag; — G; aa a 82T ? 


then lead to 


=Gi Gls ene ae (2-6) 
Wy 
8zp= GY, 87p = — G+ G; —Gj, 8row, uw =—G,. (2: 7) 


§ 3. Rigorous solutions of the field equations 


A line-element, exhibiting spherical symmetry in a co-moving reference frame 


can be taken as 
dsi= —e*dr?—e’ r?(dé?+sin’d dv) +e" de’, (3-1) 
a=a(r,t), B=8(r,t), y=, 2). 


Once g;; in (3-1) are determined as functions of r and ¢, (2-7) determine — 


the march of the physical variables p, ¢ and o. But (2-6) is the only differential 
equation for the determination of the three unknown functions a, f and y. Two 
more relations are therefore necessary. These relations are not supplied by the 
theory of gravitation but are given by the physical nature of the field under con- 


sideration. They are: (i) the equation of state of the fluid of the distribution | 


usually expressed as a relation between p and p, (ii) the law of radiation absorp- 
tion of the medium. Given these two relations, (2:6) can be used to determine 


the three unknown functions @, # and 4. 
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But even in the static case (where «=0) the problem treated in the above 
direct way becomes mathematically difficult. We therefore adopt the indirect pro- 
cedure suggested by Tolman” of assuming two more relations between 9; and/or 
their derivatives, along with Eq. (2-6) and then finding whether the resulting 
solution is physically interesting or not. 

The components of the tensor G/=R/— (1/2) Ry’+Ag,/ for (3-1) are 

—Gi= e| & es 4 Pty" Be 1 |+ ene 


2 r r? 


+e] f+ 22 ba, 
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-Gi=-Gi=-e*| BY ned ‘ B? 4 eae a! B’ 4 B! yy! 
Le 2 4 4 4 4 


TRG / / Ga Wy l 2 2 ye 
Ce Peak +2 |+e4| 2 tee +24 +0 


4 2r r 27 2 4 
ay ela 
Aes elk ; 
Veesle(peed par eee 
4 2 r = r 
. . ; 
zie >| +2 |-4 
4 > 
= 5 3 ‘ . . a , ‘y 
-Gi=- "| 5 — 4 isa é pr een) |. (3-2) 


Here a dash indicates differentiation with regard to r and a dot that with regard 
to zt. Eq. (2-6) in coordinates of (3-1) becomes 


_Giigq:-— Gt 
1 +G, arate, (3-3) 


In the case of outward flow of radiation, we have 


ze 
4 


— Bn a (3-4) 


Eq. (3-3), after substitution from (3-2) and (3-4), becomes 
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a—y)/2) Q 8 i 5 . 3! 5 . 1 
ates pal jr —Eot + (Ba) 2+ (8-4) =-|=0. (3-5) 
The form of the solution for a radiating star in empty space” suggests that a 
function m(r, t) conserved along the world lines of flow of radiation will become 


very useful in discussing the solution of (3-5). A conserved function m satisfies 
the equation 


mw +mw'=0, 
ie. m! ev? + me*? =0, (3-6) 
We now put 
a=~(t)+A4(r,m), B=$(t)+4(r, m), y=y(r, m). (3-7) 
With these substitutions (3-6) for m is immediately integrable, giving 


jer Pea | e*de=0(m) (3-8) 


where @ is an arbitrary function of m and in evaluating (eon dr, m is to be 
regarded as a constant. To find m’, (3-8) is differentiated with regard to r, giving 


m’. (3-9) 


orniay 9 (eee dr |m'= dd 


Om m 


Thus in our further work, m’ will occur as a function of r and m given by (3-9). 
Differentiating (3-9) partially with regard to r treating m as constant, it is easy 


to derive 


Te asia Bot cae (3-10) 


In (3-10) we have two types of derivatives with regard to r. We shall follow 
the convention that a dash over a function will denote partial differentiation with 
regard to r when it is a function of rand t, while the operator 9/97 will indicate 
the corresponding differentiation when it is a function of 7 and m. 

Substitution of (3-6), (3-7) and (3-10) in (3-5) leads to 
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In order that 4, 4 and y may be determined as functions of r and m only, 
independent of the function ¢(t), we equate the coefficient of ¢ in (3-11) to zero 
and get 


Assumption I: i (2 — ce m’. (3-12) 
om om 


As mentioned before, we have to assume one more relation, which we take as 
Assumption II: WE efa* = te (3-13) 


such that m’ is always positive. (3-6) will then suggest that m will be negative 
for outward flow of radiation (w'/w* positive). Eliminating 4, # and y from (3-11) 
with the help of (3-10), (3-12) and (3-13), we get the following differential 
equation for 72’ 


1 ( Om! ‘4 12* Fon" 1p Ont ee ee Sed 
ee : SRL ar Wat Gee 
(ty SOT 20 Or rm’ Or r E ( ) 
The most general solution of (3-14) is 
m’=(1+ Pr+Qr’]", (3-15) 


where P and Q are arbitrary functions of m only. From (3-10), (3-12) and 
(3-13) we have 
Opt Op Gre" 


Of 5 
Tt = - 
Om Or -m! Or 


which, after substitution from (3-15), can be written as 


OV. 


a 
+f (14+ Pr+O0r)=—(P+20r). (3-16) 
Om Or 


Solution I: Q=0 
Equation (3-15) for m is immediately solvable in the case O=0, the solutio 
being 


reSrim— [e-Stmdm=4, (3-17) 


é being an arbitrary function of ¢ only. Differentiating (3-17) with regard to ¢, 
we get 3 : 


m= — be) (14 Pr), (3-18) 
The solution of (3-16) with O=0 is 7 
p= | Pdm+F(@) 


where F is an arbitrary function of ¢. Since F(¢) can be absorbed in Y(t), we 
take 


>” 
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e“=e 


(3-13) then gives 


= \ Pdm 


e=e7S PFe(L Pry; 


while (3-6), (3-18) and (3-20) lead to 


ev=er Pelrm(y + Pr) au 


If we introduce a new time coordinate z in place of ¢ by putting 


ev ddt=dz, 


the final solution in the region R;<r<R, is given by 
re] dr: : 
2 ee ee —F (dP? +sin’d de 
r? 1+Pr eS $ 


Fr — eta ( Pam r. 


Equations (2-7), after substitution for G/ lead to 
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Here an overhead star indicates differentiation with regard to 7. 
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In the case when Q*0, the general aration of (3° 15)sis 
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Here ¢ is an Pivitiary 


tions of m. 
help of (3-25), we get 
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Comparing (3-26) with (3-15), we get 
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(3-19) 


(3-20) 


(3-21) 


(3-22) 


(3:23) 


(3-24) 


(3-25) 


function of t only, while A and B are undetermined func- 
Differentiating (3-25) with regard to r and eliminating ¢ with the 


--r+Qr 


(3-26) 
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@B_ GAR 
ieadO dm dm 
Peas oe SOR LET 2s (3-27) 
i OQ dm A 7B dA B 
Sa dm 
dA “da Bd Alas 
Gs dm dm dm dm _ (3-28) 
dB _ dA p 
dm dm 


J Pam — | 4 dB eS dA | ; 
Qe dm dm 1B 


where «= +1 and the arbitrary constant of integration is put equal to 1. Integrating 
this once again with respect to m, we have 


B=eA| © elma, (3-29) 
7 


where the arbitrary constant of integration is taken to be zero. 
Substitution of (3-29) in (3-28) leads. to 


@A dA ( 1 a2 \ 
: P 7 AO=0: 3-30 
dm dm zi O “dm fate ( ) 


Differentiation of (3-25) with regard to ¢, gives 


- {AQr+ 
a ee ( a (14+ Pr+Qr*) 7. (3-31) 
€ Q?e) Pam 


Since 72 is negative, d and € should be of the same sign. 
The solution of (3-16) is 


U=2 log(¢A+B) — | Pam + PO 
where Fis an arbitrary function of ¢ alone. Since F(t) can be absorbed in ¢(2), 
we take 

ehl2+ 1/2 | ram =A Pe 
Substituting ¢ from (3-25) in the above equation, we get 
eQe'l?) ram 


dAy 
A 
Qr+ dm 


en? — — (3-32) 


(3-13), gives, noting that <7=1, 
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2 J Pam 
rae a eo as (1+ Prt Or) (3-33) 
(4Qr +74 
dm 
while (3-6), (3-31) and (3-33) give 
. 2 
eve (4Qr+ “A 
= ee ee Pree O77) (3-34) 
Qt elram 
If we introduce a new time coordinate z in place of ¢ by putting 
dz=e" ge dt, (3-35) 
the general solution can be written as 
Ss dr’ dt” 
ds=— 1 — 7(d0? + sin?0 dd) + 
r 14-Pr4+Qr ( ) = 1+ Pr +07 
pis eke TNS (3-36) 
dA: 
sors or) 
( oie dm 
where A is given by (3-30). Equations (2-7), after substitution for G,’ lead to 
* 
We J yecig aes ee eer ee ee -A) 
sxp= 21+ Pr+Or){—$— 7 #4 oe as o(42 + 
dm 
ee: dA 2 obs (<4), Vian jAZA p “NA 
2 (40r— 4 Zale evQesran dm ee dm 
* 
re PSO Gh awe OY (24 —A) 
Srp =—— (1+ Pr+Qr paar Sie Tale aL. 
if Or pes 
dm 
ye att dA Se 3° + A\'+ yt AA p ie 
2 P (4Qr dm }+ ev Qe\r™ IG dm! a dm ic 
aa 
: dm ¢ r\ dQ. 
/)2?— ae ~ =| 
870 (w') = Aor 24 2 +r Spee 
* — 
4(¢ ee ie Geet. (3-37) 
2PeT se AOr re dm" 


where an overhead star indicates differentiation with regard to 7. 
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$4. Jump conditions at the boundaries of the radiation shell 


The jump conditions at discontinuities in general relativity have been given 
by O’Brien and Synge.” We have transformed the O’Brien-Synge conditions at a 
null-boundary to suit the system of coordinates mss in the present work. Ac- 
cordingly at a null-surface r= R(t) in (3-1) e*, e”; e”, B’, Ty —RT; and T; RT 
must be continuous. Since R=w'/wt at eee with the help of (2-6) and 
(2-7), one can say that the O’Brien-Synge conditions at a null-boundry r=R(¢) 
in (3-1) are equivalent to the continuity of 9;,, 3’, p and p at r=R(t). 

The both boundaries of the radiation shell are wavefronts of the radiation 
emitted. All the conserved functions retain constant values on a wavefront. We 
shall adopt a general convention that the constant value of a conserved function 
Z of the field over a null-boundary r=R, will be indicated by writing Z in brackets 
with an inferior 7, aS (Z)n. 


Solution 1: A radiation shell flowing in an open universe with imaginary curvature 
We shall now see that our solution I can be fitted on at r=R, and at r=R, 
to two different open homogeneous models. 
Let us take, for rR), the line-element 


Sa 3 
dst=— 78 ee Fh (d#? +sin?d dé) +d?, 
1) 
ria = oie 
F 14+ Pr f \ ke # 
which is (1-3) with Q=0. Since, from (1-4), 
i | 
ee pat (4-2) 


‘the radius of curvature Z=Z,e%” of this universe will be imaginary. 


If the radiation shell in the region Ri<r<R, is given by (3-23) which 
represents our solution I, it can be fitted on the open universe (4-1) at the null- 
boundary r=R). The continuity of 9g,;, at r=Ry, gives 


eI + Cf Pando 


1 hea 


CP) =a, ev 5 dt=e" dt. (4-3) 

The conditions of continuity of §’, p and ¢ are then automatically satisfied at r= Re 
At the inner boundary r=R, of the radiation shell, it is found that, the field 

(3-23) can be fitted on to the Einstein-de Sitter universe with zero curvature 


9 
ds=—" d?—F2(d0°+sin0 de?) + dT”, 
igs 


he 
Fico. fe 


(4-4) 
which is again (1:3) with P,x=Q,=0. The continuity of 9;,, at r=R,, gives 


ee 
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oo ag at Ob eh eF+ (fram dat—=eel" dc. (4-5) 


The continuity of §’, p and p is then satisfied at r=R,. (4-3) and (4-5) together 
lead to 


CFD) — 99 +f Fam)o~(f Fam), [1 +P, RJ? 
FER i i sho (4-6) 
The density o of flowing radiation in the region R,<r<R, can now be written as 


i! _e- G/D) G—({ Pam)1+ [Pam a Loe dG Pe 
2(w")? dm dT 


(4-7) 


Since o has to be positive, (4-7) suggests that if the background universe is ex- 
panding (i.e. dG/dT >0), dP/dm should be positive in the radiation zone R,\<r<R,. 
Since mm’ is essentially positive, this indicates that dP/dr should be positive in this 
region. As P is zero on the inner boundary, it follows that P must be positive 
all through the shell and on the outer boundary, P,>0. 

Thus the boundary conditions at the two boundaries r=R, and r=R, deter- 
mine the nature of the field in the region 0<r<R, and also indicate the march 
of the arbitrary function P within the radiation shell. 

The radial velocity of the radiation in the region RiXr<R, is, from (3-23), 
given by 


dr =sp7¥t [Pam 
dt 


so that 


d (1 dr 
og 


=e) 
dr 


c 


since m’ is positive and P is positive throughout the shell. Thus dr/dz is an 
increasing function of r, hence the outer boundary r=R, is moving faster than 
the inner boundary r=R,. This precludes the possibility of a collision between 
the two boundaries. As the radiation shell moves outwards, the observable universe 
round the origin will be the Einstein-de Sitter universe with zero curvature. 


Solution Il: A radiation shell flowing in a closed universe } 

Here it will be shown that a particular case of our solution II representing 
the field within a radiation shell in the region Ry<r<R, can be fitted at 7s ie 
and at r=R, to two different closed homogeneous models. 

Let us begin with the closed static spherically symmetric Einstein universe, 
given by the line-element 

digo FA ge? + sind de) +d? 
r 1+Pr+Qr 


4 
. 
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2 


T= (4-8) 
14 Prt Or 

which is the static form of (1-3). The radius of curvature Z is given by 
1/Z7=Q=Fi/4- (4-9) 


Here P, and Q, are suitable positive constants and Q, is sufficiently greater than 
P,?/4 so that the curvature 1/Z,’ is positive. 

Let the matter at the origin of (4-8) be completely converted into radiation. 
Let r=R, and r=R, be respectively the first and the last wavefront of the emit- 
ted radiation at a much later time ¢. The gravitational field within the radiation 
shell in the region R,;<r<R, can be given by the solution (3-36). But we take 
a particular case of (3-36) and write for the arbitrary function P(m), 


P= P,=the positive constant in (4-9), 
while retaining the arbitrariness of the function Q(m). We can then write the 
line-element, giving the field within the radiation shell in the region R\<r<R,, as 


te dr’ dt’ 
ds=—— —__— 7" (d?+sin’?6d#) + 
r 1+Pr+0r ( §) = 14+Ar+Or 
ad 2 Pom 
pao ee A (4-10) 
(AQr+ 
dm 
The differential equation for A, in this case, is 
PA dA ( 1 de | 
= dis AQ=0: : 
dm = dm ss Q dm ie Saeed 


The field (4-10) can be fitted into the static Einstein universe (4-8) at the 
null-boundary r=R,, The continuity of g;; at r=R, gives 


(OOF 
dA 
A o Ro 
ev \( 0 oe dm Ja 
ge me FTP. Roi) Re he 
ee, (4-12) 


8’, p and p are then found to be continuous at r=R,. 
At the inner boundary r=R, of the radiation shell, the held, (4-10) can be 
fitted on to an expanding cosmological model, given as 
ee as ry ar 
ro1+P)r+Q,7 
pa en 


ne . 
"T+ Prt+Qr (4.13) 


7) (dé? +sin?0 dé) + dT”, 
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where Q,; is a constant. The radius of curvature of this universe is given by 
Z=Z,e"" where Z, is a constant given by 


Mbit aks: 
ee (4-14) 
The continuity of g;; at r=R, gives 
(O)}7;=0;, 
( 2 
{(A), OR +(4 eee 
sa dm /1 - 
Or ef ouma {1 + Py R, +Q, Rr} 
deen dae (4-15) 


Equations (4-15) are sufficient for the continuity of other junction conditions. 
(4-12) and (4-15) together lead to 


d 2 
A)oQoR (2* | 
eo) — I Epes. dm ; QO? emo 1+P,R:+0, Ri} 
“(dA\\? O2 e? {14+ P,Ro+Q, Ro} 
{(A) QR + (4 ) 
dT =e?" dt. (4-16) 


The equation giving the density o of flowing radiation in the region Ry<r<R, 
can be written as 


dA P: 
820 (w')?= a ave Hk B a r. (4-17) 
PAPA, dA eer m 
i dm 


(4-17) at the boundary r=, will give 


Sno(w')'= (1+ PeRo+ One) 14-4 PaRe |(SE) Re (4-18) 


while at the boundary r=R, (4:17) gives 


1 Led Ge si eee 
820 (w')? =e" (1 + PR + QR’) 1 cater sah oa °R,| (Ze) R. 


(4-19) 


Since o has to be positive everywhere, (4:18) and (4-19) both suggest that dQ/ eh 
should be positive all throughout the region Ri<r<R). But m’ is also positive 
and therefore Q is an increasing function of 7 in R,<r<R), so that OQ, >Q:>9, 


hence from (4:9) and (4:14) 
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it = oe 
oe Le 
The radial velocity of radiation in the region RiSr<R, is 
dA 
sors a) 
CS pean: ( ee dm 
dt eVve 
Using (4-11), it can be shown that 
d (log dr )= ; Py +2Qr >0, 
dr dt 1+P,r+Or 


since P, and Q are both positive. This means that dr/dz is an increasing func- 
tion of r and therefore the outer boundary r=R, is moving faster than the inner 
boundary r=R,;. This precludes the possibility of a collision b tween the two 
boundaries. When the radiation shell has receded to an infinite distance, the ob- 
servable universe around the origin will be one with reduced curvature and given 
by (4-13). Thus the effect of complete conversion of matter at the origin of a 
closed universe appears to be to reduce the curvature of the universe. 

The process can be repeated. The complete conversion of matter at the origin 
of (4-13) will give rise to another universe in place of (4-13) with a still reduced 
curvature. If we imagine successive conversions of this type, the value of 1/Z,° 
goes on decreasing. Q takes up smaller and smaller value in the curvature relation 


1 9 Pi 
Lo 2 4 


where P, is aconstant. As Q—P,?/4, 1/Z,>0. Thus by considering the accumu- 
lated effects of a series of such conversions, the above solution II presents a model 
which implies that a closed universe will ultimately tend to become the Einstein-’ 
de Sitter universe with zero curvature. 


§ 5. Conclusions : 
Two rigorous solutions of the field equations of general relativity are presented — 
in this paper. They have the following characteristics : 

(i) They are regular everywhere. 

Gi) For R:<r<R), they represent the field within a radiation shell travel- 
ling radially away from the origin through a ae of matter of non-zero 
density and pressure. 

(iii) The boundaries r=R,(t) and r=R,(t) are the wavefronts of flowing 
radiation. 

(iv) The field within the radiation shell passes off continuously at the two 
boundaries of the shell to different cosmological models, and the pressure and the 
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density of matter within the shell pass over continuously at the two boundaries of 
the shell to the pressure and the density of cosmic fluids on the two sides. 

(v) We cannot have flat space-time on either side of the shell. As soon as 
one switches over to the flat universe on either side of the radiation shell, the 

radiation density in the shell disappears. 

Both the solutions presented in this paper may be interpreted as describing 
the gravitational situation after the complete conversion of matter into radiation at 
the origin of a homogeneous universe—an open universe with imaginary curvature 
in the case of the first solution while a closed static or expanding universe in the 
case of the second solution. In the both cases the radiation shell can be fitted at 
the inner boundary on to an expanding universe, the curvature of which is less a 
than the universe outside the shell. : 

When the last wavefront of the radiation emitted has receded to the limits of 
observation, the observable universe round the origin is the one which was on the 
inner side of the shell, having a curvature smaller than that of the universe in - 


which the complete conversion took place. Thus an effect of the total conversion a. 
of matter into radiation is to reduce the curvature of the observable universe. On = 
the strength of the model presented here one may stretch this conclusion a little a 


further and say that as a result of such conversions of matter into radiation either 
an open universe with imaginary curvature or a closed universe, after the lapse of 
considerable time, will tend to become the Einstein-de Sitter universe with zero 


curvature. 
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The deuteron properties and the zero energy n-p scattering parameters are computed for 
a number of potentials. These potentials are characterized by the one-pion-exchange tail and 
the semi-phenomenological inner interaction. The numerical results reported will provide a 
basis on which one can estimate the consequence of any reasonable potential consistent with 
the pion theory as far as the low energy 7-p system is concerned. 


§ 1. Introduction 


It is by now generally agreed that the nucleon-nucleon interaction has, at least 
when the energy of the system is not too high, a unique tail of the one-pion- 
exchange potential (OPEP). Unfortunately, the available extensive calculations on 
the low energy 7-p system, for example those of Feshbach-Schwinger” and Kalos 
et al.,” do not take proper account of this nature of the nuclear forces. The pur- 
pose of this paper is to present the results of the analysis of the low energy n-p 
system for a variety of potentials all with the OPEP tail. 

The present work is closely related to the one by Iwadare et al.» Those 
authors have studied the consequence of the OPEP tail properly taking into 
account the reliability of the pion theory of nuclear forces. The actual numerical 
results presented in the following sections confirm various conclusions drawn by 
them. Also, these numerical results will provide a basis on which one can estimate 
the consequence of any reasonable potential with the OPEP tail as far as the low 
energy 7-p system is concerned. 

The conventional variation-iteration method” of solving the deuteron problem 
consists in finding the strength of the potential of given shape (including the hard 
core radius, if any) in order to produce the correct binding energy. As such this 
method does not take advantage of the fact that the tail of the potential is well 
established. Nor does it reflect the fact that we know less and less about the in- 
teraction as the inter-nucleon distance decreases. In § 2 we shall first describe a 
method of the solution of the deuteron problem which seems more appropriate under 
those circumstances. 

The method is then applied in §3 to some 50 iain Sa of various pion- 


nucleon coupling constants and the inner potential forms to compute the deuteron 
properties. 
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In § 4 we turn to the study of the singlet even state. With some interpolation, 
the results will enable one to check any reasonable potential in the state concerned 
against the zero energy scattering parameters. 

We have not considered any linear or quadratic spin-orbital forces in the pre- 
sent work. There is no positive evidence at present for the necessity of these 
forces in the T’'=0 state. Since, however, the potential must have the OPEP tail 
at any rate in the energy region concerned, the present work will form a basis 
on which the effects of these forces may be investigated should they turn out 
necessary. 


§ 2. Solution of the deuteron problem 


Let the S and D radial wave functions (multiplied by 7) of the deuteron be 
u(r) and w(r), respectively. They are the solutions of the well-known coupled 
equations 


Ee + (2 Uelr) }u(r) -2V2 Ur(r)w(r) =0, 
= 
d’w(r) 


a 4 §?— (6/12) —Ue(r) +2Ur(r) }w(r) —2V2 Ur(r)u(r) =0, 1) 


where 7 is the deuteron radius, Ue(r) and U,(r) are M times the central and 
tensor potential, respectively (/=nucleon mass, jc 1.) 

We are concerned with the solution of (1) under the situation that the shape 
and the strength of the potentials are given but the hard core radius 7 is unknown. 
For this purpose we first observe that (1) has two sets of linearly independent 
solutions. As such we choose (uv, w"’) and (uw, w®) which have the asymp- 


totic forms 


(2) ( ) 0 
(ue (n) us re +3/(¢r) +3/ Bes) 2) 


Starting at sufficiently large where (2) holds to a sufficient accuracy, we 
can integrate (1) inward to get solutions («, w”) and (u®, w™) at arbitrary 
+. The correct deuteron wave function can be expressed as the linear superposition 


of these two sets of solutions : 


Be Aes es. or (3) 


w(r) w” (r) w” (r) 


At r=r (core radius) we have 
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u(ro) =Asu™ (ro) +Apu*(m) =0, 


(4) 
w(ro) =Asw? (ro) + Anpw™ (ro) = 9. 
For the existence of the non-trivial solution, this requires 
| (1) ie (2) ~ | 
ke (ro) u™ (10) i, (5) 


jw (ro) w (ro) | 


Since the two sets of solutions are now known, (5) can be solved for 7 to de- 
termine the necessary hard core radius in order to produce the correct deuteron 
binding energy. At r=ro thus determined, we find from (4) 


A;/As= —u™ (ro) /u” (19) = —w (19) /w (1). (6) 


From (2) and (3) it is clear that A,/As is the asymptotic ratio of D to S 
wave amplitudes. This ratio plays an important role in Chew-Mendelstam’s ap- 
proach to the deuteron problem.” 

After finding 7) and A,/As in this way, we can construct the deuteron wave 
function from the two sets of solutions already known. The properties of the 
deuteron and the low energy triplet 7-p scattering system can be calculated in the 
usual way. 

Since the method described above does not involve any variational procedure, 
the accuracy in the final results is determined by that of the integration method 
employed. Some interpolation procedure is necessary to solve (5) for 7. However, 
the accuracy in 7 of one tenth of the mesh size can be easily attained even with 
a simple interpolation method. This small uncertainty in 7 hardly affects the 
deuteron properties. We also note that from the coding point of view for com- 
putors, the present method is considerably simpler than- the variation-iteration 
method. The inclusion of forces other than the central and tensor presents no 
additional difficulty. 

It is interesting to consider the applicability of the present method to the 
scattering problem at higher energies. Suppose that a set of phase shifts, determined 
from the analysis of the experimental data, is given. This enables one to con- 
struct the wave function in the asymptotic region. Our method can then be ap- 
plied mutatis mutandis to see whether a particular potential is consistent with the 
given phase shifts. The practicability of such an approach depends on whether 
the unique (or at least small number of) set of phase shifts is available. 


§ 3. Triplet even state 


Now we turn to the application of the method described above for the poten- 
tials with the OPEP tail. We consider the following type of potentials : 


Vo(x) = —p(9?/4t) (e7*/x) [1 +.ac(e*/z)], (7-1) 
Vr (x) = —p(9?/4n) (e-*/x) (143/2+3/2%)[1 +4 bp(e*/x")], (7-2) 


ole ied Aighik ibe 
+ vt 
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where x is the internucleon distance measured in the pion Compton wavelength 
Sie. 2 : 

fe" =1.415X10-" cm. (7) represents a particular class of potentials which reduce 

to the OPEP (with the effective coupling constant g?/4z) for large x. The factors 


within square brackets specify 
the modification of the OPEP 
at small distances. 

At present we have no 
quantitatively reliable theory 
concerning this modification. 
However, we know that V7(x) 
in the triplet even state around 
the pion range is very nearly 


that of OPEP.*. This is why 


no term proportional to e~* is 
included in square brackets of 
(7-2). Also the actual calcula- 
tion has shown that the addi- 
tional term proportional to e~” 
in the modification factor of 
(7-1) makes little difference in 
the deuteron properties, hence 
it is not considered here. The 
effects of the terms with even 
shorter range such as e~*’, e~%, 
etc., are negligible particularly 
because of the presence of the 
hard core. With these reserva- 
tions the modification factors in 
(7) may be considered pheno- 
menological. Figs. 1 and 2 
indicate the class of potentials 
which (7) can represent. It is 
hoped that sufficiently wide 
variety of potentials can be at 
least approximately expressed in 
the form (7) and the results 
described below be useful in 
finding the consequence of such 


potentials. 
The numerical calculations 


have been performed for 7°/47= 
0.065 — (0.005) 0.085 and 


20 9 
V, 


Cc 


4-1 


| 


Fig. 1. Central force in the triplet even state. Vg(x) ot 
[(7-1) of text] is plotted in the unit 4(9?/4z). Numbers 
on curves are values of dg in (7-1). 
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Fig. 2. Tensor force in the triplet even state. V(x) 
[(7-2) of text] is plotted in the unit 4(g?/47). Numbers 
on curves are values of by in (7-2). ae” 


eR aall wre, 


130 T. Hamada 
Table I. Deuteron properties and the triplet effective range calculated from the 
potential (7). 2p=hard core radius in units of the pion Compton wavelength 
(1.415 x 10-18 cm) ; Q=electric quadrupole moment in 10-2’ cm?; 37,=triplet effec- 
tive range in 10-!3cm (rigorously speaking, this is p(—€, —€) of Bethe”); Pp 
= D-state probability ; Ap/As=asymptotic ratio of D to S wave amplitudes. For 
comparison the relevant experimental data are Q=2.738+0.014 and %7,=1.704+ 
0.030. ; 
ee a ee a ene ee aE gb Te 

g/An ag br ZX Q | ie Pp | Ap/As 

0.065 0 0 0.288 | 2.48 | 1.57 0.0671 | 0.02375 

10 0 0.358 | 2.58 1.74 0.0596 0.02355 

14 0 0.382 2.61 1.80 | 0.0573 0.02347 

0 1.4 0.417 2.66 1.65 : 0.0766 | 0.02474 

8 1.4 0.440 2.73 1.76 | 0.0707 | 0.02456 

0 2 0.442 Zetia 1.67 | 0.0790 0.02505 

0.070 0 0 0.306 Belt 1.62 0.0696 0.02493 

4 0 0.336 2.66 1.70 0.0659 0.02484 

6 0 0.351 2.68 173 0.0647 0.02480 

8 0 0.364 2.70 1.76 0.0636 0.02477 

10 0 0.378 Le (3 179 0.0623 0.02473 

0 0.4 0.363 2.68 | 1.65 0.0736 0.02528 

0 0.6 0.381 Dull: 1.66 0.0749 0.02541 

2 0.6 0.390 2.73 1.69 0.0732, | 0.02537 

0 0.8 0.395 213 1.67 0.0757 0.02553 

4 0.8 0.411 2.77 deZ3 0.0727 0.02545 

0 it 0.409 2.75 1.68 0.0772 0.02567 

0.075 0 0 0.325 2.74 1.67 0.0718 0.02606 

—4 0 0.287 2.68 1.58 0.0756 0.02614 

—3 0 0.298 2.70 1.61 0.0749 0.02613 

—2 0 0.307 Pan 1.63 0.0738 0.02610 

—1 0 0.315 23 1.65 0.0730 0.02609 

1 0 0.330 2.76 1.69 0.0709 0.02604 

2 0 0.339 217 nfl 0.0702 0.02602 

3 0 0.347 2.79 Te} 0.0696 0.02601 

0 —0.2 0.256 2.70 1.65 0.0679 0.02582 

2 —0.2 0.291 243 1.70 0.0670 0.02580 

3) —0.2 0.304 2.45 GZ 0.0662 0.02578 

0 —0.1 0.299 Zaz 1.66 0.0705 0.02596 

0 0.1 0.341 2.76 1.68 0.0732 | 0.02616 

=1 0.1 0.334 2.19 1.66 0.0739 0.02617 

—2 0.2 0.343 245 1.65 0.0759 0.02628 

0 0.2 0.355 2.78 1.69 0.0740 0.02623 

—3 - 0.3 0.352 2.76 1.63 0.0778 0.02638 

0 0.3 0.367 2.80 1.69 0.0753 0 02632 

i 0.3 0.373 2.81 Jb rAll 0.0740 0.02629 


— . F 
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7 /4x ag br | Xo Q Br, Pp ‘ Ap/As 
0.080 , 0 Peeper 0-380 | OT ae Ae? 0.0742 0.02716 
4 Gerda JON805 2.81 1.63 0.0779 0.02724 

=3 0 0.314 2.83 1.66 0.0768 0.02722 

22 0 0.323 2.85 1.68 0.0758 0.02719 

—4 =0:1 0.270 249 et 1.62 0.0766 0.02714 

0 —01 | 0.320 2.86 £70 0.0730 0.02706 

72 —0.2 | 0.243 2.80 1.66 0.0721 0.02697 

0 UNO 287: wet. 2 8284 1.70 0.0712 0.02695 

0.085 0 Gee ee OP td OL 1.76 0.0762 0.02821 
<a 0 OS2Uf od ne oan LN 61.68 0.0800 0.02829 

=8 Dara. 0283 Se aGh Mle? Al58 0.0846 0.02838 

| 40 0 0.261 | 2.82 1.52 0.0872 | 0.02842 

#4 S08 0.221 | 2.85 1.68 0.0639 0.02762 

|-* 0 at).4 0260 | 294° | 174 | 0.0697 0.02785 


* The entries with * are subject to error of several percent. Errors in all other entries should 
be less than one percent. \ 


Table II. A typical deuteron wave function. The radial wave function (multi- 
plied by x) are shown for the potential (7) with g?/4r=0.075, ag=2, br=—0.2, 
and 2)=0.291. This wave function gives O=2.73, §r,=1.70, Pp=0.0670, Ap/As 
—0.02580, and the normalization integral \"" (w2-+ w?) d= 0.92656. 


ee eee 


— eee 


x u(z) w(x) 

0.3 0.0156 0.0063 
0.4 0.1853 0.0782 
0.5 0.3284 0.1414 
0.6 | 0.4335 0.1839 
0.7 | 0.5048 0.2077 
0.8 0.5505 0.2180 
0.9 0.5781 0.2194 
1.0 0.5926 0.2153 
11 0.5981 0.2077 
1.2 0.5972 0.1983 
13 0.5918 0.1879 
14 0.5833 0.1772 
15 0.5727 0.1665 
1.6 | 0.5606 0.1561 
L7 0.5475 0.1461 
1.8 0.5337 0.1366 
19 0.5196 0.1276 
2.0 0.5053 0.1192 
2.2 0.4768 0.1040 
2.4 0.4488 0.0909 
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x u(x) | w(x) 
2.6 0.4218 | 0.0796 
2.8 | 0.3961 | 0.0698 
3.0 | 0.3717 | 0.0614 
3.2 0.3485 | 0.0541 
3.4 0.3268 0.0478 
3.6 | 0.3062 | 0.0424 
3.8 | 0.2870 | 0.0377 
4.0 0.2689 | 0.0335 
4.2 | 0.2519 | 0.0300 
4.4 0.2360 | 0.0268 
4.6 | 0.2210 | 0.0240 
48 | 0.2070 | 0.0216 
5.0 0.1939 | 0.0195 
5.5 0.1647 | 0.0151 
6.0 | 0.1397 | 0.0118 
6.5 | 0.1186 0.0094 
7.0 0.1007 0.0075 
75 5 0.0854 | 0.0060 
8.0 0.0725 | 0.0048 
8.5 | 0.0615 | 0.0039 
9.0 | 0.0522 / 0.0032 
9.5 0.0443 | 0.0026 
10.0 | 0.0376 | 0.0021 


somewhat arbitrarily chosen ae and 67. Results are listed in Table I. For the pure 
OPEP (ac=bp=0) with g’/42=0.0755, Blatt and Kalos® give, in the same units 
as in Table I, x) =0.322, Q=2.74, ?r,=1.66, and P,=0.0718, which are consistent 
with the present results. A typical deuteron wave function is shown in Table II. 

In view of the wide variety of inner interactions covered by (7) [see Figs. 1 
and 2], it is remarkable that the deuteron properties are relatively stable against 
the change of ae and by for a given g’/4z. This, indeed, is the reason why the 
deuteron problem may be used to determine g’/4z in spite of large uncertainties 
in the inner interaction.” This situation is a consequence of the facts that V,(x) 
plays a much more important role than V,(x) in the deuteron problem and that 
V,() is not very much different from the OPEP around the pion range [no term 
proportional to e~” in the modification factor of (7-2) ]. 

In their study of the deuteron problem, Iwadare et al.” have averted the un- 
certainties concerning the inner interacion by assuming certain quadratic forms of 
the wave function itself for x<1. Their conclusion on the pion-nucleon coupling 
constant, g°/47=0.075+ 0.010, is in good agreement with our results of Table T. 
We note, however, that the accurate determination of the coupling constant from 
the deuteron problem requires precise knowledge on the mesonic and other cor- 


— ys ee 
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rections to be applied to the quantities given in Table I. We also have to remem- 
ber that (7) represents only a special class of potentials. Even with these re- 
servations, it is perhaps significant that P,=6~8% and A,/A,;=0.024~0.027 for 
reasonable potentials. 


§ 4. Singlet even state 


All the available pion theoretical calculations indicate that the potential in the 
singlet eyen state should be much more attractive than the OPEP around and inside 
the pion range. This feature is indeed required to reproduce the experimental 
zero energy scattering parameters in the state concerned.” 

We then have chosen the following type of potential in the singlet even state: 


V(x) =—"(9?/4e) (e~*/x) [1 +40 (e~*/x) + bo(e*"/ x"). (8) 


Again the factor in square brackets specifies the modification of the OPEP at small 
distances. The hard core radius is not specified beforehand. 


At zero energy, the experimentally -known singlet n-p scattering length, | 


—23.7X10-" cm, determines the asymptotic behaviour of the wave function. Given 
a potential (8), then starting at sufficiently large x we can integrate the Schrodinger 
equation inward down to 2) such that u(2))=0. The effective range may be 
calculated in the usual way from the solution. 

Table III shows some results obtained in this way. All entries are consistent 
with the experimental indication 'r,=2.1~2.8X107-" cm. 


Table III. Singlet 7-p effective range 17, (in 10-# cm) calculated from the potential 
(8). The hard core radius x» (given in the pion Compton wavelength) is adjusted 
to give the scattering length 1a(mp) = —23.7 x 10-¥ cm. The experimental evidence 
is 17,(2p) =2.1~2.8. 


g/4x ag | be Zy ly, 

0.065 6 | 0 0.135 2.12 
10 0 0.211 2.39 
14 0 0.269 2.59 
10 4 0.264 2.46 
10 8 0.299 2.52 
10 12 0.325 2.56 

0.070 6 0 0.147 2.21 
10 0 0.225 2.48 
14 0 0.284 2.68 
10 4 0.277 2.55 
10 8 0.311 2.60 
10 12 0.337 2.65 
14 8 | 0.347 2.76 
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9 /4x ag | by | Xo | re 

0.075 6 | 0 0.159 | 2.30 

8 0 0.202 | 2.44 

10 | 0 | 0.239 | 2.56 

12 | 0 | 0.271 2.67 

14 | 0 | 0.299 2.76 

10 4 | 0.290 | 2.63 

10 8 | 0.323 2.68 

10 12 0.349 2.72 

10 14 0.361 2.75 

12 12 0.366 2.80 

14 | 4 0.334 2.81 

| 

0.080 6 0 0.170 2.38 

10 0 0.252 2.64 

14 0 0.314 2.84 

10 4 0.302 2.70 

10 8 0.335 2.76 

10 10 0.349 2.78 
S 12 4 0.325 2.80 
: 0.085 4 0 0.125 297 
i 6 0 0.181 2.45 
: 10 0 0.265 2.72 
? 12 0 | 0.298 2.82 
eS 10 4 | 0.313 2.78 
10 8 0.346 / 2.83 
8 10 0.340 2.76 
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A method is proposed which makes it possible to take into account the contribution from 
the pair state in the calculation of the proton-neutron mass difference without regard to the 
form of the matrix elements related to the pair state. It is shown that there exists a consid- 
erable difference between the result of our method and that of the Feynman-Speisman method 
in the internal region of the nucleon cloud. The model of form factors is considered in 
which the core exists only in the charge iso-scalar part. The result derived from this model 
is not satisfactory owing to the wrong sign of the mass difference. In order to get a good 
agreement with the empirical data it would be necessary to introduce a core at least into one 
of the form factors of the charge iso-vector type and of any kind of the magnetic moment 
type. The magnitude and the sign of the core is briefly estimated for each type of form 


factors. 
§ 1. Introduction 


Recently, several authors ”~” have investigated whether or not we can inter- 
pret the proton-neutron mass difference as that originating from the electromagnetic 
interaction, by using the information on the nucleon structure obtained by the 
experiments on high energy electron scattering at Stanford University.” The 
conclusions obtained by them are rather pessimistic. However, it seems to us 
that in their investigations there exist some unsatisfactory points which will be 
discussed in the following. 

In the Feynman-Speisman method,” the mass difference is calculated by in- 
serting the experimental form factor into the vertex part in the Feynman 
diagram. This vertex part has one real and one virtual nucleon lines. Therefore, 
it is necessary to find the expression of the form factor for the virtual state, while 
the experiment only furnishes information on the real state. In order to avoid 
this difficulty, Wick and Sorensen” represented the intermediate states in terms 
of the physical states and calculated only the contribution from one-nucleon states. 


This approximation gives the following expression for dm (the electromagnetic 


self-mass of the nucleon) : 


= ey 1 pli, |p—*)(p—ki-OIP? gd 
Omu(p)u(p) me Bk Ee By: (1-1) 
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where (p|j,(0)|p—k) is just the matrix element whose behavior as a function 
of the momentum transfer can be obtained by experiments. 

In the perturbation theory, the intermediate state with a single nucleon and 
the state involving the nucleon-antinucleon pair play equally important roles for 
dm. From this reason, Sunakawa and Tanaka (S.T.)” discussed the contribution 
coming from the pair state and obtained 


k 2|k| |k|+ 2,4 Ep-x 


for Omu-u, where |0), |p, --p+k) are the state vectors describing the vacuum and 
the pair state respectively. They assumed some expression for (0|j,(0) |p, —p+k), 
since we have no experimental information on this matrix element. In § 2, we 
shall propose a new method to take into account such a pair state effect without 
regard to the concrete expression of (0|j,(0) |p, —p+k). 

Next, we shall discuss the other unsatisfactory point. In the previous investi- 
gations, the spatial distribution of charge and magnetic moment of nucleons has 
been assumed to havea simple exponential type except for the charge distribution 
of neutron which was put equal to zero as suggested by the experiments. In the 
present stage, we have considerable information about the nucleon cloud — in 
the outside region but no definite information in the inner region. The mass 
difference may be seriously affected by the inner structure of the nucleon. Last 
year, some authors investigated” this effect by assuming the special forms of the 
distribution functions. However, their methods of calculation are essentially the 
same as the Feynman-Speisman method which is unsatisfactory as mentioned in 


the above. We shall see, in § 2, that in the inner region there occurs a consider- 


able difference between the result of the Feynman-Speisman method and that of the 
new method which will be proposed in §2. In §3, the effect of the inner struc- 


ture will be investigated by using the new method and assuming a simple inner 
structure of the form factors. 


§ 2. Contribution from nucleon pair 


In the second order approximation of the electromagnetic interaction, dm is 
given by the expression 


dmu(p) u(p) = 5} 1 —- SP1I-O) ln; P—k) <n; p—klj,.(0) |p) 


2 1 (O|j,.(0)|m ; k><m ; klj,(0) |0> 
ae > Ju : 
aa hes (2-1) 


where |7;p) is the state with a momentum p and » stands for the set of the residual 
quantum numbers and 5” means that the summation should be carried out only 
over the states involving the nucleon with momentum p. In the intermediate 


es ak a ok ale A pe 
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states appearing in the above expression, many kinds of states can be considered, 
among which the one-nucleon state for the first term and the one-nucleon-pair 
state for the second are considered as having the predominant contributions to 
Om,—0m, as frequently pointed out by several authors. For example, it was 
shown by (S.T.) and Sorensen® that the contribution from the (one nucleon +one 
meson) state is about ten percent of the experimental value. 

Now if the contribution of the all possible intermediate states are taken into 
account, the result is naturally to be invariant under Lorentz transformations. 
Then, it is convenient to choose a special Lorentz frame in which the nucleon has an 
extremely large momentum. In the limit |p|—>o, the denominator of the 1st term in 
Eq. (2-1) hasa finite value; on the other hand, that of the 2nd term becomes to 
diverge. Therefore in our Lorentz system our task is to evaluate the first term 
of Eq. (2-1) in the case of |p|—co. This clever choice of the Lorentz-frame 
makes it very easy to calculate 0m in comparison with the method of (S.T.) where they 
have made use of the rest system of the nucleon and consequently they had to 
calculate the unwelcome second term. 

We take the conventional form for the matrix element of the current density 


of the following type: 
(Pl i.(0)|a>=ie a(p) {7 o—a) + (1 


) Fut MP—@ Xp —@) u(q), 


In order to compare the result of the present method with that of previous ones, 
we shall, in this section, take the following form factors which have been used 
in the previous investigations : 

Vig 
ee 


Fi? (k) =F? (k) = ) for proton, | 


(2-3)* 


2 2 
Fy" (k) =0, Fy" (k) = Cony for neutron. 


Then the calculation of Eq (1-1) for |p| leads too 


eee lB oe\ Pe (47 t 88 (= 10 ue ) ee 
dm=—— ( +H _ #) (447+ 34) +(S- 4100+) ag 
ppc 3 a) {(34-32+2 p')—(2-4 +2) 
5 seo) Gora Sens aatae 
xe (24 Sts) +4], (2-4) 
1— 77/4 Eten 4 (1— 4/4)?! 


~ * In what follows, we use the unit M=1. 
*k After the integration with respect to the azimuthal angle of k, we change the integration 


variables dk, d cos 6 into du, dv, where u=E,,~z+|k|, v=E,,~—|k| (see W. Heitler. “The Quantum 
Theory of Radiation” (The Clarendon Press, Oxford) 3rd ed., p. 297-298. 
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where 
fbi . [2 tan, : ue | for, 4, 
hima —f/4 
| A/2 A—=3By/ (P/4) —1. 
— = log —— 
V (7/4) —-1 A+2Y (#/4)—-1 
On the other hand, in the nucleon rest system, the value of Eq. (1-1) becomes 


e | a e 3 \ a ; 11 DN 4 
Seana 4+7p-+ 3p") + ah hoe ag Lt 
167” be Se ee ee 2 /1—A/4 


fori > 


3 3 1 
Se Oo OES 
ae alae > f) (i—- 2/4" 


St aed. 1 (= 338 1 | ] 
aes PS a ee pS SD Se A (3-6 
Gees PINE ie © ieee eae (1—#2/4)?) eat 


b+ (34342 =a > 


In the limit ~=0 and A>, the above expressions should give the self-energy 
of a point charge. In fact we see that the expression (2:4) tends to diverge in 
a form (3a’/2z)logA for this limit in agreement with the well-known expres- 
sion. On the other hand, the limiting expression of (2-6) diverges quadratically 
with A-oo. From this fact, it may be said that the contribution from the nucleon- 
pair has been correctly taken into account in the present method. 

The result of the proton-neutron mass difference, 4m=dm,—9m,, is shown in 


Fig. 1 and Table I as a function of root-mean-square (7s) radius “ a= \/12/#4M*” 
with /(proton) =1.79, (neutron) = —1.91, 
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Contribution from the one nucleon 
state (obtained from (2+6)) 


Fig. 1. Comparison between our method and F. S. method. 
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For the experimental value of “a” (=0.8x10-" cm), we get 


4m==2 electron mass. 


This result seems to be quite unfavorable at least for the above taken value of 
ce »> . . 

a”’, an appreciable difference can be expected to occur in our treatment as com- 
pared with the result of Feynman-Speisman method. 


Table I 
A2 ares ‘ See Ina as | He ee 
| (electron mass) | (electron mass) 
0.35 | 1.23 1.38 0.92 
0.5 1.03 1.65 0.99 
0.8 | 0.815 | 2.05 0.99 
1.5 / 0.595 | 2.65 0.66 
3.3 | 0.40 3.38 —1.06 
13.0 | 0.20 | zie | 172 
23.0 | 0.152 a. o7 —38.8 


§ 3. The effect of the nucleon form factor 


As stated in the Introduction, at the present stage of experiment, we can only 
determine the forms of the distribution of charge and magnetic moment in the 
peripheral region of the nucleon cloud (r>0.9x 107" cm), while the inner struc- 
ture of the nucleon remains still open to investigation. Under such circumstances, it 
may be reasonable to consider that the nucleon has a very complicated inner- 
structure which is usually called “nucleon core”. However, before giving the 
concrete expression of the form factors, we shall derive the expression of 0m for 
an arbitrary form factor. Since the arbitrary form factor is always expressed as 
the superposition of the exponential form factors by means of the Laplace transfor- 
mation, let us generalize the expression (2-4) into the one corresponding to the 
graph, the two vertices of which have different values of 4.. This generalization 
can be easily achieved by applying the parameter integral method to Eq. (2-4), 
the detailed explanation of which will be given in the Appendix. 

Now let us return to the main problem. In the first place, in order to make 
the neutron charge distribution as simple as possible, we shall assume the following 
form factor which is a linear combination of the simple exponentials. Since the 
form factor gives rise to F "(0) =0 and <7*),"~0, it should be composed of at 
least three different terms of the exponential type. Then we have 

Maegan oo) | A, | ‘| A; =f 
Fy'@ lpr +C, Sanat +C; Giw , (3-1) 
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or in the ordinary space 


1 : 
BE ess | dq exp (iq-r) F({q|), 
3 ; Ae 
see fte. exp[—“”, Pape an Pee: -exp[—A,r]+ C,’ — exp[— A,r]. (3-2) 
87 82 87 


Let us separate the form factor into the iso-scalar and iso-vector parts, 1.€. 
Py3= (Fi 3+ F,3) /2, 
12= (F183 —F 13) /2. 


(3-3)* 


From the general consideration based on field theory, we have known that in the 
region of large “7” the iso-vector part is predominant as compared with the iso- 
scalar one.” Accordingly, we see that the first term of (3-1) corresponds to the 


iso-vector part while the remainder may be regarded as representing the iso-scalar 


one, as the first term becomes predominant for a large value of “7” owing to 
the assumption on /’s. Thus we put 
il A 2 2 \ 
"Gy se ass) ; | 
FY’ @ 9 1 Grd? | 
1 ARS Az \*) | (3- 4a) 
‘Was c(—4 rato), 
Fy (q) 5 | 2 gta? 3 G+Ag | 
Co 0 and Ce << 0. ) 
Furthermore, 
; ’ A? 2 
Fi@ =|} 
; ¢ +A? (3 : 4b) 
Fxg) = 0: 


This model in which the “core” is represented by the second term of F;' 


may be too simple to reflect the real situation of the internal structure of the 


nucleon. The reason why we have chosen such a simple model as (3-4a) and 
(3-4b) is, on the one hand, to get a clear insight of the relationship of the mass 
difference to the internal structure of the nucleon and, on the other hand, the 
expression of F° is consistent with the result given by the perturbation method 
in the usual meson theory.” 

The unknown parameters /’s and C’s in (3-4a) and (3-4b) are restricted by 
the requirements F,’(0) =F,'(0) =1/2, and (7*),’=(7*),'= (0.8 107 cm)?, that is, 


* It should be noticed that. since the magnetic form factor is normalized as Fy ?(0)=1, this 
definition of the iso-scalar and ‘iso-vector part of magnetic form factor differs from the conventional 


ones. The conventional form factors, denoted by F pike Fy, are equal to y,/,”, up» F.” in our notation, 
respectively, and we have Fy= (Ms tT73 My) (Fo8 +73 Fy”). 
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the neutron. This fact is due to the following 
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C=], CGot-G,=1, (3-5) 
AZ =0.8. 

1 = 1 ( C, a “+ (3-6) 
He ey teGe ate AS) 


hence we get 
— V/Ar—1/As 

1/4 —1/ Az ’ (3-7) 
3=1—C,. 


C; 


Let us separate 0m into the following three parts, 
6m=0%m+d%m+0m, (3-8) 


where the first term is independent of » and the second and the third term are 
proportional to # and /’, respectively. The calculation of 0m can be performed 
by using the expressions of the functions 4°” (/, 


A), 4%>(A,A) and 4°”(A, A), which will be stated - ae 
in the Appendix. The result is shown in Table | 4 A? =0.8 
II, Table III and Fig. 2. It is seen that the ne A,’ = 23 
self-energy Om, of the neutron is considerably Bae 
large as compared with that obtained by previous 3 
investigations, for the reasonable values of A, and ie 
A,. Were we have assumed that 4; is about 23 
(the corresponding core radius ~1/M). me 
Unfortunately, the proton also has a large Es 
6m-value in our model and is still heavier than wees 


~ 
cs 


reasons : Neniron 


In our model, the “core” gives a nearly 


equal amount of contributions to the both kinds een 5.897 _3:3 Ne Az 
ele 


ie) 


Electromagnetic self-mass 


of nucleons as the “core” appears only in the 02 20.804 © OS OE 
iso-scalar part. Now let us consider the 0m us ee 
term. Since, for this, only the interaction bes 

tween the charge iso-scalar and iso-vector parts Fig. 2. Electromagnetic self-mass 
gives rise to the mass difference, we get, by using of nucleons in our model. 


Eq. (A-3) in the Appendix, the expression 
Pee M,—O” my =— (Ca : [C,) 4%? (A, AD we |C;| [Cae (A, A;) }. (3-9) 
On the other hand, we have the restriction |C,| <|C,| owing to the positive charge 


of proton and the fact that the positive definite function J°” (A,4,) is nearly equal 
to 4%) (A,4;) in magnitude for the small values of A, such as (4,=0.8) (see Fig. 3 
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Table Il. The values of C,, C, in the form factor 


Table III. A. The electromagnetic self-mass of a neutron 


Ae2 v2 6D) m,, 62) m,, OM», dM», 
3 2 (Mx 107?) (CQEA10 a2 ee (Mx 1072) (electron mass) 
15 | 0.021 —0.007 —0.008 | —0.15 
18 3.3 0.20 | —0.02 | 0.16 2.9 
; 5.9 0.64 —0.04 | 0.58 | 10.6 
1.5 0.023 —0.007 =0,007 9} LOTS 
) 20 3.3 | 0.22 —0.02 0.18 | 3.2 
; 5.9 0.69 —0.04 | 0.63 | 11.6 
me — —s = a iv 7 
1.5 0.025 | = 007 me) —0.004 —0.08 
Fi 23 3.3 0.24 —0.02 | 0.20 | 3.7 
5 5.9 0.77 —0.04 0.71 13.0 
bs = = — = 
i | 
a 1.5 0.027 —0.008 —0.003 | —0.05 
26 3.3 0.27 | —0.03 0.22 4.0 
i 5.9 0.84 —0.04 | 0.78 | 14.3 
(6 m,= —0.022 x 10-2 M) 
ia ; B. The electromagnetic self-mass of a proton 
: : Ag? A,2 a” my | 8° m, My dm, 
= (Mx 10?) (Mx 1072) (Mx 107-2) (electron mass) 
2 1.5 0.10 0.02 0.10 1.9 
ei 18 3.3 0.27 0.03 0.28 5.1 
% 5.9 0.69 0.04 0.71 13.0 
a, : ete ice 
: 15 0.10 0.02 0.10 1.9 
i 20 3.3 0.28 0.03 0.29 5.4 
. 5.9 0.73 0.05 0.76 14.0 
“ 1.5 0.11 0.02 0.11 1.9 
5 23 3.3 0.31 0.03 0.32 | 5.9 
5.9 0.81 0.05 0.84 15.4 
ee 
: d 1.5 0.11 0.02 0.11 2.0 
3 26 3.3 0.33 0.04 0.35 6.3 
fo) 5.9 0.89 0.05 0.92 16.9 
(6® m,=—0.02 10-2 M) 
: 
‘4 
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in the Appendix). Consequently, the right-hand side of Eq. (3-9) becomes positive 
contrary to our desire. 


my Pe 
The 0° m-term also has a contribution to the mass difference which is given 


by 


a” m/p=— (+ |Cy] 42 (A.A) + [Cs 


AA, A,) —|Cs|4°? (4,4,)], (8-10) 


where the signs(-+)correspond to the case of proton and neutron respectively. In 
the right-hand side of Eq. (3-10), the only negative contribution comes from the 
first term for the case of neutron, as we shall see from Fig. 4 in the Appendix, 
but this negative contribution cannot make the expression 0%m/p negative by 
virtue of the fact that |C,|=|C.|,|C;|. Accordingly, this kind of electromagnetic 
effect gives a further unpreferable contribution to the mass difference. From these 
results, we reach the following conclusion : 

“The internal sharp core assumed for the iso-scalar part is not sufficient for 
giving a theoretical explanation to the well-known mass difference. In other 
words, the same kind of core should be introduced in the iso-vector part of 
the charge and/or magnetic form factors in addition to that of the charge- 
iso-scalar part.” 

Let us make a brief discussion on the effects of this additionally introduced 
core with the assumption that the core radius is of the order of about the Compton 
wavelength (1/M) of nucleons. 

(1) The effect of the internal core in the charge iso-vector part 

As the positive core in the iso-vector part of charge distribution makes the core 
of the neutron deeper than that of the proton, such a core is favorable for obtaining 
the empirical mass difference, because the deeper the core becomes, the larger the 
mass we get. This positive core also contributes to the 0° m-term and gives rise 
to a positive contribution to (dm,—Om,) which is, however, expected to be 
small in so far as the magnetic form factor of the simple exponential type is 
adopted. Table IV _ shows the agreement between the empirical and the 
theoretical results obtained by using the following form factors which has a positive 


core in the charge iso-vector part: 


alk A,” 2 ae A | 
poe pia | 
FY (@ 5 | 1 P+ Ad 2 P+Ag 
other form factors being given in expressions 
(3-4a) and (3-4b), ; 


—23 tentatively. These values of A’s lead to 


(3-11) 


where we have put d,'=0.5, As 
D,=0.617, and D,=0.383, following the same line of arguments in the previous 
case. This result means that about 1 /3 of the total charge of iso-vector part 1s 


contained in this core. 
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Table IV 
a _————— 
yeaa eae or 63) m | om | Am=dm,—dmMy, 
(Mx 10-2) | (M1072) | (Mx 10-2) | (Mx 10-2) ese Celectton wnaay 
st | : | 4 mass 
Jaya. | pentron” | ~,0,32 —0.03 | —0.02 | 0.27. ~.) 5.0 | wae 
: proton | 025 | 003 | 002 | 026 | _48 | 
Ag=5.9 | neutron | 0.90 | -004 | —0.02 | 0:83, waked oS =e 
=. | 
proton | 0.64 0.046) | “a eO0Rtly *t 006 3") sagt 


(2) The effect of the internal core in the magnetic form factors 

As mentioned above, the negative value of (0%m/) is preferable to obtain 
the empirical mass difference. If we assume the existence of the negative inner 
core in the magnetic form factor of both the proton and the neutron, i.e. in the 
magnetic iso-scalar part “ F,*”, it is possible to make (0m/y) negative, because 
the cross-term relating to the core in the charge iso-scalar part and this magnetic 
core gives the largest contribution to 0m and has the negative sign owing to 
negative d”” (AA) for large value of A and A. 

Next we shall consider the positive core in the iso-vector part of magnetic 
form factor. The contribution to the 0°-term from this core has a positive sign 
for both the proton and the neutron, and is proportional to ||, namely the contri- 
bution to the neutron is larger than that to the proton. Furthermore, in this case, 
0m also has the favorable sign. 

Then, in our simple model, we see that in order to get a good agreement of 
the theoretical result with the empirical mass difference, there are the following 
several choices in introducing the core into the form factors : 


. . . | 
kinds of form factor notation in our paper | sign of the core 
charge iso-vector part | Fy | = 
magnetic iso-scalar part Fys | = 
magnetic iso-vector part | Pye | a 
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Appendix 


We shall try to replace the form factor appearing in Eq. (1-1) with the 
more general one defined as 


Be ae) a a a Ase? : 
Fe @ = SCFM), (a=1,2), FUP) =| |, (A) 


= 
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which forces us to calculate the expression of the self-energy with a couple of 
form factors with the same functional form but with a pair of different /’s. 
Namely, the expression of the self-energy becomes 


on — ye CED AP AD) 2S) COCOA AP AP) eS COCY 
#3 aj ij 
ed PCAN) (A-2) 


where 4°», 4°” and 4®**) correspond respectively to (charge-charge), (charge- 
m.m.) and (m.m.-m.m.) interaction. 
The very convenient integral relation 
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Fig. 3. Behavior of the function AasD(AA). 
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allows us to rewrite the expression “F(A) x F(A)” appearing in 4%” in the fol- 
: lowing way :* . 


Ler lil gee ane 


1 


6 dy(y | * | 


g+(A+ (#2) y 


=6| dy(y—y)[F@) (a feacaeceon. (A-3) 


“A 0.005 

8 A =0.35 

. A = Ole 

Fi 9313 
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Fig. 4. Behavior of the function AQ:2)(AA), 


be * In order to make the notation simple, A, A are used instead of A®,, A ,, 
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Inserting this relation. into Eq. (1-1), and taking the limit |p|—>0o, we obtain 


A (AA) + pd (AA) + 42 42 (AA) 
1 
=o A*) \dy(y-9’) | 


0 


expression (2-4) | 
AB A2=[ A2 + (A2—A2)y] ; 


By carrying out the y-integration, the result becomes 


ee A At 5 (P+ 1 eee 1 ogy (AS A 
te = aes A i A: | ( ( x £ ree 956. x 2 (4) 
oe Ci ya)! 32 \ wy? / - 64 ( ) 256 See ae 


1) ( 2 42 20 2 A2 ( Aye af Ad 2 1 9, 72 Ag 
——_ | £# #-— (44+A : —— 4a PA = (P+): log 
128 3S shew; Lagan os ee ae 

2313 3.3 1.5 08 As 05 0.35 
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Fig. 5. Behavior of the function 4@2 (Ad). 
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I P A AUN Ghee pte pe aag! bes 
—1 +82) (AE) +e ® t+) (AS 


1 opm (4-4) __1 (re i+ar+ 4864 [A424], 
28 (0 P ( as i08 Me: | (A) 
(A-4) 


aemcad) =o. 2A | 2 AE eB 2) log | 


ie 4 4a = = 3 7) A 
A®) (AA) =B - aA {| 3 (A= Ary ae u (7 74+3(A sara 


-|+ (UP #62 — 4/2) ( seed fa. (#4224) |A(A) | +[424), 


(PAP) 3 eS LA 


Je 
(A-9) 


2 


(P— A)? IL 64 AS 


Al Ae 1 AQ 2, 
: pe Ce) eee a | 
BiGh a eroe eee 


| 1 (p#—osn—16A (4-4 l_ 3fR—42 +32) Aca) 
| “keer ne ON ae aay oe s 
4 [42M], (A-6) 


where 


=6e?/4(27)? and the A (A) is given by Eqs. (2-5) in § 2. The behavior of 


these functions are shown in Figs. (3), (4) and (5). 
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Neutrino and Cosmology* 
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The elementary relativistic cosmological model is refined by taking into account the 
proper motions of particles. It is found that the latter were in the past much faster than now, 
and it is thereby inferred that there must actually exist, in our Universe, a large population 
of low energy neutrinos, due to previous high energy nuclear reactions. It is shown how 
these neutrinos can be detected through their gravitational influence. In case they fail to be 
detected, one must conclude that there exists a possibility of annihilation of neutrino-antineutrino 
pairs. 


§ 1. Introduction 


The cosmological influence of neutrinos has recently been the subject of some 
speculations.” The purpose of the present paper is to show that neutrinos indeed 
must have an important role in relativistic cosmology, unless they can annihilate 


‘ > 


in pairs. (Throughout this paper, the term “ neutrino also includes antineutrinos, 

unless otherwise explicitly stated). i 
The recent revision of the extragalactic distance scale has cleared up the con- 

tradiction previously encountered between the geological (radioactive) and cosmical 

ages of the Universe. According to the most recent analysis of astronomical data,” 


our Universe is closed (hyperspherical) and can be represented by the metric” * 
ds=dt—a|d¢+sin’7 (di? +sin’ 0 d¢’) |, (1) 


where a=a(t) is called the “ Universe radius ”’. 
The Einstein gravitational equations can then be written as” 


d(pa*) + pd(a*) =0, (2) 


a= : pa’ —1, (3) = 


where p=T,’ and p=—Ty=—Ty= _T,’. We have here omitted the so-called 
cosmological constant, as it has no experimental justification and only leads to 


theoretical difficulties.” ie 
From (2) and (3) it follows 


* Partly supported by the U. S. Air Force, through the European Office of the Air Research 


and Development Command. 
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a=— p+3p)a, (4) 

6 
which shows how the expansion is continuously decelerated by the gravitational 
attraction of matter density and pressure. Note that the attraction of radiative 
energy is twice as large as that of static energy,” because, for radiation, »+3p=2¢. 


§2. A cosmological model 


In elementary cosmological models, the Universe is considered as homogeneous 
and isotropic, and no account is taken of the proper motions of its constituting 
particles. This oversimplification has been criticized by Nariai,“”’ who has shown 
that these proper motions were much faster in the past, when the Universe 
was much more concentrated than now. Nariai and Ueno” »’” have also investigated 
the conceptual smoothing-out process which leads to a homogeneous universe, 
and shown that it is not free from ambiguities. We here intend to clarify some of 
these facts and to discuss their consequences. 

For the sake of simplicity, we shall consider the Universe as being constituted 
of a large number N of pole particles of rest mass m4, located at ¢4=€4(t), where 
A=1, 2, -:-, N. (These may be galaxies, stars, atoms or elementary particles, ac- 
cording to which phase of the cosmic evolution is under consideration.) Their 
energy-momentum tensor density can then be written as” 


TY = >) jug ug’ (ds4/ dt) O(2*—§4), (5) 
A 


where w/ is the four-velocity of particle A. 
We now introduce some statistical considerations. Let 2 be the mean number 
of particles per unit volume. As the total volume of the Universe is 


Vestn ak, (6) 


one has 


n=N/2n a’. (7) 


If we consider a domain sufficiently large so that the mean velocity in it 
vanishes, the only non-vanishing components of 7,“ are given by 


0=Te=nmA—v) 2, (8) 
and 


Page OT eas nl ee eae (9) 
where m is the mean mass of the particles 


m=(>} ma)/N, 


and the upper bar indicates a weighted average 


Pan 
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Ga) = Dm, =e) 24) m,. 


Here v, is the magnitude of the three-velocity of particle A. 


§ 3. Thermodynamics 
Introducing (7), (8) and (9) into (2), one gets 
d{(Nm(1—v*)-17] + Nm[ (1— 0) 7? — (1— 0) 7] (da/a) =0. (10) 


Let us first examine the case of slow proper motions. High energy phenomena 
- . . 2 
such as the creation of nucleon-antinucleon pairs, can then be neglected, so that 
the total rest mass 
M=Nm 


2) One may further write, with a good approximation, 


(=v?) —v’) P=14+ 0%) ~1. 


is constant. 


The solution of (10) then is 
v7)“ =[1+ (6/Ma)"}? (11) 
where 6 is a constant. This solution is valid as long as Ma>b. One may 
then also write p~.1+3p/2, where =m is the rest density and is proportional 
to a. Introducing this relation into (2) one gets pV*”=const., i.e. the Universe 
adiabatically expands (or contracts) as a monoatomic gases” 
The other extreme is given by 
(ea)? < (f-507) 2". 
The solution of (10) then is 
Ma(1—v’)~?=const. 


It follows that Eq. (11) is still correct, because now Ma<b. However, the constant 
b need not have the same value as previously. One may summarize the situation 
by saying that (11) is everywhere valid, and b is some function of a, which is 
asymptotically constant both for b<Ma and b> Ma. 

Note that if bs Ma, one has 3p~/> >, and it follows from (2) that pV*?= 


const., i.e. the Universe adiabatically expands as pure radiation.” 
These results are in agreement with the well-known fact’? that the linear 


momentum of a free particle is inversely proportional to a. Thus, if there were 
no collisions, and if all particles had the same velocity, Eq. (11) would be accurate. 
The present proof has the advantage of deriving this result statistically, so that 
collisions need not be taken into account. 


§4, Radiation energy and pressure 


The frequency of photons or of neutrinos is proportional to their linear mo- 
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mentum. The fact that the latter is inversely proportional to a thus corresponds 
to the well-known Doppler red shift law.” 

The actual density of electromagnetic radiation is extremely low. It seems 
that a much larger contribution to radiation pressure is due to neutrinos. Indeed, 
when the Universe was much smaller (a<b/M), there should have been an 
enormous number of high energy nuclear collisions, resulting in_a large production 
of pions. However, almost each pion decay produces three neutrinos, which are 
practically indestructible. Their energy, which has decreased inversely to the 
Universe radius, is now very low: as now b/Ma~10~ to 107°, the energy of 
these neutrinos, which were produced when a<b/M, is now at most a few kevs, 
so that their presence cannot be directly detected, e.g. by induced inverse beta 
decays.” Their total mass may nevertheless be high enough to influence cosmical 
evolution.” (Further important sources of neutrinos at the present time are beta 
decays and electron bremsstrahlung in stars.) 

The gravitational effect of radiation can be taken into account by adding to 
po and p terms w and (w/3) respectively, where w is the energy density of 
radiation. 


§ 5. Global evolution 


Eqs. (2) and (3) now read 


d(M (1—v") 7? + 27? wa®]+[M (1—v) -?— A —v*) "74 2? wa") (da/a) =0, 
(12) 


a) Rk | M C= PF -w |e = 1. (13) 


| On a’® 


We further need three equations of state relating M, w, (1—v”)—?, (1—v*)!” and 
a. These can be obtained only through a complete phenomenological theory of 
matter, relating the mean number of antinucleons to density, pressure, etc. 

For the sake of simplicity, we shall here neglect all these factors and suppose 
that 1 is a constant, and that there is no energy exchange between the matter 
and radiation fields, so that 


27° atw= WwW (14) 


is also a constant. Both approximations are approximately correct for a not too 
concentrated Universe, because the radiation energy density w is mostly due to 
neutrinos, the interaction of which with matter is negligible. 

We shall further assume that one can write, with a good approximation, 


d—v)i2" ~ (1—v’) pl ts (b/Ma)?}"?, 


It then follows from (12) and (14) that 6 is actually constant. 
The integration of (13) is now straightforward, and its result is most con- 
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veniently expressed as a function of a parameter x defined in the domain 
O0<2x<2m—2 arctg(q/(m—A)), 
where A=b/M, m=kM/127n° and q=[k(b+ W) /6z°}'”. One has 
t=(m—A) sinx+mx+q(1—cosz) +sT, (16) 
(a+ A’)"?=A+qsinx+(m—A) (1—cosz). (17) 


Here, s is any integer, and 7’ represents the period 


Pa (z—aretg 4 + 2q TEL 
a. g+(m—A)’ 

One sees that the evolution has singular points at t=sT. These singular points 
can be removed only by introducing strong short range attractive forces. Indeed, 
Eq.(4) shows that in order to get a smooth minimum of a(¢), one must have 
p+3p<0, i.e. p must be strongly negative. This phenomenon is a characteristic 
property of general relativity theory: Repulsive forces cause gravitational attraction, 


while attractive forces cause gravitational repulsion. 
Although nuclear fields may have a preponderant role when the Universe is 
yery concentrated, it seems that the solution of the singular state problem should 


rather be sought in pure gravitational theory. Indeed, the amplitude of adiabatically | 


compressed gravitational waves should behave in the same fashion as the amplitude 
of electromagnetic waves, i.e. increase beyond any bounds when the volume goes 
to zero” This means that the metric (1) may then be unstable, as suggested 
by Power and Wheeler.’” Thus, it no longer represents an approximation to world 
geometry, and probably even not to world topology2” We shall not further 


discuss this problem, however, as this would lead us onto too speculative grounds. 


§ 6. Influence of neutrinos 


It seems extremely difficult, within our present knowledge, to estimate the 
number of neutrinos that have been produced during the explosive phase of the 
expansion (see Sec. 4). However, one may reasonably infer from Eq. (11) that 
the Universe was then a kind of ultrarelativistic nuclear plasma, so that most 
nucleons have been involved in many high energy collisions, and thus have 
produced many nucleon-antinucleon pairs. It thus seems that the total number 
of nucleons + antinucleons was then much higher than the present number of nu- 
-cleons. Of course, the total number of high energy collisions that occurred during 
this period is still much larger. Each such collision produced several pions, which 
immediately decayed into three times as many neutrinos. Thus the total 
number of neutrinos which have been produced should be much higher (probably 
by several orders of magnitude) than the actual number of nucleons in our 


Universe. The total energy of these neutrinos has since decreased (as it is inversely 
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proportional to the Universe radius). It should nevertheless be still larger than 
the rest mass of the nucleons, or at least of the same order of magnitude. 
Let us once more consider Eq. (4), which we now write as 


a 6a ‘ka = Pm Ae 32m aie 2w 2 


The index m here refers to matter. The quantity on the left-hand side, as well 
as Ym and p,, are directly observable. Unfortunately, the actual precision of as- 
tronomical data is much too low in order to get a reasonable estimate of the 
neutrino energy density w. 

We may hope, however, that such an estimate will be possible in not too 
distant a future. If it be found that w is negligible with respect to 9,,, it seems 
that there will be no escape from the conclusion that neutrino-antineutrino pairs 
can annihilate,” somewhat like negaton-positon pairs. It may be that this process 
is actually very difficult to observe (e.g. #->e+7 has not yet been observed, but 
only v—>e+v+) only because we are usually dealing with high energy neutrinos, 
while the probability of annihilation increases with decreasing energy.” 

Thus, some information on elementary particles might perhaps be obtained 
from cosmological data. 
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Using the previous method, the propagation of a hydromagnetic shock wave in inhomo- 
geneous magnetic field is considered. The existence of magnetic field has the effect of restraining 


the growth of shock strength. When the magnetic pressure is large compared with gas pressure, 
even the diminution of shock strength can occur. As an application, the propagation of shock 
wave in solar chromosphere is discussed. ee 


§ 1. Introduction im 


In,,the previous paper,”* we considered the shock propagation in an in- 


homogeneous medium as the first approximation. The same method can be ap- a 
plied to the case of a hydromagnetic shock, i.e. a shock wave propagating through - 
a plasma of infinite conductivity in an inhomogeneous magnetic field. This will 
be important in treating interstellar gasdynamics and stellar surface phenomena. 2 
Although the method can be applied to general hydromagnetic shocks, in- a 
cluding oblique or parallel shocks, it would be very cumbersome to deal with the @ 
general cases because of the necessity of taking a suitable coordinate system for é : 
each layer of matter. So we here treat only the case of the normal shock, where rf 
the direction of magnetic lines of force is perpendicular to that of the propagation 7 
velocity. i sg 
In § 2, we derive the general formulae for the normal shock, which are ap- ee: 
plied to special cases in § 3. Especially, the propagation in the solar chromo- ce 
sphere is discussed. | F. 
: 
§ 2. General formulae 2 
Corresponding to the formulae (2:5)~ (2-8) in “I”, we have the following a 
relations for the case of the normal hydromagnetic socks)? a 
1—? y— (1-37?) (1L— 1/912) Pm Pr : (2-1) 


212— 39 
Yiz—4 


ws 


Bee re te see 2 


* This paper is hereafter referred to as Papernee| 2. 
** Notation is the same as that in “ I”, except for those newly introduced. 
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Us= Uy + O(Z12, PX, Pa» T1)> (2-2) 
and 
U=a4, + $a, pi®, Pm» 7); (2-3) 
where 
6 (Zu, Pia; Pm> 71) = pi¥t V (22-1) (1—y12)s (2-4) 
(zig. Pr so Pas Tt) = (235), Fey ne T%) /A—Jyx) 
=V pt V (@n—1)/0—yu)- (2-5) 


c is the specific volume, i.e. 7:=1/0,, and ye=t:/t1=/i/fP2 p* is the total pres- 
sure, which is the sum of gas pressure p, and magnetic pressure p,=H*/8x (H 
is the magnetic field strength, whose direction is always parallel to the shock 
front) : 

P= fot Pm= bot H"/82. (2-6) 
%1, here means the ratio of total pressures ahead and behind the shock wave: 

Zia= pa / pr. 

In the function ¢ and ¢, yi» is related implicitly to 2. by the Rankine-Hugoniot 
relation (2-1) for this case.* 

Finally, in the relation (2-1), it is assumed that the magnetic flux is “ frozen ”’ 
in the material throughout the process, because of the infinite conductivity of the 
plasma concerned. This condition is expressed as 

Hiy/p, = Hi,/ ps > 
or 
Pmi vy — Pm os: (2 x 7) 


Using this relation and the definition (2-6), we obtain the restriction imposed on 
Viz and 219 as 


Z19.13 = Pf Pr. (2-8) 
Of course, the following inequality is valid in general : 
Pet Pe (2-9) 


* Solving the relation (2-1) for yy ., we get 


Nae 1+ A219— (1-32) Pint Poe +V {1 +2 29— 1—32) Pa Pr 2 + 42 t+) 1 = 32?) Pal P* 
2(22+ A?) 


(2-1/) 
which reduces to (2:1) of “I” when #,,->0. From this equation we get the limiting relations 
y=R+{(1—s) + (1-22) (1-322) /2] 9, /p*}-1/z +O (1/22), for z>1/2 

and 
ek 72 
1+¥#+ (1-322) (p,,/6*) 


hye (z—1)+O((z-1)2), for z-1<1. 
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Now we treat the problem of shock propagation in the plasma of variable 
density or inhomogeneous magentic field strength. The conditions (2-10) and 
(3-4) in “I” hold, except that p* is taken instead of p. Following the same 
procedure as in “I”, we finally get the equation of the first approximation, 


_d\np My d\n p* (1+2,/ —DyA—A) 
A Sees 2(—y) (1+? + 1-32) p,/9* pe} 
yet? + (1—3”) p,/ yi pt} dz \ p* 
1 pe 


= + 
z—-1l (l—y) {z+ 7+ (1—3”) p,,/97 p*} 


+2 VCE?) 
x z(z—1) 1—y) P13) p,,/ 9 pe} : (2 1) 


To this equation are added the following conditions : 
zy—1+2(y—z) + 1-3”) 1-1/9) p,/p* =9, 
2S = Pn/ P*; (2-11) 
and 
Pmf P* 1. 

To. solve Eq. (2-10) in general, the initial distribution of the magnetic pres- 
sure p,, should be a function of density p. For example, pmoce’™, where kp, can 
be called “ magnetic polytropic index”, though it is not always necessary to take 
this form (Case i)). The initial distribution of p, is assumed always as 

Po f*. 


When the magnetic field is absent, (2-10) reduces to (3-7) in “I”. 
In order to see the effect of the magnetic field explicitly, we take the limiting 


cases. In the limit of strong shock, i.e. z> 1/?, we get 
200 (p,/p*) py”, (2-12) 


where a(y,h) is defined by (4:9) vn “1”. We see the increase of the shock | 
strength as the decrease of gas pressure is restrained by the factor of p,/p*<1 due 
to the existence of a magnetic field. Conversely, in the limit of weak shock, i.e. 
z—l<l1, we get 

z—1ce (p,/p*) 1 +(A—3”)/A +”) |pn/P* ae Pate (2-18) 


where b(k) is defined by C427) i ae Ince the factor multiplied by p7*” is 
always less than unity, here also exists the restraining effect of the magnetic field.* 


* Note that the restraining factors of (2-12) and (2-13) do not depend on k, but only on the 
ratio of gas and magnetic pressures. These factors would perhaps be valid also in the second 


approximation. 
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Thus, the existence of the magnetic field has in general the effect of restraining 
the growth of shock strength as the decrease of gas pressure. Moreover, it iS 
noted that this so to speak “ magneto-restraining effect” is more remarkable for 
strong shocks, and the shock strength can even be diminished when the magnetic 
field is sufficiently large compared with gas pressure. This latter effect will be 
seen in the solar chromosphere as will be shown in the next section. 


§ 3. Special cases 


Now we apply the formulae obtained in §2 to the following two special 
cases : 
Case i). Total pressure p* is initially constant everywhere 
This corresponds to both a laboratory system and interstellar space, since the 
gravity is neglected.* 
Noting that 
dp*=0 and dp,=—dp,, 


for this case, we can reduce the left-hand side of (2-10) to 
d(Pm/ P*) [ Serr ASV (1—3#’) |. (3-1) 
dz RL pa/ P*)~ oie +# + 1-34) pa/ SP} 
In Fig. 1, the calculated relations be- 


tween shock strength and magnetic pressure : 3 wre Sage 
are shown for #=1/4(7=5/3) and k=1 

(isothermal). Initial shock strength z,=2.0 

is taken at p,,/p*=0.9 and 0.98 respectively. ; 


We see the shock strength approaches to a 
finite value when the magnetic pressure 
becomes negligible. 

This behaviour of shock strength is due 
to that of sound velocity. As is known, 2 c 
the square of sound velocity is expressed as 
the sum of squares: 


ro 


0 0.2 0.4 _ 0.6 0.8 1.0 
CHT po/p+H?/4np. (8-2) pel 
Fig. 1. The variation of shock strength 


In our case, this can be reduced to : 
z versus the magnetic pressure when 


Co pre-e the total pressure is constant. The 
4 _ reas variation of sound velocity ¢ in ap- 3 
x {1+ 2-7) /¥*Pml P }/Q—p,,/p es propriate unit is also plotted. 
or 


coc (1+-p,/5p*)/(1—p,,/p*) (for 7=5/3 and k=1). 


* Tntersteller matter is usually in violent motion. Thus it would be necessary to treat the 
propagation in moving gases. ; 
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This is also plotted in Fig. 1. The rapid increase of sound speed at large p,,/p* 
corresponds to the rapid decrease of shock strength. For the limit »,,/p*—>0, 
the sound speed approaches a finite value owing to the sound velocity YPo/P, and 
the shock strength is also saturated to a finite value. This tendency is a special 
representation of the effects of the magnetic field restraining the shock from 
growing up, as mentioned in § 2. 
Case 11). Constant magnetic field p,,=constant in the gravitational field 

This is applied to the phenomena in the solar chromosphere. In this case, the 
lefthand side of (2-10) is reduced to 


ome 11k p,/ p* tee MES Pal PE 
dz UU yfz +P + (1-3) p,,/9* p*} 


2 (z—l)y(—f) . 
: Va {142+ (1-3) p,,/z97 p*} a CS 


Now we investigate the propagation of a shock wave which is generated at 
the bottom of the solar chromosphere and propagates outwards. For simplicity, 
we assume that the chromosphere is in the isothermal state and so the parameter 
k, the polytropic index of gas, is 
taken equal to unity. For the 
other physical parameter /p,,, we 
take as p,,=0.4 dyne/cm’, i.e. 
H=Y/ 10 gauss which corresponds 
to the general solar magnetic field. 
The magnetic field is assumed 
te be constant throughout the 
whole chromosphere. Taking 
the initial value of the total pres- 
sure and shock strength respective- 
ly as pot=10* dyne/cm’ and 
%=2.2, Eq. (2-10) supplemented 
by (3-3) and (2-11) is integrated 
by the numerical method. The 10° 10° 10M 1 
result of integration, the variation 


a h h ‘ Fig. 2. The variation of shock strength versus the 
of shock strength versus the varla- total pressure when a constant magnetic field is 
tion of total pressure, is shown in present. 


Fig. 2. 

It shows a remarkable feature of shock strength coming up to a maximum 
value at the point where the magnetic pressure is nearly equal to gas pressure. 
Though the height which corresponds to the point of maximum shock depends 
on the physical parameter of the, chromosphere, it is about 2000 km above the 


_photosphere for the adopted value of ,,. Beyond the maximum point, the mag- 
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netic pressure exceeds the gas pressure and the shock strength decreases rapidly. 
This tendency is also a special representation of “‘ magneto-restraining effect ” men- 
tioned in § 2. 

Note here that we treat the propagation of a shock wave of constant power- 
supply, which corresponds to the continuous pushing of a piston. Thus the 
growing or decreasing of shock strength comes from the reflection of rarefactive 
or compressive wavelets by the inhomogeneities. When the shock weakens by 
a magnetic field, the compressive reflection-wavelets grow up to a shock wave 
of reflection. Thus the magnetic field takes the réle of a reflecting wall.* 

Although the shock waves really considered in general are not of constant 
power-supply, and so the propagation of a shock-pulse must be treated by taking 
account of the energy dissipation, it is still interesting to speculate that the whole 
feature of propagation, i.e. the increase of shock strength in early phase and rapid 
decrease (reflection) in later phase, has some connection with the formation and 
the disappearence of solar fine mottles and the spicules.* As for the contribution 
of shock waves to the energy balance and the heating of chromosphere or corona, 
it is further necessary to estimate the dissipation of the energy by shock waves, 
which will be treated in another paper. 

The authors express their heartfelt thanks to Prof. W. Unno for his valuable 
suggestions. 
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The spin-lattice relaxation of donor electrons in silicon is investigated. The. relaxation 
rate is calculated using the adiabatic approximation, in which the electronic wave function 
is determined instantaneously according to the Hamiltonian which is perturbed by the lattice 
deformation. The rate thus obtained was found to be equal to that obtained when we take 
a simple product of the electronic and the lattice wave functions as a starting wave function 
and take the electron-lattice interaction as a perturbation. We considered the modulation of 
the spin-orbit coupling due to the lattice vibration as well as deformation of the donor wave 
function due to the external magnetic field. When we consider one-phonon process, the rela- 
xation rate was found to be proportional to H47, as is observed. The absolute magnitude 
of the rate also agrees with the observation in orders of magnitude. 


§ 1. Introduction 


The recent works?~® on the electron spin resonance of donor states in silicon 
gave much information on their wave functions, and the hyperfine splitting of the 
donor electron resonance was accounted for by the effective-mass formalism of 
Kohn and Luttinger for impurity states.” 

On the other hand, the situation is more complicated as to the spin relaxa- 
tion. There are two types of relaxation process. In one of them, the electron 
spin and the nuclear spin of the donor atom flip simultaneously by virtue of the 
hyperfine interaction. The relaxation time for this process has been calculated by 
Pines, Bardeen and Slichter” and gives good agreement with experiment. In the 
second type of relaxation process only the electron spin flips. PBS and Abrahams” 
have discussed several mechanisms which lead to this process. The relaxation’ 
time as calculated by them is much longer than what is observed and they con- 
cluded that the observed relaxation time must be due to a concentration-dependent 
process of unknown origin. 

Recently, however, Feher and Gere” found that the spin relaxation time of 
phosphorous doners in silicon does not depend on the donor concentration, when 
this is less than 10"/cc, and is proportional to the absolute temperature between 
1.25°K and 2°K. More recently, Honig and Stupp” found that there are three 
distinct relaxation mechanisms in phosphorous-doped silicon : (a) The first of them 
is concentration independent and has an H* and T’ dependence, (b) the second 
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is independent of concentration and magnetic field, and has a J? dependence, and 
(c) the third depends linearly on concentration for concentration below 10”°P/cc. 
We may regard the first two mechanisms as characteristic of the relaxation process 
of an isolated donor electron, which is caused by the interaction with the lattice 
vibration, and these may be devoted to direct test with theory. Our theory pre- 
sented in this paper is not at variance with PBS’ and Abrahams’ in that we cone 
sider the modulation of the spin-orbit coupling by the lattice vibration, but we 
have carried out a more detailed calculation and, in particular, taken account of 
the deformation of the donor orbit due to the external magnetic field, which was 
found to be effective enough to give a correct order of magnitude of the relaxation 
time of the first kind (a), when one-phonon process is considered. 


§ 2. Adiabatic approximation 


We take the following as the total Hamiltonian of the system of a donor 
electron in a crystal : 


H=H.+H,+H.1, (1) 
where H.=Ho+Hi.+ Az, (2) 
y= — (h'/2m) 4+ Licr)3 (3) 
Aye UV 28 ©) COX) 8 (A) 
H,=$H(28S,,+1,), (5) 
HIS NA eR Ras (6) 


Here U(r) is the periodic potential of the perfect lattice plus the attractive po- 
tential from the excess charge of the donor atom. H,, is the spin-orbit coupling 
energy and H, is the orbital and spin Zeeman energies. We shall denote the co- 
ordinates fixed to the crystal by x, y and z and the 2’y’z’ system is chosen so 
that the 2’ direction coincides with that of the external magnetic field. The direc- 
tion cosines of x’, y’ and x’ directions should be denoted by (4, 21, 7%), (ls, 2, 79) 
and (/;, 13, 23), respectively. HH; is the lattice energy of the crystal. V(R,, R,,) 
is the potential erergy between the y-th and g’-th ions, R, being the displacement 
of the g-th ion from its equilibrium position. H,; is an interaction energy between 
the electron and the lattice, which we shall specify later. 


It may be appropriate in the present case to solve the time-dependent 
Schrédinger equation, 


hol a= HY, 
by the adiabatic approximation. When the following two equations are solved, 
(7. + Air) 9(r ; R)=E;(R)p;(r; R), (7) 
[Hz + ECR) | Gin CR) =Ejn jn R), (8) 


“a oe 
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where R is the abbreviation of R,, R,, ---, Ry, our starting wave function is 


Fn > R) Pin ( R). (9) 
Then we assume that ¥Y is expanded as 
P= Sip: Dp (t) Fin exp(—iEpt/N). (10) 
Since we see r 
(¥;.| | P in.) = En 955 mn + (im|H"| jn), (11) : 
where (im|H’| jn) = —2,(#?/2M,) (6; Pim| (4a 95) Pin) : 
—2',(h’/M,) (Pi Pim| CAD V 4 Pin) ) ) (12) 2 


we can see that the usual time-dependent perturbation method holds with the 
perturbing Hamiltonian H’. Then the probability amplitude |a;,(t)|? that the 
system is found in the state ¥;, at time ¢ when it is in the state ¥;,, with proba- 


ra: Ph a 
4 BS / 


bility of unity at t=0 is given by a4 
fay, (t) |? = (22/1) 0 (Ejp—Eim) | im|H’| jn) P. (13) 3 

4 

We now make two assumptions in order to solve Eqs. (7) and (8). ‘a 


r 
~ 


1. The eigenfunctions and the eigenvalues of the lattice are not so affected 
by the motion of the donor electron that gj, and Ej, are the same as those of the 
perfect lattice. Thus we drop the j-dependence of them. This assumption may 
be approximately satisfied in our case, because a donor electron is rather loosely 
coupled to the center and its orbit is large compared with the atomic spacing. 

2. We use a perturbation procedure to solve Eq. (7) regarding H,, as a 
small perturbation proportional to R,. Let 4; be a solution of the following 


unperturbed equation, 


eee A 


RS me a ee SN NV ee ta 6 te, 3 


H,4,;=E;4;. (14) 
Then the solution of Eq. (7) is given by 
Hj=b;+ 51459; (Ge| e110) / (Ey— Ea), (15) 
which gives . 
(Pil F ols) = Gi Po Hex|9))/ (Ei Ed), (16) ¢ 


where we have retained only the lowest order term of R,, that is, one which is | 


independent of R,. 
From the above two assumptions, we obtain 


hoe SOR MALE ieee et 


(im|H"| jn) == = h’/M,) (Pil P ols) (P| Va\Pn)- (17) 
Using the relation ; : 
(Pm|(?/ MVP ln) = (En— En) (Gm| Rol Pn) (18) “4 
leads to % 
e: 
; 


ee 
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(im|H"| jn) a —3',(d,| Vy F,;,|6,) (Pm|Ry| Pn) (E,—E,,) /(Bj;—E;) 
= (6; 0m| Ler|0; Pn) | (En—Em) / Ei — E,) J. (19) 
Since the above matrix element is multiplied by 0(£;,,—Ej,) in Eq. (13), the last 
factor can be replaced by unity when used in (13), and we finally have 


(im|H'|jn) = ($; Pn| Herld; Pn). (20) 


Thus we see that the transition probability (13) is the same as that which is 
obtained when we regard H,+H;, as an unperturbed Hamiltonian and treat H7,; 
as a small perturbation. This result may be ascribed to our early two assump- 
tions. Similar results have been pointed out by several authors.)~*” 


§ 3. The second-order perturbation 


We shall now consider about 4; and 6, which are in our case the ground 
states of a donor electron with spin up and spin down, respectively. They satisfy 
Go; Ho 28. (21) 


10) 


Asa result of the work by Kohn and Luttinger,’” we now have much knowledge 


about the wave function of the donor electron, which is the solution of the equa- 
tion 


Ty 8,,= Ty, On: (22) 


Regarding H,, as a small perturbation and neglecting the orbital Zeeman energy 
for a while, the ground solution of Eq. (21) is expressed in terms of the solutions 
Ole Fau (22). as 


b= 89 8 — Sin! bn @ (Oni? |is|bo@) / (En — Ey + 28H) 


= 19 + 3,'4,0(G,|A-|tu)/ (En— Ex +28), (23) 


a 


where A=(R/2m' C)V UX p, A.=Ay—iAy, (24) 


and similarly for 4; Then we have 
(¢;|.716;) = : *'n! [ (Go| A_| On) (bn | H.21|¢0) / (En —Eo— 28H) 


+ (do| F1.1\$n) (Bn| A_|¢o) / (En— Fo +28H)]. (25) 


Here we meet with the so-called Van Vleck cancellation,” that is, the following 
equation holds : 


[ (Go| A_|¢,.) (bn| er] do) at (4o| Herd») (b,| A_ 10) |/ (Eg) =0, (26) 


which can be proved by the theorem that the average of angular momentum by 
a non-degenerate wave function vanishes. When a donor electron is perturbed by 
the lattice deformation, the wave function is determined by the equation 


Ee  ——— ee 
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(H+ H.1)¢'=E' ¢, 
the solution of which is given by 
é’ — by— aaR bn (On| L.1,| Go) / (E,— Ey) ° 
Since ¢’ may also be non-degenerate if so is ¢), we obtain 
(d'| A_|9") =0, 
which leads to Eq. (26). Then we have from (25) and (26) 


Gi) Fer18,) = 2-25 [ol A- Ibn) (Gul Her lds) 


— (¢o|Hez| on) (Gn| A_|o) ][231/ (En— Eo)". (27) 
According to the idea of the deformable ion, we take as H,, the following 
expression, 
H.,= —R(r)-VUC), (28) 
where R(r) = (2MN) 7"? 344 [20,(k) |" 
x [a,(k) e, exp (kr) +a,(k)* e, exp(—ikr) |. (29) 


Here a,(k) and a,(z)* cre the destruction and the creation operators of a phonon 
with wave vector k and polarization s, e, being a unit vector specifying the direc- 
tion of polarization. They have the following matrix elements, 


(N,(k) —1|a,(k)|.N, (ke) ) = (Ne (ie) |as () *|No(k) —1) =[ANAR) IO. (30) 
M is the mass of a silicon atom and N is the total number of unit cell. From 
(27), (28) and (29) we have 
(4,|H.,|6,) = BH (2MN) ~? 344. (20,. Ck) |? Une ae (ke) + Fensas(k)*], (31) 
where Tisg= 20! { (Go| A_|Gn) Gn| exp (kr) dU/95|o) 
— (do exp (ikr) 0U/As|bn) (bn| A—|Bo) |/ (En — Eo)", (32) 


d/ds meaning the differentiation along the direction of polarization. When H is 
3000 oe, the magnitude of k is about 10°cm™", from the conservation law of energy, 


23H=hu,(k) =fiu,k. 

Since the spacial extent of the wave function is about 20 10-°cm, exp(ikr) 
in (32) may be expanded as 1+ckr+---. Now since A_ belongs to the representa- 
tion T, of T,, while 9U/9s belongs to T,, the first contribution of the above expansion 


vanishes. The second term gives 
Ties =n! [ (Go| Abn) Gn| (er) 9U/A5| 90) | 
re (Go| (ikr)0U/Os\0,) (bn | A_|o) \/ (E,,— Eo)”: (33) 


Using the relations 
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9U/ds=[8/8s, Ho), 
[(ikr), H,|=(h?/m) (ikV ), 
we have 


(4,| (ik) 9U/9s|o) = (Ey — Ex) (b,| ik) 3/95|bo) — (H?/m) (On| (RF )9/95| 90) , 


(34) 


the second term of which vanishes because of symmetry. Then we see 
Lies = we nae [ (Go| A On) (O,.| (ikr) 0/As|o) se (G,| (kr ) 0/Os|\bn) (d,| 4 a2 \do) V/ (E,—£y) 
= th- (k x e,) Pas [ (do A, |$n) (G,|20/0-y|o) Ne (Go|xd/dy d,) (d,| A, |) V (15) 5) 
(35) 


where h= (1,—il,, 1,—t1M2, 21—iN2). 
On the other hand, the shift of spectroscopic splitting factor of the donor 
electron is given by 


dg = ae el [ (Gp Ay \dn) CAE \bo) =F (Go| lr lOn) (¢,,| Ay CD) V (E,.— Ey) 
= 21s, [ (95|Az|Pn) (,|20/A-y|9o) a= (o|29/Oy|9,.) (9,,| A-|9o) V (E,—E) > 
(36) 
hence we have 
Ins = — Sh: (BX 0,) dg. eve 


Since only the vector product between k and e, appears in (37), only the transverse 
waves are effective in the relaxation process. From (30), (31) and (37) the 
matrix element of the transition process in which the spin of the donor electron 
flips, simultaneously emitting a phonon with k and s, is given by 


(ON, (ke) |Her|6, Noe) +1) = BHR (kX e,) doh (N, (hk) +1) /2MN2e, (ie) }, 


(38) 


The transition probability per unit time of the process in which the spin direction 
changes from up to down is given by 


W1= (22/h) 2 | (0; Ne Ck) |Her|0; Ne(k) +1) |? 0(28H— ha, (k)) 
=hu, 49° (N+1)/247u;' ep, (39) 


where p is the density of the crystal, « is the velocity of the transverse wave, hy 
is the Zeeman energy, 28H, and Nj=[ exp (ha»/kT) —1]"*. Similarly, the transi- | 
tion probability per unit time from spin down to up is given by ¥ 


W,=ho, 47° N/24ru;° 0 : (40) 


Then the difference in population between the two Zeeman levels approaches its 


OE a 
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equilibrium value according to an exponential function exp(—t/T7), where 
Lesh dg’ (2N)+1) /247u;* p. (A1) 


We shall estimate the numerical value of 1/T,, (41). We have the following 
values of the parameters which appear in (41). 


dg=3.4X10-*, w= (cy/p)!?=5.9X 10°, p=2.35. (42) 


Since 2N,+1(not 2N,) is well approximated by 2kT/hwo, when kT/hay=1.5, the 
substitution of (42) into (41) leads to 


1/T,=2.3X10"H'T sec", (43) 


where H is measured in unit of koe. The temperature and field dependence of 
1/T, is in agreement with that of Honig and Stupp’s first mechanism. However, 
they found that the numerical factor before H*T was 2.6107" in contrast with 
2.3x10-" of (43). Thus our relaxation time (43) is about 10* times longer than 
the experimental one, and the second order perturbation is insufficient to give a 
quantitative agreement with experiment. 


§ 4. The third-order perturbation 


Before going to the third-order process, we shall mention about the g-shift, 
(36). Hitherto, it has not been necessary to know the detailed form of the wave 
functions ¢) and ¢,, because the quantities which depend upon these have been 
combined to a simple expression which can in turn be replaced by 4y. The excited 
states which appear in (27) or (36), can be classified into two groups, one as- 
sociated with the lowest conduction band, and the other higher excited bands, the 
former of which we shall denote by 4¢,; and the latter by ¢,. Since the ex- 
citation energy and the matrix element of A for the first group may be approxi- 
mately 0.04 ev and eh’/«m’c*a’~10~ cm™, respectively, the contribution to dg 
from this group amounts to 10%, which is quite negligible. Since the effective- 
mass formalism breaks near the impurity atom, where 9U/dr predominantly con- 
tributes to the average of A, the above estimate may be somewhat in error. But 
there are some evidences that the g-shift arises mainly through the excited conduc- 
tion bands. Feher®) measured the shifts of the electron spin resonance of P, As 
and Sb donors and found that they were the same and nearly equal to the 47 
observed for the conduction electron resonance in silicon. We shall assume in the 
following that the main contribution to (33) comes solely from states ¢, associated 
with the excited conduction bands. 

Including the orbital Zeeman energy as a perturbatio 
This amounts to taking account of the deformation of the wave 


he orbital Zeeman energy involves 7 in 
k cancellation 


n, we go on to the third 


order process. - 
function due to the external field. Since t 
the wave function is no longer real and the Van Vlec 


its operator form, 
This makes the third order matrix element comparable to (or 


does not occur. 


Se ER ee EE ay SE a, eee Cre 


i.e 


TD ce BBL Pe dine se ee ea he Te St, Se 


ne Ba 
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larger than) the second order one (27). The matrix elements in question involves 


A, H,, and SH1., once and the following may be the largest ones, 
= Shyl-(p A_|@n) (b,,| Her| 905) (Go; | FHL, 0) a (Go| Her |On) (9,,| A_|Go5) ($03|8 FL. |9o) 


+ (Go|, FL.1| 805) Gog] er|9n) (On| A —|80) 
= (| PHL, op) (Go, A_|@n) (On| Her|¢o) |/ (£,—-)) (fy; — Eo) 5) (44) 


ne 
2 


where both of wave functions of two groups, ¢, and ¢,;, appear, 4); making the denomi- 
nator small and ¢, making the matrix element of A large. We shall not attempt to 
evaluate these matrix elements, but only estimate their orders of magnitude. First we 
note that the first term of the expansion of the matrix elements such as (¢)|exp (kr) 
dU/ds\¢,) in terms of kr vanishes, because 0U/0s is an odd function whereas the 
wave functions associated with the matrix element are even functions.* Then roughly 
speaking, the ratio of (44) to (27) is of order of (H,—E))/(Eo;—Eo). We may 
take E,—E, equal to the separation between the lowest and the first excited con- 
duction bands at the location in k space where the minimum of the lowest con- 
duction band occurs. According to Morita,’ this amounts to 9ev. On the other 
hand, ¢); in (44) must form the bases of the representation T,, because so do the 
angular momentum operators, /,, 7, and /.. According to Kohn and Luttinger,’ 
the lowest excited states with T, symmetry lie at 0.04ev above the ground state. 
Then the ratio (F,—&,)/(£,;—E)) is about 210°. Since the matrix element 
must be squared to obtain the transition probability, 1/7, from the third order 
perturbation (44) may be about 4X10‘ times as large as that given by (41), 
resulting in a quantitative agreement with the observation. 


§5. Summary 


The relaxation process of a donor electron spin due to lattice vibration was 
treated by the adiabatic approximation. So far as the first order term in H,, is 
concerned, the relaxation rate was found to be equal to that which is obtained in 
a usual perturbation procedure in which H,+H, is regarded as an unperturbed 
Hamiltonian and the H,, is introduced as a perturbation. This result is applied 
immediately to the one-phonon process and was found to give an H‘*T7 term of 
the relaxation rate. When the deformation of the wave function due to the ex- 
ternal field is taken into account, the magnitude of the rate agrees with that of 
Honig and Stupp’s first mechanism in orders of magnitude. 


* Strictly speaking, the true symmetry of the system is Tq and the parity is not a good 
quantum number. However, the potential may be dominantly of symmetry of O, and wave functions 
may be classified in terms of g (gerade) and u (ungerade). This is very important, because the 


first term of the expansion would give a contribution which is proportional to H2T to the transition 
probability. 


—s 


—_— = asl 
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Note added in proof: Recently, Hasegawa (private communication) carried out a detailed theore- 
tical investigation of the donor-electron relaxation, taking the deformation potential as the electron- 
lattice interaction. We think it is necessary to carry our third order perturbation a little further. 
Now, we found that (44) of the text became very small. So we calculated the relaxation rate 
caused by the following process: 
1/2 a nj (¢9| A-|¢n> (bn|B HL 2/\b05) ($5j|Herlbo>/(En—Eo) Cio imo) 
+other three terms in which the order of the matrix elements interchanged. 


We took as ¢,,; the two- and three-fold degenerate states of E and T, symmetry, which are the 
linear combinations of the six s-type solutions associated with each conduction-band minimum. As 
to ¢n’s, we may approximate them by the excited Bloch functions. Then we obtained the following 
result, 

1/T, = (2/157) {(2/e,5) + (3/us5)} (2BH/h)ART-P, 

P=O2 (22 m2+m? rn? + n2 12) +2Q1)? {1-2 (P m+ m2 n2+n212)}, 

Q,=<ly Ay) {<x(@U/Ax) > — (y(@U/Ay) )}/3(En— Eo) (Ee— Eo), 

On=ly Az) (y(U/0z) )/3(E,—E,) (En-£,), 
where J, m and n are the direction cosines of the external field and ¢ ) means the average by the 
Bloch function at the location on the +2 axis in k-space where the minimum of the conduction 
band occurs. In the above matrix elements, x and y are the coordinates measured from the centre of 
the unit cell in which the integration is being carried out. We may expect ¢(xdU/0x) )— <9 (OU/0y) = 
lev. Q, and Q,,, which are dimensionless quantities, come from the excited states of E and Ty 
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symmetry, respectively. We note that Q;, would vanish if the symmetry around an atom were Oy, 
so we may expect Q,,; is smaller than Q,, presumably Q,;=1/3~1/5Q,. When the external field is 
in the [100] direction, the relaxation occurs only through the T, states. Since the measurements on 
the anisotropy of the relaxation time is not available, we shall only estimate the magnitude of the 
above relaxation rate. If we take P=Q,? and compare our result with Honig and Stupp’s experimental 
one, we have Q,=0.16. Then from 4g== (4/3) <l,A,)/(E,—E,) =3.4X 10 and E,—E,=0.01 ev™, 
we have <x(0U/0x))—<y(@U/0y)>=2 ev. Thus our. result seems to give a> reasonable order of 
magnitude of the relaxation time. Finally, we note that since w, is larger than u;, the transverse 
wave is much more effective (about 10 times) than the longitudinal wave to cause the spin flipping. 


Recently, G. Feher, E. A. Gere and D. K. Wilson (Bull. Am. Phys. Soc. II, 5 (1960), 264) have 
measured the angular dependence of the relaxation time of phosphorous donors (10!5/cc) in silicon. 
Their result can be fitted by the choice of Q;=0.245 and Q;,=0.09. Then we have Q;,/Q,=1/2.7 
and ¢x(dU/0x))—<y(OU/0y) > =2.9 ev. 
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The matter with a super light velocity is treated as one possible model in the course of 
looking for the physical concept that will essentially govern the future theory of elementary 
particles. At first, it is investigated according to the canonical quantization to what extent 
this matter could be reconciled to the usual particle aspect of elementary particles. Further, 
taking into consideration the interaction of this matter with other particles, it is attempted 
to quantize this matter so as to derive the Lorentz-invariant, but quasi-causal S-matrix and 
to remove the free state of this matter from possible physical states. 


§ 1. Introduction 


Recent successive researches for the field theory of elementary particles have 
made clear the general features of the theory apart from the detailed structure of 
interactions2 That is, they start only from the several fundamental postulates 
concerning the special theory of relativity and quantum mechanics, such as the 
Lorentz-invariance, the micro-causality, the existence of the vacuum state, the as- 
sumption on the asymptotic behavior of field and so on. 

However, these conditions are so rigid that it seems nearly impossible to seek 
for the new possibility of the unified and consistent future theory in. these frame- 
work, although we have yet no definite evidence against it. At present time, 
many authors have serious doubts as to whether the above framework will remain 
valid in the future theory. So far, several attempts have been made to change the 
present field theory, for instance, the denial of the point model for elementary 
particles in the non-local field theory,” or the introduction of the indefinite metric 
into the Hilbert space in Heisenberg’s non-linear field theory.” 

On the other hand, experimental evidences for strange particles as shown in 
Nishijima-Gell-Mann’s rule seem strongly to suggest that the future theory should 
necessarily be able to give rise to new degrees of freedom, such as the iso-spin, 


‘strangeness, etc. 


Now, in order to get a clue to the modification of the present theory, it seems 
quite important to discover the new physical concept which will probably charac- . 
terize the future theory. From such a viewpoint, it is worthwhile to pay our at- 
tention to the concept of ‘“‘ B-matter”’ recently introduced by Sakata and his co- 
workers.* They. have proposed a new baryon model (named “ Nagoya Model ”’,) 


* Their works appeared in Prog. Theor. Phys. 23 (1960), 1174. 
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in which N, P and A are considered to be composed of B-matter and leptons, 
based on Kiev symmetry” in weak interactions. According to this model, B-mat- 
ter could exist only by accompanying leptons, and not by itself. Further, this 
matter would probably violate principles of the usual quantum mechanics. While 
such a matter is unfamiliar to us from the customary point of view of the field 
quantization, it may offer some image for the future theory. 

From the viewpoint on the theoretical side, it is important to seek for the 
new possibility, by focusing our attention on such an image as symbolized by 
the above model. 

In this paper we shall investigate the matter with a super light velocity 
(hereafter we shall describe it in terms of “ S-field”) as one possible model in 
the course of looking for the above image. The relativistic invariant S-field is 
defined by the following wave equation, 


\| 
| 


(+m) ¢(x) =0, (= = J— ee (1-1) 


with sz real or by its linearized equation 
(7,9,+im) ¢(x) =0. G27 


From (1-1), we easily find that the four momentum (p, 7) satisfies the modifed 
Einstein relation 


gered Mee ie Cys) 


Therefore, the group velocity of this wave with p’>m’ becomes a super light 
velocity : 


Uy—Cc On /Op—cp/ he. (1-4) 


Although Pais and Uhlenbeck” once investigated a multi-mass field with complex 
conjugate pair of masses, 4 and y*, they abandoned such a possibility as an unac- 
ceptable field by reason of occurrence of the solution with unbounded character, 
to which we shall refer in §3. Further, Schmidt recently investigated in 
detail the invariant solution of (1-1) and its source problem from the viewpoint 
of the causality. However, the essential character of the S-field will be revealed 
rather through the quantization procedure. In fact, it is found in §3 and § 4, 
that S-field is intimately connected with the limitation of the fundamental concept 
of the present field theory such as the localizability of the field, the indefinite 


metric, the existence of the vacuum state, the micro-causality, parity indefiniteness, 
etc. 


* More generally, the linearized equation of (1-1) is given by (7,0,+¢@+ 875)¢(2)=0, where 
a and § are arbitrary real constants. However, this equation is transformed into (1-2) by suitable 
linear transformation of ¢. See Appendix A. 


** a,b,=ab=ab— aby 
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In § 2, we shall study the propagation character of the classical S-field in 
connection with the results obtained by Schmidt.” In § 3, the quantization of 
the S-field is given by the orthodox canonical formalism, in order to see to what 
extent this field could be reconciled with the usual particle aspect for, elementary 
particles. Further in § 4, we shall consider the possibility of the alternative 
quantization procedure for the S-field, taking into consideration its interaction with 
other particles. 


§2. The invariant function and the propagation 
character of the classical wave 


Let us consider the invariant solution of the source problem of (Geo 
(+m?) G(x) =0"(2). (2) 


This problem has already been investigated in detail by Schmidt.” Therefore, 
in the present paper, we shall refer mainly to the problem concerning the solution 
with the abnormal part, which the above author did not take into consideration as 
an unphysical one. 

The general solution of (2-1) is given by 


ihe 
Cn) aes | Ren IN (2:2) 


(27)! BP—m 


where C denotes the integration path in complex-ho 


plane. The poles of the integrand in the above integration 
in the complex &-plane are shown in Fig. 1 by bold 
lines. There exist four invariant solutions with 
the integration paths indicated in Fig. 1, and they are 


written explicitly as follows, 


a ( ee : Fig. 1. Integration paths in 
Gules (27)! \ i Lye 2a ak, (2-3) complex-ky plane 
1 ei ktinty« i 
Gni(2) = |e (2-4) 
(27) (kR41745)°—m 


where 7>m,-€ is an ‘nfinitesimal positive number and ¢, a time-like unit vector 
in a future light cone. After the integration over ky, or k, they are rewritten as 


et” V m2+u2 
/ 
COS Zot, (2339) 


* See Appendix C. 
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G(x) =G,4(—2) 


ite aed { Ek Beppe = i ==2'S10) Vk’ —m' xy em 


— 
VRP-—m 


« 
k2> m2 


{2 aks 1 __ sinh V m—K x5 en 5 eee 
Vm —k 33 


k2'<m2 | 
a 0, Po 6 <8 0./ 


From the above expressions, it is found that G, 4 involves the abnormal part 
which implies the second term of (2-4’) and is an exponentially increasing func- 
tion of x). The separation of this part from the normal part which means the 
first term of (2-4’) and is a usual oscillating function of 2) is, of course, not 
Lorentz-invariant. 

However, it is possible to divide both parts Lorentz-covariantly, by making 


use of the above time-like unit vector ¢, : 


Grae) =Gs4 (a eet Gees). (2-5) 
where 
n Ne oe 1 Pare . FY) ptke 8/72 2 | 
Cora. 6) 2 arte “dhe in| e(ké)e" d(B—m')d'kt.  (2-6)* 


In fact, we find that Gf?(2,¢*) with ¢,=n,=(0, 0, 0,7), which corresponds 
to the integration path in Fig. 2, is just the first term of (2-4’) and identical with 
the quasi-retarded function defined by Schmidt,” that is, 


hoje “0 
Geol ee 1) Se | du cos (ry n? +12 ¥F xu). (2-7) 
(27) rd 
As seen from (2-7) and (2-3’), there exists the 

following important relations between the above func- | 

tions, aS Cr 
GP (x) =GPO (x, n), 

(2-8) oo 

GO (x) =6P° (x, 2), “im 


where (+)’s mean the positive or negative time 
frequency parts. In the usual theory of Klein-Gordon 
particle with a real mass, the above relations hold for 
the exact retarded or advanced function and express a causality of theory. The 
physical interpretation of the above relation will be referred to in § 4. 


Lites ge 2. 


* €(a) is the sign factor defined by 
(Qe aes 
=—1, a<0. 
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Secondly, we shall study the invariant solution of (1-1). These solutions are 
given by the difference of solutions of the inhomogeneous equation (2-1), that is, 


= /o: —| ¢ ihe D 
D®(z) = 1G.(2) —G_(a)} /2i= ae d'ke™ 0(# —m’) 
re ( = 47 t(ktre)c 9/L2 2 INS Be 
= star are ke O(R—m’—7)0(RS) 
Sih at ; ‘ ; 
= dad’; : i(p+nb)x i(p —n€)x 2.9 
TES, |p gee ee (2-9) 
with 
w=0) as ie mt = 1/p'—(p- E)*/e; —m, 
and 


D(x) =G,(x) —G, (2). (2-10) 


The latter D-function involves again both the normal and the abnormal part, and 
is also separated covariantly in a similar way as in the Gz. ,-functions : 


D(x) =D (x, §) +D™ (2, §), (2-11) 
where 
D” (2x, £)=GY (x, f= Goltz; epi se Jesper O(R mt) dk, 
T 
= ae dz | dhe (sel 90 (Bm? — 2) 0(R8), (2-12) 
wo Me gatep PL eee es 
os B70 cat aa eiptahie__ oP Led B (2-13) 
Gal foe, 


iS 


. = ) a ne ye Sean ay. 
with p€=0, p’ =m’, 7=V p—m =v p— (p-€)?/s0 —™’, 
D(x, £)=GS (x, €)-—GE (x, §) 


Seat [dc [athe (eyetrP BP — mi +7) 088) (2-14) 

Ay 

a2 st ; \ ob {eie—teb)e_ pf rteb) “t ; (2 : 15) 
(27) (Fo 


with p==0 and pay m—p =v me + (p-&)’) é7—p’. 


Especially, for ¢,=7, 


a " d°k . / x teat / 
LICR = (2 e 7a sini kh — mm’ xe", (ui3) 
ays . Vv peed 
Ie2> m2 
—1_f{ ee aa, ote / 
Oh (x; n) = 1 : | ee ie sinh / m—k° aye vi (2 -14 ) 
Cha es ean or Be 
2 <> 


- 
ail 
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Of course, the normal and the abnormal parts of the invariant function are not 


Lorentz-invariant, while they have the following covariant property, 
EAC OR ID eM A Ce sO 

where 
fe A BG ar 3 ess. | E 


py v7 pyro 


and J,,’s are Lorentz transformation coefficients. 
The above defined function D(x) satisfies the following familiar relations : 


D(z) =0, 2x,'>0 (2-16) 
= D(x, 2X) |\2.-0.— —? (), | 
‘ CAy 
and ~ D(x, Zo) Meer W): | 


z 


Of course, D(x, €)-function has no such a property. In fact, it is in general 
non-vanishing in the space-like region except the special hypersurface with ¢x=0. 

By means of this property of D-function, we can solve the initial value problem 
in the usual way. The solutions of (1-2) and (1-1) are given by 


6(2) =— | Die—2')8,/6(2) do! (2-18) 
( Ad,B= (0,A)B—Ad,B) 
and 
f(x2)= poet mip) Diaz 7, ea ac. (2-19) 


. 
o 


where the hypersurface o is indicated in Fig. 3. ca 
Since the D-function vanishes in the space-like region, 
S-field obviously has a hyperbolic propagation character, 
namely, the behavior of the wave in an arbitrary 
world point is completely determined only by the we | 
information on the wave on a hypersurface in a past 7 
light cone. This is obvious also from the fact that 

the propagation character is in general determined only 

from the form of terms which involve the highest degrees of derivative with 
respect to space-time.” 

Although the above statement apparently seems to contradict the fact that .S- 
field has a group-velocity larger than the light velocity, this situation is easily 
understood as follows. First of all, it is noted that the propagation character 
essentially indicates the propagation behavior of the spatial discontinuity of the 
wave. On the contrary, the wave with which the group velocity is concerned is 


Fig. 3. 


pied ee i ee. 


aide 
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composed of the plane waves with an infinitesimal interval of nearly adjacent 
wave-lengths and thus has no spatial discontinuity. Furthermore in such a wave, 
the field quantities at two different spatial regions at a given time are no longer 
independent from each other. Therefore although the group velocity of S-field 
seems to imply the propagation of information with a super light velocity, this is 
not the case. 

In fact, the above statement is concretely con- 
firmed in the following way. For simplicity, let us take 
a flat o-surface perpendicular to the time axis as in 
Fig. 4. In general, the right-hand side of (2-18) is 
divided into four components, which come from the 
devision of the D-function into the normal and the 
abnormal parts as in (2-11) and from the separation 
of the integral region over the o-plane into the inside 
and the outside regions of the light cone as shown in Fig. 4. This devision is 
written as 


Fig. 4. 


B(x) =9 (x) +49? (x) +4 (x) +O (x), (2-20) 


where 


(x) = \ D”(x—2', ny dba) Bx’, 


o3(o7) (2-21) 
Bia = | DO Gx, Nas(a)aa' 
ogo) 


and o(o7) denotes the spacelike (the time-like) region of the o-surface. From 
the relation of (2-16), 

0S” (x) +08” (x) =0. (2-22) 
Now, the wave of which the group velocity can be defined is composed only of 
the plane waves whose wave vectors satisfy p?>m?. On the other hand, DC) 


involves only the plane wave with p*<m’ as shown in (2-14’). Thus, for the 
wave under consideration, one finds that the following relation is satisfied, 


do? (x) +94 (x) =0. (2-23) 
Then, from (2-22) and (2-23), 
dS (x) =8$ (x), 
or . 
[DP @=z", n) Bl b(2! yaa! = | DO (a—2' n) 00 b(a!)d°x". (2-24) 
os - Op 
Thus, making use of (2-22) and (2-23), we obtain two different expressions for 


(x), 


178 S. Tanaka 


d(x) =89 (x) +4 (x) = | D2 2/622 ae, (2-25) 
and 


6 (x) =$P (x) +4 (x) = | D™(z2—2z’, n) dy $( 2!) da’. (2-26) 
a(agtop) 

In the first expression, the information only in the past time-like region contributes 
to d(x), contrary to the second expression in which the information in the space: 
like region is necessary in addition to the past time-like region. Namely, if we 
describe the propagation of S-field only in terms of the normal D-function, it be- 
comes necessary to take into account the information in the space-like region, which 
is however completely determined by ¢%(x), namely the information in the time- 
like region, as shown in (2-24). Thus, the apparently acausal behavior of the 
S-field is explained by the fact that the behavior of the wave under consideration 
is not independent in a space-like region, but is imposed by the condition such as 
(2-24)*, 

We have hitherto confined ourselves only to the propagation character of clas- 
sical wave. In the quantized theory, the causal property for the energy propaga- 
tion is not completely determined only by the field equation, but connected es- 
sentially with the definition of the vacuum state. We shall deal with this problem 
in the next section. 


§ 3. The quantization of S-field ——-The canonical formalism 


The Lagrange functions, which lead to the fundamental equation of S-field 


(1+m’*)¢(a) =0, CES) 
or 
(7,9, +m) f(x) =0 (1-2) 
are given by 
L(x) =9* (x) (+m) d(2), (3-1)7 
or 
L(r)=$" (x) (7,9, +im) P(x), (3-2) 
where 
gt (x) =$* (x) 77s=P (2) 7s. (3-3) 


* Tt fact, the well-known fact that the phase velocity in the usual Klein-Gordon field becomes 
larger than the light velocity is essentially based on the same reason. In this case, it is enough to 


separate the D-function into two parts so that one of them covers completely the interval of wave- 
lengths of the wave under consideration. 


+ * denotes the complex conjugate. 
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The hermiticity of the above Lagrangian is obvious. According to the usual 
canonical formalism, we obtain the following commutation relations for d(x) and 


f(z), 


| $x, a), 5a SCH, x) |=I(x—24, (3-4) 
; P(x, 20), $*(x!, xo)} =7,0(x—x’), (3-5) 
and their covariant expressions 
[(x), o*(2’)]=iD(x—-z'), (3-4’) 
(2), $(2')} =—i75(7,0,—mis) D(a—2’), Grane 


by making use of the equation of motion and the property of D-function. D-func- 
tion in the above commutation relation involves the normal and the abnormal parts, 
as shown in the preceding section, so the canonical formalism based on the local 
independence of fields makes necessary to introduce the abnormal component in 
the field operators themselves. 

In order to give the explicit representation for field operators, it is necessary 
to remark several characters concerning this abnormal component of field operators. 
Let us assume the following form for the solution of (1-1): 


exp(zp,.%,,): (3-6) 
Then, the four vector p, satisfies 
2. Pp=P — po =m’. (3-7) 


From (2-2), one finds that the solutions are divided into two classes with distinct 
characters. The first class of the solutions is characterized by the real four vector 
p, which necessarily leads to p’=m’. In this case the condition p*=m’ is Lorentz- 
invariant,** but the sign of f) is not, because the (real) four vector p, is a space- 
like vector. The second class of the solution is characterized by the four vector 
Pp.» where p*<m’ and thus ~ is pure imaginary. However, this statement is not 
Lorentz-invariant, because this four vector p, is in general transformed into complex 
_ four vector in other reference system. Thus, it is necessary to specify the reference 
system, in which the second class of solution is defined by the conditions p* <m’* 
and ~) to be pure imaginary. It is obvious that the first and the second classes 
in the above division correspond to the normal and the abnormal parts of the 
invariant functions in the previous section, because the latter part involves the 


* It should be noted that the above quantization of a spinor field in connection with the equa- 


tion of motion violates the invariance under the space inversion. The detailed discussion is left 


for Appendix A. 
** In fact, if p, forms a real four vector, then p*m?. Taking account of the property of the 


Lorentz transformation, the real property of , remains invariant in any other reference system, so 


the relation p?+m? also holds invariantly. 
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factor which is in general exponentially increasing both in space-like and time-like 
directions, and so has no physical reality. 

Accordingly, in order to deal with the normal and the abnormal parts in a 
unified and Lorentz-covariant way, it is-convenient to introduce a time like unit 
vector €, in a future light cone: §,f,=—1,6°>0. Then the four vector p, in 
(3-7) for both parts is described in the following form, respectively : 


N) Normal part: 
dt oe (3-8) 
where we assume 
b,é,=0 or h=k-€/f. (3-9) 


Then, t, which is assumed to be real, is determined from (3-7) as follows, 


T= + Vki—m= +/k— (k-€)?/&2—m’, (3-10) 
with the condition 
| pa (3-11) 


Therefore, the normal part is characterized by k and the sign of t which is 
Lorentz-invariant. 


Ab) Abnormal part: 
Ppa=k, tite, (3-8’) 


under the conditions (3-9). Then, «, which is assumed to be real, is determined 
as 


t=tV m—ke=+ VY mk — (k- €)7/62, (3-12) 
with the condition 
O<k? <m’. (3-13) 


Therefore, the abnormal part is also characterized by the k and the invariant sign 
OFT; 


Thus, the field operator subject to the commutation relation 
[(x), o*(2')]=iD(x—-z'), (3-4’) 


is explicitly represented by 


bx, §) = (x, €) +6 (x, 8), (3-14) 
(n) ; é NN ee eae a d(p-enb)x 2 itp=nbde 
ee ane eee +O" ee eke 


d(x, Si mep rae os {c(p E) ete 4 J £) gli rintye (3-15) 
pE=0 V 2&, V ? Pp, se e 


m2> p2>0 
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where 
7=V p, —m=y/p— (p-£)*/E3—m’, 
pP=V m— pJ=V m— Pt (p-&)2/é2. 
The above commutation relation (3-4’) is reduced to the following two relations, 


[OM (x, €), $*(2’, €)]=iD™(z—v’, 8), Ser 


(3-16) 


and 

[OM (a, €), $O*( 2’, $)|=iD™ (2—z"', §), (3-18) 
assuming the commutativity between the normal and the abnormal components. 
Substituting the expression (3-14) and (3-15) into the relation (3-17) and 


(3-18), respectively, and taking into consideration the explicit form of D™ and 
D functions, we arrive at the final relations ; 


La(p, €), a*(p, £)J=[b(p, €), b*(P', £)J=Appr, (3-19) 
under the conditions p,?>m’, pé=0, 
and let peo) ud (ps) |=105,, (3-20) 


under the conditions 0<p,2<m?, pF =0, and all other commutators vanish. 

It should be worth-while to note that the total field d(x, €) has also an ex- 
plicit dependence on the time-like unit vector €,, as well as its component fields 
d” (x, £) and ¢ (x, €), and exhibits the oscillatory behavior only in the hypersurface 
indicated by €2=const. Thus, we find that there exist continuously many numbers 
of the unitary non-equivalent representations, corresponding to ¢,, each of which — 
is subject to the same commutation relation (3-4’). This fact is approved later 
in this section directly from the spectrum of the displacement operator for ¢(x, &). 

However, each representation specified by ¢, is not Lorentz-invariant. In fact, 
the Lorentz transformation is represented by the unitary operator U(A), which 


satisfies 

U(A)$(x, €)U7(A) =8' (a, 8) =4 (Ax, A768). (8-21) 
This relation implies the following equations, 

U(A)a(p, §) UA) =a A"'p, A%5) (=a'(p, £)), 

O{A) b(p, SyU-(A) =0(4p, AVE) (=0'(p, $)); 
under the conditions p5=0 and p,?—m’, and similar relations for the c(p, €) and 
d(p,£)’s. Thus, we find that the Lorentz-transformation in general gives rise to 


the mixing of each irreducible representation (corresponding to €,) of the canonical 
commutation relation (3-4’). The group theoretical structure under the Lorentz 


transformation is given by Appendix B. : 
The displacement operators P,()’s for the respective field 4(x, £) are easily 


obtained from the following relation, 


(3-22) 
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ROO, IIS Se Py (3-23) 
Ox 


#& 
By making use of the commutation relations (3-19) and (3-20), the explicit form 
of P,(¢)’s is determined as follows : 


Pay Poe) eee), (3-24) 
P®(E)= D3 {(y +p) ,a* (p, alps §) + GF —P) b* (, DOP, $)}, 3-25) 
p&=0 
p2=m2 
P(E\= S) {pF +ip) .d*(p, Yelp, §) + (98 —ip) c* (P, Dd, )}, 
pé=0 
m2>p220 (3 ‘ 26) 


where 7 and ¢ are given by (3-16). Further, the projection of P,(€) in the 
€ -direction, W(€), has a simple form, namely 


WE) =—§,P,E)=WOE) +We), (3-24’) 
W () = S39 {a*(p, Salp, §) +0*(p, bp, 6)},- — (3-25") 
WE) = Si pld*(p, §)c(p, §) +e*(p, dp, 9}. (3-26’) 


The behavior of P,(¢) under the Lorentz-transformation is given by 
PLC) =A5P. 6) =U) PCO ah (3-27) 


making use of the relation (3-22). 

In order to obtain the spectrum of the above displacement operators, we must 
determine the explicit representation of operators, a’s, b’s,c’s and d’s. For its 
purpose, we must assume the existence of the ‘‘ vacuum” state besides the commu- 
tation relations (3-20). 


First, let us focus our attention on the normal part, and require for the vacu- 
um state |0), 


a(p, €)|0)=0, b(p, €)|0)=0, 0|0)=1, (3-28) 


for all , and ¢, under the conditions p§=0, p,2->m?.* 

This choice of vacuum state, of course, is Lorentz invariant as seen from 
(3-22), and guarantees the positive integer eigenvalue for the number operators 
a*(p, S)a(p, ©) =n* (p, €) and b*(p, §)b(p, §) =n- (p, 8). Although, as easily seen 
from expressions (3-25) and (3-25’), this vacuum state is the lowest eigenstate 
of W™(&), it is, in general, not the case for P™(¢). Further, the spectrum of 
the P™(€) has an explicit dependence on ¢,’s. The latter fact indicates directly 


the unitary non-equivalence of representations 4(x, §) with different €.s, mentioned 
early in this section. 


* If we take a(p, €)|0)=0, b*(p, £)/0)=0 instead of (3-28), we must encounter with the inde- 
finite metric in Hilbert space. 
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For the abnormal component, the more complicated situation occurs. The 
commutation relation (3-20) under the consideration takes the following form, 


leva * ez; (3-29) 


For the definition of the vacuum state several possibilities are conceivable. At 
first, let us consider the following definition of the vacuum state : 


G00; 

fied (3-30) 
and 

<0|0>=1. 


This definition of the vacuum state, however, necessarily gives rise to the indefinite 
metric in Hilbert space. In order to deal with this case, it is convenient to in- 
troduce the following notation : 


N+ =—id*c, N-=ic*d, (3-31) 
and 


ik n ™m 
|z+, Ee tag onigea po c* |0>. (3-32) 


Then, making use of (3-29) and (3-30), we obtain 


N*|n+, m—)=n|n+,m—), 
(3-33) 
N-|n+, m—)=m|n+,m—), ’ 


and 
{n' +, i owe |ln+, m—)= (—12)"( +2)" Onin Ontm- (3-34) 


Namely operators N* and N~, which are adjoint operators to each other, take 
the positive integer eigenvalue associated with the eigenvector |7+, m—). Further, 
as seen from (3-34), the eigenstate |7+,%#2—), which has a vanishing norm by 
itself, has a finite scalar product with other states with different indices. This is, 
however, a familiar feature in theories with an indefinite metric. 

On the other hand, the displacement operator P“” (€) or its projection W“” (&) 


in the direction €, can be expressed by the operators N* and N-: 


PEPE)=— >} ((—-ir8), NH) + (P+iPE).N“ OE, (8-35) 


m2 < p20 


* Let us consider the following cases instead of (3-30), 
c\0>=0;) c*10>=0; 
gas oF dio) =0. 
Since, as seen from the above commutation relation, either case leads to the vanishing norm of the 
vacuum state, we shall take such a possibility out of consideration. 
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Ww (é)= >I, i0{N* (p, E)—N-“(p, the (3-36) 


mo> p20 

Therefore P“” (¢)has, in general, complex eigenvalues and W(€) has pure im- 
aginary eigenvalues associated with the eigenstate |n-++,m—) with a yanishing 
norm. 

Another quantization of the abnormal part is also conceivable, in which the 
indefinite metric no longer occurs. For this purpose, it is convenient to transform 
the commutation relation (3-29) into the diagonal form. This can be done through 
the linear transformation of operators c and d: 


c=ac+ fd, 
é (3-37) 
d*=;yc+0d, 
under the condition 
ad* = 87. (3-38) 
For instance, if we take a=y=1/)/2 , B=—0=i/)/2 , namely 
c= (c+ id) /V2 ’ 
2 Zs (3-37’) 
d*=(c—id)/V 2, 
then 
ES a 
eS 3-39 
Lda = jae ( ) 


and all other commutators vanish. 


Thus, as in the normal case, under the following definition of the vacuum 
state 


€|0)(=(c+id) |0)) =0, 
am S730 
| j0) (= (c* +id*)|0)) =0, Ce 
the basic states |7+,m—), defined by 
in, m—)= pao d*|0), (3-40) 


Vn m! 


span the Hilbert space with a definite metric and the operators N*=c*@ and 
—_— ]/* . Bae ° 5 

N~=d*d become number operators with positive integer eigenvalues. However, in 

this case, the displacement operators P%”(¢)’s or its projection W™ () in. the 


* If we take the vacuum state as 
c|0)(=(c+id)|0>) =0, 
d*|0>( = (c—id)|0>) =0. 


instead of (3-30), this again leads to the indefinite metric. In fact, this vacuum state is just iden- 
tical with the preceding one in (3-30). 


— >. we 
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direction €, can no longer be commutable with the number operator. In fact, as 
easily proved, both: PE”(€)- (or “W@(€)) and the commutation relation can never 
be diagonalized at the same time. In terms of ¢ and d, P&(&) and W@(€) 
are expressed as 


Pe” (©) = >) {p,.(dd* —* 2) —ipt, (de—e* d*)} , (3-41) 
Woe) = "Sit pct dt de)! (3-42) 


Thus, in this case the vacuum state is no longer an eigenstate of P& (©) and W™(€), 
Further, we find that the expectation values of P©@®(§) and W™(€) associated with 
the state |z+,m—), (3-40), take the following values, respectively, 


n+, m—|P&(€) |n+, m—)= (m—n-+1)p,, (3-43) 
(n+,m—|W™(€) |n—, m—)=0. (3-44) 


Finally, we shall state about the vacuum expectation value of the anti-com- 
mutation relations of ¢ (zx, £) or ¢“ (2x, €). For the normal part, we can easily 
show 

C0} {9 (ax, €), *(2’, €)} 10) =D? (x—z'), (3-45) 
on account of the second expression of D" (2)-function in (2-9). Namely the vacu- 
um expectation value of the anticommutator of ¢“ (2, €) has no ¢,-dependence and 
is Lorentz-invariant. On the other hand, concerning the abnormal component, the 
following relation holds : 


COPS (ae), 9 (a) (0) =1DO'(a2—2', 9), (3-46) 
with respect to the vacuum state associated with the first definition (3-30). On 
the other hand, the vacuum state concerning the second definition (3-30’), as 


mentioned above, is not displacement invariant, therefore the corresponding expres- 
sion of the anticommutator is no longer displacement invariant, that is, 


ROTO (zo) 5.900 (2, £)} 102 >) —e" coshp§(x+2'). (3-47) 
mospieo u 
At the end of this section, we shall mention some remark on the problem of 
causality. In the previous section, we have defined the “quasi” causal function 
(2-3) or (2-3’), which satisfies an important relation (2-8) associated with a 
causality. In the case of the usual Klein-Gordon-type field, the corresponding causal 
function is connected with the vacuum expectation value of the chronological pro- 
duct of the field operators and guarantees the causality of the theory. Namely 


Ap(x—2!) =2(0|P(B(x), 9* (x')) 0) = C0] {9 (x), 9* (x) } 10) 


+ €(xy— ay!) (0|[8 (2x), $* (x!)]]0)= 4” (a— 2!) +i (yay!) S(a—2'). 
(3-48) 
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Here, with respect to the Lorentz-invariance of the causal function, it is im- 
portant that the second term in (3-48) is a function vanishing in a space-like 
region. On the other hand, the “quasi” causal function G,, (2-3) under our 
consideration can be written, in a form similar to (3-48), by 

= 9 F 1 er p : “i S3 
p= at _ | (pm) d —— 1 p| © d'p=iD®(2) +6@), 


(3-49) 


a ray ips 
Gin) = = P\ a ae 


= We ye =| {cos (rV/m? +2 — xu) +c0s(r Vm? +? +2 9u)} du 
7 i 
0 
0, (77 cy) 


Ls a a 
Beg OM NE ot OY Mae tin) 
BV Paat 


as shown by Schmidt.” The first term in (3-49) could be connected to the 
vacuum expectation value as in (3-45). However, since the above G function is 
Lorentz-invariant, but non-vanishing function in a space-like region, it is impossible to 
factorize the chronological sign factor €(a)) from this function. Therefore, we 
can say that it is impossible to connect the quasi-causal function directly to the 
vacuum expectation value of the chronological product of the field operators. The 
latter situation, in connection with the failure in the definition of the relativistic 
vacuum state, makes it difficult to decide whether the quantized S-field has a rig- 
orous causal property for the energy propagation, so long as we pay attention only 
to S-field without any interaction. This problem will be discussed from another 
viewpoint in the next section. 

As the conclusion of this section, we can state the following facts. Under 
the formalism of the canonical quantization and the requirement of the Lorentz- 
invariance, S-field cannot be described in terms of the simple local field and has 
no familiar particle aspect. In fact, it is impossible to define the Lorentz-invariant 
and lowest energy state; that is, the vacuum state. In other words this implies 


that the concept of “energy” or “momentum” of the S-field by itself has no 
objectivity. 


(3-50) 


(Fr S eS) 


§ 4. Interaction of S-field 


As the result of the preceding investigation, we find that the quantized S-field 
under the canonical formalism cannot have any familiar particle aspect. Therefore, 
it is impossible to grasp S-field in the same level as the usual elementary particle. 
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However, it may be a matter of interest for us to ask whether one can successfully 
confine the curious behavior of S-field only within an inner region without any 
appreciable effect in an asymptotic outer region, in a loose sense of the word. 

In order to deal with such a problem, we have to take into consideration the 
interaction of S-field with other elementary particles. However, S-field quantized 
through the procedure in the previous section is no longer any simple local field, 
but rather depends on the time-like four vector €,’s as if it were a bilocal field. 
At present, we have no legitimate means to deal with the interaction of such a 
field. Meanwhile, it is to be noted that the method of quantization of S-field 
given in the previous section does not mean the one and only way. For instance, 
in the familiar quantization method of a field in the Heisenberg representation, a 
different choice of the asymptotic field associated with the definition of the vacuum, 
in general, may lead to a unitary non-equivalent representation for the same system, 
as originally pointed out by Haag.” : 

Anticipating such a possibility, let us consider an interaction system described 
by the following field equations and Schrédinger equation : 


(L1—«*) (x) =0, (4-1) 
(7,9, +k’) Pan(x) =, (4-2) 
i OPC) — (F(x) + Hu(2)) P(e), ames 5) 
do0(x) 
[d(z), o*(2’)|=id(x—2", «), (4-4) 
{pa(x), $o(2’)} = (7p 9.—#') A(x—2', 0) 0.0, (4-5) 
where #,,(x)’s indicate usual spinor fields and 
Hy (x) =9$a( x) $o(x)9(x) +h. c., (4-6) 
Hu(x) =— de $* (x) 9(x), (4-7) 


and further 4-functions in the commutation relations (4-4) and (4-5) are the 
usual invariant 4-functions with the real mass « or «’. 
Now, if we take the formal “ unitary” transformation U(c), for the above 


system, defined by 
idU(o)/d0(x) =H (x) Uo), 
so as to Riantantee Hy, from the interaction terms, then in the above Eqs. 
(4-1) — (4-6) d(x) is replaced by é(x) in a new representation and '«° by 
°—Ox. Therefore, if we assume 
<0, (4-8) 
the original system may become equivalent to the interaction system of the quan~ 


tized S-field, with a spinor field, ¢..(2). 


However, as will be shown later, both systems are actually not unitary equiva- 
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lent, so far as we assume the existence of the vacuum state for each of 6(x) and 
é(x) in the same time. In spite of this non-equivalence of both systems, it is still 
interesting to investigate the original system, assuming the existence of the vacuum 


state with respect to ¢(x). 
The perturbation expansion of the S-matrix of the original system becomes as 


follows, 


S=— D5 (—i)'*™ = \ dav dorm 


iym=0 l!m! 
< FIPG (ed AD, Fr) GMD (— Ds | dye dy, 


x (f"|P(a), eal d(x), @* (24); Pea} at ore A (y1), ah i Tans 

(4-9) 
where j(x) =9$.(x)$%(x) and |z) (|f >) and |z’) (| f’)) denotes the initial (fal) 
states associated with the spinor and the Bose field, respectively. Now, the above 
expression (4:9) indicates that the S-matrix of our system is equivalent to that 
of the system which involves only the interaction term H;, provided that we 
replace the free propagation function of the Bose field, 4;(zx, «’), in the latter case 
by the function modified by the interaction Hy; (a2). This modified propagator, 
which we shall describe with 4;(a), can be expressed by the perturbation series : 


ane 23(-) = \ da -dx,(0|P(b(x), *(y), Hu(a.), «, H(t») |), 


(4:10) 


though it is not a convergent series as will be seen from (4-12). However, theres 
holds the well-known relation which connects both 4;(x, x) and 43(x) in terms 
of the proper self-energy part //* due to the interaction Hj; (x), that is, 


dy (p) =Ar(p, «*) + 4e*(p) I* App, &*), tA 
or equivalently 


4" (p) =47'(p, ¢) —I1*, (4-11’) 
where 


An(p, «) = 1/20 (p* +0°—78), 
and //* is given, after the simple consideration, by 
IT* = 27i0K', 
hence 4;°(x) becomes as 


e Tpe 


~ (2a)! \p pti — de —i8 


d'p. (4-12) 


The above function is, except a constant factor, nothing but the quasi-causal func- 
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: es : ; 
a Gi(x, m’) with m*=0«°—«?(>0) which was defined by (2-3) or (3-49), 
an then it was impossible to connect this function directly with the vacuum ex- 
pectation value of the field operator, (x, €). 

Now, the S-matrix of the Mdller scattering in the lowest order with respect 
to the coupling constant gy is given by 


S% =—i|| dedyj(x)G,(e-y) 7*(9). (4-13) 


This can be written in terms of the quasi-retarded function according to the pro- 
cedure given by Ma,” namely 


S%=—i|\dedy{j(a)Gn(2-y, n)j*- (y) +j° (2) Ge(y—2, n)j®(y)}, 
(4-14) 


where use is made of the relation (2-8) and j“(x) means the positive or negative 
time frequency part of the source function j(x). 

From the above expression, we just find that the quantized S-field propagates 
the energy with a super light velocity, because Gp(x, =n) is in general a non- 
vanishing function in a space-like region. 

It should be worth-while to note that even though the original form of our 
system apparently belongs to a familiar theory of the local fields with a local in- 
teraction, hence each term of the perturbation expansion of the S-matrix with 
respect to 0x and J, i.e. (4-9) is, of course, Lorentz-invariant and rigorously causal, 
the resultant expression after the summation of terms of the perturbation expansion 
with respect to 0x shows Lorentz-invariant, but an explicitly acausal feature. This 
strange situation is, of course, caused mathematically by the non-convergence of 
the series of the perturbation expansion with respect to Oc. In terms of the 
physical word, however, we believe that this situation is due to the non-existence 
of the true vacuum state with regard to the interaction Hy(x). In fact, if the 
latter statement is true, the appearance of the acausal property is reasonably con- 
ceived from the general framework according to Lehmann.” In order to support 
such a conjecture, let us consider the relation between the field ¢(x, €) in the pre- 
vious section and the field ¢(x) in the present section, identifying both fields and 
their space-time derivatives at the hypersurface ¢2=const., more simply, <*=0: 


d(x, €) 
E,O,0(x, 2) (ere0=9 50,0 (2) | exo 
It is convenient to expand the field d(x) in the following form in accordance with 


that of the field 4(2, 5), 


Aiea OC) taped (4-15) 


u(p+rbeir'™* +0" (p—pe er} 4 (4-16) 


Erte cy 
b(x) = Pyare { 


where 


190 S. Tanaka 


r=V p+m =v p’— (p-&)7/Fo +m’, (4-17) 
and w(p) and v(p) satisfy the usual canonical commutation relations. From (4-16), 


we obtain 


i . i( p—(pB)8) Eo a 
(2) |ga0= 3) ace {u(pty&) +0*(p—rh) pe? ™ , 
4750 


eye ae % La Gee 1 p—(prE)E/ E02) 
po SD) | oh tke +78) vp —7he 


(4-18) 


0,0 (x) 


Substituting the above expressions and the corresponding ones for d(x, €) derived 
from (3-14) and (3-15) into (4-15) and comparing the both sides, one finds the 
following relations, 


bes ele (gy epulptr)+QFnvt(p—7H}, (4-19) 
b(p, £)/ 2 ar 
with the conditions p’°=>m’, p§=0, and 
CCP, F)\is 0 Ths 4-20) 
(Be) aa rp WOE) PHO) + OF iNT}, ( 


with the conditions m’>p’°=0, p§=0. 

Now, as originally pointed out by Haag” for the relation between the two 
neutral Bose fields with different masses, we can easily verify the following fact, 
taking account of the relations (4-19) and (4:20). If there is the vacuum state 
associated with the field ¢(x), namely 


u(p)|0) =0 
v(p)|0) =0 


there is no normalizable vacuum state |0) associated with the field ¢(2, Fh which 
satisfies 


for all p, (4-21) 


a(p, £)|0)=b(p, §) soa 
c(p, §)|0)=d(p, €)|0)=0, 


over all p’s under the conditions in (4-19) and (4-20). This is, of course, due 
to the infinite degrees of freedom of the field operator. 

Thus, the quantization of S-field in this section makes it possible to remove 
the eigenstates of the number operators of S-field from the Hilbert space. Speaking 
more physically, we can say that it is possible to quantize S-field so that S-field 
no longer exists in the free state with the modified Einstein relation (1-3), but 


takes a role only in the interactions with other particles, bringing the acausal effect 
into them, 
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§5. Summary and conclusion 


We have investigated the matter with a super light velocity as one possible model 
in the course of looking for the physical concept which will essentially govern 
the future theory, but may be hidden behind the present field theory. In such an 
attempt, it is important to study to what extent this matter could be reconciled 
with the framework of the present theory or contradicts the present physical 
concept of elementary particles. With such a purpose, we investigated at first in 
§ 2 the propagation character of the classical wave and explained the apparent 
contradiction between the group velocity over the light velocity and the hyperbolic 
propagation character. In § 3, it was shown that in the framework of the usual 
canonical quantization, this matter is no longer represented by a simple local field, 
but rather has an infinite number of unitary non-equivalent representations, each 
of which is characterized by the time-like unit four-vector as if being bilocal field 
and is transformed into each other by the Lorentz transformation. There is no 
vacuum state which satisfies the Lorentz-invariance and the lowest energy condi- 
tion, while the displacement operator of the field does exist: Further, the ab- 
normal component, which is inherent in S-field and characterized by its unbounded 
behavior in space and time, brings the indefinite metric into the Hilbert space. 
Therefore, we have to say asa whole that S-field, free from any interactions, has 
no physical reality. In § 4, we considered the interactions of the S-field with other 
fields attempting to confine the above curious behavior of S-field only within the 
structure of interaction with other particles. The result of this section shows that 
the suitable quantization of S-field provides the Lorentz-invariant, but quasi-causal 
S-matrix and further makes it possible to eliminate the free state of S-field from 
the Hilbert space by means of the infinite degrees of freedom of the field operators. 
These features of S-field seem to have similarity somewhat to those of B-matter 
referred to in the introduction of this paper. 

In conclusion, the author would like to express his sincere thanks to Prof. 
T. Inoue for his kind interest in this work and to Prof. Y. Munakata and Dr. M. 


Ida for valuable discussions. 


Appendix A 


a) The field equation and the transformation property of spinor field 
Let us consider the general spinor field equation which is invariant under the 
proper Lorentz-transformation : 


(7,0, +a+ 87s) f(x) =9, (Act) 
where a and ? are complex numbers : 
a=a,+1a,, B=P,+1f.. (A-2) 


The Lagrange function associated with the above equation takes the following 


form : 
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L(x) =P" 74(a+ bis) (Tp 9p e+ P75) 9 (2)- (A-3) 
From the reality condition of £(2),* we obtain 
aa ev. (A-4) 
B,/a1=4a/ P= —b/a- (A-5) 
On the other hand, multiplying the operator (7,9,—@+/37s) from the left to 
Eq. (A-1) gives 
{O— (a? + Ba — By — a") } f(x) =0. (A-6) 
Now, applying the usual canonical quantization to the above field, we obtain the 


following commutation relation, 


(h(x, 21), $*(x!, )} =— SEM oe —2"). (A-7) 


Replacing ¢(2) by ¢(2): 
(x) =exp(—fis)$(2), 
with a real constant, f, (A-7) is transformed into 


“ 7 1 
P(x, x»), F*(x!, x»)} =, 
a—b 
xX {(acosh2f+b sinh 2/) + (6 cosh2f+a sinh 2f)7;} 0 (x—x’). (A-8) 
Therefore, choosing the magnitude of f as 


le ore or a tanh 3p, (A-9) 


a 


according to |a|>|b| or |a|<|b|, makes it possible to drop the term involving 7; 
or the constant term in the right-hand side of (A-8), respectively. 

Consequently, we can confine ourselves, without loss of generality, into the 
following two cases: 


1) ae 0, b=F 


(A-10) 
li) @=0F Fae0. 


Let us now consider the above two cases, separately. 
Dina oe 05 b==0: 
In this case, from (A-5) 


a,=8,=0, 


thus the equation of motion becomes 


* This condition implies that the Euler equations derived from the variation of ~ and ¢* 


- ? 
respectively, are compatible with each other, 
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(749, + e+ 1827s) $=0. (A-11) 
By making use of the transformation 
P(x) =expitrsp(x), (A-12) 
with §,/a,=—tan 20, this equation is led to the usual Dirac field equation 
7.9,+V as +r) p(x) =0, (A-13) 


and the commutation relation (A-8) yields 
(f(x, 10), $*(x’, x)} =—+-0'(x—2'). (A-14) 
a 
my a=0, 6540 
From (A-5), one has a,=§.=0, and the equation of motion becomes 


(7,9, +ia2+Bi7s) $=. (A-15) 


Making use of the transformation of (A-12) with a,/,;=—tan 20 or f,/a,=tan 20, 
the equation of motion, respectively, becomes 


(7,0,+V/ a7 +227) $=0, 


eee (A-13’) 
or (7,9, +iV a7 +82) ¢=0, 
and the commutation relation takes the following form, 
(P(x, 10), P(x, o)} = 1 (xa). (A-14/) 


Summarizing the above result, we can say that the general spinor fields subject 
to (A-1) are classified into two cases, one of which is a well-known Dirac field 
and the other is the field with a super light velocity and described by 


(7,0,+m7s) p(x) =0 (A-16) 
iP (x), ¢(a’)} =—i7s(7,0,—mirs) D(x—z'), (A-17) 


making use of the invariant D-function defined by (2-11). 
The equation of motion (A-16) has several invariances under the transforma- 
tion such as space or time reflections, and charge conjugation. They are given by 


(x) >7s71¢ (x), (space reflection, P) 
>7.¢(x), (time reflection, T) 
>7,;C¢(a), (charge conjugation, C)*. 


Under each of these transformation the Lagrangian is also invariant, but the com- 
mutation relation (A-18) is no longer invariant and changes the sign of the right- 


* The notation C follows Schwinger’s: 


“1 
Cy,.C  =-7,T. 
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hand side. However, this is naturally invariant under the combined transforma- 
tions CP or CT. 

Thus, from the above argument we can say that the S-field with spin one 
half has the unique correspondence with the parity violation character. 
2) The quantization 

Let us divide the spinor field into the normal and the abnormal parts, in a 


similar way to (3-14): 


$x, §) =$ (x, £) +9 (a, 8), (A-18) 
where 
n é 1 ” = + é i(p+ né)x Oe 5 = = t(p—nt)x 
OS) Od Famer Ao AP) ree Eyeiet EAU p, 2) Gh. Choe eee 
Boma Vi.a09 
(A-19) 
ab | Mt r é + EY) pi(ptipéyec i” & - EN pt (p—ipi)x 
BOI) Sa rs wage KEE Oe ee 
i) 


m2> p2>0 


(A-20) 


with the same notation 7,9 as (3-16) in the text. In the above expression the 
constant spinors ¢*,¢* are subject to the following equation, 


{i (Put 7 .)7,+m7rs $,* (p, €) =0, (A-21) 
{@(Put iF ip +M7s} G,* (p, &) =0. (A - 22) 
The solution for ¢*(p, =n) is explicitly given by 
a m Fig 
Ue 2 at ee . . A <2 * 
Ae NRT Ea ba eoReaas Sip) 
; = 
Pi 4 = ee x ), A-24 
V 2(pFeje (1/m) (Fp+e) ut ( ) 
where 
c= p'—m, p=\p\, 
and 


2esP 


ca Ye AE wu: 


with the obvious notation. The above solution satisfies the orthogonal conditions, 
br (p, n)Ts$.* (pb, n) =€,0,,, 
U5 (p, 1)ins (Py Wi enone . (A-25) 
dn *(p, n) Tos (pb, n) =0, } 


* Hereafter, we shall use the representation, where r5=(5 Mie 
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where 
€é,=+1 for r=+1. 


From (A-25), we obtain 


23 en 1h," (p, n)i* (p, n) + 4,7 (p, n) bz*(p, n)} =7s. (A -26) 
Introducing the operators 
A*(p, n)={+ (prey +mri7s) +} /2¢€ (A-27) 
and making use of (A-26), one finds 
BS &. 0. (p, 2) &- * (pyn) =A* (psn) 7s: (A -28) 


Now, let us consider the Lorentz-transformation which transforms n, into a given 
¢,, namely 
ee a (A- 29) 


and take the matrix S, 
S7,S7= 4,1. (A -30) 
Then, giice the Nunchions Sd#(A-'p, n) satisfy Eq. (A-21), we can identify ‘ 
them with ¢*(p, ¢), namely 
$,* (py ©) =Spr(A" p, n). (A-31) 
In this case, one can easily verify that 
S(p, §)¢,* (p, £) = + & ,* (p, ©), (A +32) 
where G(p, £) is the generalized spin operator, . 
S(, 2) =—A7s7etaPebo/V Po (A-33) 


and especially S(p, 2) =o p/p. 
Further, corresponding to (A-28), 


Se f(D, GA (Ds 6) = Fi Pet Edi o7 eM} [29 (A: 34) 


Also, concerning the abnormal part ¢;(~, €), the similar treatment is applied. 
The solutions 9(p, €=n)’s are given by 
1 G/m+itV m—A)ut 
2, 3 ( P > n) ae Dy d > 


4 eee Na : sy ay ap 
(Vv m+ +i/m—A)u eG 
ik (/m—AFiv m+A)u* 
ee (Pp, n) Se eae aerst Sone : 
i 2 (= ivm—A = Vm +2)u* 


where 


h=/m—p’. 
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Taking 
(fe (2, €) =S¢,* (AT D, n) ? 
we obtain 
S(p, £) 9." (p, €) =€-,* (P, §)- (A-36) 
The final relations corresponding to (A-34) are 
6G" (Dp, EG (bs 2) = (Pati 75% .— Mm} /21P, 
3-9," (p, O)G,* (b ©) = — (Pa 1%) Fo7 — M} /27P. 


(A -37) 


On the other hand, the right-hand side of the commutation relation (A-17) is also 
divided into the normal and the abnormal parts. Making use of the expressions 
(2-13), (2-15), they are given by 


—ifs(7,9,—m7s) D™ (x, €) 


=i! a pane ; . 
= ae te wt § 15% ,—m} exp {i(p+7§) xz} 
ane 4. oye, Li bat Tot 
p2=m2 
— {i(p,—75 7s ,—™m} exp {i(p—7F) z} J, (A-38) 


and 


—17s(7,9,—M7rs)D™ (a, €) 


= ont \ BEL. if drar,—m) exp {i(p—ip§) x} 
m2> p2>0 
— (ppt ip ,)7s7,.—m} exp {i(p+7ipF) x} J. (A-39) 


Substituting the expressions (A-19), (A-20) and (A-38), (A-39) into (A-17) 

and comparing both sides, we obtain 

1a"(p, £), a (p', €)} = {b'(p, €), B*(p', €)} =e", Dppr, (A-40) 
under the condition 

P= & Pe, 
LC (Ps 3)... (Poe ee ore (A -41) 
under the condition 
n= p = 0p pe =U 

and all other commutators vanish. 


The several problems concerning the transformation property under the Lorentz- 
transformation, the displacement operator or the vacuum state can be carried 


through in essentially the same way as in § 3 for the Bose field, hence we do not 
enter further in detail. 
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However, it is to be noted that, as seen from (A-40), there appears a new 
indefinite metric in the Hilbert space with a different origin than that due to the 
abnormal part. In fact, the appearance of the sign factor ¢, in the right-hand side 
of (A-40) implies that the states with a different spin direction must have an 
inverse sign of metric in a Hilbert space. Further, this situation cannot be avoided 
by the modification of the vacuum state, because of the anticommutator. Rather, 
this is a reasonable result since S-field with spin one half becomes necessarily 
parity indefinite mentioned early. 


Appendix B 


The group theoretical structure of S-field 
under the Lorentz-transformation 


In the usual Klein-Gordon field, there exist for any pair of annihilation oper- 
ators, a(p) and a(p’), a large number of the Lorentz-transformations, which trans- 
form the pair in each other and are «o* in number for each pair. Further, since 
the total number of operators a(p) is obviously co*, this field is complete to repre- 
sent the Lorentz-group which has ©o® elements. On the contrary, the situation is 
different for the field under consideration. There do not necessarily exist the 
Lorentz-transformations for some pair of operators a(p,€) and a(p’, ¢’).* Let us 
consider the pair, a(p, 7) and a(p’,m). Then, the fourth components of p, and 
p,’ are vanishing because of the condition in (3-19), namely p,=(p, 0) and 
P,'=(p’, 0). Lorentz-transformations which connect both operators must, at least, 
belong to the spatial rotation, so they exist when and only when p’=p” and are 
co! in number. Further, one finds that the number of operators a(p’, 2)’s which 
can be transformed by the Lorentz-transformation into the specified operator a(p, 7) 
is co”, taking account of the condition p*=p”. In order to clarify the above situa- 
tion more generally, it is convenient to define the “invariant class” of operators 
a(p, ¢)’s in such a way that operators which are connected by a Lorentz-transfor- 
mation to each other belong to the same invariant class.** (Of course, the oper- 
ators in the usual Klein-Gordon field has one and only one invariant class.) 
Taking into consideration the above argument confined to ¢,=m,, we can say, 
without rigorous proof here, the following properties about the structure of classes. 

i) The number of operators with the common €, in one invariant class is ©”, 
and thus the total number of operators in one invariant class becomes 
co?*®= co, taking account of the degrees of freedom of ¢,, namely 00%. 

ii) The number of Lorentz-transformations which connect a given pair of oper- 
ators in one invariant class is co’. Thus, we find that each invariant class 


* For simplicity, we confine ourselves only to the discussion about operators a(P, &)’s. Of 


course, the situation is just same for operators 0’s, c’s and d’s. , . 
** The author is indebted to Dr. M. Ida for the following group theoretical consideration. 
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is complete to represent the Lorentz-group, taking into consideration the 
number of operators, 00°, in each invariant class as stated in 1) and the 
degeneracy in number of ©’ above-mentioned. 

iii) The number of class is co', which yields the total number of operators, 
a(p, §)’s over all classes, co°, in connection with the latter statement in i). 


Appendix C 


Some remarks on the invariant functions in § 2 


In § 2, we defined the retarded and the advanced functions as follows, 
1 re eiktintls ; 
Ce ae | eee (2-4) 
(27) (k+i7f)*—m 
under the condition 7>m. The latter condition guarantees that the integrand in 
the above integration has no poles on the real &,’s axes in the complex &,-planes 
and thus the integration has a definite meaning. Now we shall show that Gp 4(x)’s 


have no dependence on the direction of the time-like unit vector, ¢,. For this 


purpose, it is enough to show the invariance of Gy. ,(2)’s under the infinitesimal 
Lorentz-transformation for ¢, : 


at SES (Cat) 

where w,,’s are infinitesimals satisfying 
Ow= —O,,- (G-2) 

Making use of the following relations, 


Coe Lae ay) 


Se ol (a oe os as (C23) 

and 

ky tp—k, 2, AR =k Oaks (C-4) 
we obtain 

AG p a(x, €) =Gea(a, &) —Gra(a, §) 
1 ( CERF EN) x (ih n&)x 
re mal ee | dk 
(27) (tk F745’)? +m (Gk 75)? +m 


1 c e ht mEjel Th nb). 


— S ef 
(27)! (ik¥78)2? +m? 
Bs Es \ GREE) poy, 8 


(On)! a eihtnb)« 74 b ann (C : 5) 


(ik+7€)?+m dk, 


Further, performing the partial integration with respect to variables k,’s which is 
permissible by virtue of the condition 7>m, we get 
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Mae tS) 


St ne Co GR¥F7F) ,w - : (Qi soes 

— Ss 1°) p ChE NE)” ( TD 
(27)* »=1 : | (tk Ff)? +m? c (ae) sae 
-( GeEnp2 9 GRE7é), | 

7 | eens 9 | Om (th Fs), 
| Ok, \ (ik¥7€)? +m? t ; (3°) 


where 
(dk) ,(=d'k/dk,) = (dk.dk3dky, dk, dk;dk, dk, dk,dky, dkydk,dk;/i). 


The first term in the left side of Eq. (C-6) obviously vanishes. Further, one 
easily finds that the second term also vanishes, because of the fact : 


to) 5e@,,ctk PA), +} 2 AIG FS). On GRFYS) « 1W, 
dk, { (k¥F 7)? +m? {(tk #75)? +m? Grape +m 


on account of (C-2). Thus, Gp4’s have no dependence on ¢ A 

Consequently, the D(x)-function, which was defined by (2-10) as the difference 
between Gp(x) and G,(x), is also independent of ¢ »  lherefore, in order to 
show the properties of the D(x)-function, (2-16) and (2:17), it is enough to 
investigate the D(x)-function expressed in terms of the special direction ¢,=7,, 
namely 


D@)=D™ Gn) FD™ Gin): 


Taking into consideration that both D” (2, ) and D(x, n), as seen from (2-13’) 
and (2-14’), vanish at z,=0 and that D(x) is a form-invariant function with 
respect to the Lorentz-transformation, we easily find (2-16), that is, 


OCey=0,. dor 470. (2-16) 


Further, the relations in (2-17) are also seen from the expression, (2-13’) and 
(2-14’). 
Finally, let us remark on the integral expression of the quasi-causal function 


defined by (2-3): 


thee 
Ce ae ae |e (2-3) 
where ¢€ is an infinitesimal positive 
pie im ¥; number. The poles of the integrand in 

| the complex k)-plane are shown by the 
he Riri SCs te ae . dotted lines in Fig. 5 a and 6, corre- 
| sponding to G,(2) and G_(x). Thus, 
the integration in (2-3) on the real hp- 
axis has a definite meaning. 


ba-s--=s-—--= 


Fig. 5. 
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Ground States of Ca Isotopes 


Toshiya KOMODA 


Department of Physics, Tokyo Institute of Technology, Tokyo 
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The properties of the ground states, the binding energies (pairing energies) and magnetic 
moment of the isotopes Ca‘, Ca‘, and Ca‘4 are studied from the standpoint of configuration 
mixing. All the states with one- and two-particle excitations of f¢/5 or P3/2 particle are mixed 
with the main configuration f”,;/,J. The calculated values of the pairing energies and magnet- 
ic moment are in agreement with the experimental values if two-body interaction with the 
Rosenfeld spin mixture is used for the interaction between nucleons in the unfilled shell. 


§1. Introduction 


The Ca isotopes which are usually considered to be “fj shell nuclei” have 
been well interpreted by the jj-coupling shell model. Analyses of the binding 
energies and the excited states of these nuclei give us some interesting problems. 
The pairing energies of the Ca isotopes obtained from experimental values” of the 
binding energies of these isotopes are given by 3.0, 2.55 and 5.5 Mev for Ca, Ca® 
and Ca“, respectively. In the jj-coupling shell model, the pairing energies of the 
fi, Shell nuclei are given by the following formulae,” 


(hid |V fied p= 2nF (for even 7) 
=2(n—1)F, (for odd n), 


in the limit of short range interaction, where Fy is the well-known radial integral. 
The experimental values mentioned above cannot be explained by these formulae. 
The situation is almost same, even if the interaction with finite range is introduced. 

According to the jj-coupling shell model, it is expected” that the excitation 
energy of the first excited state of the nucleus with two particles in the fi, shell 
should be equal to that of the nucleus with four particles in the same shell irre- 
spective of the form of two-body interactions. The experimental values of aes 
and Ca“, on the contrary, show a different feature,” 


Cat 1.51 Mev Ca“ 1.16 Mev. 


For fy. nuclei, the spin 7/2 level competes with the spin 5/2 level. In Ca®, 
the 7/2 level is the ground state and the 5/2 level lies close to the ground state. 
Some authors” have tried to interpret this competition by using a long range 
parameter of the nuclear potential but it seems to be questionable whether such 


a long range value has any physical meaning. 
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In order to interpret the above problems more reasonably, the pairing energies 
and the lower levels of the isotopes, Ca”, Ca“ and Ca“, have been calculated from 


the standpoint of configuration mixing. 

In the present paper only the pairing energies of Ca isotopes and the magnetic 
moment of Ca* have been calculated and the two-body interaction in the unfilled 
shell, especially its spin exchange nature, has been discussed by comparing the 
calculated values of the pairing energies with experimental values. In a forth- 
coming paper, details of the low-lying levels of these nuclei will be reported. 


§2. Configuration mixing 


It is well known that the ground states of Ca”, Ca* and Ca“ have the spins 
0, 7/2 and 0, respectively. From the analysis of experimental data for the energy 
levels of Ca‘ and of the level order of-Mayer’s shell model,” it is assumed that 
the following configurations with the one- and two-particle excitations are 
mixed with the main configuration /7/. J for the Ca isotopes. 


Ca? (i=2) £5j20, p20 
Ca¥ (n=3) Fin (Sr) for (Gr Fixlds) pays 7/2 
where J7=2,'4-6. and J,=2, 4 
Fiphoi( Is) 7/2, fra Psj2(Jo) 7/2 

where J;=0, 2, 4 and J,=0, 2 
Ca“ (n= 4) tija (5/2) F520, Srj2 (3/2) psj20 

Firj2( Jr) fsi2( Jr) 0, Fija( Jo) psjz( Jo) 0 
where J,=0, 2, 4 and J,=0, 2 


These configurations are all the ones with the one- and two-particle excitations that 
can be possibly considered. 
The two-body interaction between particles in the unfilled shell is assumed to 
be of the form: 2 
V=V(r)(+ae,-0.), V(r)=Vyexp(—r/r). 


The strength of the interaction V, is determined by the requirement that the pairing 


energy of Ca®™ should have the value 3 Mey. For one-particle wave functions, the - 


oscillator functions 
op = ro IG (r) De , (O, ~) 
Ru(r) = Noy exp (2/2. 72) 7! LE (vr) 


are used where R,,(7), Yim(9, ¢), Ny. and ier) have rhe usual meanings. 
In Ca® the 5). level has not yet been found and must presumably lie at a height 
of at least 4Mev higher than the ground state.” Therefore, we cannot put a 
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definite value for the single particle energy 5, but rather use &. and €5/3 aS 


undetermined parameters in this paper. In numerical computations, the parameters 
4 and 4 have been introduced, for the sake of convenience, 


4=—__ Esj2 a}. 
(Fi20| V| fri20) 
pea dae ak 
(Sii29| V| F720) 
where the denominator ¢ fj,0|V|/;j.0) corresponds to the pairing energy of Ca® 
of the case without configuration mixing (see the next section). Furthermore, 
4=2d' is assumed. This corresponds to the fact that the ps. level of Ca‘ lies 
2 Mev above the-f;. level and the /5, level must lie 4 Mev or more above the 
same level. Therefore, the value of 4 varies in the neighbourhood of d=1.6. If 
the value of pairing energy of Ca” is taken as 3 Mev from the analysis of the 
binding energies of Ca” and Ca”, ¢ f;7,0|V|/7.0) and the single particle energy 
&€5. are calculated. We always note that &). is equal to or more than 4 Mev. 


§ 3. Pairing energies of Ca isotopes 


At first, we have obtained the values of the pairing energy of Ca® by solving 
the three-dimensional secular equation for the configurations /;7/,0, fsj.0 and psj20. 
The energies are measured in units of ¢ f7.0|V|j/;j7.0). This calculated value is 
taken to be equal to the experimental value, 3 Mev. The calculated value is given 
as a function of the range parameter (A= )/v» 7). The excitation energy parameter 
A is taken to be 1.4, 1.6, 1.8 and 2.2 for the Rosenfeld mixture a=2.3 and to be 
1.6 for a=0.2, 0.1, 0, —0.1, —0.2, —0.3 and —0.4. The values of ¢ f7j.0| V| /720) 
which is used as an energy scale in the numerical computations as well as the 
values of the excitation energy &;,. are also determined .as a function of the range 
parameter 4 for the given values of 4 and a as is shown in Tables I and II. 


Table I. Calculated values of <f7j20|V| F720) and single particle energy of f5/. 
in the case of the Rosenfeld mixture (in Mev). The pairing energy of Ca‘ is 
taken to be 3 Mev. 


Lei ee Py ae pan: A=18 A=2.2 
tS se ee ae | eens 
Reaper be fe a Chaya IVE Pe eal Se OI | Ol Sea 
a AS Fria 0) of Sri 0) ; % Sra 0)" Bis) 7/29? 3 e 
= 9 9.037 3.132 2.296 3.674 | 2.348 4.226 2.434 5.355 
0.2 2.162 3.027 2.225 3.560 2.279 4.102 2.356 5.184 
0.4 2.021 2.829 2.086 3.337 2.142 3.856 2.241 4.931 
0.6 1.785 2.499 1.849 2.959 1.908 3.435 2.015 4,433 
0.8 1.593 2.230. 1.655 2.647 1.712 3.082 1.818 4.000 
1.0 1.492 2.089 1.550 2.480 1.606 2.890 1.708 3.757 


ae ee ee ae <a 
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Table II. Calculated values of <f17201V| fyi, and single particle energy of f5/2 
in the cases of spin mixture parameter a=0.2, 0.1, 0, —0.1, —0.2, —0.3 and —0.4 


(in Mey). 
Ss a 0.2 0.1 0 =O. 

Re rn OIV Id 1 rela <fysOVV | ee a eres 
LN F7j29 F7j29 Fra) | | Frj20 | $4 
ene 2.296 3.674 2.296 3.674 | 2.296 3.674 | 2.296 3.674 
0.2 2.585 4.136 2.463 3.941 | 2.405 | 3.848 2:34 eee etosoG 
0.4 2.881 4.609 2.736 4.378 | 5.80d ee AAST | 2.545 4.071 
0.6 2.893 4.629 2.891 4.626 | 2.197 4.475 2.702 4.323 
0.8 2.829 4.526 2.927 4.683 | 2.883 4.613 2.802 4.483 
1.0 2.787 4.459 2.932 4.691 | 2.924 4.679 | 2.860 4.576 
1.2 2.768 4.428 2.936 4.698 2.950 4.720 | 2.899 | 4.639 
1.4 2.758 4.414 2.941 4.705 2.972 4.756 2.928 | 4.684 

<2 oi aoe ad are de Sa Nn 


SS a —0.2 —0.3 —0.4 
era SS < f1j20|V | F720) E5/2 «f7j20|V| f7;20) | E5/2 ¢F7)20|V| F720) | E5/2 
Oat! 2.296 3.674: .| 2.296 3.674 2.296 | 3.674 
02 | 2.351 3.761 2.337 3.739 2.327 | 3.723 
0.4 2.448 3.981 2.446 3.914 2.415 | 3.865 
0.6 2.623 4.196 2.556 4.090 2.505 4.008 
0.8 2.719 4.351 2.645 4.232 2.581 4.130 
1.0 2.783 4.453 2.709 4.334 2.642 | aze7 
1.2 2,829 4.526 2.757 4.411 2.688 | 4.301 
1.4 2.862 4.580 2.792 4.467 2.762 | 4,420 


The effect of configuration mixing can be expressed by the quantity 4E defined 
by the relation ¢ f7/.0|V|fij.0)(1+4E) =3 Mev, and this quantity is plotted in 
Figs. 1 and 2 as a function of 4 for various values of 4 and a. It can be seen 
from Figs. 1 and 2 that for a=0.2~—0.4 the effect of mixing JE is of the 
order of 10%, therefore ¢ f7j20|V|/f72.0) is approximately equal to 3 Mev, the 
pairing energy of Ca™. For the Rosenfeld mixture, however, JE is very large 
and exceeds 100% in some ranges of 4. So the effect of configuration mixing 
is particularly important in the case of the Rosenfeld mixture. As is shown 
in Tables I and II, the excitation energy is greater than 4Mev for a= 
0.2~—0.4 except in the neighbourhood of the short range limit, but it is smaller 
than 4 Mev for the Rosenfeld mixture. Therefore, in the latter case, the large 
value 2.2 of 4 is considered only in the computations for Ca® and Ca‘. 

Next, we proceed to the calculation for the cases of Ca and Ca“. In the 
case of Ca”, the spin 7/2 level competes with the spin 5/2 level, but the results 
of the calculations show that the 7/2 level is ground state except for the special 
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1.0 4=1.4 10 


4=16 Rosenfeld mixture 
4=18 
0.8 
4=2.2 
0.6 
0.5 
0.4 
0.2 a=—0A4 
a=0.2 
a=—(0.3 
a=—0.2 
a=—01 
a=0.1 
—t | ban 0 aa 1 i n a=0 
0 OA i 0406" 108) 1.05.4 O27 04a OC OS Reel 0 al 2 seed A 
Fig. 1. The effect of configuration Fig. 2. The’ effect of configuration mixing 
mixing 4E in the case of the AE in the cases of a=0.2, 0.1, 0, —0.1 


Rosenfeld mixture. 

They are plotted as a function 
of the range parameter A for va- 
rious values of the excitation ener- 
gy parameter 4. The unit of the 


ordinate 4E is «F7320|V|F7)20). 


—0.2, —0.3 and —0.4. 
In these cases the value of the excitation 
energy parameter 4 is fixed to be 1.6. 


range of a and / and the 5/2 level lies closely above the 7/2 level. Moreover, 
the 3/2 level is found evidently to be the second excited state. These results are 
consistent with the experimental data.” Details of the calculations will be reported 
in the forthcoming paper. 

The pairing energies of Ca“ and Ca™ are obtained by solving the secular 
equations of eleven and eight dimensions, respectively. Numerical calculations have 


Table III. Calculated values of the pairing energy of Ca‘? in the Rosenfeld 
mixture. The experimental value is 2.55 Mev. 


Cals 

R Cat2 = 

calculated values exp 
0 2.913 
0.2 2.914 
0.4 3.0 2.195 2.55 
0.6 2.638 
08 | 2.462 
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Table IV. Calculated values of the pairing energy of Ca‘3 in the cases of spip 
mixture «==0.2,.01,.0, —0.1; —02)—0:3 and,—0.4 
Cats 
A Caf? |— SE SE te Se aS = 2a" 2 = = 2 on se Ee 
calculated values exp 
0.2 Seve 3.148 3.072 3.034 3.006 2.990 2.997 
0.4 4.356 3.850 3.571 3.442 3.344 3.275 3.220 
0.6 30 | 5.485 4.841 4.417 4.131 Seal 3.783 3.673 255 
0.8 6.558 5.849 5.330 4.939 4.643 4.416 4.238 
1.0 7.507 6.771 | 6.183 5.710 5.338 5.045 4.808 
1:2 8.344 7.563 6.914 6.377 5.945 5.596 5.310 
1.4 DOL alr eStle4 ey e498 uenee OL 6.434 6.043 | 5.802 | 
| | 


been performed by an electronic computor. 


The results are shown in Tables III 


and IV as a function of 2 for various values of a and for the values of 4 deter- 
mined above, where the values of ¢ f;20|V|/;2.0) given in Tables I and II are 


used. 


§ 4. Comparison with experimental data 


The binding energies of the last nucleon of the 
isotopes, Ca" y Ca™>-Ca® andy Cas are’ 8-37, 11.34, 9795 
and 11.29 Mev, respectively from the experimental data.” 
Using these values, the pairing energies of 3.0, 2.55 and 
5.47 Mev are obtained respectively for Ca”, Ca’, and Ca”, 
as is shown in Fig. 3. 

It is shown from Table III that the experimental 
value of the pairing energy Ca‘ is well reproduced for the 
Rosenfeld mixture but the inconsistent results are obtained 
for the spin mixture a=0.2~—0.4. From these results, 
we can get the following conclusion: The known fact 
that the binding energies of even-even nuclei are larger 
than the ones of odd nuclei is well interpreted for the 


Cato ————————- 0) 
C2 
2Ca‘4l em q7---------- 


Ca2——_*_— —— 39.71 


SSeS ee ee! 
3Ca P55 


Ca 


| ae eae eS ee 
4Ca f 
55 
Cat#—_—_i_~_ 3895 


Fig. 3. Pairing energies 
in Ca isotopes 


Table V. Calculated values of the pairing energy of Ca‘4 in the Rosenfeld 


mixture. 4d=2.2 The experimental value is 5.47 Mev. 


0.6 5.070 
0.8 4.570 
1.0 4.086 


5.47 


a 
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Table VI. Calculated values of the pairing energy of Cat in the cases of spin 
mixture a=0.2, 0.1, and 0. 4=1.6 The experimental value is 5.47 Mev. 


| 0 
0.2 | | 
| 6.681 6.328 6.184 
0.4 | 8.885 7.765 7.205 
0.6 | 11.247 9.788 | 8.867 
0.8 | 13.263 | 11.846 | 10.723 
“1.0 14.971 . 13.652 | 12.431 
1.2 16.449 | 15.170 13.871 
1.4 | 17.645 ) 16.372 | 15.033 


Rosenfeld mixture, but not for a=0.2~—0.4. The same results are also obtained 
in the case of Ca*. It is shown from Tables V and VI that the pairing energy 
of Ca“ are well interpreted for the Rosenfeld mixture in a suitable region of 
4, but for a=0.2~—0.4 the calculated values are very large. ; 


§5. Magnetic moment of Ca® 


The magnetic moments have so far been calculated by some authors”? from 
the standpoint of the configuration mixing. The effect of the configuration mixing 
for the magnetic moment was first investigated and the deviations from the Schmidt ie 
lines were explained successfully. These situations were well summarized together a 
with the other moments by Noya et al.” However, these calculations are based on . 
the first order perturbation theory and, moreover, contain some approximations 3 


for simplicity. 
Now the magnetic moment of Ca® is calculated by diagonalizing the energy 


matrix for the Rosenfeld mixture which is reasonable for interpreting the pairing A 


F 
energies of the Ca isotopes. The wave function of the ground state of Ca“ can 
be written as is a 

$= (ot d}andn)/ A+ > eal?) 4 
where ¢/ and ¢, are the wave functions of the main configuration {7.7/2 and of ‘ 
; 


the excited configurations mentioned in § 2. The mixing amplitudes a, have been 
calculated for Rosenfeld mixture. Numerical values are given in Table VII. 4 
The matrix elements of the magnetic moment operator can be. readily obtained by ¥ 
the standard method of tensor operators." Only the configurations with one 
different single particle state give the non-vanishing contributions to the matrix 
elements of the magnetic moment. Moreover, according to the selection rule of 
the reduced matrix element ¢ /1| H\| j.>, the principal quantum numbers and orbital 
angular momenta must be equal for both states. The non-vanishing elements are 
given in Table VIII. Owing to the smallness of the mixing amplitude @n, 
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where 
bo=b( F718 3 7), t= 0S 7/2 £520) 2 12), o=O(S 7/2 P3/22(0) 72), b3=o( f712?(2) fo/2: 72), 
by=b( frp) fo: ), Vs=0(F7122(6) 5/2: 72), be=b(F7/22(2) p3i2: 12), b7=O( f7/2?(4) p3/2: 72), 
be=b(S 72 f5/2(2) : 72), by=o(S72f5/2(4) : 1%), and giy=o( f7/2P3/22(2) * 7). 


Table VII. Mixing amplitudes Qae 


T. Komoda 


is written as $= [¢o+ 2 an bn] [1 +] af 22/2, 
n= 


The wave function ¢ of the ground state 


= 7 ay ay as a, a5 a6 a7 a os a Fad 
0.2 0.186 0.150 0.0145 | 0.0213 | 0.0365 | 0.0382 | 0.0177 | —0.0265) —0.0141) —0.0175 
0.4 0.214 0.166 0.0185 | 0.0264 | 0.0526 | 0.0391 | 0.0225 | —0.0371) —0.0186) —0.0256 
0.6 0.254 0.184 0.0275 | 0.0342 | 0.0761 | 0.0378 | 0.0356 | —0.0591| —0.0259) —0.0092 
0.8 0.282 0.193 0.0412 | 0.0492 | 0.0984 | 0.0277 | 0.0409 | —0.0834) —0.0401) —0.0031 
1.0 0.289 0.177 | 0.0624 | 0.0641 | 0.119 0.0221 | 0.0461 | —0.110 | —0.0498) —0.0092 
Table VIII. Matrix elements (7|Z|7) of the magnetic moment 7% for the wave 
functions ¢,, given in Table VII. Values of a and 6d defined by (m\7i\2) =ag,+b9; 
are given in the Table, where 9,=5.585, g,=1 for protons, and g,=—3.826, g;=0 
for neutrons. For off-diagonal elements a=—b. 
Diagonal elements (7|\77) Off-diagonal elements (7|7Z|72) 
m a b m n a(=—b) 
4 ae 
0 dy : : : _5Vv3 
2 63 
: V5 
1 — 3 0 4 =e ee 
2 7V3 
1 is 
2 9 
if] 226 5 
3 Pu: Vettes 1 3 5V5 
126 63 63 
5 22 { 
21V 3 
19 22 V5 
5 are pckl 5 
18 9 ~ 5 oe 
Mik 19 
: 4 7 3 8 ae 
63V 6 
185 569 — 
7 — = 3 5 Pie Ava 
13 67 — 
8 ae) aes AV 2 
4 8 
42 21 21 
Wy 229 
9 a — 4 9 2V10 
126 63 Vi 
10 eM eek : V65 
126 63 8 Bare 
Ns en ne 
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Table IX. Calculated values of the magnetic moment of Ca‘?, The experimental 
value is —1.32 and the Schmidt value is —1.913. The unit is the nuclear magneton. 


= a A 
R © Heal Usch Hexp 
0.2 a Le hoOse ; ; 
0.4 —1.675,2 
0.6 —1.586,8 —1.913 Sle aiil 
0.8 —1.480,7 
1.0 —1.358,0 


only matrix components concerning the states f7j,.7/2, frjafsj(0)7/2 and 
FrjoPs2 (0) 7/2 are considered. These states are ones of the lowest seniority. 
The calculated values of the magnetic moment are shown in Table IX. for 
the various values of the range parameter /. 

For the range 4=0.6~0.8 which are suitable to interpret the pairing energies 
of the Ca isotopes, the calculated values of the magnetic moment are a little larger 
(absolutely) than the experimental value —1.32 but we can well recognize that 
the calculated values have a good trend toward the experimental value from the 
Schmidt value —1.913 by the configuration mixing. For 4=1.0, the calculated 
value is almost in agreement with the experimental value. 

From the results on the pairing energies of the Ca isotopes and the magnetic 
moment of Ca“, it seems to be reasonable for us to see that the Rosenfeld mixture, 
in which the main part of the two-body interaction consists of the spin exchange 
force, is rather better than the ones with smaller values of the spin mixture para- 
meter a. 

We wish to thank Prof. H. Horie for his suggestion and encouragement. 
We are indebt to Dr. M. Katzuragi of Japan Atomic Energy Research Institute 
for diagonalizing many matrices. 
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High Energy Limit of Vertex 
Function in Quantum 


Field Theory 
Seiya Aramaki 


Department of Physics 
Tokyo University of Education 
Tokyo 


February 20, 1960 


Several years ago, Lehmann et al.” 
proved that the vertex function in quan- 
tum field theory should damp at the 
high energy limit. In this note we will 
study the behavior of the vertex function 
at the high energy limit starting from 
more general assumptions than what 
they made. For the definiteness of ar- 
guments we take the same model as 
LSZ, namely the interacting system of 
neutral pseudoscalar meson of mass / 
with nucleon of mass M>2y. The 
arguments in this note are independent 
of the validity of the dispersion relation 
for vertex function. 

The /’;, which is our “vertex function’, 
corresponds to the improper vertex part 
while the vertex function given in LSZ 
to the proper vertex part /;*. I’, is 
connected with /’;* by the following 
relation : 


['s(k, P> p—k) 
= Sr (p) Sx (p) I's* (k, p, p—k) 


x dz" (k) dy! (Rk) Se’ (p—k) Se’ (p—k). 
(1) 

Here, Sj and 4} are respectively nucleon 
and meson renormalized propagators, 
and their general spectral representations 
are given by Bogoliubov et al.” For 
example, 4;.(k) can be written as fol- 


lows : 
Ai(k)=— 7 + CE) 
+R = 
2 2\n-1 hi o(?)d# 
ce (yu +’) (2—2)°* (A+R) . 


(32)2 

(2) 

Here, o(—k’) is the imaginary part of 

1/m-4;,(k). The 4;(k) given in LSZ 

corresponds to the case 2=1 in the 
above expression. 

Generally the following equation holds 


irrespective of the high energy behavior 


of 4, 
ano (—k) =|4y'(k) PF(—#), (3) 


where F'(—’) is a complicated function 
consisting of c-functions and 4*, S* and 
S~ functions.” 

From Eq. (3). we see that F(—k’) 
is positively definite and it should damp 
asymptotically as (—#)-"*® or more 
rapidly when |4,() | 
(—F)"” for —k#+00. This asymp- 
totic behavior will hereafter be indicated 
symbolically as F(—k)<(—#)-"*?, 


increases as 
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It is shown in LSZ that 
F(—P) > + 0(—P—4M 
Ar 


XV = B/ —P—4M" | f(—- FP) ). 
(4) 
The right-hand side of this inequality 
is the contribution of a part of F(—#’) 


_ which is taken only from a_nucleon- 


antinucleon pair state, and f(—#’) is 
defined as follows: 


Ps* ps p—R) =7;f(—F) 

for i7p=i7 (p—k) =— M. (5) 
Since F(—#)<(—#’)~”*’, it should 
follow from Eq. (4) that | f(—k)?S< 
(-F)-"**, that is, [5*(-P)(-#)-%”. 
On the other hand, for nucleon momenta 


on the energy shell, from Eq. (1) we 
have 


Ds(—B) =15* (BR) dp (k) de’ (Rk). (6) 


Therefore, we insist that /’°;(—’) should 
increase as (—#*)7%-0?.(—#)-(— #7 
= (—’)“-”” or more slowly for —k* 
co; in other words, the high energy 
limit of the vertex function /';(—’) 
is completely determined by that of 
Ay (k). 

Thus, it is concluded that if one 
writes down the dispersion relation for 
I’, its form can be determined from 
the assumption about the behavior of 
dj, at high energy limit. For example, 
when one uses Lehmann’s_ represen- 
tation for 4j, n=1. in Eq. (2), there 
is no necessity of subtraction in the 
dispersion relation for vertex function,” 
because in this case [;*(—#’) cannot 
behave as constant for —#’—> 00, but 
in virtue of the necessary condition 
of the existence of 4/(—#) it should 


damp as shown in LSZ. When 4;/(f) 
has no zero on the complex (—#)- 
plane it is sufficient to perform one 
subtraction because 7 is less than 3 in 
this case as shown in the previous 
paper.” 
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On the G,/G, Ratio in B-Decay 
Chiaki Ihara 


Department of Physics 
Kyoto University, Kyoto 


March 14, 1960 


Recently the G,/G; ratio in /3-decay 
has been calculated by many authors.””” 
Some of them”:*) have investigated this 
problem from the standpoint of the com- 
posite model. Previously we” dealt with 
the effective pion-nucleon interaction and 
the anomalous magnetic moment of the 
nucleon on the basis of the composite 
model for the pion and determined the 
coupling constants (and cutoff) to be 
consistent with the experimental results. 
Then the G,/G, ratio in /-decay is 
also calculated by using those coupling 
constants (and cutoff) from the view- 
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oint of this model. 1 (ROT te 

. ° : ° O.= > =i (aie aise 
As it is recognized that the weak 2Y 21 

V-A interaction has the universalit : : 

é 4 y On= 17 57» O3=75 (3) 
and the vector coupling constant 1s not 
affected by the renormalization on the 
assumption of the conserved current,” 


and # represents the wave function of 
the nucleon. G,/G{ is calculated in 
the lowest order perturbation like Iso” 


we may calculate the ratio of the ob- 
(it is illustrated in Fig. 1) and the 


served axial vector coupling constant 


G, to the bare one G$ instead of the result is as follows : 
observed ratio G4/Gy. 
The fundamental interactions are AWs \/° 
assumed the following forms, O 
He={9r, (GP + Ger) EAE g are 6h 
a Fig. 1. 
x ene ») +H, Ca (7) ee 
Wa G, Sy ae 21 pe (= : 
Seger ere: Ci oo Cn Re conse 
Ay = > 2a ave (POpTi 4) POT) 


t 
bes (Gis + Ios) — (—Iu+IJo) 


a 


y Jor ING i 
+ 335%, GO) GOP), 2) 


4 
A + 49,4 + (=p + Yon) = (tat te) | 
h 
Be ( (dk) 2M? (4) 
OF O;= 77, IM? (RPM 


| | | | | (G4/G 4°) —1 
Np 0p Ns | Jos Net | Jot i “el 7 
| | Case 1 | Case 2 Case 3 

I 7.50 450. | 72'66-\ 12.66.) 0.86. | 086 0 te ea 
i 10.18 | 10.18 |:~1018 | —1018 | ‘—1.72 172 doe) 0.062 0.001 

1.30 1:30: 21 S430 4) Seays6 Adail oad) eres aie) Ce) 
my | 340 | —5.40 5:40) (e540 t CON 040 4 Se eos 0.00024 

3.37 337 | —3.37 3.37 837.1. ~837 | -029° |} (=) (a5 


a 


Table II. 
| | (G4lG4%)-1 
to Yow Na | 90a apres she = — 
3 | | | Case 1 | Case 2 | Case 3 
75 216i 75 0 | i | ; | ‘ 
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As the correction of the electric charge 
must be zero, the following equality 
must be satisfied (cf. reference 2), 
Appendix A), 


a -=0. (5) 


| << Bt eM" 
M? (#+M?)? 


Then, by using (5), we have 


(Case 1) | (dk) k’—~2M? 
DY be (+ M?)? 
1k —4AM? : 
©) 
M (+ M*)* 
(Case 2) | (dk) R—2M" 
M? (P+ M’*)’ 


( (dk OR 
=\4 2, eee 
M? (P+M?) 


and 
(Case 3) the average of (6) and (7). 


Next we integrate with respect to ky 
and k separately and cutoff integral at 
the nucleon mass M/. The results are 
shown in Table I (scalar, tensor and 
pseudoscalar coupling) and Table II 
(vector and axial-vector coupling) and 
it is possible to improve the result from 
meson theory (G4/G), <1). 

However, it seems to us that the 
second order contributions (Fig. 2) are 
also important for reproducing the ex- 
perimental value G4/G,=1.2, hence we 
should like to discuss them at the first 


opportunity. 
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Possible Corrections to Nuclear 
Magnetic Moments Due to 
Pairing Forces in Nuclei. | 


J. Sawicki 


Department of Physics 
University of California 
Berkeley, California, U. S. A. 


March 21, 1960 


Recently the Bardeen-Cooper-Schri- 
effer (BCS) theory” has been applied 
to nuclear matter and to finite nuclei 
by a number of authors.” Gorkov? 
using the Green’s function techniques 
rederived the results of the BCS theory, — 
and Migdal® extended this model to 
arbitrary systems of quasiparticles. 
Migdal’s method is convenient for cal- 
culations of perturbations of the type 
of the impurities in superconductors 
(see e.g. Refs. 1) and 8)). Following this 
method we can examine first the pos- 
sibility of an enhancement of the mag- 
netic energy of an even-even nucleus in 
the constant magnetic field H (oriented 


214 Letters to the Editor 


along the z-axis) due to the BCS-type 
pairing force. In the usual notation 


the relevant perturbation operator is 


A 

fe ia HS eh Sy (gw —g®) 
LC fe! 1 

XS oP 49]. (1) 


a 


The correction to the single particle 
mixed density due to V in the presence 
of the energy gap 4d can be found as 


Dorr j= (201) hGh rer s €).de 
“ 


= >) Ph pal) gh) (2) 


where G'(r,r’, €) is the time Fourier 
transform of the corresponding cor- 
rection to the Green function, the 
contour C is the real axis plus the 
upper half plane semicircle, and the 
es and ¢,’s are the single particle 
eigenvalues and eigenfunctions of a 
Hamiltonian HH).  Fol- 
lowing Migdal® we find 


given model 


Pr inl se roar ES Gals 


on (eé Vite Jas Ey) V. ee Vuyr 
[Oat = ? 


SER (2s +E) 


(3) 
haw + ys iy) 
2h id (eb ae: 


A, Ex=// 2+, where 
the chemical potential 2 is to be found 
from the condition on the total number 
of particles interacting through the 
pairing force. The quantity J’ is to 
be interpreted as a correction to the 
gap 4 induced by V. In our case of 
a magnetic interaction (compare e.g. 
Tables II and II of BCS” or Eq. (2) 
of Ref. 8) we have V*=— V, and con- 


Cn = A(e,4 


fr! 


where ¢,=€,’— 


sequently, 4’* = — d’ (compare Ref. 6)). 
The sought correction to the nuclear 
energy is 


f=(V)=Tr(Vp’)*. (4) 


In any representation in which j, and 
V_ has only diagonal 
Consequently, the 


o, are diagonal, 
matrix elements. 
term Tr (Vp") 
usual matrix elements (compare Tables 
Il and III of BCS”) vanishes, and also 
all the odd orders in V are equal to 
zero. 


corresponding to the 


| Fygtde7 on) 
u 
of his Eq. (16), and the equation 


If one uses Migdal’s” 


\ Fix de/2a= 4d\*,, one sees that for 


oe so obtained 4, also Tr(Vp*) vani- 
shes, and JE=0. However, a different 
special solution may be obtained. Mig- 
dal® proposes an integral equation for 
4’(r) which is his Eq. (17). This 
equation results from a) the assumption 
of no change in the pairing interaction 
constant 7 resulting from the presence 
of V, and b) the condition J’*(r) = 
Spee (45/2E,) $x (1) gx (T) 
upon 4’(r) analogous to the integral 
equation (Eq. (12) of Ref. 6)) for the 
modified energy gap equal to 4\r) + d’(r). 
If we solve Migdal’s Eq. (17) by equ- 
ating the coefficients of 9,¢;5’s to zero, 
we obtain (€,—€,) A OAV. (i.e. 
d(r) = 2i4V(r)). In this case we 
would obtain 


k=— a 2 (Vi) oe (2E,°) - (5) 


dE vanishes for 4-0 which means a 
correct correspondence to the second 


imposed 


* The zero order (in V) density »° gives no 
contribution to the trace for an even-even 
nucleus, as V is odd in magnetic substates. 
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order perturbation theory. It is also 
proportional to H’, i.e. to the magnetic 
energy, which means a correction to the 
magnetic moment proportional to H.* 
However, such a JE, if existing at all, 
would be extremely small as it was 
checked numerically on the example of 
the Mg™ nucleus using Nilsson’ wave 
functions for the deformation parameter 
7=6, and the value of 4 obtained from 
the observed pairing energy. 

In addition to the pairing forces there 
are still residual two-body forces present 
in the system which can be treated by 
perturbation theory. An example of a 
simultaneous treatment of the both types 
of forces is given in the recent paper 


™ on the moments of 


by Rockmore 
inertia. Bell” has applied the Bruec- 
kner theory to calculate the magnetic 
moments in the presence of residual 
two-body forces in the case of zero 
energy gap 4. Corrections to the 
ordinary and_ the 
rents were obtained and found to be 
negligible. This method can be easily 
generalized to our case of a finite J. 
The most practical method of doing it 
is to introduce Fourier transforms of 
the mixed single particle density matrix 
in the fashion applied in a previous note 
on the effect of the energy gap on the 
optical model potential.” Similarly as 
for the case of no extra residual forces, 
the zero order (inV) density gives no 
contribution both to the direct and the 


exchange — cur- 


* Actually the complete 4E involves also a 
small term Tr Wo® (to order H?) where WwW 
is the correction to V quadratic in H, and 
the zero order (in V) density. This term has 
the same property, and, essentially, magnitude 
as in the case of no pairing force. 


exchange correction terms to the current 
density operator and/or to the magnetic 
energy. Again we have to go to the 
first order (in V) density o’, which 
gives zero or quite negligible corrections 
as above. 

In their recent paper Grin et al. 
presented an extension of Migdal’s 
theory to odd A-nuclei. If the state 
occupied by the odd nucleon is A= +4), 
then the component %,,.,, of the zero 
order (in V) density is equal to one, 
and (%,41.=0. This indicates that the 
usual (‘‘ nonsuperfluid”’) theory applies 
to the contribution to the magnetic 
moment of the odd (aligned) nucleon 


in an odd A-nucleus. 


We have so far considered only the 
direct particle contributions to the mag- 
netic moments which turn. out to be 
practically—if not exactly—zero. How- 
ever, on the uniform model, there is 
in general still the collective contri- 
bution of the rotational motion of the 
nucleus as a whole characterized by the 
gyromagnetic ratio g,-the coefficient of 
the rotational angular momentum R in 
the general expression for p. The ex- 
pression for 7, on the particle picture 
can be given in the form (compare 
Bohr and Mottelson’) 


Ir ae sE ax (2.") (6) 


where 2,= DS} (9)? 1 +9 3o%) 5 pf is 
k 

the density matrix of first order in the 

perturbation U= —h2> VU +3o); 2 


k 
is the angular velocity of rotation around ~ 


the axis .-perpendicular to the body 
axis ; j is the nuclear moment of inertia. 
A discussion of g» in the presence of 


Tiere ene, ete) he Fi) = gy ot 
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the pairing forces will be the subject 
of a future publication. 
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On the Interaction in Nucleon Core 
Shigeo Minami 
Department of Physics 
Osaka City University, Osaka 
April 4, 1960 

Previously” the author has pointed 
out that the value of coupling constant 
in nucleon core ought to be reduced in 


appearance to f=(//2M)yg in spite of 
the fact that its value in the neigh- 


borhood of pion cloud is g, where ¢ is 
the renormalized pseudoscalar coupling 
constant of symmetrical pseudoscalar 
theory, MZ and yp are the masses of 
nucleon and pion respectively. The 
purpose of this paper is to examine 
how this situation should be interpreted 
from the field theoretical point of view. 
Let us develope our discussion on this 
problem by taking into account the 
spread of nucleon core. If the pion 
source density at y of nucleon (the 
center of mass at 2x) is written as 
Pel XL, V—-X)=PA.x, x), the pion-nucleon 
interaction becomes 


aK ESe | pao, ya di(yay 


=| p(x, 2)$.(2+2) de, (1) 


where ¢, is the pion field. As was 
shown in the description of the multi- 
pole model’ of elementary particles” 
proposed previously, ¢,(2, z) can gene- 


rally be expressed as follows : 
Pa(x, z) =i9gp (x, z)ta$ (a, 2), (2) 
f(a, z) = >) UP (z) BU (a), 
f(x, 2) = >) Bu (x) UB" (z). ~ (8)* 


Since our discussions are restricted to 
the’ pion-nucleon interaction, we here 
omit the superscripts 2 and k which 
indicate the baryon states. 

So far as the phenomena in the neigh- 
borhood of pion cloud are concerned, 
the nucleon core may be treated as if 
it were a point. This will make it 
possible to see the property of the in- 
teraction through only the first term 


* With regard to the notation, see reference 
Zk 
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(monopole interaction) in the multipole 
expansion of ¢,(2+2), 


G.(x+z) =$.(x) +2, a(x), be ates 
Ox 


7 


(4) 
Then 
ee OR ea =i9B., (2) 
x (| the (z) Un (z) dz) 
x Ta Bon (x) Bbq (2) ? (5) cs 


where the integral in Eq. (5) must be 
performed over the space-time spread 
of a nucleon core 2). However, such 
a treatment as this will no longer be 
valid in describing the phenomena in- 
side the nucleon core, because such 
an expansion as (4) may lose its mean- 
ing in the case where zx is not always 
larger than z And —L(a2) in (5) 
should be modified as follows ; 


Ltr) =igB., (x) 


x ([ U.s(2) Us @) bale +2) dz) 


2o 
ty OMe A op B (5’) 


If we are forced to reinterpret the ex- 
pression of (5’) in the framework of 
the current field theory (point model), 
the (5’) may be formally written down 
as follows; 


* In order to derive the usual pion-nucleon 
interaction from (5), it is of course necessary 
to introduce the following condition as was 
mentioned in the previous paper.2) When the 
| Oer(z) Uz (z)dz is expanded in y-algebra with 
respect to spin suffix, 


\ Ue (z) Us (z)dz = derctt Mgt (15)e701' Me, 


the M, is always equal to zero. 


—L (a) =ig§ (Mx) B., (x) 
x ({ Ge (z) Un (2) dz) 


x Da (x) Ta By (x) U (5’") 


The integral in (5) should not be per- 
formed over all the spread of nucleon 
core 2, but should be done over the 
suitable four-dimensional volume 2 
which may generally depend on x and 
may be smaller than 2. This may 
correspond to the following situation 
in electromagnetic field. When the. 
electric charge is distributed over the 
sphere with radius 7 (where the distri- 
bution function depends neither on 6 
nor on ¢), the field at the distance r 
from the center (r<7) can be deter- 
mined by the charge contained inside 
the sphere with radius r. 
be easily seen that the value of coupling 
constant in nucleon core is practically 
reduced to 


Thus it may 


g¢ (Mz) ee Ee 
| 


= 9F (Mz). (6), 


If our conclusion mentioned in the pre- 
vious paper” may be expressed in terms 
of the nonlocal field theory, it will mean 
that the value of factor F in (6) aver-' 
aged over the spread of nucleon core. 
turns out to be equal to (4/2M) al- 
though the detailed form of U,(z) has 
not yet been known. 

We may also expect such an effect 
as this in the electromagnetic interaction, 
that is, the interaction strength in nu- 
cleon core may become much weaker 
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than that in the outer region. As the 
result, the contribution from nucleon 
current to the anomalous magnetic mo- 
ment of nucleon may turn out to be 
very small. This will make it possible 
to explain the experimental results for 
the anomalous magnetic moment of 
nucleon. But the reduction of the value 
of coupling constant in nucleon core 
may give rise to a troublesome question 
in electromagnetic interaction, that is, 
the so-called gauge invariance may not 
be satisfied in the strict sense of the 
word. Moreover, the description of Com- 
pton scattering by nucleon may be in- 
fluenced by the existence of such an 
effect as this. 

The author would like to express 
his thanks to the members of the La- 
boratory of Elementary Particle Study 
in Osaka University for their helpful 
comments. 


1) S. Minami, Prog. Theor. Phys. 23 (1960), 
887. 

2) D. Ito, S. Minami and H. Tanaka, Prog. 
Theor. Phys. 22 (1959), 159. 


Some Remarks on Fermi-Yang 
Model 


Yasusi Ataka 


Department of Physics 
Kinki University, Osaka 


April 16, 1960 


Meson theory with the cutoff pre- 
scription which had succeeded in the 
P-wave pion phenomena, has not been 
very Satisfactory for the problem of 


pion-nucleon S-wave scattering and the 
nucleon structure. The author obtained 
qualitatively good results for these “core 


” 


phenomena”, using Fermi-Yang mod- 
el)? which is defined as follows: 

(i) Pions are represented by N-N 
two-body bound-states. 

(ii) Nucleons are represented by N 
themselves or N-N-N three-body bound 
states. 

(iii) Fermi interactions between 
fundamental particles are replaced by 
the short-range static potentials. 

The many-body correlations between 
fundamental particles are neglected in 
‘model ”’, and the interactions be- 


‘ 


this 
tween pions and nucleons are reduced 
to two-body interactions between funda- 
mental particles. In the present letter, 
the pion-pion and K-particle-nucleon 
potentials .are discussed by the ap- 
plication of the Fermi-Yang model and 
the same method as that used in the 


author’s previous work (referred to as 
I in the following). 

The pion-pion potential is derived as 
follows: One pion of the pion-pion 
system is composed of N, and WN,, 
whose isospins are tT” and 7” respec- 
tively. The isospin of the other pion 
z’ is, denoted by @’. Then the N,-z’ 


potential is given by 

Hy, (Ri) = —4r-@'VoU(R), (1) 
and N,-z’ by 

H,1.5, (R:) =— 47? -@'V,U(R), (2) 


where the notation is the same as that 
in I, R, and R, are the distance be- 
tween N-x’ and Nz’, respectively. 


U(R) is a short-range function defined 


by I (2-9). Then the pion-pion poten- 
tial is 
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A, er (R) =—4V, fr Spee ae 
-o’ W(R) =—8V,@-0'W(R), (3) 
where 


W (R) =22 |r) ridr 


“ 


1 


—1 
is a function having a range about 
1/M. We write the total isospin quan- 
tum number as J, then 


o-0' =—_T(T'+1) —2 


—2(T=0), 
={—1 (T=1), (5) 
+1 (T=2). 


Since V,<0, the pion-pion potentials 
are strongly attractive for 7T7=O state, 
attractive for T=1 state and repulsive 
for T=2 state. 

We adopt the composite model ex- 
tended to every baryon and meson by 
Sakata.” Now there are two different 
approaches to the Sakata model. The 
first approach starts from the different 
masses of fundamental particles (i.e. 
M,4 My) and the same order strength 
of the interactions between them. The 
second approach starts from the same 
mass of fundamental particles and the 
weaker interaction between them con- 
taining fundamental / than that con- 
taining no A. Following Okun’,” we 
adopt the latter standpoint. 

The interactions between N and 4, 


A, are given by 
Eyes =—2Vi(r), 
Hyi 222. Va (r), 


(6) 


where 

Viel VOT a 
We assume that the potential V(7) and 
V,(r) have the same potential shape 
and different depths. The K-N poten- 
tial is derived, 

Hx.y CR) =2(—7Vo+ V, 

—7-Tx Vo) U(R), (8) 
where Tx=(Ty)x is the isospin of the 
K-particle. Similarly, K-N potential is 
obtained, 

Hpy (R) =2(qVo— V; 

—7:-TxV_) U(R). a 
Under the condition I (A-19a), —7V, 


—V,<0. The force between N and 
A are attractive, hence V,<0. From 


the larger binding energy of pion than | 


K-particle, 
Sn Vee Vet Vie: (10) 


We write the total isospin quantum 
number as 7’, then 


Gera ips ee 
ea, Pho ae 
(1) 


Then we reach the conclusion that for 
the T7=1 K-N state (for example, K*-p 
state) the interaction (8) becomes re- 
pulsive, and for the T’=1 K-N state 
(for example, T’=1 K--p state) the 
potential (9) becomes more  attrac- 
tive than that for T=1. The K-N 
potential may make (NNA) bound 
states, if the interaction is sufficiently 


strong, then the 7’=O level is lower _ 


than the T’=1 level. It may be con- 
sidered that these circumstances cor- 
respond to the smaller mass of the 


eee 
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(physical) d-particle than that of the 
S-particle. The present results (8) 
and (9) are not inconsistent with the 
experiments on the AK-nucleon _ scat- 


terings.” 


1) E. Fermi and C. N. Yang, Phys. Rev. 76 
(1949), 1439. 

2) Y. Ataka, Prog. Theor. Phys. 22 (1959), 
321, referred to as I. 

3) S. Sakata, Prog. Theor. Phys. 16 (1956), 686. 

4) 1. B. Okun’, Zh, Eks." Teor. Fiz. (SSSR) 
34 (1958), 469. 

5) 1959 Annual International Conference on 
High Energy Physics at Kiev. 


A Proton-Proton Potential 


Tetsuo Hamada 


The Daily Telegraph Theoretical 
Department, School of Physics 
University of Sydney 
Sydney, N. S.W., Australia 


April 28, 1960 


A search has been going on for the 
energy independent potential which is 
consistent with the available p-p scat- 
tering data. We report here on the 
preliminary results. 


Based on the belief that the potential 


‘must have the one-pion-exchange tail, | 


we have assumed the following type 
of potentials : . 


V+ (x) = — p(9°/4n) (e~*/x) 
x [1+ tac" (e-*/x) +108 (e~*/x)"], 
(1) 
°V~ (2) = (1/3) (y*/4e) (e~*/2) 
' Xx [1+°%ae (e~*/x) +°b5 (e7"/ 2x2)? | 
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+ (1/3) 4(9°/4z) (e-*/2) 

x + G/2)+ Gf) 

x [1+ 8a (e7*/x) +°7 (€*/x)*| Sis 
+ pGys(e~*/x) [ais (e-*/2) 


+ b7s(e~*/x)*|(Le8), (2) 


where = pion mass, x=ypr, and (/°/47) 
=effective pion-ncleon coupling con- 
stant. We have also assumed a hard 
core of radius ‘x; and *2's for (1) and 
(2), respectively. 

The singlet even potential (1) with 
the parameters given in (4) can re 
produce the zero energy scattering para- 
meters and at the same time ‘S, phase 
shift of MacGregor et al.’s solution 1 
(MMS 1) at 310 Mev.” 
however, gives too large ‘D, phase 
shifts above 100 Mev. The difficulty 
has been overcome by adding to (1) 


This potential, 


a weak quadratic spin-orbit potential 
(Q-potential) 
a VG (x) O.= — 0.0054 (27/2) Eee 3 
where* 
Q,.=1/2-[(L-o,) (L-o,) 
+ (L-o,) (Lo) j. 

There is some pion theoretical evidence 
for a weak, although long ranged, Q- 
potential.” We did not find such a 
force useful for the triplet odd potential 
(a). 

The best over-all fit so far to the 


experimental data has been attained for 
the following values of parameters : 


(g?/42) =0.08, 'a¢ =0.348, 22> =0.32, 


lag =10, b6=9, "ag =—9, *bg=5, 


* Q.,=—l(/+1) for the singlet states. 
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tig = = 1,2, "hb; =0.35, Ga= — 071474, 


ais=—0.75, bR=7.9. (4) 
CA gee 7 T T T r 
o--== 145Mey 
6: . 95M ev 


I(mb/ster) 
= 


As an illustration we show in Figs. 1 to 
4 the observable quantities calculated 
from (1) to (4) at 95 and’ 145 Mev. 
Experimental points are taken from 
Palmieri et al.,” Hwang et al.,? and 
Bird et al.” At lower energies the fit 
to the experimental data is quite satis- 
factory. At 310Mev, on the other 
hand, the phase shifts calculated from 
the proposed potential are close to MMS 
1 as shown in Table I. 


Table I. Phase shifts at 310 Mey. 
Entries are the nuclear Blatt-Biedenharn 


phase shifts in radians. 
‘calculated from 
the potential (1) to (4) MMS 1 
seg —0.158 ~0.156 
o---- 145Mev 1D, 0.244 0.207 
+ 5 J 
0.17 } oe 1G, 0.026 0.013 
rw ie 0.007 
=o Be a ty be L 1 | 90 1f, 
: a Pe : eee —0.198 —0.197 
Fig. 2. SP, —0.459 —0.480 
3F, —0.069 —0.062 
0.5 r T zi: T r 3H; —0.022 —0.020 
L 4 
dD} | 3P, 0.309 0.291 
L ee ee eee { eK ; 3F, 0.007 0.020 
I oa f : | é; —0.101 —0.051 
ui af 0.080 0.056 
°o Harvard ) 145Mev 4 
Ls Harwell } iit 3H, 0.001 0.006 
PA STAG Sy | é, — 0,367 —0.215 
S25 5 r at 
5 ‘ she af 1 1 ! 4. 90 3, 0.015 0.004 
a Ze iets 3K —0.006 
Fig.3. é, —0.739 
Soy mR py ee ee 
0.5 = Li T T i 71 ie i : € 
fF © ---- 145Mev A full account, with some possible 
R — 95Mev 


refinements, will be published shortly. 


1) M. H. MacGregor, M. J. Moravesik and H. 
P. Stapp, Phys. Rev. 11@ (1959), 1248. 

2) S. Okubo and R. E. Marshak, Ann. Phys. 
4 (1958), 166. 

3) J.N. Palmieri, A. M. Cormack, N. F. Ramsey 
and R. Wilson, Ann. Phys. 5 (1958), 299 
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4) C. F. Hwang, TR: Ophel, E. EL. Thorndike, 
R. Wilson and N. F. Ramsey, Phys. Rev. 
Letters 2 (1959), 310. 

5) L. Bird, D. N. Edwards, B. Rose, A. E. 
Taylor and E. Wood, Phys. Rev. Letters 
4 (1960), 302. 


Non-Statiec Effect in the T=0 
Two-Nucleon Interaction 


Tetsuo Hamada 


The Daily Telegraph Theoretical 
Department, School of Physics 
University of Sydney 
Sydney, N. S. W., Australia 


April 28, 1960 


None of the solutions of the phase 
shift analysis” of the p-p scattering 
data at 310 Mev can be understood 
in terms of the potentials expected 
on the basis of the static pion theory.” * 
It seems that the non-static effects are of 
decisive importance at this energy as 
far as the J’=1 states are concerned. 
The strong (L-S) force found necessary 
by Gammel and Thaler” to fit the 310 
Mey p-p data could be a reflection of 
such effects. 

The situation is not clear in the 
T=0 states. Gammel and Thaler” 


found that a similar, though slightly 


* The parameter R has been measured 
recently by Bird et al.3) at 142 Mev. Their 
results are in disagreement with those predicted 
from the potential considered in reference 2). 
This seems to indicate that the non-static effects 
are already appreciable at this energy. See also 
a recent work by Nigam‘) in this connection. 


weaker, (L-S) potential was required 
to fit the 300 Mev n-p data. This con- 
clusion has, however, been withdrawn 
later.” De Swart et al.” argue, in con- 
nection with the question raised by 
Feshbach® concerning the deuteron mag- 
netic moment, that the (L-S) poten- 
tial may not be indispensable in the 
T=0 states. Their argument is based 
on the n-p data below 150 Mev. The 
pion theory, on the other hand, seems 
to predict the (L-S) potential of the 
correct sign in the J=1 state but it 
fails to give even the sign of the (L-S) 
potential uniquely in the 7’=0 state.” 

In this note I would like to point 
out that the non-static effect must be 
important also in the T=0O state at 
300 Mev. The argument is based on 
the experimental 7-p total cross section 
at 300 Mev, o,,=35 mb.” The contri- 
bution to this from the 7=1 states 
may be estimated from the phase shifts 
of MacGregor et al.” One finds 11.7 mb 
and 10.4mb for their solution 1 and 
2, respectively. : 

In order to estimate the T=O con- 
tribution, the triplet even phase shifts 
have been calculated for the potentials 
considered by the writer recently in 
connection with the deuteron problem.” 
These potentials consist of the one-pion- 
exchange tail and a variety of pheno- 
menological inner potentials. No (L-S) 
forces are included. For any potential 
which fits the deuteron properties rea- 
sonably well, it was found that the 
*D, phase shift exceeds 0.78 at 300 Mey. 
This gives the contribution of at least 
20.7 mb to o,, leaving at most only 
3~4 mb for all other 7T'=0 states to 
contribute, which is definitely too small. 
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In fact the calculated o,,, already ex- 
ceeds 35 mb even without any contri- 
bution from the singlet odd states. The 
same difficulty can be noticed in an 
earlier work by Gammel, Christian and 
Thaler.’” 

The argument presented above in- 
dicates the importance of non-static 
effects in the T’=0 states at 300 Mev. 
If such effects are to be represented by 
the (L-S) potential,* it must be re- 
pulsive in the *D, state in agreement 
with the choice of Signell-Marshak" 
and also of Gammel-Thaler.” It does 
not agree with the prediction of the 
ps-ps pion theory as calculated by 
Sugawara and Okubo." 


1) M. H. MacGregor, M. J. Moravesik and H. 
P. Stapp, Phys. Rev. 116 (1959), 1248. 

2) T. Hamada, J. Iwadare, S2~ Otsuki, R: 
Tamagaki and W. Watari, Prog. Theor. 
Phys. 22 (1959), 566 ; 23 (1960), 366. 

3) L. Bird, D. N. Edwards, B. Rose, A._E 
Taylor and E. Wood, Phys. Rev. Letters 4 


(1960), 302. 
4) B. P. Nigam, Prog. Theor. Phys. 23 (1960), 
61. 


5) J. L. Gammel and R. M. Thaler, Phys. Rev. 
107 (1957), 291. 

6) J. L. Gammel and R. M. Thaler, Phys. Rev. 
107 (1957), 1337. 

7) R.J.N. Phillips, Reports on Progress in 
Physics, X X11 (1959), 562 (Physical Society, 
London). 

8) J. J. De Swart, R. E. Marshak and P. S. 
Signell, Nuovo Cimento 6 (1957), 1189. 


* There is some evidence that one of the 
non-static effects is to reduce the effective pion- 
nucleon coupling constant at high energies.10» 15) 
~ Such an effect serves to reduce the §D, phase 
shift at high energies. It seems, however, that 
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required reduction in the 3D, phase shift. [am 
indebted to Professor Sugawara for an interesting 


comment on this point. 
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Note on the Radiative Corrections 
for the Electron-Electron 
Scattering 


Kichiro Hiida 


Research Institute for Fundamental 
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and 


Toshiyuki Murota, Masako Goto 
and Michio Sasanuma 


Department of Physics 
Osaka City University, Osaka 


May 6, 1960 


The current quantum field theory is 
a local one which neglects the inner 
structure of elementary particles. In 
nature there are unrenormalizable interac- 
tions such as weak decay interactions. 
From these facts many physicists believe 
the existence of unapplicable regions of 
the theory at small distances at which 
the structure effects of elementary par- 
ticles will appear. Much effort has been 
spent in order to get an experimental 
verification of the existence of this 


limitation. But there seems to have 


eee ey ae 


ios 


Sse: 
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been achieved no such experimental 
evidence so far. 

Many physicists seem to believe that 
the present theory will break down at 
small distances, possibly about 0.1 
yukawa (1 yukawa=10-" cm) or smal- 
ler. Therefore it is worth noting the 
electron-electron scattering experiment 
from several hundred Mey to 1 Bev in 
the c.m.s. which is scheduled to be 
The radiative 
corrections for the scattering cross 


carried out at Stanford.” 


section become more important when 
the energy resolution of the electrons 
gets smaller and the energy of the 
In this note we 
shall reexamine the a* corrections for 


electrons gets larger. 


this cross section at high energies. 

Many years ago Schwinger” conjec- 
tured a form for the radiative corrections 
to the electron scattering in a Coulomb 
field. According to him, the total cross 
section, o, is proportional to the elastic 
scattering cross section, o,,, so that we 
- have 


Cen. Oy; (1) 
with the fractional decrease 0 being 
given asymptotically in the high energy 
limit by 


da loz 2E i] E 


pe ay: > 
1 m 2 AE 


O= 


where @ is the fine structure constant, 
m the electron mass, E the electron 
energy, @ the scattering angle and JE 
is the energy resolution associated with 
the experiment (in the c.m.s.). The 
expression (2) is the leading term of 
0, so that the neglected terms which 
are proportional to a, are either linear 


in log(E/4E) and log(E/m) terms or 
constants of order unity depending only 
on the scattering angle 4. o,, has no 
a(log(E/m))* term. The dE depen- 
dence of this conjecture was verified by 
Yennie and Suura.”~ 

Several years ago, Redhead’ cal- 
culated the a*® corrections for the 
electron-electron scattering in the labo- 
ratory system. His result is given 
asymptotically in the high-energy limit 


Dean Ky, {1+ = \a(1=2 tee ate sin) 


7 1 
E 14 
Ogee 6 ( AS fog sin®d) 
x log AEX + 9 gs ame I 
ates 
x log” It, (3) 
M1 


for Esin@dS>m and E> d4E*, where cy 
is Méller’s cross section, E and @ are 
defined in the c.m.s. but only JE* in 
the laboratory system. In the expression 
(3) the neglected terms are constants 
of order a/z depending only on the 
scattering angle @. Suura’ has shown 
that the a@(logm)? terms are contri- 
butions from soft-photon processes and 
must be canceled out in the c.m.s. The 
expression (3) has both log(E/m) 
x log(#/4E*) and (log(£/m))? terms. 
At first glance, Redhead’s result seems 
inconsistent with Schwinger’s conjecture 
and Suura’s arguments and many people 
seem to doubt his result. 

The authors recalculated the a* cor- 
rections for the electron-electron  scat- 
tering and got the same result as that 
of Redhead. Why does the a(log(E/m)) 
term appear in the expression (3)? The 


reason is simple. co is the cross section 
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for the electron-electron scattering in 
the laboratory system and not that in 
the c.m.s. On the other hand, Schw- 
inger’s conjecture and Suura’s arguments 
hold only in the c.m.s. If we calculate 
the cross section in the c.m.s. in fact 
we get 
a 


Oo ~oy i es 4(1—2log 2 sin) 


wT te mL 


25 


ML } > (4) 


in which no (log (£/) )” term appears. 


E29 
x los =. += — lo 
cool eae Cotes 


As was shown by expressions (3) and 
(4), the radiative corrections for the 
electron-electron scattering 
large even at E~1 Bev and the main 
contribution the 
rections comes from real and_ virtual 
soft-photon processes. It will be difh- 
cult to calculate the theoretical cross 
section at E~1 Bev with the required 
In order to do this, further 


are very 


for radiative — cor- 


accuracy.” 
investigations must be carried out. 

All scattering processes in Q.E.D., 
more or less, have this difficulty as- 
sociated with soft-photon processes when , 
applied to testing the validity of Q.E.D. 
Bound state problems such as the energy 
levels of the hydrogen atom, on the 
other hand, do not suffer from this 
difficulty. It may be an_ interesting 
problem to investigate the size effect 
for the energy levels of the mesic 
hydrogen. The levels depend sensitively 
on the structure of the proton and 


* This possibility was pointed out by one 
of the authors (K.H.) and T. Shiozaki at the 
session on the muon which was held December 
1959 at the Research Institute for Fundamental 


Physics, Kyoto University. 
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muon. From both the experiments on 
the energy levels and the electron-proton 
scattering at Stanford,” it may be pos- 
sible to determine the difference between 
the structure of the muon and _ the 
electron.* 

The authors would like to thank 
Prof. H. Yukawa for his many sug- 
gestions and continuous encouragement. 
They are also much indebted to Prof. 
S. Hayakawa for his helpful comments. 
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Note on the Radiative Correction 
to Electron-Electron Collision. 


Hiroshi Suura 


Department of Physics 
College of Science and Engineering 
Nihon University, Tokyo 


May 11, 1960 


The radiative correction to electron- 
electron collision to order @ was cal- 
culated by Redhead? and later by 
Polovin2’ who confirmed the result of 
the former author. Their result has a 
very remarkable feature compared. to 
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the Schwinger correction” to electron 
scattering by Coulomb field. Namely, 
besides the terms of the form 


—a/n-\n(Ec/m) In(Ec/4JE), (1) 


which is the leading term of the Schw- 
correction, the correction to 


scattering 


inger 
electron-electron contains 


terms of the type 
—a/n- (In(Ec/m) )?. (2) 


In (1) and (2), mm is the electron mass 
and E, is the electron energy in the 
center-of-mass system. JE is the maxi- 
mum energy loss of the scattered 
electrons. The very existence of terms 
like (2) would make perturbation cal- 
culation of quantum electrodynamics 
almost meaningless, because (2)  in- 
indefinitely with increasing 
energy. The correction of the type (1), 
on the other hand, leads to no serious 


problem, because including higher order 


creases 


corrections one obtains a bounded, well 
behaved expression.” 

The term like (2) is not unfamiliar 
in quantum electrodynamics. In fact, 
in the calculation of the Schwinger 
correction to potential scattering, one 
obtains such terms for both elastic and 
inelastic cross sections, if one assumes 
a finite photon mass to avoid the in- 
However, in the 
total cross section these terms cancel 
out completely. The cancellation does 
not occur accidentally. It happens be- 
cause these terms come from contri- 
butions of real and virtual photons of 
very small momenta, and hence must 
necessarily vanish in the total cross 
section, just as does the infrared di- 
vergence.” 


frared divergence. 


This argument is quite 


general and should be applicable also 
for large angle electron-electron  scat- 
tering. Then the existence of (2) 
should be due to photons of higher 
momenta. However, there is a strong 
reason to suspect that the terms like 
(2) in Redhead’s result do come from 
contributions of soft quanta. For if 
one adds up all (In m)? terms in the 
cross section of Redhead for large angle 
scattering in relativistic limit, one finds 
that the coefficient of (In )* is just 
the Méller cross section. This situation 
would happen if the term is contributed 
by soft quanta, since emission and ab- 
sorption of soft quanta occur in the 
region of Coulomb tail, hence will not 
affect the actual scattering process which 
happens at shorter distance. Thus the 
existence of (2) is very much puzzling. 

The key to solve the problem is ob- 
tained if one recognizes the fact that 
the inelastic cross section for producing 
a photon of maximum energy JE is not 
an invariant concept. Redhead evaluates 
dO inex in the laboratory system although 
the result is expressed in terms of E., 


*which is an invariant quantity. One 


can obtain the correct total cross section 
in the center-of-mass system from that 
in the laboratory frame by just modi- 
fying the inelastic part of the total 
cross section of Redhead.» Thus 


doin = doin + doine—dow,. (3) 
The result of this modification is 


ome e' sin# dé 1 
tot 8nE2 ~ a — 0) 


x {1/2(-2-37+32—2) 
X [1+4a/z-(1—2w +2u—2v) 
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x In(E,/24E) +a/z-(—46/9—2u 
+ (28/3) w—6 (u—w)*—4(w—v))] 
ta/n-[(2—-7%+2%’) (u—w) —X(u—v) 
Sea Aa) a — X) (xr)? 
— 0/4) 22-1)]} 
+terms obtained by the interchange 
{ol—Y and vow, (4) 
where 
u=|n(Ec/m>1, 
w=I|n(Ec sin6/m) >1, 
v=In(Ec cos6/m) >1, 
and % is given by 
%=sin’ (9/2). 


@ is the scattering angle in the center- 
of-mass system. It should be noticed 
that terms quadratic in uw, v, and w 
enter only in the form of square of 
their differences, which are of order 
unity. Thus, there appears no term 
like (2). Neglecting the logarithmic 
angular dependence, the asymptotic form 


of the cross section in extreme high 
energy limit is given by 


AG tt ~ A grep hi 8 a/n -In (E./m) 
x In(E,/24E)). 


The reason for the appearance of (2) 
in the laboratory frame is not complete- 
ly clear. However, it is not very sur- 
prising because expressing the energy 
of particles in the laboratory system in 
terms of E,, one introduces additional 
factor m other than those coming from 
denominators of electron propagators. 
In any case the concept of the cross 
section for scattering with maximum 
energy loss JE in the laboratory system 
would lose its actual physical meaning 
in the energy region E,/m>1, because 
then the scattering occurs almost in the 
forward direction. 
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On the Problem of Unsaturated Helium Films 
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A theoretical explanation is given for the lowering of the transition temperature, and the 
increase of the entropy, with decreasing film thickness as met with in unsaturated helium 
films. It is shown that in the ideal gas approximation the boundary conditions obeyed by the 
eigenfunctions assume rather an important role. There is, however, no quantitative agreement 
between the experimental and the theoretical results even when the dependence of the film 
density on the thickness of the film is taken into account. On the other hand, if one considers 
the non-ideal gas approximation far the liquid and takes into account (i) the slow variation 
of the parameters 4 and y» with the film thickness, and (ii) the contributions arising from the 
presence of surface tension waves on the liquid surface, the experimental data are explained in 
a good quantitative manner. In this case, however, the boundary conditions are found to 
become rather unimportant. 


§ 1. Introduction 


Experimental investigations into the properties of unsaturated helium films” 
have shown that the transition from helium I to helium II takes place at a tem- 
perature lower than that for the bulk and this transition temperature decreases 
monotonically with the decreasing film thickness. Further, the entropy of such 
films is found to be larger than the bulk value. Whereas the properties of liquid 
helium in bulk have been investigated rather in detail, the behaviour of thin films 
is comparatively less studied. Particularly, the monotonic variation of the film 
properties with its thickness has remained almost unexplained. 

Recently it was suggested by the authors” that such a behaviour of the thin 
films could be understood if one enumerated the eigenfunctions in the bounded 


continuum more exactly than is ordinarily done (by taking into account the surface 
In the present communication we have investigated this problem in 


term also). 
greater detail. In Sections 2 and 3 we have studied the ideal gas problem by (i) 
ence dif- 


carrying out the summation over states as such, so as to avoid the diverg 
ficulty met with in reference 2), and (ii) taking into account the variation of the 
specific volume of the fluid with film thickness. We find that if one tries to 


understan: 
liquid helium, 
is obliged to assume the boundary condition 0 /On=0. 
use the non-ideal Bose gas spectrum characterised by an energy gap 4 and an 
It is found that the experimental data can be quantitatively un- 


the boundary conditions assume rather an important role, i.e., one 
In the next section we 


effective mass /4. 


d the experimental data by assuming the ideal gas approximation for 
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derstood if these parameters are taken to be slowly varying functions of the density 
in the film. However, in this case, the variation of the parameter / comes out 
to be opposite to that required for understanding the density dependent’ properties 
of the bulk liquid.» Next, we show that the contribution of the surface tension 
waves towards the entropy of such thin films is quite important and when taken 
into account leads to a proper density dependence of the parameters concerned. 


§2. The ideal gas approximation 


It is well known that in a bounded continuum of volume V and surface area 
S, the number of eigenfunctions with momentum lying in the interval p and 
pt+dp is given by” 


ANY 19 S h 
node rafiaelS) bah 
where g is the relevant weight factor and @ depends upon the boundary conditions 
obeyed by the eigenfunction; 6=—1 for ¢ vanishing at the boundary and @= +1 
for 0¢/8n (n being the normal to the surface) vanishing at the boundary; for 
intermediate boundary conditions, which might arise in certain special cases, 0 
would assume values between the above two limits. 

Working with expression (1) in order to calculate the number of particles in 
the excited states of a degenerate Bose gas we found in reference 2) that the 
integral over the correction term diverges. Making a crude approximation of replacing 
p in the correction term by its average value, we got for the variation of the 
transition temperature with film thickness the relation 


r= 2 (ry 149 2382 |, (2) 


where v and wp are respectively the specific volumes in the film and the bulk 
and r[=T/T)] is the ratio of the transition temperature for the film to that for 
the bulk. Here, ¢ is expressed in units of the mean thermal wavelength of the 
particles. 

The divergence difficulty mentioned above arose due to our having replaced 
the summation over states by integration. To be exact, the number of particles 
should have been calculated by the relation 

ie} i) ive} 72 2 2 2 \ -1 
N= 33,3) Sleo[ Tt 4P+ aay, @ 


‘2B y ‘z 


where 
A=[h?/2mkT |? 
is the mean thermal wavelength and J, } and ¢ are respectively the length, the 


breadth and the thickness of the cuboidal assembly. The lower limits of 7,, Ny 
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and nm, as taken above correspond to the case ¢=O at the boundary. The upper 
limits, to be more exact, should have been U/l, b/ly and t/l, respectively, rather 
than infinite (where 7, is a parameter of the order of the interatomic dane 
The correction arising out of this has been calculated by S. Franchetti® and is 
found to be almost negligible. Further, whereas the summation over n, and-n 
may be replaced by integration, this is not justified for the summation over ee 
(because of the smallness of t). Thus we get® 


N= 7b s| Sy (- ie (4) 


n=l 4? 


=. In| IT {1—exp(—#nt/4er)} I, 


2amkT |? A “| 
= y| eemer | f (3/2 bal Ant /A | 
h2 * (3/2) V2e(3/2)t n (4zt/4) + . (5) 
As indicated above, this relation has been derived for 06=—1; we may generalize 


it and write for the number of excited particles per gramme at the transition 
temperature 7’ of the film 


‘ 3/2 
nsv| met | ¢ (3/2) E +0\ 5 é 


aaa nn ||. (6) 


whence one gets 


— pela +6 In (Ant/2) |. (7) 
Vo 


A 
V7 C(3/2) +t 


Similarly, for Helmholtz free energy per gramme we have (see Appendix I) 


2QamkT A e(2) 
pac | Samet] 5/2)kT|1+8 4 |. 8 
oe) emer 1+ 0— ayn C (5/2) 2 
Thus the specific entropy of the film is 
5 QamkT A 2 AOD 
5S [ | 5/2 al Gitog ee eae |. 9 
gree hs Soest waders Vv 0(5/2) es 


Assuming for the present that the specific volume of the film is the same as that in 
the bulk, it is easily seen from Eqs. (7) and (9) that the lowering of the transi- 
tion temperature and the rise of the entropy with the decrease of film thickness can 
only be understood if @ is taken to be positive. In the next section we investigate — 
the contribution arising from the increased density in the film towards explaining 


the above properties. 
§ 3. Variation of the specific volume with the film thickness 


As the film is formed under the influence of the attractive forces of the solid 
wall, it may be considered effectively under a high pressure, Consequently, the 
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mean density in the film will be higher than that in bulk. This effect has been 
calculated by S. Franchetti” who gives 


Up ci, pads 

where dt is the contraction which the film of thickness ¢ has. suffered under the 
influence of the attractive forces. As a reasonable estimate for the case under 
investigation we take 0.8 107%cm as a value of 4¢ and in order to simplify mat- 
ters, we neglect its small dependence on the temperature. 

Now, the mean density of the film will also be affected by the dependence 
of the excitation energy and the zero point energy on its thickness. Whereas the 
effect of the former is shown to be negligible (see Appendix II), that of the 
latter is given by Atkins” as 


U— Vo aE SAVE (10) 


Wren ay 0.1334, (11) 
Vo i f 


where 4, is the cutoff wavelength of the longitudinal Debye modes in the bulk 
liquid. The value of 4, may be derived from the specific heat data for bulk liquid 
helium below 0.6°K, where these modes are the only dominant excitations. Its 
value comes out to be 


A= 5:75 X10. om, (12) 
whence 
pil fe: —8 
Oi-— Up pa 0.765 x 10 : (13) 
Vo t 
Adding this to Eq. (10) we have 
U—V =-| 0.8 i 0.765 |x10-* (14) 
Uo t+ dt 3 
This gives 
1. dv | 0.8 0.765 | 
= 10% rt 
v% ot L (¢+d2)? pe |S ar hoe oS 


which for a film a few atoms thick is of the order of 10’cm~. Now by taking 
into account this variation of the specific volume with film thickness, it can again 
be seen from Eqs. (7) and (9) that the proper dependence of the entropy and 
the transition temperature on the film thickness is explicable only if d¢/On vanishes 
at the boundary. There is, however, no quantitative agreement between the theore- 
tical and the experimental results. In order to expect a quantitative agreement 
one should include the effect of the interaction forces. 


§4. The non-ideal Bose gas 


Next, we consider the non-ideal Bose gas characterised by an energy gap J 
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between the ground state and the excited states, and the effective mass pe In ‘this 
case the energy-momentum relation is 


2 
ed, (16) 


where, for the case of the bulk, 4,/k=8.8°K and =9.1 times the mass of the 
helium atom. For these values of the parameters” the transition temperature, as 
well as the entropy at the /-point for the bulk liquid helium agrees with those 
observed experimentally. Working with this spectrum and making use of Eq. 
(1), the number of excited particles per gramme is given by 


QnpkT De ee 
ee | exp —4/kT | 14+ (er) yee rear 


Also 


Hence 


DEG ocd oak Uae | 


ven (18) 


Pn 8781 x10" vp? T exp[— 4/RT)|1 eH 
P . 


Further, for the Helmholtz free energy one gets 


= 2apkT \*? T _ ART F nea h* le | 19 
F=—v| ie JF ra heal Geter ere ras MORIA a ea 


whence the specific entropy comes out to be 
S=2.897 x 10" v2? T??[5/2 + 4/kT | exp| — 4/kT | 
6 (2+4/kT) Leo art 
x E ain 5 ’ a ‘ -1 ik 
t (6/2+4/kT) V PT cal. gm.~* deg. 
Let ae assume that the energy gap 4 and the effective mass # depend upon the 
density in the film through the relations 


p=p[ ita = 20, (21) 


Vo 


(20) 


and 


4=4| 1+ 9-@—) |, (22) 


VU, 
where a and ? are some constants expected to be of the order of unity. Then 


substituting these equations into Eq. (18) and (20) one gets 


4 G:* 446 
roeteot Ts exp[—4,y/AT]| 1 aS fc aT iF (23) 


and 
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S=0.137 vx*? T?? exp[ —4yy/kT |[5/2+ 4oy/kT | 

pees ee esi 
£ Gye diy (kT) yw Acale gis des: 
where x=/4// and y=4/4,. We shall now adjust the values of x and y, and hence 
of a and , from the above two equations by observing (i) that the maximum of 
C,—T curve for a film about five atoms thick (t=18A) occurs at the transition 
temperature 7’=1.95°K and (ii) that the specific entropy of this film at 1.4°K is 
0.0/2..cal. gm:-) deg”. 

In order to calculate the contribution of Eq. (24) towards this entropy at 
1.4°K we observe that the phonon contribution at any temperature for a film of 
thickness ¢ is given by the relation 


(24) 


3 
bpp x 10" oe [1+ : <-4.98x10-"| » (25) 


cal. gm.~' deg.~ 


where c is the velocity of sound which for any thickness may be calculated by 


using Atkins’ result’” 
ae =—7.61X 10° C.G.S. units. 
_ Ov _|p=0 
For t=18X107-*cm and T=1.4°K one gets 
Spr (cal. gm7*. deg~’. ] i] 
0.004 am 
0.003 0 
0.001 —1 


so that subtracting from the total entropy we get for the contribution from Ea. 
(24), at: tS) 8A Sandy =A Ke 


s,[cal. gm7’. deg’. | 7] 
0.068 +1 
(26) 
0.069 0 
0.071 —1. 


Moreover it is known that the phonon contribution to p,/ at the transition tem- 
perature is quite negligible as compared with the roton contribution at this tem- 
perature. Thus in order to get a and 3 we are to solve the two simultaneous 
equations: (i) Eq. (23) with p,/p=1 and (ii) Eq. (24) with the left-hand side 
given by the values of the roton entropy as listed above. We get the following 
values of the constants @ and ? 


a B 7] 
peaks) 2.45 “ft 
1S 2.65 0 


1.26 2.88 1. 
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It is seen that both the constants are positive and thus the effective mass as 
well as the energy gap decreases with increasing density. However, Z. Mikura has 
shown” that if one uses such an energy spectrum in order to understand the density 
dependent properties of liquid helium II in bulk, the experimental data are expli- 
cable only if the density dependence of the parameter y is taken opposite to that 
found above. In the next section we take into account the contributions arising 
from the presence of surface tension waves on the liquid surface and find that 
these contributions become quite important for the film thickness under con- 
sideration. 


§5. The surface waves 


The phase velocity of surface waves present on a film of thickness ¢ is given 


by the relation’? 
Ve? aes 7 2e7_| tanh | 224 | (27) 
Qrt* pa aA 


where 4 is the wavelength, o the surface tension, e the density and 7 a constant 
connected with the Van der Waals interaction between the film and the wall. It 
is readily seen that for films having thickness more than about 10A, a valid ap- 


proximation is 


Ces 210 : (28) 


Using this relation and remembering that the number of surface modes with wave 
number between K and K+dK is equal to 2xKdK, one gets for the specific 
entropy of such waves at temperatures close to the absolute zero 


le | 2 "a AP UM raysyea/s), (29) 
3et |. 2ao h 
_ 0.216 10 eal. gm’. deg™. (29a) 
tpe* 


For a film with 1=18A and T=1.4K; s,=0.022 cal. gm.~* deg.~ Subtracting 
this and the phonon contribution from the total entropy, we get for the contri- 


bution from Eq. (24) 


s, (cal. gm™. deg~’.] ] 
0.046 ahh 
0.047 0 
0.049 —1. 
The inertial density ?, for such waves is given by the relation 
fn 2a bY _¢_\"| EE WI r@/3)c6/3). (30) 
p 3 pt L 20 h 3 
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and its contribution at the transition temperature is found to be negligible as 


compared to that of rotons. 


Consequently, we make use of Eq. (23) with the 


left-hand side equated to unity and Eq. (24) with the left-hand given by the values 
listed in (30) and get the following values of a and 


a 
1.70 
—1,65 
—1:53 


F i 
0.91 $1 
1.11 0 
1.32 Se 


Now, the theoretical density dependence of the parameters 4 and / comes out to 


be qualitatively the same as 
that used by Z. Mikura. With 
these values of @ and # and 
making use of Eqs. (23), (24), 
(25); 5 (29a). and -(14),. one 
may now calculate the values 
of the specific entropy and the 
transition temperature for 
various film thicknesses. These 
values with 06=+1, 0=0 and 
#=-—1 are plotted in Figs. 1 
and 2. The curves for three 
different values of @ coincide, 
showing thereby that the 
corrections arising from the 
better enumeration of the 
eigen-functions, in this case, is 
not of much importance. More- 
over, keeping in view the in- 
accuracies of the experimental 
data, there is a good quantita- 
tive agreement between the 
experimental and the theo- 
retical results. 


§ 6. Conclusion 


From the above discussion 
it becomes clear that, when 
the variation of the specific 
volume of the film with its 
thickness is neglected, the ideal 
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Fig. 1. The specific entropy s (in cal. gm-'. deg-1.) as 
a function of the film thickness ¢ (in A). The 
curves for the different values of 6 coincide. 
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Fig. 2. The transition temperature T’ as a function of 
the film thickness ¢. The curves for the different 
values of @ coincide. 
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gas approximation for liquid helium can explain the experimental results only if 
one invokes the boundary condition 0¢/8n=0 rather than y=0. This condition, 
however, seems difficult to understand, especially at the solid wall on which the 
film is formed. 

Since, however, it is well known that even in the bulk liquid, the transition 
temperature is lowered and the entropy is raised when it is subject to a high 
pressure, one may expect that the observed phenomena in the case of films may 


be due to the increased film density. We find, however, that this effect in itself is- 


insufficient to account for the experimental observations. . 
Next, when we consider the non-ideal gas approximation for the liquid, the 

increased density becomes more effective by influencing the values of the para- 

meters 4 and #. Moreover, in this case the contributions from the surface waves 


that are present on a liquid surface become quite important; if we neglect these . 


contributions, then the theoretical variation of the parameter / is in contradiction 
with what one expects from the pressure dependent behaviour of the bulk liquid. 
Further, the corrections- arising from a better enumeration of the eigenfunctions 
do not play so important a part. It may also be noted that the properties of the 
film become appreciably different from those of the bulk only when its transverse 
dimension becomes less than about fifteen times the atomic distance. 
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Appendix I 


Here we derive the expressions for the free energy of an ideal (degenerate) 
Bose gas confined within a cuboidal assembly of length /, breadth 6 and thickness 
t, with the eigenfunctions obeying the general boundary conditions. In this case 
the total energy wu is given by 


u= >}€lexp(E/AT) 1", (1) 
with the eigenvalues 
ea | (utp 4 et 4 kD | (2) 
8m r ey t 


Here, the quantum numbers 7,, m, and 7, have the values 0,1, 2° and 7 is a 
constant which depends upon the boundary conditions obeyed by the eigenfunctions. 
In particular, 7=1 if the eigenfunction ¢ vanishes at the boundary and 7=0 18 
@¢/An vanishes at the boundary ; for intermediate boundary conditions 7 may 
assume values lying between these two limits. 

Replacing the summation over 7; and my by integration, we get 


- ay SE he 
= oO ahah 


Ree , 
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oo 


wlbkT [. # . ees de 1 iste 
ges 2 | At” a Seale) | exp {P(n, +7)?/4t° +g} —1 

— ( hon Ge dq a) 5 
Bil exp ((?/42) (n. +7)? +4} —1 (3) 

where 
bs Aug ehees ce os (uta | ; 
: 4 | iE 1 BP / (4) 

and 


A=|h?/2mkT |'? is the mean thermal wave length. 


-In order to evaluate the summations coming in Eq. (3) we apply the method of 
Mellin Transforms.” For the first sum > in (3) the Mellin Transform will be 


o oc 


dq z ieee (a fee 
=\7 =a eT — = py (8 +2)/2 e 
#45) je caer Cage 2 z f Md )e 2 ), (>) 
where 
=P /4?. 

This gives for 5} 

af 

ees al Fy(s)E(s, 9) ds. 6) 


o—to 


The integrand has poles at s=1 and s=—2 with residua $b/~*?1"(3/2) ¢ (5/2) 
and 2¢’(—2, 7), respectively. For the second sum $3 in (3) the Mellin Transform 
2 


F,(s) will be 


Sept q:dq ees LO eeate st+4 
FO =| | Sotattale peda "1r(s/2)¢(44 ‘i (7) 
This gives for 3} 
1 o+%0o 
S=a,7 | BOC, das. (8) 


o—too 


The integrand has poles at s=1, s=0 and s=—2 with residua 
Ve ay 
aa! P(1/2)€ (8/2) 3 €(2)€(0, 4) and —2b/¢’(—2, y), 
respectively. Combining these two results we get 


= AT (WS + SIR ZT | 8 yyy) +¢@ (1=2)] 
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where @=—1 for 7=1 and 6=+1 for 7=0. From Eq. (10) the free energy 
may be calculated by using the relation F =—T\ u/ T”-dT. The free energy in 
the case of phonons may also be calculated in a similar way. 


Appendix II 


In this appendix we shall prove that the change in the effective density of 
the film caused by the thickness dependence of the excitation energy is almost 
negligible as compared with that caused by the dependence of the zero point energy 
on the film thickness. 

Atkins has derived the following results for the dependence of the zero point 
energy of the Debye waves on the film thickness, 


jit Z| pate) (1) 
6t 
=, Lo [1 a o,| ’ (2) 
where Z, is the value of Z for the bulk and 
—8 
awe _ 4¢ _ 0.765107 (3) 
6t t 


Making use of Eq. (1) of Section 2 it can be shown that the free energy per 
gramme of the phonons is given by 


fon fora] 14-2 OSB I, (4) 


=f oro [1 =i yn | > (5) 


where again f,,, is the value of f,, for the bulk liquid and o,,=6/t{0.14hc/kT} . 
Similarly for the excitations of the form used in Section 3 


=pnf142028(."_)"] es 
furfural V4 t 0.28 Fam ; 
Shion Chore (7) 
Bes sa 0.28 (8) 
where a= ( oukT : : 


| Further, the free energy per gramme due to the presence of surface tension waves 


in the film surface is 


e 
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se = -|-]"- Ax ['(7/3)€ (7/3) eT ( Bea f= gi3 (9) 
7% 210 3 t h 

where o,, stands for [0.03377*/z]. In the vicinity of v, the difference is the energy 

of the film and the bulk can be approximated as 


1 [v—wvf 
4u=L)o, “ty phe Tpn + fein Tex — Fw vie Cie Thee ; a0) 


where K, is the isothermal compressibility of liquid helium. 
The specific volume changes in such a way as to make dw a minimum, 1.€., 
d/Av[du|=0. This gives 


U—WU : 
— —K,| OO; 
Vo § 


4 oy Lite + ex Ofer nae : 7.07" |, (11) 


8u~ dv 3 


whence 


—8 
eats iA) +0.765%X107 9? (9 102 10-°T? exp(—4,/RT)} 
E. 
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(12) 
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For the film thicknesses under investigation, we find that the second, third and 
fourth terms are negligible as compared with the first one. 
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In the present paper a new model of the high energy scattering of nucleon from complex 
nuclei is presented. Under the assumption that the short-range correlation between nucleons 
and the Pauli principle in the target nucleus in its ground state plays an essential role in the 
high energy elastic scattering, one can predict the angular distribution of the high energy 
elastic scattering from heavy nuclei to be characterized by the following important results : 

(i) the positions of maxima and minima coincide respectively with those given by the 

impulse approximation, 

(ii) the absolute value of the angular distribution is multiplied by a constant factor |A|? 

to that given by the impulse approximation, 

(iii) this factor is a constant independent of mass number and nearly independent of 

the incident energy in heavy nuclei, and finally, 

(iv) the magnitude of WV ji)? is of order 0.4~0.5. This factor results from the Pauli 

principle in the target nucleus. 

In fact, analysis of the experimental data shows that the above expectation is valid. Here 
we take the scattering of 95 Mev proton. The factor Vaz is equal to 0.55 for Cu and 
heavier nuclei to Th, in the case of meson theoretical phase shift. (/|A|2=1 for C, 0.75 for Al.) 


§1. Introduction 


The recent remarkable development in analysis of the nucleon-nucleon scat- 
tering led immediately to the analysis of the high energy scattering of nucleon 
from nuclei based on the idea of the direct collision. Indeed, the idea of the direct 
collision goes back to 1937 when Heisenberg” proposed it originally. Later, 
Serber®. put forward the same idea. However, it is only recent that one can 
analyse the high energy nuclear scattering using the detailed knowledge of the 
nuclear force. 

In the previous papers,”~” we analysed the high energy n-d and n-He* scat- 
tering and showed that we can reproduce the experimental results by the super- 
position of the nucleon-nucleon scattering amplitudes. Others®~” reached the 
same conclusion in analysing nuclei lighter than carbon. However, there is no 
similar analysis for nuclei heavier than carbon. Indeed, as to the high energy 
elastic scattering from heavy nuclei, it has been established phenomenologically that 
the optical model" is very useful in reproducing the experimental data. As a method 
of clarifying the mechanism of the scattering, however, the optical model is only 


of limited use, In the present paper, a new model of the high energy scattering : 


EG ("One ee 
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of nucleon from complex nuclei is presented. This is the detailed and revised 
description of a preliminary report.” 

In the ground state of the target nucleus, it seems probable that all the par- 
ticles are free at a time in some potential well, except a pair.’ Then, since two 
particles strongly correlate to each other at any point of the target nucleus, we 
‘can take this correlating pair as if it were one particle as a whole at a given 
instance. Really, the partner may change from time to time. But in high energy 
scattering the collision seems to occur impulsively, hence the struck. particle has no 
chance to change the partner during the collision time. Accordingly, when an 
incident nucleon hits a target nucleon, the incident nucleon always finds an attendant 
following the struck particle. Then what will be the shape of and the magnitude 
of the angular distribution of the elastically scattered particle? Our concern will 
be concentrated on these points. 

As to the mathematical description, see the Appendix. The original impulse 
approximation™ is described in Appendix I, where the main attention is paid 
on its physical meaning. In Appendix II, the present model, as it may be called 
by the name of the “ modified impulse approximation ”, where the pair correlation 
in the target nucleus is taken as essential, is described. Accordingly, the discussion 
of the next section is mathematically based on the contents in Appendix II. As the 
main feature of the process is, however, easily understood without somewhat com- 
plicated mathematical manipulation, the next section will be devoted to the physical 
presentation of the scattering mechanism. 


2. A proposed model and resultin redictions 
prop Ss P 


In the usual impulse approximation, the cross section is proportional to the 
absolute square of the dynamical factor times the sticking factor :* 


(the cross section) = (the kinematical factor) 
xX | >i (the dynamical factor) x (the sticking factor) |?, (1) 


where the sum runs over all the target particles. The dynamical factor means 
the two-body scattering amplitude between the incident particle and target particles : 


(the dynamical factor) = (¢, |Vipl:(op)). (2) 


Here we name the incident particle 0, and a specific particle in the target p-. % 
is the plane wave state, #;(0p) the scattering state of the particle o with the 
particle ». The sticking factor is a Fourier transform of the each particle density 


e(r): 


(the sticking factor) = Jet p(r)ar, | (3) 


* In other texts, this is called by the name of the square root of the sticking factor, 
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where 


AER ee oh sin O72. 


A+l1 
. In deriving the above formula, one assumes that there is no direct correla- 
tions between the target nucleons, though each nucleon may move in a some 
common Hartree potential. However, under the situation that one always finds a 
partner near the struck particle, the above description is not suitable. In this 
case, the cross section can be expressed as 


(the cross section) = (the kinematical factor) 


X |Si(the dynamical factor) 


pair 


x (the sticking factor to a specific pair in the target) 
x (the sticking factor corresponding to the center of mass 
motion of the specific pair) |’. (4) 


See (A-11) in Appendix II. Corresponding to (1), the sum runs over all the 
pairs. This is discussed in more detail later. The wave function describing the 
center of mass motion of the pair depends on the relative coordinate in the pair 
as well as the center of mass of the pair. 

Let the pair correlation function between a typical chosen particle p and its 
partner g be Xa(r.), Ta being the relative coordinate of the partner g to the par- 
ticle p: ra=r,—r,- Let the wave function describing the center of mass motion 
of the pair be Y,(r., R,), R, meaning the relative coordinate of the center of 
mass of the pair p and g to the center of mass of the target. (We assume here 
1>1/A). Then, as will be seen in Appendix II, the last two factors in the right- 
hand side of the expression (4) is as follows. 


(the sticking factor to a specific pair in the target) 


x (the sticking factor corresponding to the center of mass motion 


of the specific pair) 
* \ \ dr.dR, exp[idkr,/2]|Xu(ra) [?-explidkR,]|Yo(ra, Ral 6) 


At present, we are not sure of the detailed property of the correlation function 
XAf,). However, we know some of the gross properties of this function. Ac- 
cording to the investigation by Walecka, Gomes and Weisskopf,” the pair cor- 
relation function contains many Fourier components in a relatively small region, 
Ir,|<D, where D is of the order of the inter nucleon distance, say, 2 10=2cm 
(or say, 1.6~2.2X 10-cm). This value is estimated by D=(42/3)"" ro. In 
other region, this function contains only one Fourier component. This is due to 
the exclusion principle, hence the integration over r. in (5) vanishes for |r.|>D. 
Under such a circumstance, Y(t. sta)? 38 practically independent of Ta and 
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| Y,(R.)|? spreads over the whole nucleus. Then the right-hand side of Eq. (5) is 


factorized. 


Eq. (5) = | dr, explidler,/2\|Xa(ra) | \ aR, exp[idkR,]-|Ye(R.) |’. (6) 
|g <D 
This expression embodies the model that when an incident particle hits a target 
nucleon, the incident nucleon always finds a partner following the struck particle.* 
Before going into the discussion of the dynamical factor appearing in (4), 
which is of course different from the expression given in (2) at least at the start- 
ing point of our discussion, we shall discuss the nature of the factors in (6). 
As D is very much smaller than the dimension of the whole nucleus, | Y,(R.) |? 
spreads over the whole nucleus as described before. Meanwhile we assume that 
| Y.(R,)|? is spherically symmetric and, spreads uniformly over the whole nucleus. 
Then 


POO ea et OGcAt ie) raga e (44) <8 
=O) ior pa Sok 
R is the nuclear radius. C is any constant. Under this assumption 


A4nrC 
(4k)? 


hence this factor gives the main feature of the angular distribution. In fact this 
factor gives the similar angular distribution as the impulse approximation, in which 
the effect of the pair correlation is not taken into account. In next section, we 
assume the form of | Y,(R,)|? to be the Saxon-type. Thereby, this feature of this 
factor is by no means changed. As to the absolute value of this factor, it is just 
the same as that given by the impulse approximation (3), provided that both 
p(r) and |Y,(R,)|? are normalized to give the value 1 when each of these is 
integrated over the whole space. 

Next we take up the first factor in (6). We shall discuss the angular distri- 
_ bution, again under the assumption that |X,(r,)|? is spherically symmetric and 
spreads uniformly over the region |r,|<D: 


[Xe thig) Ws OF bean i 


_ K is any constant. This leads to the formula 


[sin(4kR) —(4kR) cos(4kR)], (7) 


\ aR, exp [idk R,]| Yo(R.) |'¢dR.= 


dr, exp(idkr,/2||Xe(ra) |? dra 
Ingl<D 
4nK 


SHUT [sin(4k D/2) — (4k D/2) cos( dk D/2)]. (8) 


* Xa (rq) is not the residual correlation. In the notation by Gomes et al8) Xa(r,) Ye(R,) 
=95(P)¢1(q) + = Lr (P)er/(Q)> where s, t<F, , 
YY : 
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As far as 4k is not large, we can regard the right-hand side of (8) as a constant 
compared with that of (7), hence this factor does not concern the angular distri- 
bution. As dkD is small, (8) is practically independent of 4k, i.e. the incident 
energy. As for the effect of this factor on the absolute value of the cross section, 
however, this factor gives a conspicuous results. As |X,(r,)|? itself extends to 
the region |r,|>D, |X.(r,)|? is not normalized such as to give the value 1 when 
it is integrated inside the region |r,|<D. For the discussion of this factor, re- 
cognition of the following two situations is essential. 

One is the situation that in such a small region that |r,|<D, the density 
corresponding to the relative coordinate r, is nearly the same as the corresponding 
density of a free deuteron system. The other situation is that we are dealing 
with the high energy scattering such that *=1/0.221/E(Mev) <1. That is 
*<D. Under such a situation, the scattering of the incident particle from the 
correlated pair is described as the superposition of the scatterings from each 
particle, as in the n-d scattering, provided that *<R,. (R,: the deuteron radius). 
Then, the first two factors in the absolute square of (4) is of the form, 


to S (12) + toe S (21) + tos S(34) + to S (43) inaaes (9) 


where 


top= (9 >| Vol ¢i(0p) ) and S(zj)= | dr;,exp(idkr;,/2||Xa(ri) |’. 


ne gl <D 


If we singled out the correlated pair from the rest of target particles and calculated 
the cross. section, we would get the following result, remembering that the -d 
scattering is well-reproduced by the impulse approximation.” 


=Ona x (zD?/xR,’) — Oimpulse x (xD?/7R,’) > (10) 


Fo-p9 


where R, is of the order 4.31X107% cm.” By Ginpuse) WE mean its sticking factor 
is calculated neglecting the effect of the Pauli principle, but its dynamical factor 
is calculated as the impulse approximation. In o,,,, the sticking factor is given 
by the first factor in (6) and the dynamical factor is calculated as the impulse 
approximation, hence the second factor in (10) results from the Pauli principle 
‘in the target nucleus. D/R, is of order 0.4~0.5, independent of the incident 
energy. In what follows, we use the notation ,/ |Z)? for D/R,. We shall call 
/|4[? the reducing factor. 

Combining (4), (5), (6), (10) and the discussions developed between Eqs. (8) 
and (10), we obtain the cross section of the elastic scattering of high energy 


nucleon from heavy nuclei as 


(the cross section) = (the kinematical factor) 


JAl®-| 33. Gel VoplPe(op)) \ dR, exp|idk R,|-|Yo(R,) ?. (11) 
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Comparing Eq. (11) with Eq. (1) substituted by Eqs. (2) and (3) we get 
a simple result, 
(the cross section) =|/|?- (the cross section given by the 
impulse approximation) . (12) 


According to the above discussions we get the followimg predictions. (1) 
The shape of the angular distribution is just the same as that given by the impulse 
approximation, (ii) the absolute value of the angular distribution is multiplied by 
a constant factor |/|? to that given by the impulse approximation, as expressed in 
Eq. (12). (iii) |4|? is independent of mass number, and nearly independent of 
the incident energy and the scattering angle. (iv) V/|A|? is of order 0.4~0.5. 
This factor results from the Pauli principle in the target nucleus. 

In the following section, we shall examine these predictions by direct com- 
parison with the experimental data. On the first point (i), the author reported 


in a previous note.’” 


§ 3. Analysis of the experimental data 


In this section, we examine the experimental data directly and try to see 
whether the predictions given in the previous section holds. 

In § 3b, we write the result of the analysis of the experimental data. In this 
analysis ,/|/|? is considered to be an adjustable parameter, and we examine its 
mass number dependence. Thereby, the pion theoretical phase shifts are used 
in the two-body scattering amplitude. The set of the pion theoretical phase shifts 
gave the best fit among others in our previous analysis of light nuclei.*>” 


§ 3a. Formula used in the experimental analysis 


The differential cross section of the elastic scattering is expressed, in general, 
AM/(A+1))? 1 2 
de (Gyo ee 
An” h' 2 24! 1 
Here M is the nucleon mass and H,, is the transition matrix element. The sum 


>} means the two spin states (up and down) of the incident nucleon. Using the 


é=1 


coefficients of the spin matrix, the differential cross section (12) is expressed as 
AS i! 
do() =4(4__| ip{ 2 |G B+Nf} | 
Air) WP gg G+ B+ N+ ICP XS), (18) 


in the case that the target nucleus is even-even nucleus.* Here G, B, N and C 
are the coefficients of the scattering spin-matrix between particles with spin 1/2, 
related to the phase shifts of the two-body scatterings by Wright. When we 


* In reference 5), the differential cross section is erroneously written as factor 2 larger. 
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mean the neutron and the proton number with n and z, respectively, G, etc., are 
given by 


G=nGin+2zG,n, etc., for neutron-nucleus scattering, and 
G=2zG,,+7Gimn, etc., for proton-nucleus scattering. 


The angle of the two-body scattering and that of the (A+1)-body scattering is 
related by 


(A/A Bi 3 1) (sind/ 2) (441D-body = Q, 2) (sin@/2) 2 poay ° 


In the actual calculation, the following must be noted. After giving the ex- 
plicit expression of the coefficients of the spin matrix in terms of the phase shifts 
for like particles, Wright describes the method for getting the expression for neu- 
tron proton scattering: ‘“‘ The formulas apply to neutron proton scattering if 
a=e’/hv is put equal to zero, the sums are extended over ‘all 7 save for the 
absent *S, state.” However, as it will be evident after a moment’s consideration, 
if we calculate the coefficient in the case of neutron proton scattering following 
this method, we get the value twice as large as the true value. Therefore, we 
must divide the value which we get after the method by 2. 

In even-odd or odd-odd nuclei, the expression of the differential cross section 
is somewhat more complicated. However, when we use the expression (13) for 
these nuclei also, the error introduced is of order 1/A. We can show this fact 
by the Born approximation, though we do not reproduce the result explicitly here. 

S(k) is square of the sticking factor given by Eg. (3). As the density 
distribution, we adopt the Saxon-type (Fermi-type) : 


P(r) =p] 1 + exp (z= \V". (14) 


f is normalized so that 4n\"(r) ridr=1. 
For actual calculation, it is convenient to use the following formula. After 


some calculations, we can show that 


Stiy=— ily hdr toe aa) ay a Sg 


317° ( at 
-+- i chests ore x 
451007 Vat) 


R 


where 
e727 snes. 


The first two factors in the curly brackets is sometimes called the Sommerfeld- 


formula” Performing the differentiation, we get 
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: ee st) 1 ca 2 ima B =eab 77° Oe i) Sree 
Se) es ic) ep eke cep” ak WoO 


4 4 

= (ER) (4 a2 4 Tee g__ 3 gat) cosh |. (15) 
RP 6 360 15120 

If we put a=0, this formula corresponds to the Fourier transform of the uniform 

distribution of the nuclear density used in § 2. Errors introduced for the uniform 


17) 


density distribution were estimated in the previous note. In the present paper, 


we adopt the value of 
a=0.49x 10-* cm, 
R=t1 32 Ae x 10a cnt. 

As the convergence of the coefficients of sinkR is worse than that of coskk, 
we can estimate the utility of this formula by examining the convergence of 
the coefficients of sinkR. As it is expected that the denominator of the higher 
order terms than terms written explicitly in (15) becomes larger and larger, we 
estimate the convergence with those terms which are written explicitly in the 
expression (15). Denoting the i-th coefficient of sinkR by a@;, we get the rela- 
tion, 
for a/a,>1, k<V/6/(za), 

a,/a,>1, k</ (20/7)/(xa), 
as/ SAR <y7X 126/155/ (za). 


(& 
i eco Experimental value 


ster (P.R. 108 (1957), 427 


Then the upper limit of & is estimated by _ 10! = 
the requirement a,/a;>1. Taking | 


G. Gerstein, J. Niederer 
and K. Strauch) 
— Theory (v/7/-=1) 


we get the applicable region of the formula jg: 
(16), that 


for: EF, = 50 Mev, 0<40°, 


00 Mev < Fig, < 100 Mev, 6&<30°, 
10° 
| 


100 Mev < £j,,, <200 Mev, @<20°, 
200 Mev < Ej, <350 Mev, @<15°. 


§ 3b. Analysis of the experimental data 10} 


In this section, we analyse the ex- 
perimental result”” of the scattering of 
95 Mev protons from various nuclei. The 
effect of the Coulomb force is neglected. 0 i pene 20 
See Fig. 1. In Fig. 1, the small circle of 


10° 
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is the experimental value. The dotted line is got by putting 1/|//?=1 in the 
formula (13). The solid line is got by putting /|4|?=1 for C.  /|A)?=0.75 
for Al and A= 0:05 for Cu and heavier nuclei to Th. Thus, the result of the 
analysis proves that the theoretical predictions developed in § 2 is true. The patterns 
of the angular distribution is the same as that given by the impulse approxima- 


tion. The value of VA 


is a constant for heavy nuclei and it is very close to 
the predicted value. 


As for the energy dependence of 1/|A|?, the author is analysing the experi- 


mental data with Sakamoto and Takemiya. The result seems positive.* 


§ 4. Discussions 


As seen in § 3, the analysis of the experimental results seems well realizing 
the predictions in § 2. 


Here we add comments on a few points upon which we 
did not touch in § 2. 


(a) Since the mean free path estimated by the formula A= (o)~!, where p is 
the nucleon density in the nucleus and o is the total collision cross section, is of 


* See note added in proof: (1) 
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order 2<10-*cm at about 100 Mey, the effect of the multiple scattering may be 
important. At present, the author has not estimated this effect. But so far as 
we limit ourselves to forward scatterings, all the predictions are well satisfied in 
the experimental data. Therefore, the multiple scattering may be important only 
for large angle scattering.* 

(b) One may wonder if the incident nucleon may hit a lone particle without 
any partner. According to the independent pair model,” such a single particle 
state in the ground state is considered to form the Hartree potential. Therefore, 
if the independent pair model to the ground state of the target nucleus is valid, 
there is always a partner near the struck particle in the sense as discussed in § 2. 
(c) In our discussion developed in § 2, the two conditions, the high energy 
(*<D) and heavy nucleus (1>1/A), were essential. In light nuclei, all the | 
particle are situated at the surface. And the situation in light nuclei is very 
much different from heavy nuclei. Then the usual impulse approximation is more 
applicable as shown in previous papers”~™ and in § 3 for C and Al. At low energy, 
the simple model developed in the present paper will not be applicable. 


§ 5. Conclusion 


Under the assumption that the short-range correlation between nucleons and 
the Pauli principle in the target nucleus in its ground state plays an essential role 
in the high energy elastic scattering, one can predict the angular distribution of 
the high energy elastic scattering from heavy nuclei to be characterized by the 
conspicuous results that the cross section is given by Eg. (12) or (138). The 
meaning of this equation is: 

(i) The shape of the angular distribution is very similar to that given by the 
impulse approximation, 

(ii) the absolute value of the angular distribution is multiplied by a constant 
factor ||? to that given by the impulse approximation, 

(iii) this factor is a constant independent of angle, and nearly independent of mass 
number and the incident energy and 

(iv) the magnitude of ,/ |4P? is of order 0.4~0.5. This factor represents the 
effect of the Pauli principle in the target nucleus, 

The analysis of the experimental data at 95 Mev shows that above predictions 
are indeed satisfied. As for higher energies than 95 Mey, the calculation is now 
being carried out by the present author in collaboration with Y. Sakamoto and 
T. Takemiya. The result seems positive. (See note added in proof: (1)) 
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Appendix I 
The physical meaning of the impulse approximation 


The impulse approximation was presented by Chew and Wick.” In the high 
energy scattering, the process described by this approximation plays an essential 


®~1) Here we shall discuss the physical meaning 


role, especially in light nuclei. 
of the impulse approximation. 

Usually, one is apt to think that in the impulse approximation one treats the 
scattering problem as if it were a superposition of two body scatterings. It is true. 
But, to understand the physical meaning of the impulse approximation, it seems 
more suitable to say that in this approximation one treats the scattering problem 
as if it were a three-body problem, in the sense that one uses three coordinates 
to describe the approximation. 

Let the incident particle be labeled by 0, a specific particle in the target by 
p, and the residual particles as a whole in the target by w. We treat the problem 
in the center of mass system. To avoid unessential complications, we do not take 
account of the spin and the isotopic spin. These were taken into account in our 
previous paper on 7-d scattering.”” We restrict ourselves to the elastic scattering. 

The transition matrix element corresponding to the interaction of the particle 
p with the incident particle o is given in the impulse approximation as 


Ayi(p) = > Cas. 6,,) (@.,5 Von G'n(P)) (bn ¥,). CA>T) 


Of course, to get the transition matrix element for the interaction between the 


incident particle and the target nucleus, we should superpose H;;(p) for all the 
particles in the target. 


Here On i (1/2 7) ARs exp [7(k, Tr, i k, r, =e k,, r,) | > 
on= (1/277) bat exe [2(k roth ry + Ky hw) | > 
PnP) = (1/2)? exp |i (ky tw) | exp| ihe +h,°) TET» | | ie 
*Xayay hook, (To—Pp). 
te Agee exp ih (F.— rat aes |gotry—r.). (A -3) 


Then m means k, k, and k, as a whole and n means ki ke} and k®. Here 
Lamo-k,» (Top) describes the solution of the scattering problem between the 
particles o and p. The initial and the final state of the target particle p is de- 
scribed by ¢(r,—r,,). Properly speaking, we should write the total wave function 
describing the ground state of the target in place of ¢(r,--r,). But because 
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here we assume the single particle model for the ground state of the target nucleus 
and all the particles except p is not excited during the interaction (Om Viondn(P) ) 5 
we do not write other wave functions corresponding to other degrees of freedom. 
This is also the reason why in 4,,,¢, and ¢,(p) in (A-2) only the coordinates 
r,,T, and r, appear. When 1>1/A, r,—r,, is practically identical with the co- 
ordinate of p relative to the center of mass of the target nucleus. In this case, 
Y,, can be ies as 


, i Cierny Ae exp [7k; a ates) PoTp—Tw . (ike 3’) 


But as the use of (A-3) is more handy than the use of (A-3’), we shall proceed 
with (A-3) and later introduce the assumption 1>1/A. At first sight, the intro- 
duction at the final step of the reduction of the assumption 1/4 may seem un- 


necessary. However, we singled out ¢(r,—r,,) from the total wave function, 


which is not explicitly given here, of the ground state of the target nucleus, i.e. 
we adopted the single particle model. The single particle model seems applicable 
only under the assumption of 1>1/A. The following is the reason for it. Due 
to the conservation of the center of mass of the target, the energy of the one 
particle should depend on the position of other particles. But if 15>1/A, the 
other particles as a whole is much heavier than the one particle under considera- 
tion and the energy of the one particle does not depend on the position of other 
particles, hence the condition 131/A seems necessary for the validity of the 
single particle model. 

As to the wave function, the following seems worth noting. The wave func- 
tion ¢%(r,—r,,) should not be taken as a plane wave. If the particle p were free 
from the residual particles, the impulse approximation would not be applicable to 
the elastic scattering. But in actual situation the particle p is not free from the 
residual particles. At least it is bounded by the Hartree potential. Under this 
situation, as we shail see in the following, the impulse approximation is applicable 
even for the elastic scattering, provided that the multiple scattering can be neg- 
lected. 

As to the physical meaning of Eq. (A-1), one may say as “ we analyse the initial 
wave function to the Fourier-components. Each component undergoes the two- 
body collision. Each component gets free again.” However, we shall add more 
realistic description of Eq. (A-1) in the following. 

Writing r=r,—r,, and using (A-2), (A-3), we can express Eq. (A-1) as 


Ea) \ dk, dk, dk,, dk, dk,’ dk,’ 
(1 /2a)8?*8 0 (Keg) — he) O Key! + Heng! +) O Bow — Bn") 
O(k, +k, —k,°—k 3) 0 (ko— ky) Ok, + ky, +key) 


_{ exp| —#( A=DES™ ) r |ptryar 


A 
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.k,—k 
; |exp| — Z 2 9 p Top Vee X (1/2) Keoo— (T3) fed a 


: fexp #( (ALD Ea Ee) r! |galn!) de" (A-4) 

Naturally, the total momentum conserves at all steps. The momentum change 
k,—k,° of the incident particle is equal to k,—k;, and it is also equal to the 
momentum change k,+k,,—(k,’+k.) of the target nucleus. Hereby, the relative 
motion described by g(r) in the target nucleus remains unchanged. Then in 
the impulse approximation in the elastic scattering, the following two facts are 
important and not to be forgotten. 
(1) The motion of the center of mass of the target is not neglected. 
(2) A specific particle, here labeled by ~, is bounded tightly to the target. Con- 
sequently, after the collision, the center of mass of the target carries the recoil. 
At this time, the residual “ particle” w moves as before, as a delta function of 
Eq. (A-4) shows. Then we may express the physical meaning of the impulse 
approximation as follows. The target nucleus is considered as if it were an asym- 
metric dumb-bell, one end being a typical particle » and another the residual 
“particle” ww. The impulse approximation corresponds to hit the end labeled by 
p. Then motion of the rod of the dumb-bell is changed. At this time, however, 
the other end moves as before. 

Eliminating the delta-functions from Eq. (A-4), we get 


Hyd p) =(1/22)***| dy | exp| —i(-ATD Chk) he \ 5) ogre 
pan k,, +k ; 
Jexp| — : si Seah he | VopX ajay egthg+ hy) (T.,) ary 
Jexp| - ‘ ( —(A=1) Se thy) — Bw r’| go* (r!) dr! (A-5) 
For further reduction, we put 
| exp ls i(ky+ ky, / 29 T op} Vag X ej + Kap (Top) ar 4, 
~ \ exp iy] Vong (Pop) dap. (A-6) 


Eq. (A-6) holds strictly in the Born approximation. We introduce the right-hand 
side of Eq. (A-6) into the right-hand side of Eq. (A-5) under the situation that 
the k,,-dependence of the left-hand side of Eq. (A-6) is slower than the k,,- 
dependence of the other factors in Eq. (A-5). This situation holds especially in 
the high energy scattering. The right-hand side of Eq. (A-6), nehich we shall 
call the dynamical factor, is the two-body scattering amplitude, because now we 
are treating the elastic scattering and |k,|=|k,|. 
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Introducing the approximation given by Eq. (A-6) into the right-hand side 
of Eq. (A-5), we get 


Hy(p) = (1/22)*" | exp[ i(k, —k,)r] p(n) dr 


é Jexp[— ahr] Vek i Pog) G0 on (A-7) 
Here we used the 1/A-approximation. (r) is given by 


P(r) =|¢o(r) |’. 
This gives the density distribution of the particle ». Eq. (A-7) is the transition 
matrix element for the impulse approximation. 

In the impulse approximation, the incident particle is assumed to interact: 
only with one particle in the target nucleus. (However, of course, we superpose | 
H,;(p) for verious particles.) But the target particle correlates strongly with other 
target particles. Consequently, we must take into account the effect of such a 
correlation. In Appendix II, we describe the impulse approximation taking such 
a correlation in the target nucleus into account. 


Appendix II 
The modified impulse approximation 
The physical meaning of the “ modified impulse approximation,’ where the 
pair correlation in the target nucleus is taken as essential, which consequences are 
described in § 2 in the text. So in Appendix II, we wish to derive only Eq. (4) 
in § 2, which forms the basis of the discussions throughout § 2. 
Again we start from Eq. (A-1), 


Ay(p)= >i CF, 4m) (Bm, VorPn(p)) Gn Vx). 


In the present case, we take into account a pair correlation of the target particles 
in ¥; and ¥;. Let us designate the struck particle as p, its partner q, and the 
residual particles as a whole s. Then, by analogy with Appendix I, 4,, ¢, and 
¢(p) in Eq. (A-1) are given by 

oo Clif Dae i exp[i(k,r,+k,r,+k,r,+k.r;) | 


b,= (1/27)9?™4 exp|i( kro +k, Tp tk, rT, +ks bs) | 
Pa (1/27) "7° exp [2(k,’r,+k,r,) | exp | ide? +4,") ora 


‘ X (1/2) ro? Ky,%) ir; ae r,) . (A + 8) 


In this case, m stands for k,, k,, k, and k, as a whole and n stands for 
ko, k°, k? and kf as a whole. The meaning of Loja ue,0-K,00 (ToT p) is the same 


as in Appendix I. 
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Now we assume that the wave function of the target nucleus be XAT) ¥e(raRa), 
where r,=r,—r, and R,=r,—4(r,+r,)- Since the other internal coordinates in 
the target nucleus does not concern in the transition matrix element (A-1), we 
omit to write explicitly the wave functions corresponding to these coordinates. 


Then 


A—2)r,; 
P, = (1/22) exp| this (ro rathet we )| 


Ay ra) Ye(Ta R,). CA -9) 
Using (A-8) and (A-9), we get from (A-1) 

Hyp) = (1/22) | dk,dk, dk, dk,dk, dk,’ dk, dk, 

O(ky—h,) 0 (Ki thy tke +k) 

<3 (ey — Iho) 9 (ley + ey + ey +) 

-O0(k,—k,)0(k,—k.) 0(k, +k, —kj—k,”) 

? 
{drs'dRy! exp] i" (ey— I) | Xara!) 
R i a ¥ / 
cexp| i Rel (—(A—2) (hy thy) + 2h) | 2(r! Ry!) 


P \ exp | ae57] = (ko aa k,) rp | V( | Top| )X a2) @eor—h,) ro dr, 


. \\ ar. dR, exp[—1(ra/2) (k,—k,) | Xa(ta) 
-exp| —7(R,/A) (— (A—2) (ko +k,) + 2k.) |Ye(raR.). (A-10) 


Eliminating the delta-functions from the above equation, and adopting the same 
approximation as (A-6), we get 


Eq. (A-10) =(1/22)*? \ exp[ —ikyTop|V (|Popl) Xn; (Top) Pop 


\\dradR, exp| idk ™ |[XeGr) exp] tak. oo R,||Yo(raR.) P, 


where Jk=k,—k,. 
Finally, under the condition l= 2/A; 


Eq. (A-10) =(1 /2n)"* | exp[ —ikyrop]V (top Vn, (rs, dry 
; || dred, exp| idk Ts ||Xa(re) -exp[7dk R,|| Yo(r.R,) |°. (A-11) 


This must be superposed over all ». This is the explicit form of (A-1), expressed 
as Eq. (4) in the text. 
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In this Appendix, the wave function of the target was not antisymmetrized. 
However, we get just the same final expression (A-11) in the text, if the target 
wave function is antisymmetrized from the start, provided that in this case we use 


exp| i, (r, one t tet tne )| in the place of 


exp| is, (r,— Cotte t (An Bre) | in (A-3). In what follows, 
£ 
we shall acount for this situation. 

If we use the antisymmetrized wave function for the target, we get a sum 
over terms similar to (A-11). In some of these terms, |X.(r.)|?| Ye(raR.) |? may 
result from the uncorrelated wave functions for p and g. But these uncorrelated 
wave functions contain a very limited range of the Fourier component (only one 
component if we adopt the Fermi gas model). And then the density made up 
from these wave functions contains naturally the very limited range of the Fourier 
component. Under such a circumstance the integration 


|\ dred, exp| idk rg | Xq(ra) |? exp[idk Ral| Yer.) |? 


practically vanishes. This integral have non-vanishing value only if the density 
have the Fourier component corresponding to 4k/2 for r, and to dk for R,. Note 
4k is given by the equation below (3) in the text. 4k takes any value equal to 
and greater than zero. Accordingly, we can expect a non-vanishing value of the 
above integral from the correlated density but not from the uncorrelated one. 

In the remaining part of these terms, p and s(#q), may be correlated and p 
and g uncorrelated. In this case also the integral practically vanishes ; so even if 
we use the antisymmetrized wave function from the start, we get the same result 
(A-11). 

One may wonder if we are not dealing with the elastic scattering, because 
the Fourier component of the target changes from —k;, to —k,. Answer to this 
question is as follows. Since |k;|=|k,|, the energy of the target is conserved by 
this process. And as our derivation shows, the momentum of the total system 
conserves. Accordingly, by the process, only the direction of the target changes 
from —k; to —k;,, due to the recoil, without changing its internal energy. Then 


we are actually dealing with the elastic scattering. 


Note added in proof : a 
(1) Using the set of phase shifts by Gammel and Thaler, we find that the value of V[Aj? is 


about 0.4~0.5 nearly independent of energy (95 Mev~310 Mev) and mass number (A==50). This 
result completely matches the predictions given in the present paper. ; 
(2) In fact, we can show this. The detailed foundation on this point will appear in a future 


paper now in preparation. 
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A symmetry law which can hold true in both strong and weak interactions among the 
strongly interacting particles is investigated and an example is given. The requirement of in- 
variance under the proposed symmetry transformation and some assumptions lead to the inte- 
ractions which give consistent result with experiments of J+ and A decays. 

Implications of such a symmetry law are discussed and the problems concerning the K- 


meson decay into two pions are mentioned. 


§ 1. Introduction 


Many works concerning the symmetry properties of the strong interaction 
have been carried out for the purpose of reducing the independent number of the 
coupling constants of the strong interaction,” or, with the view of getting the parity- 
conserving strong interaction under the assumptions of CP invariance and some 
symmetry laws in the internal space (e.g. charge independence).” In these works, 
the strong interaction Hamiltonian is required to possess more internal symmetry 
than is implied by the conventional charge independence, and some of the condi- 
tions thus required lead to invariance of the strong interaction under various 
formal discrete substitution transformations. These attempts seem to be very in- 
teresting in the sense that they are made to investigate a possible connection 
between symmetry properties in the Lorentz space and those in the internal space. 
Most of these conditions or symmetry laws, however, concern only the strong 
interaction and have nothing to do with the weak interaction ; it seems difficult 
to prove the validity of these conditions experimentally, and at the utmost we 
can only say that the conditions with an extremely high degree of internal sym- 


metry, such as the global symmetry with the same pion-baryon coupling constants, 


are inconsistent with experimental facts ;” -too many conditions are required in 


order to get the parity-conserving strong interaction. 
In this note, an attempt is made to find symmetry laws which can reasonably 


hold true in the strong interaction as well as in the weak interaction among the 
strongly interacting particles (abbreviated as SIP’s). We may say that” CP in- 
variance is one of such symmetry laws. Symmetry laws which we now examine 
have relation not only to the Lorentz space but also to the internal space. If we 
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can find such a law that governs both the strong and the weak interactions, we 
shall have possible methods to establish the validity of the symmetry law by using 
the weak interaction. 

In §2, a new symmetry law is given as one of the possible examples. In 
§ 3, implications of the symmetry law are discussed. The problems concerning 
the K-meson decay into two pions are also mentioned. 


§2. A possible symmetry law 


We define, according to Pais,” charge doublets of- baryons as follows : 


| Vit Dis 0 - 
M=|[?) w=[yop M=[S} w= z-| (1) 


¥°=(A—3")/\/g, 2=(A+2")///2- (2) 


We assume, at the stage of switching off the K meson-baryon interaction, the 
doublet structure for all of the baryons, and assume that the masses of (N,, N,) 
and (N,, Nj) are degenerate respectively. It is also possible to assume for 


reel 25] and yl ~ 2) 
sas eee As oat ae 


the same as for N, and N;. Here the doublet structure for N, and N; is assumed 
tentatively, and this is not essential for the later discussion. We introduce “ 4- 
component spinors ”’ as follows : 


_|N, ep 
val xh o=| x (3) 
p at 
p= =z oH NG ae ae Gl me N,’ | 
= pn =| Nib <a sy? Sar wal (4) 
pe 22 


where / is a phase factor which is to be determined experimentally. 

Now, we will write by using these quantities all of the pion-baryon inter- 
actions of Yukawa type which are consistent with the strangeness selection rule 
(Assumption I). Taking the viewpoint of H. Umezawa® or D. Ité, et al.,® we 
assume that the strong and the weak Yukawa type interactions are of direct 
and derivative coupling respectively (Assumption II). Further, it is assumed 
that the interaction Hamiltonians satisfy the following requirement: the strong 
pion-baryon interaction is, in the sense of the doublet structure, of rotational 
invariance in the charge space, i.e. of charge independence, and the weak 
interaction includes not only charge independent terms but also “ apparently ” 
charge independent terms in the sense that N,', Ni, Ni and Nj are doublets 
(Assumption IIT). The meaning of the last assumption is stated as follows. As 
Salam and Polkinghorne” have already discussed, each multiplet of SIP’s can 


i> 
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correspond to the irreducible representation, D(J*, I~), of the rotational group in 
the 4-Euclidian space. In order to give a meaning to the “ charge independent ” 
interaction forms, we should assume that each doublet and the pion-field cor- 
respond to the irreducible representations written in Tables I and II, and that, 


in all interactions, terms that conserve I* and I~ not only in the sense of 


Table I but also in the sense of Table II must be contained (Assumption ITI). 
(Note that we have assumed the strangeness selection rule to hold true independ- 
ently.) Some comments concerning Assumption III will be given in the last 
section. 


Table I. Table II. 
1;* I T;* I~ 
MN +1/2 +1/2 Ni’ 41/2 1/2 
Ns +1/2 —1/2 N,’ 1/2 +1/2 
N, +1/2 41/2 N,/ +1/2 +1/2 
N; = =i UP —1/2 N,/ —1/2 +1/2 
T +1, 0,-—1 0 7 0 piel ss Os =k 


Now we define the “ generalized space inversion” D, which means the 
simultaneous transformation: of the space reflection in the Lorentz space (P), and 
the charge symmetry transformations in both J*- and I~-spaces. (The latter 
transformations are denoted as S* and S~, respectively.) Giving the meaning 
described above to the Assumption III, we can easily see that all of the possible 
interactions among pions and baryons, which include parity-conserving and parity- 
nonconserving terms, satisfy the requirement of invariance under Qa PSI 8. in 
the sense of Table I as well as in the sense of Table II. Under D, 


P(x) >¥(—x, x) =a| a it | Nia) 


N(x) 
4-1 F(a), | (>) 
m iT 9 N, 
ft ee Fine 
eb Oa): (6) 


(7,(x), T(x), m3(x)) > (mp(—*, Xo), Tap(—%, Xo), Tap(—*X, Xo) ) 


=a(j (2), —%2(2), 73(2)), (7) 
where we have put ; 


0 —1T. 
n= is 0 *|eax Ae Ss 


and, 7 and € are phase factors. Under D, YW’ and @’ then transform as 
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fe 0 ip*c, | [ Ny 9 
Poy 1] —4t, ; 0 | ee > ( ) 
D> —E-7,0,-0'. (10) 
We take e=—1 in order that the parity-conserving and parity-nonconserving terms 


coexist in the weak interaction Hamiltonian. Then, (9) reduces to the transfor- 
mation 


F'n 7,0, 8". (11) 


It is evident that the strong interaction is parity-conserving, the explicit form 
of which is 


I Lixo) CAG, Di ps(o-2)D+G2'V'i (0-1) 0 
=9,'(N, 1 15(7-7) N+N, z 15(T-7) N,] 
+Gif(3-2)i7, A+ 7{B-x)]—iG, ([Bi7sX Z]+z), (12) 


where v= Tyo] 5 al G.=9.—9,' and G,/=9.+9,'. 


The possible weak interaction is written down as follows: 


FD, (69,2) E+f' OH, (6 -9,2) 0'+ H.C. (13) 


os! =0 
=f| B+, PYra(r-2,0)| 2] 4 @, Fy7,(r-9,)| = |] 
+f"| &, == ZP) i, r.(7-3,n)| £| 
-(-¥, Fyn er-9e[ 2] jac 
Here we have taken 7-$*=—1. If we take 7-€*=+1, 7, and 757, are substi- 
tuted for 757, and 7,, respectively, in (13). As far as f?~f”, it is not able to 
distinguish experimentally between these two choises of the phase. Putting f’=Af, 


we get the following interaction a corresponding to non-leptonic decays 
of 3* and A particles. 


Hyy(S*>Na) =f | /23* 7,0-8,2° +5" (14d) 1p: 8,0? 
URS Ea yan-O,n-|+H.C., (14) 


F(A Na) =f [M0 =a rdr.p-3,°— FA Ars) 7.n- 9,7 * |e Hc. (15) 


It is easily seen that the form (13) -is very much similar but not equivalent | 
to the interaction given by d’Espagnat and Prentki.” However, (14) and (15) 
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are equivalent to their |47|=1/2 global symmetric interaction. In other words, 
both interaction forms can equally well explain the experimental facts concerning 
non-leptonic decays of ¥* and A.* It should be noted that in (13) the asymmetry 
coefficients of =->A+z7~ and 5°>A+2° are predicted to have the same sign, 
which is different from that of A+N-+z.it This is a point in which (13); diz 
ffers from the |4J|=1/2 global symmetric interaction.” (See Appendix I.) 


§ 3. Discussions 


3-1. Implications of the transformation D 

In the preceding section, a possible and simple example of symmetry law, 
which can hold true in both the strong and the weak interactions among SIP’s, 
was given, and there may be some possibilities other than the example given 
above. As a typical example of them, using ; 


N, 
n=|_ Nb =[_ Nh 
Pp 
LEW ay Nw! N,’ 


we can obtain the following D invariant weak interaction.?it 


F:D, 110-9, 2) LAS Of 167(o-0,0) Py + H.C. 
=f| 2°, Y7,(r-8,0)[2|4 Zs 207400 8m) x 


+(2°, Yrs ra(r7-9,%)| =, || FHC. Ge 


+ On the basis of the V+ A interaction and the global symmetry, Takeda and Kat6® proposed 
a model which explains the observed asymmetry coefficients of Y+ and A decays as the effects due 
to the mesonic structure of hyperons. Their primary weak interaction contains, no term correspond- 
ing to the decay mode, S~->n+z7. Contrary to the view of Takeda and Kato, our view is, as al- 
ready mentioned in §1, that the weak interaction is used to establisn the validity of the symmetry 
law directly. As for comparison of the values predicted by (13) or (17) with the experimental 


results, see Hara’s paper.® AY i ae 
++ Because of Assumption III, we have omitted the following interaction being consistent wit 


the strangeness selection rule. 

FOr, (o:Our) VHF’ -Orsr, (0-0,2) W+HC. (16) 
If we take (//=F=0 and F’=//f, we get an interaction Hamiltonian with —A for 4 in (15), which 
gives the same sign to the asymmetry coefficients of A and Y+ decays. 


stats Note that vio Y= Vo x, 0,00,= Oa. 
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Here we have used the transformation formulae of ¥%, 7%’, A and #,' under D : 


Fon tls: Di eee Talal Pl, D,>§ 71 y-D,, PD, >& -71',-G,', and put 7 -§¥ = —1, 
Then, instead of Eqs. (14) and (15), the following expressions are obtained. 


Ain (St Nz) =f| 2 (1 +475) 1 nP* 0m 


+7/2 ss yn, +4/QA BCE ey ie n-d,a-|+H1.C, (18) 


Fy (A Nz) =f| Aa -3 Pe gee 


— ai = 
V2 


Many possibilities due to the choice of phases in constructing the “ 4-component 
spinors ” give interaction forms, each of which can explain the asymmetry coefh- 
cients of S* and A decays equivalently to either (13) or (17). The interaction 
(19) gives the asymmetry coefficients for 1 decays with the same magnitude but 
different sign from each other. At present, (13), (17) and the |4/|=1/2 global 


symmetric interaction (A-1) can explain the experimental facts equally well. (See 
Appendices. ) 


A(1 +475) 70-9, n | HC. (19) 


Next, we make some comments concerning the transformation D. This trans- 
formation seems at first sight to be a simultaneous transformation of the space 
inversion in the Lorentz space (P), the space inversion in the 4-dimensional charge 
space (P’) and the charge symmetry transformation in the ordinary charge space 
(S). However, some difficulty arises in such an interpretation. We have im- 
plicitly assumed that the pion field is a self dual tensor in order to avoid intro- 
ducing a scalar 2”, hence the 4-dimensional charge space must be Euclidian.’* 
When we consider only pion-baryon interactions, the nucleon and = (or A and 2) 
should be attributed to the spinor representation of the rotational group in the 4- 
Euclidian space, D(1/2,0), or the vector representation, D(1/2,1/2). Conse- 
quently, we cannot interpret the transformation. N= as the reflection, analogously 
to the reflection in the Lorentz space. 

Next, according to Assumption III, we must introduce two kinds of pions, 
each of which corresponds to the different irreducible representation of the rota- 
tion group in the 4-Euclidian space. This corresponds to the note given by 
d’Espagnat and Prentki about Eqs. (15) and (16) in ref. 7). (See (A-1) in Ap- 
pendix. See also Sakurai’s paper.’™”) 

If we assume that the 4-dimensional internal space is of the Lorentz metric, 
it can be said that the transformation D means simultaneous transformations of 


* Tf we take the 4-dimensional charge space to be of the Lorentz metric, there arise many di- 
ficulties other than that mentioned above!1)) 
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P, P’ and S. The interactions are written, for instance, as follows: 
The strong interaction : 


al WW, 1's T N,+N, vst N,)w+ (—NN+NN)2"| 


+o] WN, ips T Na+ Ny irs tN) 4+ (— N+ Nunya” | (20) 
and the weak interaction : 


fl Tat NHN; haat: N,) 0 e+ (=N 1s rN +N; 1s oN3,2"| 


+f (NY fotet Ny + Ns ‘v5 7, TNy)O,7 + (—Ny7, N+ NT ND 3,0” | + HG. 
(21) 


Here we have taken 7-¢*=—1 and assumed that z, is a 4-pseudovector in the 
internal space, in other words, under PP’, (2, 7°’) is transformed into (—z, —2”). 
(See the appendix of ref. 10).) 

Although there are many difficulties for the case of the Lorentz metric of the 
internal space’ and it may not be able to give a geometrical interpretation to 
the “charge independent” forms of the interaction,’ the Lorentz metric seems 
more favourable than the Euclidian metric from a view that we search for a pos- 
sible connection between the Lorentz space and the internal space. 


3-2. K meson-baryon interactions 


. Untill now, we have discussed symmetry laws assuming that the K-meson 
interaction is absent. If we assume the transformation law of the K-meson field 


under D to be 


feeb EE} fone em 


then we can find, for instance, a K meson-baryon interaction which is invariant 


under D 
9301 irs KP +93! Vs its XO! + H.C. (23) 


(=95 0 ips X'O+G'F its X'W' + H.C.) (24) 


+ As for the interpretation of the “ charge independent” forms of the interactions, for the 
present we cannot help being satisfied with regarding these forms as a kind of symmetries which 
reflect the internal structure of elementary particles at the stage of switching off the K-interaction, 
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=x a's)| K)7s A+M,- PGR 2) K|+H.C. 
+ J ator] N, Na ete (25) 
0 + . ‘3 
where we have put X=| abs oa: KE =|_% i is i and~y*-€-€=—1 and 


+1 for (23) and (24) respectively. We cannot give to (23) or (24) a meaning 


such as described in 3-1, and we have no guiding principles how to construct 
the K meson-baryon interaction. (In this connection, we have to pay attention to 
the paper by Feinberg and Giirsey.”) If we put y;=0 or g;’/=0, the strong 
interaction thus obtained has a too narrow symmetry, and one cannot account for 
the N-= mass difference.* For the present, we assume that g;-93/= is not equal 
to zero. 

Next, as already mentioned, the weak interactions obtained above are similar 
but not equivalent to the |4/|=1/2 global symmetric interaction given by 
d’Espagnat and Prentki,” but they can give predictions equally consistent with 
the present experimental facts about non-leptonic decays of X* and A. One might 
be able to distinguish these interactions by invesigating the K-meson decays into 
two pions. In the case of (13), it is not possible to get a reasonable explanation 
of the difference between K*- and K°-lifetimes, because (13) is consistent with 
the |4/|=1/2 rule. In the case of (17), although a quantitative argument is diffi- 
cult, it seems that we can obtain consistent values of the difference of lifetime 
and the branching ratio of the K-meson decays into two pions. (See Appendix 
II.) Anyhow, it seems interesting to investigate possible symmetry laws: which, 
like the |47|=1/2 rule, are able to explain the experimental results of }* and A 
decays equally well, and, different from the |47|=1/2 rule, can give an explana- 
tion for the K-meson decay. 


3-3. Final remarks 

From the view that it is important to explore phenomenologically a possible 
connection between the degree of freedom belonging to the Lorentz space and that 
belonging to the internal space, we have investigated a symmetry law which can 
be applied to both the strong and the weak interactions of SIP’s. As an example 
of such a smmetry law, the transformation D, which comes into operation combined 
with the ordinary space reflection and some kind of transformations in the internal 
space, was given and the invariance of all the interactions of SIP’s under this 
transformation was required. Although we can give a good explanation of the 


* Tf g3=0 or gs/=0, we cannot require invariance of the K-baryon interaction. We are, 
according to d’Espagnat and Prentki led to a view that, by introducing the K-field, one must 


obtain the 3-dimensional and not 4-dimensional representation of the baryon fields, i.e. D(1) for 3, 
D(0) for A and D(1/2) for N, & and K. 
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experimental facts about 3* and A decays, it is desirable to modify this transfor- 
mation suitably in order to give it a clear physical meaning and obtain a unique 
form of the interactions. It also seems desirable to find a connection between the 
symmetry law proposed in this paper, basing on the local-field theory and the 
theory of multipole model of pion-baryon interactions” recently developed by D. Ité 
and the author.’ 

In spite of the similarity between the weak coupling constants of SIP’s and 
those of weakly interacting particles, we take the view that some symmetry law 
that holds true commonly both in strong and weak interactions should be looked 
for. The reason why we explore such a symmetry law is as follows. The degrees 
of freedom belonging to the internal space, which would describe the internal structure 
of elementary particles, may be important not only in the strong interaction but 
also in the weak interaction, because in decay processes, the internal structure 
of elementary particles seems to play an essential role, and in fact, the |4J|=1/2 
rule is able to give many predictions consistent with the experimental results. 

From the substantialistic viewpoint, it seems important for us to make clear. 
what fundamental structure of elementary particles the symmetry properties proposed 
in this paper reflect. 

The author would like to express his sincere thanks to Prof. D. It6é and 
Prof. H. Tanaka for their helpful suggestions and valuable critisism. Thanks are 
also due to Prof. Y. Ono and Dr. K. Iwata for their continual encouragement and 


interest. 


Appendix I 
Details of (13) (or (17)) are given as follows. 
“i [v2 meee nm: 0 .m* +3 (1 ate A 1) n p ; 8 ydy/ B21 Tp - 0 
S141 7s) 7p: 9,0 + om 21 GMa) rn 80° 
ACL == ats) 1 uP : 0 {a kx Se Mardin . 07° | + perk G 


+f/ 72 Dag he a,nz-—S-(1 =A 1s) 1. ~ i 0,0 tay 2 as rx 
x 5.8.0 +3" — 275) 1,27 -9,0* ta PAs) Ya) aX 


he fe M+ALta rete hie m Ae Se Cee yA ro) Tue =°-9 yn ELC. 
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If we substitute —4 for 2 into the first square brackets in the above expression of 
(13), we get the expression equivalent to that given by d’Espagnat and Prentki :” 


ie [ 3: 9p AE By FASE 5 Tp Ber 8, Tak |+ Ge 
=| Sr. 1)B-8,x +13757,(1X #)B-3,0 | + H.C. (A-1) 
where we have put 
[HE ¥} IH 


: q° i oct 
= | ol Maat 


Appendix II 


Writing all Feynman diagrams corresponding to the lowest order perturbation 
and using (17), we can get the following K-meson decay amplitudes : 
In the case of pseudoscalar K meson, 


A(K*t-at n°) ~2(a:- Ait As) Inne Jonxt+ (6: AgtAs) 950 d2xx| 
+2| (a! -B, +B) ase Isext (6: But Bs) 9555 dean | 
A(K,’-27°) ~ + | «a -A,+3A2)9nwe Gene + (ab-A3,+b- Ag 


+2As)9sr0 dex | 

; Y 
+ | @’ -B,+3B,) 92x, Gsent (a’'b- By +b-By+2Bs)9s55 deen | 
A(Ky>x* 27) ~| ¢ —a-A,+ As) Inne See (—b:-A,tAs)9sc0 dexn| 


+| (<a Bit Be) ese Yraxt+ (—b-By+ Bs) 9rs5 Vaan |3 


and in the case of scalar K meson, A(K*t—>x*n®)=0, (if we neglect mass dif- 
ferences between the particles belonging to the same multiplet), 


1 
A(K,°->2z") ~F] (a A +34) uve Isnt (ab: Ag +b-Ayt+2As) 955 Isnx 


1 
+2 ‘B+ 3Br) sz" sant (a'b- Bs+b- By+2Bs) Jorn Veen | 


“a 
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A(K!>2* 27) ~| (a: Ar +342) x Jenx + (ab-Ags+b-Ay+2As) Gren dex | 


-[@ -B,+3B) zz Jszx+ (a’b- By +b-By+2Bs) 9 s55 deen | 


B, Bz B; B, B; 
Fig. 2. 


where we have put a= J wx/Jswx, U =IJaex/Jszr, Od b=Js4_/Jsrn, the latter being 
equal to —1 for (12). (See also Fig. 1.) 

For the case of pseudoscalar-charged K meson, if we put a~—1 and a’~—1, 
it may be possible to obtain P(K *->2*z°) < P(K,°> 27° and x*z~) and R= P(K,° 
27°) /P(K;>2'2-) ~1/4, the latter being different from the value predicted by 
the |4I|=1/2 rule, i.e. 1/2, but in good agreement with the present experimental 
result. It should be noted that the predicted value of R may be independent 
of the parity of K° meson. 
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The problems of z-nucleon collision and nucleon-antinucleon annihilation are treated in 
this paper (I) using a phenomenological model in which we assume the existence of the 
repulsive core for nucleon-nucleon potential and the attractive core for nucleon-antinucleon 
potential. 

The results give rather good agreement with experimental evidence not only with respect 
to z-nucleon collision but also to nucleon-antinucleon annihilation. : 

We shall treat the problems of nucleon structure by using the same model in the following 


paper (II). 


§ 1. Introduction 


In the field theory, the problem of nucleon structure is the most interesting 
one of late years and many authors proposed various theories from various stand- 
points. For example, analyses based on the dispersion relation method were 
achieved by Chew” and Federbush et al.” on the electromagnetic structure. They 
were not able to explain simultaneously the value of the magnetic moment and 
the radii of the charge and momentum distributions. Recently, however, Frazer 
et al.” has suggested that the difficulty may be removed by introducing strong 2-2 
interaction proposed by Takeda’ and Dyson.” 

On the other hand, Hiida and Nakanishi’ calculated also the Feynman dia- 
grams which contribute to the electromagnetic structure of nucleon on the basis 
of perturbation theory. By their enormous calculation, they showed that meson 
theory is not necessarily powerless for the inner domain of the nucleon structure. 

It seems to us that to study the nucleon structure we must analyse not only 
the electromagnetic structure but also the phenomena which are closely connected 
with mesonic cloud such as high energy z-nucleon collision or antinucleon annihi- 
lation from some unifying standpoint. Therefore, it might be meaningful to. use 
a more drastic phenomenological model for this analysis. In this paper, we analyse 
these phenomena not from the direct application of meson theory to the inner 
part of the nucleon structure but using an entirely phenomenological method. 
Namely, we substitute a phenomenological potential instead of the effects of some 
meson lines in the Feynman diagrams. 

In order to construct our model, we write up the phenomena which have close 
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a 


correlation with the nucleon structure and of which we have exact experimental 
data. Namely, . 

a) The scattering lengths of S-wave in z-nucleon collision are +0.16/#°* and 
—0.1p-' for iso-spin 1/2 and 3/2 states respectively;? (#=meson mass). 

b) In z-nucleon scattering, there exist the second and third maximums 
for iso-spin 1/2 state and their resonance energies are~610+ 40 Mev and 
775+ 40 Mev (c.ms.).® On the other hand, in 7-7 production process, 
there also exist the resonances at the same energies.” The second reso- 
nance is considered as Dy. state, though there is left some possibility of 
it being Ps). state. 

Moreover, z-K production has also a sharp resonance near the threshold 
which corresponds to the third resonance of z-nucleon collision.” 

c) In nucleon antinucleon annihilation, the multiplicity of produced 7 is 
4.82+0.14.%” It is difficult to explain this multiplicity by Fermi’s 
statistical theory without using very large interaction volume; (R=2.5/"). 
Moreover, the production of K-particles is very few compared with sta- 
tistical theory.’” 

d) With respect to the charge distribution of the nucleon, the r.m.s. charge 
radius of neutron is nearly zero, viz: 


G8 Aa ee 


e) The iso-scalar part of anomalous magnetic moment of nucleon is very 

small in the absolute value; (4,=—0.06). 

It seems to us that there is some key point in experiment b) which predicts 
the coincidence of resonances of z-nucleon scattering, 7-7 production and z-K_ pro- 
duction. This remarkable fact might be understood as that these processes are 
the various decay channels of some mediate state which has discrete eigenvalue 


energetically just as Bohr’s compound nucleus model. Therefore, we should put - 


an assumption for the substance of this mediate state. For example, we may 
consider this as the isobar state of nucleon which is based on strong coupling 
theory, just as Miyazawa and Fujimoto’s model. But, in this paper, we 
regard this as the strong bound state of +1 nucleons and 7 antinucleons. In 
order to get such a strong bound state, there must be very strong attractive po- 
tential between two nucleons or between a nucleon and an antinucleon. As it is 
well-known from experimental facts that the potential between two nucleons has 
the hard core about (3/)~' range, the potential between a nucleon and an anti- 
nucleon must have strong attractive core just as Fermi and Yang’s model.” 
Thus, we reach the following fundamental assumption. 


Assumption 


The potential between a nucleon and an antinucleon is given by 


V(r) =V(r) +79 OV" (r) $o%G® V(r) 47297 a%G®™V" (7) +S” VCs 
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where t and o represent z-spin matrix and spin matrix respectively, and indices 
1 and 2 represent the nucleon and the antinucleon. V°, V*, V’,V"’,V” are central 
potentials and S” represent the tensor force between 7 and j particles. 

On the other hand, the potential between two nucleons is given by 


U(r) =U) 4722 9U (7) $e GU (r) $79 7% GPG 9U™ (r) +S¥U"(r), 


where index 3 represents another nucleon. 

Among these potentials, V° and U® have a strong attractive and repulsive 
core of the radius (3)~' respectively. Namely, V° and~U° are very strong ane 
the other potentials are comparatively weak. 

Therefore, our model may be regarded as a model of the nucleon core. 

In Section 2, we will take PS(pv) coupling as z-nucleon interaction. But 
the results of our model do not sensitively. depend on the coupling type. 

Moreover, we use the following method of calculation : 

i) We consider that the potentials are of the square-well. 

ii) We use non-relativistic approximation for the Hamiltonian of nucleon and 
antinucleon,* 

iii) We neglect the pair creation by the potentials V, U. 

By this method, we shall discuss the general feature of the S-wave z-nucleon 
scattering in Section 2 and we get some information about the core. In Section 
3, we shall also aquire considerable information concerning these potentials from 
the analysis of these bound state. In Section 4, we show some application of 
our model. Section 5 is devoted to the determination of the radius and the depth 
of V%—U® in which we use the width of the resonance of z-nucleon collision. At 
last, we treat the problems of nucleon-antinucleon annihilation, using the “ nucleo- 
neum” which is the strong bound state between a nucleon and an antinucleon. 


§2. S-wave scattering in z-nucleon collision 


In the following, we denote a nucleon and an antinucleon by N and WN re- 
spectively, and write the core radius as 79; (T= (34)~1). Moreover, we name the 


virtual pair of N and N the “ pair”. 
In our model, the potential between the pair and N turns into the potential 


between z and WN through the process 
z—pair, (Fig. 1). (2-1) 


In Fig. 1, we denote N and the pair by 1 and 2 (N), 3(N) respectively. 
Then the matrix elements of the S-wave scattering through these processes are given 


by 


* But we shall sometimes use the relativistic relation between the energy and the momentum 


on the way of the calculation. 
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3 23 1 ye aie Sees: H® 
(fH E—2M—H* eee FE ns H™ He i) 


(for. Fig2 La) 


ap a ese RT yy at Pps) eee i) 
(for Fig. 1 (ii)), (2-2) 
Bveualt Sf \2 yA ae 
V- Hf ee y 
«) (ii) 
Fig. 1. 


in the first approximation, where |7), |) represent the initial and the final state 
respectively. H” and H’™ are the Hamiltonians of 2, 3 particles and of 1, 2, 3 
particles. V™ and U™ represent the potentials between 1, 2 particles and_bet- 
ween 1, 3 particles. H% and H; are the pair creation part and the pair annihila- 
tion part of the z-N interaction with respect to 2, 3 particles, and E is the total 
energy of incident z 

On the other hand, Fig. 2 shows the other diagrams which are effective to 
the S-wave scattering. The matrix elements are given by 


1 io 
(/lHe * E—-2M—H™ Hi) 


(for Fig. 2 (i)), 


¢ Ee 1 8 fess . 
(fl ey ea hy ey age ) 
(for Fig. 2 (ii)). (2-3) 


But the calculation of these matrix elements 
is very difficult. Therefore, we shall discuss only 
the general feature of S-wave scattering in this 
paper. 
First, we remark that the matrix elements 27 tao 
(2-3) are larger than that of the ordinary PS 
(pv) theory. This is due to the expansion of 
the pair by the strong attractive potential V. To (i) ti) 


illustrate this, we regard the depth of V as 2M Fig. 2. 


wa 
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tentatively, because this becomes actually 2M in the highest as will be shown in 
Section 3. Considering that 


H*=p'/M+V*(s), 


we get 
AEG this, se, 
1 is ft Ars Yo 
Paes 
714 mat —V2 M(r—r0) 
oy ieee Fa lee, Se) 
fe 4zs 14+V2Mn 
pp 
V2Mn 
= ee : 2:4 
14/2 Mr, Cs 


where s, p are the relative coordinate and the momentum between 2, 3 particles, 
and |) represents the t- and o-spin state. 

Therefore, if we neglect E, V” and U* in formula (2-3), the corresponding 
scattering lengths are given by 


—0.04 p77. (2-5) 


On the other hand, the PS(pv) theory gives a small value, — 00145", 
Thus, our assertion is actually valid. 

Second, we remark that the potential between N and the pair may not 
have the core. To illustrate this, we neglect V" and U™ in the denominator of 
formula (2-2). Then the corresponding potentials between N and z are given by 


A(r)+B(r)  (¢=3/2), 
A(r) --2B(r) te 1/2), 
A(r) =U4l') (V(r) +), 
Bi) =U-1') (V4) +U')), 


; 1 
=|<pair| a HBA), 
(2-6) 
I/=|<pair+z2| 5 ay rig H?®| vacuum)|?. 


If we takes the value (2-5), the scattering lengths which correspond to A and B 
are given by 0.0277" and —0.087p7" respectively. Clearly, these. are very small 
compared with core radius 7. This strongly suggests that A(r) is very small 
and has not a core. Since we shali assume in the following paper that I and I’ 
are not small, this means also that V’+U”" has not a core. Therefore, the cores 
of V° and U® must cancel each other strongly, and the potential between N 
and the pair does not have a core. 
By the analysis of formula (2-6), we are able to acquire some information 
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concerning V7+U". But the z-dependent part of the phase shift is derived also 
from the dispersion relation theory. So, we should discuss this problem more 


carefully. 
§ 3. Resonances of z-N scattering 


As we mentioned in the Introduction, the resonances of 2-N_ scattering cor- 
respond to the bound states of 2+1 Nand x N. In this section, we shall analyse 
the structure of these bound states. 

In our model, the two-body system of an Nand an N composes strong S-wave 
bound states, as V has a very strong attractive core. We shall call these two- 
body bound states “ nucleoneum ”’.* 

We concluded in the previous section that the potential between the pair and 
N may be weak and not have a core. So, we assume that the potential between 
N and nucleoneum or between nucleoneums is also comparatively weak. By this 
assumption, we may consider the above stated bound states as weakly bounded 
compound systems of one N and nucleoneums and these bound states are all in 
S-state (though there may be another possibility of the existence of P-wave bound 
states). We write the 2-body bound states as 


"S; 
in which j represents the total angular momentum. In this paper, we shall consider 


only the case n=3, 5. Then, taking the parity into consideration, the correspond- 
ence of the partial waves and the bound states are as follows, 


Si *Sij3 > 
Pr *Sijs > 
Ps) "S32 > 
D3;2 *S3/2 > 
Fs) "Soya . 


But these bound states may not necessarily exist. 


Now, let us adapt our model to the experimental data. It is inferred that 
the angular momentum of the second resonance of z-N collision is 3/2 from the 
experiments. If we assume that this resonance is the P3. State, there must be 
another resonance in the lower energy domain, because one of the "Si, and °Ss5/. 

must have a lower energy level than the level of *S32 as far as we take two-body 
square-well potential. This contradicts the data. Therefore, we must consider 


that the second resonance is Ds), state and the data” of 7-2 production seem to 
support this viewpoint. 


*® . 
There may be also the P-wave bound states, but their rest masses are generally fairly larger 


than that of S-wave bound states. Therefore, we shall neglect their effects in the following discussion. 


es 
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The third resonance must be F/. state, because the angular momentum is 
considered to be 5/2 at least in the experiments. The experimental data also show 
that the second resonance is almost forward scattering and the third resonance 
accompanies a large backward scattering on the contrary.” This sharp change of 
the angular distribution strongly suggests that these two resonances have opposite 
parity to each other. Thus, our description seems to be quite reasonable. 

Let us go into further details of the levels of the above assignment. The data 
show that the other resonances do not exist in the energy range up to 1.5 Bev. 
This indicates that *S,/., °S,.. and °S3,. are unfavorable bound states. So, if there 
are such bound states, their levels must be higher enough than *S3,. and °S;/. levels 
or coincide with these. If there are no such coincidences, the energy difference 
between *S;,. and *°S,. levels must be 3y at least and the difference between °S5). 
and °S3)., *Si2 levels must be 2 at least, as 1.5 Bev is equivalent to 7.54(c.m.s.). 

Since the iso-spins of these resonances are 1/2, we must consider also that 
the levels with iso-spin 3/2 are higher than that of 1/2. It is well known that 
the former (7=3/2) has a large diffused peak at about 7. Consequently, if 
there are <=3/2 bound states, it is natural to consider that these correspond to 
the diffused peak, viz. the energy difference between t=1/2 and 3/2 levels is 2.84 
for *S3. and 1.74 for *Ssj. 

These splittings of the levels are due to the <- and o-dependent terms of V 
and U. Therefore, we are able to aquire some information concerning these po- 
tentials by the analysis of these levels; (Appendix I). Of course, we are also 
able to estimate the rest masses of nucleoneums. In Appendix I, we shall show 


that these may be 
OU~ TP. 


In this case, the depth of V is estimated as 


12p~14p. 


§ 4. 2-production 


In this section, we show an application of our model. We remark that our 
model is a kind of isobar model. Therefore, our model fits to the description 
proposed by Lindenbaum and Steinheimer™ in the reaction 


r+Noat+at+N. 


But in our model the first resonance is based on the theory of Chew and 
Low” contrary to their model, and the second and third resonances cor- 
respond to the true isobar states ®$,2 and °Szj2. So, the description is not the same. 

In the case of 1.4 Bey incident 7," the produced z has a diffused first peak in 
the momentum 0.1~0.3 Bev/c and a relatively clear second peak at 0.5~0.6 Bev/c. 
Lindenbaum explained these first and second peaks by the “ decay 2” of (3/2, 3 /2) 
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‘sobar state and the “extra 2” respectively. But we can also explain these data 
by our model. Namely, using “S3). and °§,9 as the isobar states, the extra a has 


the peaks at 
0.30 Bev/c (for *S3/2), 


0.17 Bev/c (for *Sz/), 
and the decay 7 has the peaks at 

0.48 Bev/c (for *S3/2), 

0.59 Bev/c (for *S5,2). 


These fit to the first and second peaks fairly well. 

But this description is not applicable to the N-N scattering, because such a 
decay z is not observed in the experiment of 2.75 Bev incident N.” 

Thus, our model is powerful only in the high energy z-N scattering. 


§ 5. Tensor force 


Although we considered that the resonance D;, corresponds to *S3,. in Sec- 
tion 3, there must be some spin-orbit coupling in order to change D;,. wave into 
*S3,. state. We consider that this coupling is tensor-force. 

Since the strength of the tensor force must closely correlate to the width of 
the resonance, we can presume the strength from the width. We denote the mo- 
mentum and the energy of the incident z by & and w respectively and put 


DEE WEES ESET OLS 
Then the width J’ is given by 


3) 1 HW? 
ae HDs Vv “M? +h 


P=AN'? wae 
E—2M—H*® VMe+E a w 


> 


in the first approximation, where |D,.) and Ip) B) tepresent the initial state and 
*S3), respectively, and particles 2, 3 are the members of the pair. N’ is the 
normalization factor of the spherical Bessel function. Since the nucleoneum changes 
only the o-spin by the potential 7’, we may write 


: ; 
T IB) 


Vie 


Tees /—-2 
['=4N Bee 


sot H@\D YP Vv M? a” ar, 
ave. HH BANA VLG 2 cee 


where 


2 : : : , 
5 represents the nucleoneum state which is substituted for incident z. 
Since the probability 7, of the process 


= —> pair —> nucleoneum 


is given by 


———_— 
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2 3h 2 
(Bl pone TID 


we get 

2\y V M+R b 
SRE 
|B/) VY M+ +0 


P=AN 1, 3/7 
In this formula, we are able to put 


'3\_|32\ 6(r)_ ,|32\ o(r 
Boe tee 


where r is the relative coordinate between N and nucleoneum and Es) represents 
J 


the nucleoneum state in which the c-spin is 7. Then, we get 


foe) 


|/ [2 
(BT B) =120N7|| (V2) —U)) h(n) jaldr) rr 
Q 


2 
5) 


where j, is the spherical Bessel function. 
In order to evaluate this formula, we tentatively put 
QE BT? Are Pe 
80), HO) =| 
0 Gar). 
Then, we get the following relation, 
13.0 (rate) 5 
Tjt}=+ 314 (= 2p), 
| WLI Cosi VA 
('=0.4/), 


P=1, | or) Par, 


rsr* 
r*=min(7, 7’), 


where ¢ and r” represent the depth and the radius of the potential V*— U?, 
From the definition, 7 must satisfy inequality [<1. 

This I|¢| gives a very close value to one pion exchange tensor force at r=r*. 
Therefore, we may consider that our phenomenological tensor force is derived from 
meson theory, if the J is not very small. But we remark that our tensor force 
is rather strong as compared with the conventional phenomenological tensor force 
' which is used in the problems of N-N collision and this suggests that the V” is 
not weak. 

In the above calculation, we neglected the Pauli-principle with respect to the 
1 and 3 particles. This means the omission of the diagrams which correspond to 


ay 


OS wate ee MR Dy ee a rs 
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Fig. 2. But we can actually neglect this effect, as the radius is 7) at most and 
smaller than 7. 


§ 6. Nucleon-antinucleon annihilation 


There are two problems in the annihilation process of N and N 


N+N>24+2+--, (6-1) 


viz., 
i) the range where the annihilation occurs, 
ii) the multiplicity of pions. 
In this section, we shall discuss these problems using our model. 
In our model, there are nucleoneum formation processes in addition to the 
direct process (6-1), e.g. 


N+N- nucleoneum+z, (6-2) 
N+N- 2 nucleoneums (Fig. 3). (6-3) 


The strengths of these reactions are not weak in general. For 
example, with respect to the S-wave, the imaginary phase shift 
of the process (6-3) is given by 
=1 AHf? (2&/p)*?(k/p); 
A=12f7 (pM)? ML; 


1 Q & (2) TOG 
H=— SFIS gma SALAS 


9 


T= fear) (fet expr (1+ 7 Jar), 


where € and A are the available energy per one nucleoneum and the momentum 
of incident N, and M, is the mass of nucleoneum. |7) and | f) represent the 
initial and final t- and o-spin states respectively, and the <-spin matrix 7, represents 
also the creation of the pair. g(r) is the wave function of the nucleoneum. 

If we take the minimum value /,=5.0% (Appendix I), we get 


0=2.8f7(2E/1)*? (k/p) Hi. 


Therefore, it seems that this is small in the case of the PS(pv) theory; ( f PINE 9 he 
But if we calculate the correction with respect to the virtual pair (Fig. 4) using 
the formula (2-4), we get a fairly large value, 


i= 1.0: 
in virtue of the strong attractive potential V. 
except in the neighborhood of the threshold. 
becomes very large; (f?=15). 
very strong. 


So, the reaction (6-3) is not weak 
If we take the PS(ps) theory, this 
Of course, the reactions (6-1), (6-2) are, also, 
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It is natural to consider that the branching ratio of such ph 9 eee 
strong reactions depends on the ranges in which the reactions es joe 
occur. Therefore, we shall discuss the ranges in the following. Vj 

The absorptive reactions (6-2), (6-3), --, are a kind of 


nonlocal interaction and the form factor is the wave function 

of nucleoneum. The radius of the wave function is about core 

radius 7). Consequently, there is a black hole of radius ro in Fig. 4. 
these processes just as in Ball and Chew’s theory.2” 

On the other hand, it is well known in perturbation theory that the range 
of the process (6-1) is very small. Therefore, direct process (6-1) may be negli- 
gible. 

In order to evaluate the ranges where the processes (6-2), (6-3) occur more 
correctly, we use mean square distance y(z*), 6, where ¢ represents the distance 
between N and N and the weight function represents the strength of the reaction 
in the distance. The results are as follows, 


0.1947" (case 6.2), 
0.3047" (case 6.3); 
(Appendix II). 


The relatively small values are due to the short tail of the wave function of 
nucleoneum. 

This results show that the range in which the annihilation occurs extends, 
if the number of emitted nucleoneums inceases. This indicates that the emission 
of nucleoneums has strong tendency to multiple production. But the emission of 
three nucleoneums is energetically not allowable, because the rest mass of nu- 
cleoneum is larger than 54; (Appendix I). Therefore, the most probable case 
may be of the two nucleoneums production, if it is allowable. 

We now turn to the second problem ii). The nucleoneums which are pro- 
duced through these processes immediately decay into pions. Therefore, the process 
(6-1) is divided into two successive processes. Namely, 


N+N-nucleoneums+z+:::, 
nucleoneums—>2z+7-+:::. 


Since the decay modes of nucleoneum are determined by the <- and o-spin, 
we write the nucleoneum as (i, 7), where i and j represent the z- and o-spin 
respectively. The z-nucleoneum interactions are given by 


fio? —fko™c, H®, H®. 
Therefore, the allowable processes are given by 
(1, 0) >37, 
Peet SE OF a 
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(0, 1) > 32. 
In the first process, we considered energy conservation law. If the (1, 0) is not 
free, the process 
(1, 0) 32 
is allowable. 

On the contrary, the (0, 0) cannot decay into pions by these interactions but 
it is shown that this decays into 47 by the mediation of the virtual pair. 

The mediate states are the various combinations of these nucleoneums and 
pions. But some of these mediate states should vanish in the case of two nu- 
cleoneums production by the effect of the interference of the two nucleoneums in 
the rearrangement of 2N and 2N. We show the allowable mediate states which 
are produced through processes (6-2), (6-3) and the number of the pions in the 
final state in Table I (J=even) and Table Il (J=odd), where / represents the 
orbital angular momentum of the incident N. 

As we mentioned above, the most probable case is the two nucleoneums 
production, if it is energetically allowable. Therefore, the multiplicity of pions 
correlates sharply to the rest masses of nucleoneums. 

If we neglect the many-body force, we can roughly estimate the masses. But 
we are not able to use such a rough value in this problem. Fortunately, they 
are correlated also to the electromagnetic structure of the nucleon, which we will discuss 
in the following paper. By this reason, we shall discuss the general feature of 
our model in this paper, using two special cases. Namely, 

1) The example which is shown in Appendix I. 


MO, = 5:0: Mis by =6.9 pe 
NEO, OF ST Ou M1, Oy SHS oe 


Table I. (/=even) 
ee 


initial state mediate state No. of emitted pions 
t=0, «=0. (0, 1)+(0, 1) 6 
(SDS GL, 9) / 4 
Oy Cah: @, 1)+2 (=0) BS 3 : 
t=1, o=0. (1, 0)+ (1, 1) ASS ; ao 
COL) Cised) 5 
Sey eso : (1, 1) +2, (@=0). 3 
c=1, o=1. (1, 1)+(0, 0) Rae aa ct € 
(1, 0)+(0, 1) 6 
(1, 0)+(, 0) 6 
(8 od) tp 4 
Oot 
(0, 1)+2 (1=0) 4 
(1, 0)+z 4 


eS 
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’ Table Il. (/=odd) 


j represents the total angular momentum. 


initial state | mediate state No. of emitted pions - 


c=0, c=0. | (0, 0)+(0, 1) | 7 

(1, 0)+(, 1) | 5 

(1, 1)4+ (=1) 3 
T=0, c=1. (0, 0) + (0, 0) | 8 
G40) FOS. 0)bS x 6 

(j=even) 

(0, 1)+(0, 1) | 6 
| 4 
4 


hs) Os of) 
(1, 0) +z (j=0) 


7=1, c=0. | (1, 1) +(0, 0) | 6 

(1, 0) + (0, 1) | 6 
CIDE (Cised) 4 
(0, 1)+2 (/=1) 4 


r=1, c=1. | (@,)+0, 1) 5 
(0, 0) +(1, 0) (j=even) | 7 

(Q, 1)+2 (j=1) 3 

| 5 


(0, 0) +z (j=0) 


ii) M(0,1)=M(, 1) =M(0, 0) =M(, 0), 
M(i, 7) <M, 


where M(i, j) is the mass of (7, 7). 
If we neglect the kinetic energy, the allowable mediate states of the process 
(6-3) are limited to 


(Op Les (05 -1)5 
(D)<) ae (05-0); 
(0,4) SEALs 
in the first case. So, using Tables I and II, we get the following multiplicity 
4.0 (l=0), 
5 One 1) 
Of course, we neglect process (6-2), if process (6-3) is simultaneously allowable. 
On the other hand, it becomes 
5.0 ([=0), 
Bion 1) 


in the second case. 


“ 
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We show the experimental data in Table III. 
Table III. 


| pone | Berkeley + Rome”) Bubble chambers!” 
in ee a 5.10+0.24 Diese Oa ' 5.10+0.12 
at rest 4.60+0.15 4.77+0.14 | 4.72+0.11 
combined 4.82+0.14 4.92+0.13 | 4.89+0.12 


| 


a 


If we consider that the annihilation at rest occurs from S-state and the an- 
nihilation in flight occurs from P-state mainly, the increase of the multiplicity in 
flight may be naturally explained in both cases. 

But the value in the first case (J=0) seems to be slightly small. This is 
due to the prohibition of the processes 


(1,1) + (0, 0), 
(1, 0) + (0, 1), 


in the s=c=1 initial state. Therefore, at least one of them may be allowable. 
In this calculation, we neglected the processes 


N+N> (i,j) +242, 
N+N- (i, j) + (m,n) +2, 
N+N- (i,7) +(1, 0) (Fig. 5). 


The first process increases the multiplicity fairly in the case i), — 
because the -=0, o=1, J=0 initial state decays into 52 in this SA EG oN 
process. Of course, the multiplicity of the second and third ui 
processes is very large. 

Thus, it is not difficult to explain the experimental data with 
our model. 


At last, we discuss the emission of K-meson. As the rest eee 
mass of the emitted nucleoneum is 5~7/4, the process 


nucleoneum— K+K 


is energetically hardly allowable. Therefore, the production of K-meson should be 
considerably checked and this does not contradict the experiments. 


§ 7. Discussion 


Our main purpose in this paper (1) was to establish a clear explanation for 
the second and third resonances in z-nucleon collision. 

Indeed, there is not yet any positive theory with respect to these resonances. 
The most important character of our model in this problem is the point that the 
second resonance may be Dy). state. Therefore, it may be a support to our model,” 
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if it is clearly proved by experiment. Moreover, in our model, the third resonance 
must be F%,. state and we showed in Section 3 that this is rather favorable to the 
explanation of the angular distribution. 

With respect to the z-production in high energy z-nucleon collisions, we took 
just the opposite description to Lindenbaum’s one.” For nucleon-nucleon collisions, 
Lindenbaum’s model is more powerful than our model. But their model involves 
some questions, because ($,#) resonance does not correspond to isobar state ac- 
cording to Chew and Low’s theory. 

We divided nucleon-antinucleon annihilation process into two successive proces- 
ses, 

i) production of nucleoneums, 

ii) decay of nucleoneums, 
because the radius of the range where the process i) occurs is core radius 7 at 
least and may be larger than that of direct production of pions. 

We have pointed out that the reaction 


N+N->2 nucleoneums 


is very strong in the case of PS(ps) coupling in virtue of the large coupling 
constant and this may be strong even in the case of PS(pv) coupling too. More- 
over, we have shown that the range of this process is more extensive than that 
of one nucleoneum production process. By this reason, we have concluded that 
this is the main process, if it is energetically allowable. 

It is remarkable that the ranges in which these processes occur correspond 
to the black hole in Ball and Chew’s description.” 

On the other hand, the second process ii) is. quite different from Fermi’s 
statistical model,”” Takeda-Koba’s model” and the models based on strong 2-2 
interaction2” In these theories, the pions were produced directly but in our 
ae the emitted pions are mainly the secondaries of nucleoneums. By this 
reason, the multiplicity of pions correlates strongly to the decay modes of nu- 
cleoneum and the number of. the produced nucleoneums. 

We have shown that the results depend on the rest masses of the nucleoneums 
using two special cases. Nevertheless, the results have given rather good agreement 
with experimental data. 

It is our point to give the mechanism of Ball and Chew’s description and also 
to give the reason of large multiplicity of pions. 

It is also a remarkable fact that the depths of our potentials may be smaller 
than 1 except the cores of V° and U® (Appendix I), because this indicates that 
our potentials are of the same order with the one derived from meson theory. 
But we concluded in Section 5 that the tensor force between a nucleon and an 
antinucleon is not weak. This fact will be used in the following paper. 

Our model resembles Sakata’s model in various points. But the idea is 
quite different. Namely, their main purpose is to simplify the concept of 
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strangeness and iso-spin by a composite model. But our purpose is to unify the 
various features of z-nucleon interaction and nucleon structure, and z, K, etc., are 
still elementary particles. But we hope there may be some connection with each 


other in future development. 


Appendix I 


Our main purpose in this Appendix is to estimate the rest mass of nucleoneum 
from the resonances in z-nucleon collision. 

For simplicity, we neglect the many-body force, the tensor force and V™, U’ 
terms in this calculation. Therefore, the results in this Appendix are not general 
at all, 

As we mentioned in Section 3, we must note the following points. 

i) If there is bound state *°S,j., the energy difference between *S3). and “S;): 
levels must be 3 at least. 

If there is bound state °S3). or °S,., the energy difference between °S;). and 

* S32, S12 levels must be 24 at least. 

ii) If there is ==3/2 bound state, the energy difference between t=1/2 and 3/2 
levels should be 2.8 or above 2.8 for *S3,. and 1.7 or above 1.7 for °S5)2. 
iii) There must be the bound states *S3). and °S5/2. 

As n,N and n,N are confined in the interior of the potentials, the spin de- 

pendent potential energy is given by 
ES gM) GO") +a GO? 4.75 GM) gO), 


where o? and ow? represent the spin matrices of N and N. €& and 7 are the 
depths of V” and U”® respectively. So, the eigenvalue is gived by 
2I(T+DE+2.h +1) +h(h+1) oe 2 (mbm) P= Cerys 


1s = 7° ee See 


where J, J,, J, represent the spin of total system, N-system, and N-system. 


In the case of J=1/2 and 3/2, there are three energy levels with respect to 
the spin states, 


8S +4 +C (J=3/2), 
= 38M CY Cai ie ihe 
—38— 3 +C  (J=1/2, ,=0). 
Considering the condition i), &* must be negative, and 
6 +445 <—3n (> 0), 
6E<=3n (<0). 


If there is not *S,,. state, we should use the condition 
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106°4+84<—2y (A> 0), 
10é°S—2p (4°<0), 
instead of the above condition. From these, we get 
E&<—0.54 (or —0.2p). (1) 
By the same calculation, we get from condition ii) 
6E'4+40>28n (>), 
6 > 28" (<0), 
Pn Le, (2) 


where &” and 7” are the depths of V’ and U’. If there is not *S3,. (¢=3/2) state, 
we should take the value 1.7 instead of 2.8 in this formula. 

Moreover, if there are two t=1/2 bound states, we must consider that the energy 
difference between the two states is nearly 0 or above 3 (or 24) by the same 
discussion with respect to the spin state, viz., 


Af” == (), 
or 4|A"|>3p (or 2p). (3) 


As to the condition iii), we regard the system as the compound system of 
one N and n-nucleoneums as we mentioned in Section 3. Considering that the 
spin is the highest and s=1/2 in this case, we get the total potential energy 


nv +n (d+7°) +n(n+1)€*—3n€"—3ni" (4° > 0), 
nv +n?(d+y°) +n(nt1)—3n& +ni" (470), 
d=v-+u, (A) 


where v, wu are the depths of V° and U’. 
On the other hand, the potential energy where the N and nucleoneums are 
separated from each other is given by 


no+né&—3né&" (&">0), 
nu+tné'+né& (670). (5) 
Since the potential energy between N and nucleoneums is the difference between 


(4) and (5), the negative € contributes as repulsive force. So, we assume € is 
positive in the following. Then the effective potential energy becomes 


n(d+7°+6&) —3ni? (4 > 0), 
m(d+7>+é) +n" (ASO), (6) 


and this must be larger than K(r’), where K (r’) is the necessary energy per 

. . =f 
one nucleoneum to compose the bound state which relates mainly to the range 7 
of the potentials V’, U’, V’, U" and V°+U". 


ee a7 ¢ y 
ee ey a wl pa ef 
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Considering that the second resonance corresponds to the »=1 case and the 
energy level is 4.354, we are able to estimate the mass of nucleoneum M(j, 7), 
where i and j represent the c- and o-spin respectively, namely, 


M0; 1944.35 0= (dt OF K Ge Oe 
435p—(dty+O)—v4_-K @S0), 
M(1, 1) =M(0, 1) 4.48"; 
M(0, 0) =M(0, 1) —4é, 
M(1, 0) =M(0, 1) +46" —4€*. (7) 
Since the third resonance corresponds to the »=2 case and the energy level 
is 5.04, we must put 
d+7°+8=—1.6p, (8) 


in formula (6). The —7* obtained from this formula is 14 at most, for the d is 
small as we mentioned in Section 2. 

As we considered & is positive, formula (7) indicates that 1/(0,1) is the 
smallest. Moreover, as 14(0,1) becomes the minimum at /=0, we get 


M(i, j) 24.35p— (d+79 +6) —K. 
This result depends on K, but M (7, 7) must be larger than 4.354, because the 
mass of free nucleoneum must be larger than the mass of bounded one. 


In this Appendix, we take tentative value r’=27, as we suggested in Section 
3 and put 


Of course, this value does not contradict condition iii). Then we get 


MQ, j)>5.0p. 


Since 4, &" and & are unknown, we put #”"=0 and 622 0h = ae 
tentatively taking into account condition 1), 2), 3). 
Then we get 


M(0,1)=5.0", M(1,1)=6.94, 
M(0, 0)=7.04, M(1, 0) =8.9pz. 
Of course, these results are no more than one example that satisfies conditions 


1), 2), 3). 


Appendix II 


In this Appendix, we shall estimate the range of the process shown in Fig. 3 
as an example. 
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We write the wave function of nucleoneum and the wave function between the 
nucleoneums as ¢(r) and g(r) respectively. Moreover, we write the incident 
N-wave as g(r). Then the initial and final states are given by 


g(t) F(r), 


e(|r—s/2)) ¢(\t—r—s/2)) (448), 
where the meaning of the variables s, t, r is illustrated in 
Fig. 6. F(r) represents the state of the emitted z. 


The matrix element M is given by 


M=<two nucleoneums |H,|N-+N-+7). 
Therefore, we get . 
M=C, | g(r)¢(jt—r|)¢°(t/2) F(r) ¢' (#) drat. 


For simplicity, we assume ¢’ is S-wave. Then ¢’ must be P-wave. We 
write the momentum of ¢’ as k. In this calculation we assume & is small and 


put 
an Be, 
¢’ (r) ae Nike, 
Te: 
g(r) =2_G(r), 
V 4x 
F@\=G, = f(r). 


Then, we get 
M=C,\ eer) EOS GOt-n/2rde dt, 
Since ¢ is the distance between N and N, the function of 7, 
fee dtr) Fe r/2rtdr, 


gives the strength of the reaction at the distance. As this function is always 
positive, we may consider that the mean square distance (¢*) by this function 
gives the range of the reaction. 
By the substitution 
t=r>t, 
this becomes 
\e@etde : \ f(r) g(r) r? dr 


(e@at | F(r) etry dr 


win 


wr a ge A ee 
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If we put 


we get 


1) 
2) 


f(r) =exp(—Pr), 
& eee =().500= 
6 


References 


G. F. Chew et al., Phys. Rev. 110 (1958), 265. 

Federbush, Goldberger and Treiman, Phys. Rev. 112 (1958), 642. 
W.R. Frazer and J. R. Fulco, Phys. Rev. Letters 2 (1959), 365. 
G. Takeda, Phys. Rev. 100 (1955), 155. 

F. J. Dyson, Phys. Rev. 99 (1955), 1037. 

K. Hiida, N. Nakanishi et al., Prog Theor. Phys. 22 (1959), 247, 351, 863. 
CERN Conference (1958), 39. 

H. C. Burrowes et al., Phys. Rev. Letters 2 (1959), 119. 

Kiev Conference (1959),1. 

CERN Conference (1958), 147. : 

. Amaldi et al., Nuovo Cimento 14 (1959), 977. 

. Chamberlain et al., Phys. Rev. 113 (1959), 1615. 

Agnew, thesis, UCRL (1959) 8785. 

Horowitz et al., UCRL 8591, in press in Phys. Rev. 

C. Frautschi, Prog. Theor. Phys. 22 (1959), 15. 

Hofstadter et al., Rev. Mod. Phys. 30 (1958), 482. 

. Fermi and C. N. Yang, Phys. Rev. 76 (1949), 1739. 

J. Lindenbaum and R. B. Steinheimer, Phys, Rev. 105 (1957), 1874; 109 (1958), 1723. 
F. Chew and F. E. Low, Phys. Rev. 101 (1956), 1570. 

. M. Eisberg et al., Phys. Rev. 97 (1955), 797. 

M. ne Block et al., Phys. Rev. 103 (1956), 1484. 

. Ball and G. F. Chew, Phys. Rev. 109 (1958), 1385. 

Fermi, Prog. Theor. Phys. 5 (1950), 570. 

Z, Koba and G. Takeda, Prog. Theor. Phys. 19 (1958), 192. 

E. Ebirle, Nuovo Cimento 8 (1958), 610. 

T. Goto, Nuovo Cimento 8 (1958), 625. 

N. Yajima and K. Kobayakawa, Prog. Theor. Phys. 19 (1958), 192. 
I, Pomeranchuk, Doklady Akad. Nauk SSSR 78 (1958), 889. 

S. Sakata, Prog. Theor. Phys. 16 (1956), 686. 


bam e ae EOP 


eee 


igetubel 


291 


Progress of Theoretical Physics, Vol. 24, No. 2, August 1960 


Lagrangian Formalism for a Classical Relativistic Particle 
Endowed with Internal Structure 


Francis HALBWACHS 
Institut Henri Poincaré, Paris, France 
(Received October 31, 1959) 


§ 1. General conservation relations 


The problem of the classical motion of a relativistic particle endowed with 
proper angular momentum was approached many years ago by several authors.” 
Although they reached the same system of equations from very different starting 
points, none of their treatments seems us to be entirely satisfactory. The first one, 
Frenkel,’ starts from the non-relativistic motion of a spinning dipole and uses a 
variational procedure. But the Lagrange variation he puts forward is not a total 
differential, and thus he is not able to express the Lagrangian completely. Mathisson 
and his followers? in a series of beautiful works use the frame of the general 
relativity and Einstein’s field equations. But in the case of an electromagnetic 
field—which is just the case we are here dealing with—they include the Maxwell 
field into the metric, which does not seem to be correct. Afterwards Weyssenhoff” 
established and integrated the equations in a very smart way, but his starting point 
is purely axiomatic and fairly arbitrary. Bohm and Vigier” in a very important 
paper, which opens the way to their present theory of elementary particles, obtained 
the same equations as describing the global motion of an extended droplet of 
classical relativistic fluid. But their treatment is very narrowly bound to the con- 
sideration of a definite model, and the extension to the case in which an external 
field is acting, tentatively treated by the author,” appears to be fairly clumsy and 
arbitrary. Finally the treatment of Bouchiat and Michel,” performed from the 
standpoint of the bare and abstract group theory, appears paradoxically to be re- 
stricted to a particular case (linear momentum colinear to the velocity). 

However, this purely classical problem has today acquired a great practical 
interest, because in the present giant accelerators the quantum effects can be 
neglected, while both the relativity effects and spin effects must be taken into 
account. The aim of the present paper is to approach again this problem with no 
other aid than the principles of classical mechanics considered in variational form. 
We consider a single particle travelling in an external field A, and moving along 
a definite curved line & in space-time. We associate to it a Lagrangian L taking 
‘nto account the field by suitable interaction terms, and we submit this Lagrangian 
to a suitable variational principle concerning its integral along the line £,. she 
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feature of this treatment is that the state of the particle—unlike the Newtonian 
point-particle—is not assumed to be entirely defined by its position and velocity, 
but requires some supplementary quantities, the so-called internal variables, which 
describe its internal structure and are needed in order to express its proper rotation. 
The physical idea underlying this theory is that it is meaningless to speak about 
a proper rotation for a point-like particle. A particle whose proper rotation may 
be taken into account must necessarily admit of some distinct parts able to rotate 
with respect to one another. Thus the rotating particle is of necessity extended into 


space. 
Now we can summarize in many ways the internal degrees of freedom of 


such a particle by global quantities derived by integration of some local densities 
over the whole space covered by it, and attached to some definite point looked at 
as its “center”. The more accurate the description of the internal structure will 
be, the more numerous we must take these internal variables. Thus we can des- 
cribe up to a definite degree of approximation a structure extended in space by 
various global quantities localized at a same single point, in the same way by 
which the MacLaurin development of a function describes the latter in a finite 
domain with the aid of several successive derivatives computed for a single definite 
value into this domain. The representation of a rotating fluid mass by Mller,” 
and further by the above quoted paper of Bohm and Vigier,” gives a pictorial 
instance of such a procedure. And it is obvious that all the other treatments of 
the rotating particle problem introduce this conception more or less explicitly. 
But here these ideas will play no explicit role. We assume only that our 
_ particle can be suitably described by its reduction to a point-like center endowed 
with a set of internal variables which we admit to be vectors g%, and which 
stand in the Lagrangian, including the interaction terms. Let L(x,, 2,, 9, °°) 
be the Lagrangian of the particle at a point M(2x,) on the line . The dot stands 
for the derivative with respect to the proper time +, that is the derivative along 
the line £, and we assume L to depend as usually on the variables and their first 
derivatives in ct. The dependence of L on the coordinates x, is assumed to be 
due exclusively to the interaction with the external field A, and thus to manifest 
itself roundabout by the customary dependence on A,(x) and its first derivatives 
0,A,(x) (9, denotes the operator 0/Ox,). We shall use indifferently for the par- 
tial derivatives of L the equivalent forms 0,L or 0L/0A,-0,A,+9L/0(0,A,)0,0;A,. 
We first submit L to Hamilton’s variational principle: the line-integral Bie 
between two fixed points M, and M, is stationary along the actual line a 


respect to all varied motions, the total interval of proper time | dz being kept 
M 


. . a 
constant for these varied motions. The usual calculation yields as an immediate 
outcome the ordinary Lagrange equations : 


Gd. IDOL Seid aol aL 
Gi POU. Or mae ie ag” dg” | 


BK 


Lagrangian Formalism for a Classical Relativistic Particle 293 


Now we wish to put into evidence the so-called linear and angular momenta 
by means of convenient “ conservation relations” appearing as consequences of the 
invariance properties of the Lagrangian. Such a procedure was used successfully 
by J. P. Vigier, T. Takabayashi and ourselves®:»™ in order to express the linear 
and angular momentum densities of a relativistic fluid endowed with intrinsic 
rotation. We used the well-known formalism of Belinfante™ and Rosenfeld” for 
the classical field theory, the.most convenient way .to derive the latter formalism 
starting from a principle stated of old by E. Noether’ and the importance of 
which was recently emphasized by J. Winogradski™ : In the hydrodynamical treat- 
ment, Noether’s principle applies to the integral of a Lagrangian density taken over 
a four-dimensional domain and considers a variation under a change of frame, so 
that the variations do not vanish on the limiting surface. After integration by 
parts, and having taken into account Lagrange’s equations, the integrated part, that 
is a surface integral, remains alone. 


In order to transpose that procedure to our line integral, we consider an in- 
‘ Mo 
finitesimal change of frame, and express the invariance of the integral \ Le: 
My 
NM . A . 5 . re ‘ 
aj Ldz=0. We have 0L=L'(z’, z’, q',q') —L(2,2,q,4), x’, x',q',q' being the trans- 


My 
formed values of the variables, and L’ being the transformed form of the Lagrange func- 
tion after the change of frame. The total variation can be split into two parts: 


OL Lee, x, q; J’) = BERG ay q; g) ALCZ, cy qd; ) She (a3 ay q; 9) =0,L+0,L. 
The first difference is the ordinary variation of a definite function L’ under an 
infinitesimal change of frame acting on the vector variables, that is, 

/ Bin Bliss ee Bled pte 

OL Lies BAe ate a i = 0ge. 
9x Ox dq’ 


# # 


OL = 


or, neglecting some second order variations, 


OL a OL (7) OL Z N + (>) 
= Cor ae Og’ + B90 Og 


a ro 
Using Noether’s procedure, we integrate by parts without vanishing of the in- 
tegrated parts; and, taking into account Lagrange’s equations, we are left with 
these integrated parts, that is, 


The second difference, 0,L=L/ (a, 2, q, 9) —L(x, x, q, 9), appears to be more 
difficult to work out because of the hybrid character of its first term, which belongs 
at a time to the former frame ¥ and to the new frame +”. We shall consider that 
this first term is entirely computed in the frame 2’, the coordinates x, being 


gt 
those of a point M/* different from M and having as coordinates relative to = 
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the same coordinates x, as those of M relative 
to S. In a way of picture, let us consider 
a simple rotation of the axes 2), 2 in their 
own plane. The same rotation applied to the 
point M around the origin leads us to a point 
M* which has the required coordinates in 2”. 
Repeating this operation with each point of 
the line £, we get a hinged line €*. We 
can also take the set of vectors g{ attached 
to: each point M and carry them to corre- 
sponding point M*, each of them hinging Fert 

from the same angle, so that the components 

of the hinged vectors with respect to 2” are the same as those of the former 
vectors with respect to ¥. The proper time « on £* having obviously the same 
value at each M+ as at the corresponding M of £, the vectors z,, 9g at M~* 
have also the same components in the new system as the corresponding vectors 
at M in the old one. 

Thus between the expression of the Lagrangian L’ on the line £* in 3” and 
that of L on the line £ in 3, the only difference arises from the external field, 
because M/* is not at the same place of this field as M, and the vector A, and 
tensor 0,A, at M* are the project on different axes as those considered at M. 
This remark immediately yields our difference 0,L. Let us notice that, if no ex- 
ternal field is acting, this difference is zero. For a free particle, the function L has 
the same form in all frames. This is the very simplified case we have treated 
with J. P. Vigier in two recent papers.” 


Now if ox, stands for the variation of the coordinates of a given point brought 
about by an infinitesimal change of frame, the displacement M/M*~* that has to 
cancel that variation is —dx,. At the point M* the field A, and its derivatives 


0,A, consequently become, 


As =A; Opa, ¢-O2,) wands On) "=0,A,+0,90,A,(—dz,), 


if they are referred to the old frame ¥. But because in the expression L’, they 


are to be referred to the new frame 3”, they become 
A, =A," +0A,", (0, A,) "= @, A) +00, A,) = 
and, if we neglect second order differences, we finally get, 
At'=A,—9,A,02,+0A,, (3, A.) "=8; A,—8,8, A.dx,+8(0,A,). 


Let us recall that the symbol @ stands for the variations undergone by the co- 
ordinates x,, the vector A, and tensor 0,A, under a given infinitesimal transfor 
mation of frame. Thus we easily obtain 
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) a) Be 9S OL 
(8) 5 A eee A —o ee Se ee SY — 5) 
2 aA, (0 u ysl, O25) ro (0, A,) [0(0, A,) 0,0,A,02,]. 
Now we can express the invariant character of the integral | Ldz taken on 
an arbitrary arc of the line of motion Z: 
OL, x 
\ d ( OL " OL 


— OX, 
ra . mr) 
dt Ors ogy 


3 a) ae: \ : oie. (0A,—8, A, Ox,) dz 


OL = 
| 56,4) BOA) 99,4, 825]d°=0. 


Because of the arbitrariness of the are M,M, (which can be chosen infinitesimal) 
it is required that the integrand vanishes, so that 


A, OL » =) 
die Ox fad Ogy? ee 
OL 9 OL 
== (0, A, dx,—0A,) +———_—_[0, 0, A, 0x, —0(0,A, 
Bee et le oni Aye Pee vial 


Now we have to specify the kind of the infinitesimal transformation, in order to 
get the expected conservation relations. 


Let us first take a translation, in which 0x,=€,, a constant, all the other 
variations being zero. Thus we get 


d- ae é,) eel ay A fe 2 oe 0,9, AyGrs 
dz \ dz, 0A, 0(9,A,) 


or, dropping &, as a constant factor, 
d (aay bisa LEG aA 
dz Sim ae aRSADE ose 


This is just one of the Lagrange equations written down above. In order to fit 
the hydrodynamical formalism, we set 


OL (1) 


aa, 


G, can be called the canonical linear momentum as in the Hamiltonian formalism, 


and we have then the first conservation relation : 


. aL OL 

ee ee ee SO 
PEGA AGA 

Then we take for the variation. 6 an infinitesimal Lorentz transformation 
For a vector V, and a tensor T',,, we have the well-known variations : 


A,. (2) 


ecu) c 
ov, Bre OW) xg ae ? Od, = (o4 gee ae ig f bh) Ewa > 
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where 0%°=3(0,,09,—9.%%,), and thus our general equation becomes, apart from 


the arbitrary constant factor €y,, 


CRAG) Ore oa od & OL type OLS p) = oe (zA, ts—0,A, 7s) 
op (sate AE La + 3g” Va ag? Va 2A, »Xp—%p 
OL OL OL 
Ola Lay (8,3, A, t—923,A, 22) 
Ey te ee Rate BE CME om 
Pua Olees OLe ay fete ae 


Cox Ay 
0(0, A,) 0(0,A,) 


We introduce the so-called canonical angular momentum : 


OL OL 


SG 2) 
Sap=We agy I ago | (3) 
We take into account the expression (1) of G, and Eq. (2): 
: : OL OL OL 
pa Si Ag eA eee 
Gee Geta ae 0A, B 0A 0(0, Az) a 
ale OL OL 

gi BL iy 4 iE eee (4) 

(0, Ag) 0(9, A,) 0(0,A,) 


which is the second conservation relation. Equations (2) and (4) generalize the 
well-known Frenkel-Weyssenhoff equations. 


§2. Lagrangian formalism for the spinning electric particle 


Our purpose is now to apply the preceding general conservation equations to 
the case of the relativistic spinning particle moving classically in an electromagnetic 
field. We must first put forward a Lagrangian for the free spinning particle ad. 
mitting of suitable internal variables. This will be done on account of the cor- 
responding formulation which was recently brought about for a continuous spinning 
fluid???) with the aid of the so-called Einstein-Kramers variables. We 
express the internal state of motion of the particle by a set of four unitary vectors 
bs? orthogonal to one another (F is not a tensor suffix, but an index labelling 
the vectors, which runs from 1 to 4). Thus we have the orthonormality relations : 


EB De = of, De Lb) = Oe: f (5) 


The fourth of these vectors is supposed to be colinear to the velocity of the 
particle, so that z,=icbi?, The three remaining vectors express the proper ro- 


tation of the particle in the following way: Its generalized angular velocity 
(kinematical description) has the expression 


it . . . 
Wy» = (OP Bf — BY b©) =b© b©, because of (5). 
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Further its proper angular momentum (dynamical description) is 
M,,,=ho (BO bP —b b), 


(ho being the magnitude of the spin), so that the energy of proper rotation 
T=3M,,w,, takes the form 


T= 1 i620 — 0 62) 5O HE, 


or, taking the relations (5) into account, 
Pee 
ES Ty ead debe 


This is not the most general expression using the 5‘ variables’, but it is the 
simplest one and covers probably the most significant cases. Let us remark that 
we thus note the “physical” angular momentum M,, derived from dynamical 
“canonical ” angular momentum 
S,, which arises from the preceding formal theory. It is the eventual agreement 


of their two expressions after calculation which will secure the correctness of our 


considerations, by another symbol than the above 


Lagrangian. 

The Lagrangian must moreover include a classical proper energy term 472,2, 
and a Lagrange term #7(b{°6%—0*") which assures the orthonormality relations 
(the 4#” are Lagrange multipliers which are evidently symmetrical in ¢ and 7). 
However, we see that the third internal vector 6 does not appear in the me- 
chanical terms, so that it may be left out, the value ¢,7=3 being excluded. On 
the other hand, the product 2,2, appears twice, because 

i460 19 = — 2 IM, &,. 
c 
Thus we may bring the two terms together in one and write 


ee Mo (2,2, +c"). 


a 


But now m, is a variable Lagrange multiplier, as the other 2#”5 and it does not 
longer stand for the constant proper mass 7%» of the particle. Finally, after re- 
placement of 5% by 1/ic-2,, we get the following Lagrangian for a free particle: 


Lea — hg 5 + Ly, bebe?) FEO BO —1) $2 (bP BO —1) 


j12 AD) £02) us @) 7 9 ” (2) + 
4-217 OO 69 4+-2—— DLL, +2— bi 2,: 
ic ic 
Now we assume the particle to be an electric dipole having a total electric 
charge e, and a relativistic magnetoelectric moment connected with its proper 


angular momentum by the well-known classical relation : 


* This expression was at first established and kindly communicated to the author by Brotayle 


Takabayashi. 
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Lap=—2 — Mug = (BP OP — 2 OY). 
My C Mp C 
These are the initial assumptions made by Frenkel.” In an electromagnetic field 
defined by the electromagnetic potential A, and by the Maxwell tensor F’,,=0,A, 
—9,A,, the interaction energy of our dipole is, as is well known, 


© Ay dy + Mea Fap=—-A, 2, + 24-29 89 @,A,—9,A,)- 


C 2 ic MC 
These are the two terms we have to add to the preceding Lagrangian so as to 


take the action of the field into account. Thus we finally get, 


Avg pe ae 


c 19 C 


(4 


16 aes Mo (Z, L,.—1) —hy b® bo == bY (0, A,—9, A,) 


asp he (Oe DS £3 1) Ae OP bP — 1) ae 272 isa BF, eo aes oe Ly i ee 89 é 


26 


In order to express the conservation equations, let us first derive the Lae 
of the two canonical momenta, 


7 0 x 714 pod 
C= on = Mo Ly + £ A,+2 = . poe ‘ a8 
a Cc zc ic 
: OL OL 2 
Sp DP Be OP as = he (OP BP — BP BP). 


As we hoped, the canonical angular momentum appears to have the same expression 
as the physical one. We can blot out the provisional notation M,,. We must 
still eliminate the subsidiary variables 7“, 74. For this aim, we write down the 
two Lagrange equations relative to b{? and b®: 


Co bP +2 BO 422269 42" 3, =0 


Mp C 1C 


—hyb@ +20 


mabe = eho ; . ‘ Pt. 
hy bi,’ + hy bf? ——— F,, D2 424” 6 4.212 5942 ¢ =0. 


Mo C ic 


If we contract these equations by 2, and take the relations (5) into account, we 
are left with 


2 ai, us 
—hyb® + pee O Eee O, 
1 (1) ° eho ° 1 aees 
PENSE ie ta es Fy, 00 21c #2 =0, 


which yields the expected expressions for #4 and rind 


[4 h ae 1 
2A = — Sep gp tele se gpm 


poo 
ya Os res Cy MgC 
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Or further, because 7,b5°=2,b9=0, 


s Nife Mop 
(ee (z.— Fay d,) BP 


1C ic Mo C 


J oa Ao 
See 


iC Cc 


(—a,+- Gries é,) Ho, 


oC 


Thus, carrying these expressions into G,, we get 


G,=mt,+ A, +" (é,—_£$_ Fr, 4) OP P0062), 
c ie MC é 
That is, finally, 
G,=mod, +2 A, ++ S,,(4,——£— Fr ds). (6) 
c oe Mo C 


Now we can write down the conservation relations. We have the derivatives 
OL/0A,=e/c-x,,0L/0(9,A,) = (ehp/moc)(OPb — bPb™) =e/myc-S,,. Thus the first 
conservation relation takes the form 


Gr tO) As ee S940. AS 
Cc 


M19 C 


In order to. fit in the formalism of Weyssenhoff, it is convenient to take away 
from G, its electromagnetic part, and thus to introduce a “ purely mechanical 


linear momentum ” differing from the canonical one: 


K,=G,--2-A, s02,4 + 8, (4-2 Fads). (7) 
(@ (e 


M19 C 


Because we can write A,=.,0,A,, our first conservation relation becomes 


Kise 4 20 Ap 20) A, + 89,0, A;, 
c CR 


Moc 
that is, 


Kee R G4 "58 F (8) 
C Dip hy Gs 

which is exactly the equation postulated by Weyssenhoff. We recognize in the 

right-hand terms the Lorentz force f,=e/c:F,,%, exerted on an elementary electric 

charge, and the Stern-Gerlach force undergone by an elementary dipole. On the 

other hand, the second conservation relation appears easily to be 


ae ae ne 
Sar s Chee) ~, o 
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G,.2,+G,2,—S8,,==— A,o,— 4,2) 
G 


pe ee (= one Oa A, + Sa, ee Ae ia Sat 0, Ag +Sya 0, Ag) 


Mo C 


=-£_(A,#,— A, %,) +—— (Sap Fra Sav Fa) 


G MC 


Introducing still the vector K,, we get 


Sa Kp 2, Ruthg Pe See ioe Sana) (9) 
MC 

This is also an equation postulated by Weyssenhoff, where we recognize in the 
right-hand side, besides the orbital term, the ordinary expression for the torque 
acted on an elementary dipole by the Maxwell field. Finally, we note that the 
contracted expression S,,.2, is zero, as a consequence of the expression of S,, and 
the orthogonality conditions, that is as a result of our particular choice for the 
internal variables. Thus, Eqs. (8) and (9) together with the relation 


S,,2,=0, (10) 


yield the complete set of Weyssenhoff's equations, with all the outcomes which 
can be derived from them, and the most important ones we shall now briefly 
recall. 

Let us denote the unitary velocity x, by wu, («,«,—=-—c) and the Lorentz 
force e/c-F,, u, by f,(f,u,=0). Further, Eq. (7) shows it is suitable to introduce 
the subsidiary vector 
1 ees 


(Oo ai ras be 


‘ is 
M1 


In the case of a classical point-particle without internal rotation, we should have 

mu,=f,, that is, a,=0, and thus a, appears to be in the general case any sup- 

plementary acceleration due to the proper rotation. We have of course, a,u,=0. 
With the help of the latter notation, Eq. (7) becomes 


R ik 
Kg= Molly ys a, (11) 
Cc 
Further, the expression K,u,—K,u, becomes 
1 i 
— (84.0 — Spa U,) =——[Sir(Qu,—a,u) —S, (a, u,—4,%) |, 
c 


C2 


under addition of two vanishing terms. Thus, Eq. (9) becomes 


Sw= e {S| Fat 328% (wa, —a.ra) | 


My C 


— So] Fry pats soc (2, ay,— a, uw) | 5 
GC ée 
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Now it is suitable to define once more a subsidiary expression, namely the skew- 
symmetrical tensor,” 


aie Ie Wine 
Nad ON cence - (Uj, d,— a, u,). 
c é 


Thus, Eq. (9) eventually becomes 


ASS eee OT ay ae pe (12) 


MC 


It is useful to point out that the above definition of Fj, draws identically for the 
acceleration the expression 


itis, 

Moc 

which may be compared to the classical one relative to the spinless point-particle : 
u,=e/moc-F ,,u,. 

Now, starting from the above transformed equations, we can first establish the 
constancy of the magnitude of the proper angular momentum, putting S,’,=4-S,,S,,. 
We have S%=4-S,S,, Or, using (12)) S)S=3(S,Fa—Sn Fn) Si» which 
vanishes because of the antisymmetry of F,. Thus, S) is constant. 

Further, we can study the proper mass 1, which can be expressed by con- 
traction of (11) with u,: —imc’=K,u,. Derivative with respect to the proper 
time provides the time variation of the proper mass : ~iinet=K,u,+K,u, or, 
using (8) and (11) : —tine?’=$-e/myc-Sy,u,9,F,,+1/C-S,,4a,u,. We recall that — 
the operator w,9, denotes the derivative with respect of the proper time, and thus 
we get after integration by parts . 


. il, . 
—ihc?= a es = Rs Sy F,,) ae + ca ae UR ot See aloes CE Un » 
a 6 


Zeng Ge Mo C 


which becomes, after a short calculation, 


ri Ade Ku aja), uw) |: 


oC 


‘ 1 e 1 Biner’ 
=the = ae = Sw» Fry) $,,| Fast 
ro Ne eA ly PY Ze SyC 
In the second term, we recognize the tensor F J, and see that this term becomes, 


according to (9), —4: (e/moc)*: (Sy F/,—S,, F),) Fj, which vanishes because» of 


the antisymmetry of S,,. Thus, we are left with titp= —d/de(4-1/c?-e/moc: Fy. S,s)- 


As the proper mass Mo evidently reduces to the constant mass 7% when. the 
angular momentum vanishes, we can write 


elt e 
9 2 
Dee SUING 


Ee 


M19 = 7719 — prey en (13) 


the second term expressing the mass of the potential energy of the dipole in the 


electromagnetic field. 
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We shall now express the relativistic spin vector which is defined as usually” 
by 


Bee Ee i, Sh Sek ges, Capa Le a. Civita symbol). 


aC 


i Su = conversely written as 
Since S,,«,=0, the angular momentum can be y 


S Loe EE ae. (so that S555) 0).. . (14) 
Cc : 


py 
: 3) 

These expressions show that the vector s, lies along the third vector b{? of our 

basic tetrad. As we have established, this vector remains constant in Weyssenhoff’s 

case (no external field). Here we can derive its time variation, 


Sa=—— Eppva (tg Sp» +Up Suv) 


a 


or, using (11) and (12), 


. 1 2e ' 
Sa =— € guva ( te Sur lyr = 
2c Mp C I C 


F jy Uy S,.) : 


Putting again for S,, and S,, expression (14), we easily get after a short calculation 


(4 


5 


acts Sp (15) 
Mp C 

(Contraction by s, shows that the spin has a constant magnitude s)). Such a 

shortened expression must become of a meaning by carrying into it the definition 

of the subsidiary tensor Fy, in terms of the physical quantities. The calculation 

provides 


: e 1 1 : 
S= (Fea 82— 2 ta Fp, te 86) + tatla 5p, 
MgC s c 


which can be put in the form 


(s.— Z Fn 5] (®s0+ 7 upue)=0, 
Wily C c 


by replacing w sz by —upss. This is a relation projected on the “ proper space ”’ 
hyperplane orthogonal to u,. Nevertheless no clear interpretation can be given to 
such an equation, because the proper frame is not a Galilean one, its motion being 
accelerated, so that the projection of §, is not the derivative of the projection of 
s,._ Moreover, the study of the free particle case shows that the point x, follows 
a helicoidal travel which describes in reality a complicated internal motion inside 
the particle and obviously escapes from the experiment. 


Consequently, it is of interest to pass to another frame by considering the 
simpler motion of another point. We have established by studying the free par- 


ee a ele eee ae 
’ 


- 
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ticle case that. Weyssenhoff’s formalism describes in reality a “ bilocal” edifice 
composed of the above considered point x, and of another point y, playing the 
role of a center of gravity. Indeed, if we put 


Me C=—K,K,, R= Poe ae le Ve 
we easily show that the point y, travels parallel to K, in a uniform motion. 
This is the “ motion of the circle ” put into evidence by Weyssenhoff. In the 
general case, according to Eq. (8), K, may be considered as defining an inertial 
frame more suitable to be taken as reference for the description of the proper 
rotation. It is doubtless such an inertial frame which is taken into account by 
the experimentalist as he refers to the motion of the particle considered as a 
whole. Further, we must then choose as the four-vector describing the proper 
rotation a vector orthogonal to A, just as the above considered s, was orthogonal 
to u,. It appears immediately that s, has just the required property: if we con- 
tract Eq. (11) by s,, we see that K,s,=0. Thus we are led to study the motion 
of the spin s, (with constant magnitude s,) with respect to some axes bound to the 
linear momentum K,, or in other words, with respect to an inertial frame carried 
by the center of gravity. Our starting point will once more be Eq. (15). 


pb? 


§ 3. Precession of the spin in an electromagnetic field 


Our purpose is now to use the procedure initiated by Bargmann, Michel and 
Telegdi®” (abbreviated henceforward as B.M.T.) which is particularly suitable 
in order to connect up the theoretical treatment with the practical experiments. 
Let us briefly recall that these authors start from a set of equations which can 
be derived from the above equations (8) and (9) by considering the particular 
case where K, is colinear to w,. This assumption entails a considerable simpli- 
fication, but on the other hand, the equations seem to be no longer derivable from 
a variational principle such as the above considered one, and further, it appeared 
to be necessary to introduce an anomalous gyromagnetic ratio in order to account 
for the experimental results. If we first do away with the latter assumption, the 
equations become merely 


es Pi ths (16) 
Mo C 

§,=_—F,,s,. eT) 
Mo C 


Now,.B.M.T. use a particular frame bound both to the inertial frame (proper 
frame) and to the laboratory frame. Let v, be the space-velocity in the laboratory 
frame. We consider an orthonormal tetrad n{: n= (7- V;/ic, 7) lies along the 
four-velocity u,. Then n{?=(n{?, 0) and n= (nn), 0) lie at the eae of 
the space-hyperplanes of the laboratory and of the proper frame. Finally Ore 
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(7V2/V, r:iV/c) [r= A—V%/c?)”). The so-called longitudinal and transversal 
parts of the spin are considered to be the projections of the four-vector s, respec- 
tively on the four-vector “ and orthogonal to it. Thus, as s, is always orthogonal 
to n®, we can write: s,=5)(n® cos¢g+N, sing), N, lying in the plane AP NP, 
that is, in particular in the plane orthogonal to the velocity v, in the laboratory 
space. This formalism, together with the covariant equations (16), (17), enables 
us to compute ¢, or rather 2=d¢/dt, the rate of change of the spin from longi- 
tudinal to transverse, that is, the precession velocity. The result got by B.M.T. 


in the normal case is in vector form 


e 
Q2Q=— - f een 
Moi We 


if we assume that F,, splits into two three-vectors on the laboratory space: 
electric field E,=1/c-icFy, and magnetic field: H,=1/c-€i.F jj. 

Now the case here treated is more complicated, the starting equations being 
different : 


K,=—-F ,u,, (18) 
Cc 
3 eas. 
Mo C 


(we have neglected the last term of Eq. (8) which is connected with the slope 
of F,,, as B.M.T. do explicitly). 

As we said above, we shall first introduce a frame 7‘ connected with an 
inertial unitary velocity colinear to-the linear momentum K,, namely K,/M@M 
(K,K bea c*). ..We-put V,=K,/ M7, f= Ka/ Mauic=A—V7/e)-") Thus we 
have n= K,/icM,, n?=(Ki/MV, Ki/MV-V*/c?). Putting s,=s)(n® cose+ 
N, sing) with N,=(N,, 9), Mn? =0, we have 


5. Se cosy +N, sing—n® sing-¢+N, cosg-¢). (19) 
On the other hand, Eq. (15) becomes 


Fi, 5 (n cos¢ +N, sing). (20) 


Si 


MC 
Contracting both (19) and (20) by n®, we get, s(N,n® sing—¢ sing) = 
! . . ° / 
e/moc-F,, ny N, sing. That is; ¢=(e/moc:Fi,n® —n®) N,, or, since N,=0, 


Fae e a E * (3 
Gi ea ni — i) N;- (21) 


Now, from the definition of 2, we get 7° = K,/MyV— Be (M.V+MV)/Me eS 
‘That is, since. N,K,=0, 2N,= K,N,/MV= Be, . e/M)cV. Finally, replac- 
ing u, by (K,—1/c’-S,,a,)/1m, we have 


“at dy 9 nhs; her 
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n® N,=—~— — A (F, K PL 
k o My M,V ky » C kv Se ay Nz- 
On the other hand, replacing 2S and mn? by their definitions, we have 


Fi7@=aF, se 4p, *® a 


pe, Ve ras 1 K 
; es ae et SBS, i eel PS pa pe Dosen 
VM, Vee MGV ive Vee pa 


Then, replacing the subsidiary tensor F';, by its expression, we have 


(2 1 8) 4 1 e 
Fimo = | Joye ie + RAK, + moa, 


MC MeV Ne 7206 Mig Ca 


1 
= (2p, A was) Ki). 
ce 


If we once more replace uw, by (K,—1/c?:8,,.@)/mMo and contract by N,, (Nx K,=0), 


e ' 3 T it é 1 
tees ca ee 
719 C : . M V fa Ry K, 2 Fy Ky+ mo ay 


Mo C Mo C / 


1 al 3 
(— E Seay act, Se anae~ Kean) | Ne 
'e 


iol 7 c 


According to K, Ky= — M,’c*7*, two terms in a, in brackets reduce to (1m)? — Mo’) ax,/ Mo 
and we are left with 


Fen N= >| ee Kee i 


"7 v 
mC Mo Mp C Mo C7 


m—M, a, K. 
ae en x4 (Si, Ga— Sun Qu) Ni. 
N19 Np ¢ 7 


Finally, carrying these results into Eq. (21), we get 


‘ = MWe} 
peed ee EP ee Fuk, ge Aes gs 
M,V Moy  C Mp 7720 iG Mo 
1 ’ 
A tie 2 | Fy S. ses (Sin ay— Say a) as} Nk. (22) 
Wp Cc (6 TG 


Now we think that this complicated result can be reduced approximately to 
its first two terms. Indeed we must keep in mind that in the cases met in the 
experiments the magnitude of the proper angular momentum S,,, which differen- 
tiates the here studied particle from the point-particle one (by the non-colinearity of 
velocity and linear momentum), is a very small quantity, of the size of fh, so that 
the motion under consideration differs very little from the classical motion obeying 


the law: mw,=e/c F,,u,, which is just the law used by B.M.T. The conclusion, 


in particular, is that the supplementary acceleration a, is little with respect to the 
classical one w,, Or with respect to e/mc-F,,u,, and also with respect to 
efimy CF 31, The reasonable assumption that the magnitude of a, is negligible 
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with respect to that of e/m,'c-F,,K, will entail the above announced result, as 
can be checked for each term. 

For instance, if we compare the two terms in F;,, we get, irrespective of 
their common coefficients: Fy,[ (te— m0) /m0-K, +1/c?-S,,.a]- That is, taking 
Eq. (13) into account : 


ELA (-2 Be re Fup See ii on K,+S8, as) : 


C edie G Mg 


Now in order to compare the size of the two vectors roughly, we may compare 
their magnitudes, or rather the product of the magnitudes of their coefficients. 
By this procedure, the magnitudes into the bracket become 


1 
\Seal:(=4- © [Fasl IK. 


af he 


+a). 


Because |a,| is assumed to be negligible beside e/m'c-|FagKg,|, it is a fortiori 
negligible beside e/m,°c|Fag|-|K,|, so that the second term inside the bracket can be 
dropped. It is easy to check in the same way that all the next terms in the right- 
hand side of Eq. (22) may be dropped by comparison to (19— 7%) / M9779 -e/c| Fn Ky 
so that we may restrict ourselves up to a reasonable degree of approximation to 
the first two terms, namely 
nideeek (- Mo <5 4. Moy ep K,) Nes 
MV 


Ig fC Mp 7720 G 


¢ 


It is now easy to see: 

I. That the first term is much larger than the second one, since the coef- 
ficient (1m)—772)) contains the angular momentum, according to (13), so that the 
first approximation for the precession is given by the ‘‘normal”’ result of B.M.T.: 


Oe OP OLR ea pay ae 
dt WEN ESC Mo? V 


Il. Further, the second approximation, neglecting the last terms of (22), 
yields 
Oe eee meme | (xB) «S|. 
ey V Mo Dix V 


This result agrees qualitatively with that obtained by the latter authors as they 
make the supplementary assumption of an anomalous gyromagnetic ratio, the role 
of their “anomaly” (7/2—1) being here played by our coefficient (1%9— 729) /7% 
which amounts to —42 ‘1/m(?c?-e/c-F,,S,,.. Of course, unlike the assumed 
“anomaly”, our coefficient is in general not constant. 

Nevertheless this result derived from throughout classical assumptions seems 
us noteworthy. We may put forward the opinion that the described bilocal theory 
can be considered as providing a concrete interpretation for the gyromagnetic anomaly 


43 


Pines ere Mor 
nS 
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in a completely classical frame. I wish to express my deepest thanks to Professors 
T. Takabayasi and L. Michel for many helpful suggestions and improvements. 
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The characteristics of the interaction of elementary particles are summarized as “ univers- 
ality” and a sort of invariance which will be called “individual /’;-invariance. ” 

That these are the requisites of forthcoming theories is pointed out. We also refer to the 
limit of applicability of (V-A) type-weak interaction in the high-energy region. 


§ 1. Introduction 


Attempts to construct the model of elementary particles and their interaction 
are now in progress. It seems necessary, at this time, to select and confirm the 
well-grounded materials obtained in the last few years. The present work has 
an important bearing on this point. 

It is to be emphasized that the forthcoming theory of elementary particles 
must pass through two filters, the “ universality’? and the “ individual /’;-invari- 
ance”), 

These two requisites, particularly the latter, have hitherto been expressed in 
various ways, for instance, two-component neutrino theory, one-to-one law, etc. 
But most of them have proved to be incomplete and ambiguous. 

We have clarified differences among these expressions including our own, and 
in the course of study we found that the“ J/’-law ” has a decided advantage over 
other theories for its accurate reproduction of experimental evidences. 

We have developed our arguments as follows. 

Universality of coupling constants (§.2): The magnitude of interaction coupling 
constant is shown to be universal only when we use “ Yukawa unit.’”” 

Individual /’,-invariance (§ 3): It is proved (1) that the two-component neutrino 
theory is not equivalent to the J/’-law and involves ambiguity ; (2) that is, IJ’; 
law is as useful as Fleming’s law in electromagnetism. 

What is the use of these filters in developing future theories? It seems to 
us that the “universality” and the “J/-law” play a role similar to that of 
Balmer formula, precursor of Rydberg-Ritz’s principle, in the course of constructing 
quantum mechanics. 


Finally, we also refer to the limit of applicability of (V-A) type-weak inter- 
action in high-energy region. 
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§ 2. Universality of coupling constants 


(The magnitude of interaction coupling constant is 
universal only when “ Yukawa unit” is used.) 

Recently there appeared some arguments that the coupling constants are uni- 
versal when they are measured in the unit of length. But this is not true, as 
can be seen from the following Table. 

Coupling constant comes out to be universal only when we use “ Yukawa unit”, 
which is the unit system where ft, c and 7™(~10-"cm) are all taken equal to 


unity. 


Table 1. Coupling constants of WJ are universal only when we use “ Yukawa unit”. There is no 
universality in the magnitude of constant measured in length. 
: : Yukawa unit measured in length 
Interaction cgs unit (WE1) E812 rj=1) (A=1, c=1) 
Sr doooy 10-49 erg cm 10-7 (ficrg?) 10-16 cm 
(n>ptety) 
Srrove 10~% erg!/2cml/2 1077 (hte) 
InrPovog 10-28 ergt/2cm3/2 1077 (Vite: 70) 10719 cm 
(x>u+v) 
Fr2bbe 10*14 erg 2cm-3/2 1077 (A/V hero?) 10° cm 


This universality is not trivial, since we can predict transition probability of 
each decay process in so far as we take account of “ Yukawa unit” and the 
universal constants, ~10°, 1/;/137, and~10~ for SI, EMI, and WI™*, respectively. 


[Example 1.] 


Suppose that the value of coupling constant fr(~10-" erg cm*) in #-decay, 
n—>p+e+y, has escaped from our memory. In such a case, we can readily recall 


it by taking the following steps. 
First, we seek for the dimension of this coupling constant. Hamiltonian 


density is given by 
fr? ¢ ¢ y, 
the dimension of f, can be determined from the dimentional equation 


[rd f ¢ f 2|\=T(erg] 


where 2 is normalization volume. 
We have, on the other hand, 


=| 5 | 


EMI: electromagnetic interaction, W/: weak interaction. 


* SI: strong interaction, 


310 K. Iwata 


so that 


lt Je Je ve vee 
or 
[fr]=[erg cm"). 
Next, we combine hh, c and 7) so as to form the dimension [erg cm’]. ak he 


result is ficr?. The coupling constant of WJ measured in Yukawa unit is ~1077: 
we therefore obtain 


Fras ner ee 
or, inserting the values of #, c and 7 in cgs unit, 
fe-10- 102" =3. 4 0" CLOG) ewere cna 
~10-* erg cm’. 


This is nothing but the coupling constant of Fermi interaction expressed in 
cgs unit. 


[Example 2.] 
The question of how to get the value of 9,» of the so-called weak Boson- 
Fermion interaction,” where 


H!=Ger(Ga hu A tis) $4) 9,Pes 


can be worked out also by simple application of Yukawa unit. In a way similar 
to Example 1, the dimension of g,, is determined by 


(Gar Ge tA +75)%4)9, ¢.-2\=[erg]. 
Noticing that 


Eals a Q i 
=| 20E. } 
(3] =|} 


we get 


olds bee anes f. | 
Tp pene eet Gone fo 
| 2 Lhasa o Oe lerg], 
that is, 


[Yxr]=[erg’? cm*”]., 


py 
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As [9zr| has the same dimension as Vlc ro, we obtain, by applying the principle 
of Yukawa unit, 


Jzr—l 0" VTic “To 


~10-7/ 107-3 x 10”-10-“erg’cm*? 


a Te erg!” >m?/?. 


Jnr, aS expressed in unit of length, turns out to be 


10-* erg’? cm?? 
Vic 
which means the length where the 2nd kind interaction is enhanced, as was 
pointed out by H. Umezawa et al.,” and D. Ito et al.” As seen from Table I, 
however, we can find no universal character for such a unit system. 

The conclusion we arrived at may be summarized once more as follows: 
There are seemingly many kinds of interactions having various values and dimen- 
sions. Nevertheless, if we adopt Yukawa unit, the values of coupling constants 
are all reduced to a universal constant ~107’. 

The most important point of the Yukawa unit system is to adopt 7)(~10~" cm) 
as a new unit. But the question still remains ue be solved why such a beautiful 
universality appears only when we take ~107“% cm as 7». 

The discovery of such universality suggests the existence of aed logic 
within the frame of WI. The universality combined with parity violation in 
WI and the Sakata model, has led us to the Il;-law,* which is the main 
subject of the next section. 

The basic idea which led to the I/’-law was as follows. In 1957, character- 
istic difference between SI and WI was established to be conspicuous not only in 
magnitude of coupling constant but also in strangeness and parity, and what is 
curious, strangeness bears a parallel to parity, in that if strangeness is conserved 
parity is likewise conserved (SI, EMI), and if strangeness is not conserved, parity 
is violated (WJ). 

This correlation seems to be natural, provided that the Sakata model and IT’; 
invariance are admitted, because the change in strangeness means, in terms of the 
Sakata model, that different species of spinors are contained in a bispinor con- 
structing the interaction Hamiltonian, while it also means, as required by IJ’ 
invariance, that the bispinor must contain Tae iws Thus strangeness change 
should necessarily be accompanied by parity violation. 


§ 3. Individual /’,-Invariance 


1. Il',-law exactly reproduces the well-established experimental facts. 


~10-" cm 


* In the course of this work, the author received a preprint of S. Hori & A. Wakasa’s paper,” 


for which he is much obliged. 
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The parity violation law has hitherto been expressed equivocally in various 
ways, for instance, two-component neutrino theory,” one-to-one law,” etc. But it 
must be emphasized that as will be seen below, the J/’-law has an advantage over 
others for accurate reproduction of experimental evidences. We define the I/’-law 
as follows. 


II’-law* :—Under individual [; transformation, ¢,—> 7:2, the interaction 
Hamiltonian must remain invariant and lepton number must also be con- 
served. Here a is taken for p,”,A,v,e~ and y-. If Fermi interaction 
between them is of the form f(aO,a) (bO,b) (Dab, a=b), it is SI and 
the coupling constant f is~10-"erg cm*, while otherwise the coupling 


constant f is ~10-“ erg cm*®. Lepton has no SJ. 


The experimental facts that can be precisely reproduced by this law are: 

a) The e-(e*) emitted from a polarized nucleus is almost completely anti- 
polarized (polarized) along the direction of its motion.™” 

b) The emission of e* in z*—y*+—e* chain predominates in backward direc- 
tion relative to the motion of meson.” The e* emitted in this chain is 
almost completely polarized along the direction of its motion, according 
to the experimental result obtained by the California group.” 


c) The state of polarization of #* emitted from 2*, which is experimentally 
yet unknown. 


d) The situation similar in every respect to the case of z*—y*—e* chain 
is also realized in K*—yp*+—e* chain.” 


In the following, we shall show how to derive these evidences from the JI;- 
law. We shall treat this problem in the order of 
[u*—e* decay], 
[z-decay |, 
[3-decay], 
| K-decay |, 
[ /-capture]. 
[4*—e* decay] :—The allowable interaction according to the I/;-law is 
SAe- 1. A +75) #7 ,(at bys)»]. 
From this, we obtain” 


(angular distribution of p-- relative to o,~) 


20 (1—4 cos(o,_- p,—)) 
(spirality of emitted e-) : left. 


* The author is indebted to Drs. K. Fujii, K. Furui, T. Sakuma and T. Tsuchida for this com- 
plete form of II; -law. 


Py 


a i tlk elie (Liane bk 
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Therefore, the correlation between o,-, a, and p,- is such as illustrated in 
Fig* st: 


Fig. 1. Fig. 2. Fig. 3. Fig. 4. Fig. 5. 


The correlation for 4*—>e* decay process can be easily obtained from Fig. 1, 
by performing charge conjugation.* The result is given in Fig. 2. 
[z-decay] :—The leptonic part of the interaction inducing 7-7 +» is of the form 


(~ 7,01+75)¥], 


as required by the J/’;-law. From this, one can see at once that neutrino is 
emitted with right spirality, so that, in the rest system of z~, # emitted in the 
direction opposite to has also right spirality as in Fig. 3. 

Performance of charge conjugation as Fig. 1 —Fig. 2 yields the result shown 
in Fig. 4. 

Combining Fig. 2 and Fig. 4, we obtain the relative configuration of o +, p,*+, o* 
and p,+ in z*—y*—e* decay chain, as is shown in Fig. 5. 
[8-decay]:—It follows from the J//’;law that the leptonic part of Hamiltonian is 


[e7 7,(1 +7s)v]. 


Therefore, the spirality of emitted e~ is left and that of » is right. 
| K-decay|:—The same as z-decay. 
[/+-capture]:—Leptonic part must take the form 


[y 7,1 +7) 47], 


owing to J/’;invariance. Emitted v has left spirality. 
It is thus evident that the II’-law reproduces the well-established experi- 


mental facts. 


* Charge conjugation is equivalent to TP operation,! so that we have 


o,- Gc» P T Pe 
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2. Two-component neutrino theory is not equivalent 
to II'-law and involves ambiguity. 


In an early work of Lee and Yang,” the two-component neutrino theory was 
defined as: “The neutrino field always appears in interactions in the combination 
(1-7;)¢,”. But at present it has been proved by experiment that this is wrong 
and (1—7;)¢, must be replaced by (1+7s)¢,. 

The two-component neutrino theory cannot give such a strong correlation 
between o,,0, and p, for p-e decay process as the I!';-law does. It is because 
the interaction determined’ by the two-component neutrino theory is 


[@- r,(at+b 7s) NY 7,0 +75) 4], 


containing undetermined factors a and 6 in (ef)-bispinor. We obtain therefrom 
(angular distribution of p, relative to o,) 


oc| (|a|?+|b]?) —2Re(ab*)cos(o,- p.) |; 


that is, undetermined factors a and b distruct the correlation between o,,o, and p,. 
Why the J/’-law imposes strong correlation upon them comes from the fact that 
(e)-bispinor contains no undetermined factor. More strictly speaking, the origin 
of strong correlation is (e/4)-bispinor but not (vy). Even if (vv)-bispiner contains 
undetermined factors, we obtain strong correlation such as 


= 4. cos. (o,-p.), 


so long as (e/)-bispinor contains no undetermined factor. 


3. The II'-law is as useful as Fleming's law in electromagnetism. 


The most remarkable property of the result following from the J/,-law is the 
strong correlation between o,,o, and p, in the “+e decay process. To become 
familiar with this correlation, we have only to remember Fig. 1 and the procedure 
of charge conjugation given in the footnote of § 3, 1. 

One can readily notice that the direction of ring o, and o, in #* and po 
decay is always the same (see Fig. 6). This rule is quite worth remembering. 


>) The most crucial test of IT's-invariance is the as yet un fini- 


shed experiment (c) mentioned in 1, where the II’;-invariance 


OQ predicts left spirality for w* in the decay product of m*—p* —v 
decay.” 
Fig. 6. 


§ 4. Discussion 


A brief comment may be added here on the relation between the Nagoya 
model” and our II’-law. In the Nagoya model, the WI is reduced to 


raphe te al a rib 
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This form of Hamiltonian, the so-called (V-A) type, is the same as that given 
by the J/;-law. 

We have now two projects in view which are based on the results gained 
for the last few years: One is to explain parity conservation in SI (Parity- 
conserving interaction is J/’-invariant but the converse is not true.), the other is 
to investigate into the reason why parity violation suppresses the coupling con- 
stant factor €(~107').** 

In addition to these, it will become necessary to make investigation as to the 
limit of applicability of (V-A) type-WJ in the high-energy region. 

In decay processes, the momentum transfer is at most of the order of 100 Mev. 
In this limited region, there has been, as a matter of fact, no fault to be found 
in applying the (V-A) type-W/. But if we continue to describe the high-energy 
region by this type of interaction, copious production of lepton is to be expected. 
Since, however, in such low-energy region as decay processes, the effect of WJ is 
no more than (107*)? times as much as that of SJ, it will become comparable 
to SI in the high-energy region,” the reason for this is that WJ has strong 
momentum dependence according to the degree of dimension |7| contained in the 
coupling constant. 

From this standpoint, H. Nagai and D. Ité” analyzed the two competing 
processes, 


N+ (MJD (NM) + N+x (1) 
N+ (MFM +M+ y+», (2) 


using (V--A) type-WJ, and found that the cross section in (2) must be compa- 
rable to that in (1) in the high-energy region, where the momentum transfer is 


* The necessity of ry, -term in Fermi interaction was pointed out ten years ago by Taketani 
et al16) The reason why 7, is necessary is that the frequency of z—e+yv is rare in comparison with 
that of z>y+v, so that one must adopt axial-vector coupling as Fermi interaction (See ret. 16), 
Table III). 

This seemed to be in conflict with Steinberger’s experiment,” which showed that the ratio 
W(n-e+yv)/W(n>u+v) can never attain the yalue 1.28x10~4 predicted by Taketani et al., that is, 
the decay z—e+y is practically forbidden. According to more recent experimental data, however, 
this ratio amounts to (1.18+0.08) x 10-4,18) which may well be considered to be in accordance with 
the theoretical value. 

In 1955, the Nagoya group discovered “ universality ”,3) by applying the interaction containing 
y, to all kinds of decay, and in 1957, Fujii and Iwata,2) starting from this universality, in combi- 
nation with the Sakata model and parity violation, succeeded in deriving the JI’; -law, which exactly 
gives the V-A type coupling. 

** The Nagoya model has not yet succeeded in explaining either of them. 
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more than 10” ev. 


Process (2) seems to have some connection with the bunch of high-energy 


: : : 21 
v-meson that appeared in recent air-shower experiments.”” 


These data suggest that the research on the limit of applicability of (V-A) 
type-WI in the high-energy region is not necessarily merely academic. The devi- 
ation from the prediction of (V-A) type-WIJ will offer powerful suggestion for 


forthcoming theories. 

In conclusion, the author wishes to express his sincere gratitude to Profs. 
D. Ito, Y. Ono, H. Tanaka for their interest taken in this work. The author is 
also grateful to all members of theoretical physics of Hokkaido University for 


discussions. 
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The results that have been derived in paper I of this series are generalized to the case 
of multicomponent systems. The argument is made in an almost parallel way with the one 
in I, though the derivation of the integral equation for the pair distribution function is given 
in a more intuitive way than in I. The present theory is also a generalization of Morita’s 
theory in which the multicomponent systems were treated in the hyper-netted chain approximation. 


§ 1. Introduction 


In the previous paper,” which will be referred to as I, one-component fluid 
systems haye been investigated by starting from the customary density expansion 
for the pair distribution function. An exact integral equation has been found 
for the pair distribution function. The integral equation is of different nature 
from those which are usually known in the theory of classical fluids, in the point 
that it involves an infinite series in itself. The Helmholtz free energy also has 
been expressed in a form of expansion which may be expected to converge con- 
siderably more rapidly than its customary density expansion. In the present paper 
the results that have been obtained in I will be generalized to the case of multi- 
component systems. 

In the case of multicomponent systems as well as one-component systems, a 
theory can be constructed by means of the integral equation method which is 
usually based on the Kirkwood superposition approximation.”»”* However, the 
inconsistencies which are implied in this approximation reveal themselves more 
drastically for the multicomponent systems than for the one-component systems. 
In the case of binary mixtures, for example, four integral equations are derived 
to determine three kinds of the pair distribution functions. It is known’ that 
these integral equations are mutually inconsistent and also that further approxi- 
mation must be introduced to convert them into consistent equations. It may be 
said that such a difficulty is one of the serious defects of the integral equation 


method. 


* In fact it is in the theory’of multicomponent systems that Kirkwood used the superposition 


approximation for the first time.” 


sults) K. Hiroike 


The partial sum method for the multicomponent systems was adopted for the 
first time by Mayer in his theory of ionic solutions.” Mayer was able to obtain 
the Debye-Hiickel limiting law by considering the terms corresponding to ring 
diagrams alone. After that, several authors have adopted this method mainly to 
investigate the ionic solutions.”’” Recently Morita” has proposed the hyper-netted 
chain approximation to deal with the multicomponent systems in.general. Morita’s 
theory contains the previous works as its special case. Just as the hyper-netted 
chain approximation for the one-component systems appeared as the zeroth approxi- 
mation to the theory presented in I, it will be shown that the above Morita’s 
theory is contained in the present theory as a special case. In such a sense the 
present theory may be said to be a generalization of Morita’s theory. 

The content of the present paper is as follows. In § 2 the definition of the 
functions to be used in the following sections are given. This section corresponds 
to §2 of I. In §83 an exact integral equation for the pair distribution function is 
derived by starting from the density expansions of the functions which are defined in 
§ 2. Though this section corresponds to §3 of I, the derivation of the integral 
equation is given in a more intuitive way than in §3 of I. In § 4 the expression 
for the Helmholtz free energy is derived and it is shown that the integral equation 
derived in §3 can also be obtained from this expression for the free energy by 
means of a variational principle. The argument in § 4 is made in quite a parallel 
way with the one in § 4 and §5 of I. In §5 a summary of the results that are 
obtained in §3 and § 4 is given and some remarks are also given. 


§ 2. Notation and definition 


We consider a o-component fluid in a volume 2 and at temperature T, com- 
posed of N, particles of species 1, N, of species 2, ---, and N, of species co. The 
interaction potential of our system is assumed to be the sum of pair interaction 
potentials : 


z 


$1 buans(r 9) (2e4). 
+5 . 


a 
2 


l} 


a 


S 


where N denotes the total number of the particles and v,(i=1, 2, ---,.N) denotes 


the species of the particle at r;. The quantity By» (7%s) is defined in terms of the 
pair interaction potential by 


by,v5 (145) SnCu Vevey tase |e (2-2) 


The number density of species » is denoted by. p,( =N,/2). 


The pair distribution function, Jo,(72), of two particles of species a and 
is given by the equation” 


qua) =exp| — Ft wastra) | (2-3) 


ee leled 1 
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where 


We ie Sd be he Wf fed bon dons} dm.) 


my, m2 Me Se -‘m,! 


eed Wes BAG #) 


% dt + mgt22i jel 


=> | d{m} SY TT byv4(ru)- (2-4) 
m m! m+2>%> jel 

In the first line of (2-4) the volume element of 2, particles of species » is denoted 
by d{m,} ~=1, 2, ---, 0). In the second line Mayer’s notation for the multicom- 
ponent systems is adopted. While no explanation is given here on this notation, 
one will understand it if one compares the second line of (2-4) with the first 
line. As in I, the meaning of *™ will be explained by means of the graphical 
representation of the product Hb, » (1%) in the following. 

Particles 1 and 2 are represented by a white circle respectively. The set of 
m particles, over which the integration is to be performed, is represented by 
the set of numbered points (or numbered black circles). A factor Dy. (Tes) is 
represented by a line (b-bond) which is drawn between two points z and j. 


Then a product Hb, ., (r;;) is represented by a bond diagram. Two particles 7 
m+2>55>1 
and j are said to be directly connected if b,, 4 (ri) appears in the product. An 


s-point is defined in the same way as in I. Tt is a point through which all pos- 
sible paths ‘going from particle 1 to particle 2 must pass. In other words, it is 
a point by which the bond diagram can be separated into two independent parts 
containing particles 1 and 2 respectively. 
We shall introduce the following four kinds of restrictions which are to be 
imposed on the summation of diagrams : 
(1) Each particle of the set m is independently connected to 
particles 1 and 2. 
(IL) The particles of the set m are connected among them- 
selves independently of particles 1 and 2. 
(IID Particles 1 and 2 are not directly connected. 
(IV) The diagram has no s-point. 
Then 3” in (2-4) denotes the summation over all diagrams being possible under 
restrictions (I), (II) and (III) (see Fig. 1 in I).” 
Following the lines of I, we define the functions 2g (712), 2ae (72) and Vag (713) 


as follows.* 


(2-5) 


ie Vios y Se la fat LIT Bess (ea), (2-6) 


m+2>%>j21 


* The function zs,a@(712), corresponding to zs(72) in I, may be defined in a similar way, 
though we shall have no need to use it in the following deduction. 


320 K. Hirotke 


where 3’ denotes the summation over all diagrams being possible under restric- 
tions (I), (I), (IID) and (IV). 


vea(n) = >) Vd tm} IO Ml dvens(r), (2-7) 
m m! m+2>%>j21 

where 3” denotes the summation over all diagrams being possible under restric- 
tions (I) and (IV). 


tap (rn) = S329 | d {mm} SY? brgrslra), (2-8) 
m m! m+2>%>j21 
where 3”) denotes the summation over all diagrams being possible under restric- 
tion (I) alone. 

Some diagrams appearing in 3“ and ¥® are shown for a one-component 
system in Figs. 2 and 4 of I. 

The functions defined above are not independent of each other. The next 
section will be devoted to the study of the relations among them. 

In concluding the present section, we introduce the Fourier transforms of 
Wap(T), Lag(r), Zaa(r) and vag(r) which will be denoted as Wag(k), Xae(k), 
Zap(k) and Vag(k), respectively. For example, we have the relations 


aa (t) = 3) Zan (Be 
and i 
Lup (k) = \ dr Zap (r) en tke. 


§ 3. Integral equation for the pair distribution function 


We shall derive several relations among the functions which have been defined 
in the preceding section. Though the derivations may be made in quite a similar 
way as in the case of one-component systems of I, we shall here give more intui- 
tive derivations. The relations will be seen to give an integral equation for the 
pair distribution function. ; 

The diagrams appearing in 3” can be divided into two groups. One group 
consists of the diagrams having no s-point, which are just those appearing in »” 
(see below (2-7)). The other group consists of the diagrams which have at least 
one s-point. Let us consider a diagram belonging to the latter group. Let particle 
3 of species v be at the s-point nearest to particle 1. Then the diagrams which 
are to appear between particles 1 and 3 are restricted by restrictions (I) and 
(IV) of (2:5) where particles 1 and 2 must be replaced by particles 1 and 3. 
The diagrams which are to appear between particles 3 and 2 are restricted by 
restriction (1) where particles 1 and 2 must be replaced by particles 3 and 2. 
Therefore the total of the diagrams appearing in Vap (7%) can be written in a 
symbolical way as 


A New Approach to the Theory of Classical Fluids. II 321 


L3 Zap y Uva 
Et ie eRe ae Ga Sis ° a (3-1f) 


This symbolical expression means (see below (3-4f) in I) 


Vag (riz) =Zap (712) =e >) Ps \ AP 3 Za, (13) Vy~ (132) 5 (3-1) 


which is rewritten, with the aid of Fourier transforms, as 
Vag lk) =Zaplk) + >i ps Lav(k) Vie (k)- (3-1’) 


If, in (3-1’), 9 is fixed and @ is varied from 1 to o, one obtains a set of 
linear equations which determines Vj,, Vos, --:, and V.¢ in terms of Z,,’s 
(a, v=1,2-:-,0). This set of linear equations can be solved in an elementary 
way by the use of a determinant. The result is as follows. 


— 1+4+0., 9 log D(k) 


pa py Ug te ; 
2. Pe a( ) 2 AZaa Pa aB> (3 2) 
where 
L—prZatky  —pitiatk) — (121. (k) 
D(k) = — P,Zm (k) 1 — fy Zk) Ph ee ET Pe ns Ze. Ck) (3-3) 
=p. Zak) ee Zalh) ss Her ery Ak) 
which may be rewritten in a symmetrical form 
1—-(, Zu (k) =) Oren Oa ee i ee Pipe Lae (k) 
Dh) = —V pop Zn (k) 1 — 2 Z2(k) Poe ses —V ole Zao (R) (3-3’) 
=a) p50, Ln (8) = Oath) eae eee Zen) 


In the right-hand side of (3-2), 0ag=1 for a=f and 04,=0 for aX). The 
differentiation with respect to Zx,(%) is to be made by taking account of the fact 
that. 70,(h) =Zeatk)- . 

If, in (3-1’), @ is fixed and ? is varied from 1 to o, one obtains a set of linear 
equations which determines Za, Zon, +**, and Z,, in terms of V,,’s (¥, G1, 2% Oe 
This set of equations can also be solved to give the following result. 


14029 9 logD(k) : 
Pala Zap (k) ox D OVap + Paap » (3 4) 
where 
1+ Vu (A) PV ist Ope reese ae oe Pr Vie (R) 
Pr, Vn (k) 1+ fo Vee CSTR CE P2 Veo (k) (3-5) 


D(h) = 


Pa Ver(R) Po Voo(R) P Somccr topo 1+, Veo() 
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The argument leading to (3-1) or (3-1’) is valid also in the case of the 
: / 
diagrams appearing in wag(72). We get, corresponding to (3-1’), 


Weak) =Xua(k) + 3p. Zav(b) Via (h): (3-6) 


Next we shall consider the diagrams appearing in 2a,(7rm) (see (2-7). 
These diagrams can be grouped together by the number of parts into which the 
diagrams are divided when particles 1 and 2 are removed. It will be supposed 
first that particles 1 and 2 are not directly connected. Then the diagrams which 
are to appear in each part are restricted by restrictions (I), (II) and (II) of 
(2-5); hence the diagrams belong to wag(72). Therefore the contribution, to 
Zae(r2), of diagrams not containing bg,g(r») is expressed symbolically as 


Was Wes 


Xap evevccere (3-7f) 
Hg oy nee 
3 2, 1 Was i Wasp 


The reason why the first term is not wy, but x,, is that the diagrams in zag (712) 
must not have s-points. In a similar way the contribution, to 24,(71»), of diagrams 
containing by,(712) turns out to be expressed symbolically as 


bas bai 
pg CEO , 
iy Er) ‘Oe Soeousa sas ; (3 “ir f) 
1 2 1 Was 2 1 Was 2 


The function zggg(72) is the sum of contributions (3-7f) and (3-7’f) so that 
Zae(T) iS written in the form’ (see below (3-4f) in I): 


Zap (Ti) = Tag (Tis) +, whe Griz) i= We (112) apecewce 


+ bap (712) ae + bap (712) Wap (712) = ax bag (712) Wap (712) = PEGE 


= | bee (712) + 1] een (rsa) 4 Lag (ris) = Wap (112) - (3-7) 


As in I, it will be shown that the sum 3 appearing in (2-6) can be re- 
duced to a more restricted sum 3%” if one uses v-bonds in place of 6-bonds. 
Let a diagram in 2‘ have a pair of points (Let the particles on the points be 
particles 3 and 4.) by which the diagram is divided into two parts in the fol- 
lowing way. The one is the part that includes particles 1 and 2 and cannot be 
divided any more by that pair of points. The other part consists of the rest. 
Diagrams to be included in the latter part are restricted only by restriction (1) 
of (2-5) where particles 1 and 2 must be replaced by particles 3 and 4. There- 
fore the latter part can be represented by Uy (1s) Where / and » are the species 
of particles 3 and 4, respectively. By replacing the latter part by the v,,(rs)- 
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bond, the original diagram is reduced to a simpler form. Such a reduction can 
be continued until such a pair of points appears no more. After all, (2-6) is 
reduced to 


Lag (12) = ee jdm} De ele Vvi v5 (Tag) » (3-8) 
mm! m+2>%> jol 
where 2” denotes the summation over all diagrams, composed of v-bonds, which 
are possible under the following restriction as well as (1), (II), CII) and (IV) 
of (2-5). The additional restriction is that there exists no part which is con- 
nected to the rest of the diagrams only by means of two points. As will be seen 
in the next section, it may be said that the diagrams appearing in (3-8) are those 
which are constructed by removing one v-bond from the diagrams appearing in 
the expression for the Helmholtz free energy (see below (4:9)). Some diagrams 


in »*” are shown for a one-component system in Fig. 7 of I. 
The set of Eqs. (3-1’), (3-2), (3-6) and (3-7) can be arranged as follows : 


Vag i) =||Gag (7) +1]eres™ —1 (3-9) 
1+0., 9logD(k) 

Pa Va k= — e 1 Ow 3-10 

Pe Vag k) 7 ae Pa%ap ( ) 

Wag (7) =Lag€r) +Vae(7) —Zaa(r)- (3-11) 


It is to be remembered that Z,2(k) and V.,(k) are the Fourier transforms of 
Zaa(r) and vee(r) respectively and that D(k) is the determinant which has been 
defined by (3-3) or (3-3’). The function vag(r) is related to the pair distri- 
bution function Y.,(r) by 


Ue ous Ts (3-12) 


which is readily confirmed with the aid of (2-2), (2-3) and (3-9). The set of 
Eqs. (3-8)—(3-11) determines in principle the functions vee(r), Wag (7), Zaa (7) 
and 2Xas(r), and so the pair distribution function Jap(r). Therefore we may say 
that this set of equations is an integral equation for the pair distribution function. 
It is to be noted that this integral equation is an exact one as far as the original 
density expansions (2-4), (2-6), (2-7) and (2-8) or their analytical continua- 
tions, if exist, are valid. 

The above set of equations is reduced to the one which has been derived in 
I, if the system under consideration is a one-component system. As a matter of 
fact, the determinant D(k) is reduced, in such a case, to 1—pZ(k) so that 
Eq. (3-10) is reduced to 

1 — 
1—pZ(k) 


pV (k) = 5; 
which is equivalent to (3-7) in I. 


As in I, the zeroth approximation to solve the above integral equation will 
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be given by putting za,(r) to be zero. Then the set of equations is reduced to 


Za (r) =|bap (r) a Deere. 1 Wye (r) 
ane (3-13) 


1+é,, 0 loz DR) 
Pale Wasp (k) = — Pals Zap (k) oe iso ee ee 


9 
Pea 9aR > 


which are to be called the equations in the hyper-netted chain approximation,” 
though they have not been written in an. explicit form in reference 8). The next 
approximation will be to approximate 2.,(r) by the contributions arising from 


the diagrams hs (“, v=1, 2,---, 0) where the bold lines represent the v- 
bonds (see Fig. 7 in I). 


§ 4. Expression for the Helmholtz free energy 


It is known™ that the interaction part of the Helmholtz free energy is in 
general expressed as 
Q 1 
Ay= “5 \ dé \dr 31 3) paabea 1) Gua (rs 8), (4-1) 
0 
where Jag(r; €) is the pair distribution function for the case that all the pair 
interaction potentials are ¢¢,,(r) (¥, v=1, 2, -+-, 0). In such a case the functions 
bag(r), Wag(r), and so on, are also dependent on €. In particular, bag(r) is of 
the form 


bugle 8) Ser Heoler 4. (4-2) 


By taking notice of (2-3) and (4-2), expression (4-1) can be rewritten as 


1 
ls o o Oba ae; : er 
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In the following, the €-dependence of ba ,(r), Wag (1), and so on, will not be ex- 
plicitly written, for no confusion will arise. 
Differentiating (3-9) with respect to €, we get 


Obap(r)_ evap) = Bap (r) e= Wap (r) 
O¢ 0g 0g 


OWaa (7) 
OF j 


Wap (7) 


which is transformed, by the use of (3-11), into 
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When this expression is introduced into (4-1’) and use is made of the property 


of Fourier transforms, the interaction part of the free energy is written in the 
form 


5 Tee ae Ces 250 
DET 9 \dr 3} Bret | ds ge | tee (r) ~ Wan (7) — Wear) Bear) 


Ss 


1 ive (ee oe 
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where 
1 
A / a e a o = OVe (7) 
DEF ~~ 3 \% | oP By Bieta taal) Ge Sie? 
‘ a=1 B= S 


The integration with respect to ¢ is readily performed in the first term on 
the right-hand side of (4-4). By the use of the fact that ves, Wes and za, vanish 
at ¢=0, it turns out that the first term is written as 


— | ar >i Paia | eas (7) — Wag (r) — Wag (r) Vag (r) 
a ; Vag (1) —Vap(r) zaa(7) | (4-6) 


where the values of veg, Wag and za, are those at ¢=1. The integration over ¢ 
is carried out also in the second term as follows: 


1 
i tego Bie hes OZ ap (R) 
ye BIER Bete Vor AE 
1 
ee ep | ti. 9 log D2) ay} 
=+> 7 Fl*R Al 2 OZ a0 + Ca %ap Qé 
1 —: 
H+ 4 lac Z| log DO) + 3 ra Zaa(® | 
2 Q k + Oe i a=1 
eal ¥ 
eas [}oe Db) + Spa Zau() |. (4-7) 
2 Q Pog) \ a=l1 


TA the last expression of (4-7), the values of D(k) and Z,4(k) are those at €=1. 
In transforming the first expression of (4:7) into the second one, use has been 


made of (3-10). In transforming the second expression into the third one, the 
following relation has been used : 
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AlogD(k) _ fl 0, Oleg Dz) OZap(k) 4-8 
a6 ps Zi 9 B75; ae CS) 
which can be readily proved with the aid of the fact that the determinant D(z) 
is dependent on € through Z,,(R)’s alone (see (3-3)). We can prove that the 
last term of (4-4), which is defined by (4-5), is expressed in a form 


ere Lae ae a 
where 3”) denotes the summation over the diagrams which are obtained by in- 
troducing the vz,(rz)-bond into the diagrams appearing in ¥*”. If one takes 
notice of the restrictions which are imposed on the diagrams in 3'*” (see below 
(3-8)), it can be verified that 34” may be said to be the summation over all 
diagrams which are more than doubly connected, though the proof will be omit- 
ted here. 

The proof of (4-9) is as follows. Let us consider the integral 


| d{m+2} aa) SO Tv) (ry)- 
m+2>i> j>1 ae 
This integral can be transformed, with the aid of the definition of 3%”, into the 
form 
149.2¢ 0 , 
d 2 Oe ye as 
“(me+)) (mpgt1+ 0.2) OF J eye aie eae Lae vray) 


The factor (14042) /(ma+1)(mg+1+0.9) enters because the total of diagrams 
appearing in **” is symmetrical in m particles while the total of diagrams ap- 
pearing in 2’“” is symmetrical in (m-+2) particles which are m particles plus 
particles 1(@-species) and 2(j3-species). By the use of the above transformation, 
(4-5) is transformed in the following way (see (3-8)). 
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The last expression is the one to be proved, and, consequently, the proof of (4-9) 
has been completed. 

As a result of (4-6) and (4-7), the interaction part of the free energy is written 
in the form 


A 1 oe 
or a, | dr 2 S patts| Yea(r) —Wae (7) —Wag(r) Vag (1) 
1 2 i 
+ thar) — ear) ean (7) | 
1 1 z 3 A / 
a [1 Dk BAe | ee es . 
5p le + Bi haZaalk) |t+— es (4-10) 


where A,’/2kT is given by (4-9). Expression (4-10) is rewritten, by the use 
of (3-9), as follows: 
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which will be more conveniently used than (4-10) in the following. 

It can be easily seen that the above expression (4-11) is reduced to (4-11) 
in I if one considers a one-component system. It can also be seen that (4-10) is 
reduced to the expression in the hyper-netted chain approximation if one omits 
Ay’ /2kT from (4-10), though in reference 8) D(k) (which is identical to L in 
reference 8)) is not expressed explicitly in the form of determinant. 

The expression for the free energy in a one-component system has been shown 
to have a stationary character.” It will be shown here that expression (4-11) 
also has the same character. The following relation is necessary to show it: 


O ( vA Pals 
: - |) = ————_ Xe Nis 4 5 1} 
SOA ORE Roy poe (7) Goi 


where the left-hand side denotes the functional derivative of A,’/@kT with respect 
to Vaa(r).* The proof of (4-12) can be done by reversing the reasoning which 


* The functional derivative is in general defined as follows. Let P be a functional of a(r). 
When a(r) is varied by da(r), the corresponding first order variation of P is denoted by 6P. Then 
the functional derivative 6P/éa(r) is defined by?’ !? 

6P 
da (r) 


éP= \ ar Ba(r). 
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was used in the derivation of (4-9) from (4-5), though the proof is omitted 
here. The first order variation of the free energy when in (4-11) the functions 
Waps Vag and Za, are varied independently of each other, is shown to be, with 
the aid of (4:12) and (3-3), 


g(-Se\= ween 
QRT Da 


pial Grosses pal's| ear) Py eae ae |veatr) 
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(4-13) 
The coefficients of Owas(r), OVag(r) and 0Z,,(k) in the above expression are seen 
to vanish if there exist relations (3-9), (3-11) and (3-10) among we,, Vag and 
Zag. In other words, it has been proved that the free energy (4-11) is stationary 
with respect to the functions satisfying (3-9), (3-10) and (3-11). Conversely, it 
may be said that the set of Eqs. (3-9), (3-10) and (3-11) can be derived by 
means of such a variational principle that the free energy (4-11) is to be stationary 
with respect to the variations of wag, Vag and Zaz. 

The stationary character of (4-11) is useful in deriving the expressions for 
the pressure and the internal energy by means of thermodynamical relations, be- 
cause in such cases the dependence of wag, Vag and za, on density and temperature 
can be neglected. It may be useful also in determining the approximate forms of 
Waa, Vag and zag, hence of the pair distribution function. 

It is known that the pair distribution function is related to the free energy 
by™:® 
140.6 OA, 

2 ae (1) ; 


It can be readily verified, by the use of (4:11), that this relation is valid in our 
case as it should be. 


PaPeIJap (r) = 


(4-14) 


§ 5. Summary and concluding remarks 


The results which have been obtained can be summarized as follows. The 
interaction part of the Helmholtz free energy in a o-component fluid system (the 


volume 2, the temperature T and the number densities 4, 2, -::, 0.) is written 
in the form 
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5 eres | z F 
+5 >) [low DO + SreZea(h) | 
SPL 
3 P| dtm} 3 ving)» (5-1) 
All products which are 
more than doubly Connected, 


where b,,(7) is defined in terms of the pair interaction potential 6.,(r) by 


bap (r) =e ten (5-2) 
and D(k) is a determinant . 
Fh Ue ee i Ae 3 ae eee Sr ae | 
D(k) iis — PgZo (Rk) 1 — 9,22 (R) ak Gu ge e — 02 Loe (k) (5-3) 
Bey Toy AY. GaSe A 0 9 een ee eee 17 (P): 


Mayer’s notation is adopted in the last term on the right-hand side of (5-1). 
The functions wyag(r), Vae(r) and zag(r) which are symmetric in a@ and 
(Vag(k) and Z,,(k) denote the Fourier transforms of vag(r) and zag(7), respect- 
ively.) are to be determined in such a way that (5-1) is stationary with respect 
to the variations of these functions. Namely they must satisfy the set of equa- 


tions : 
Vae(r) =[bae(r) +1) ere —1, (5-4) 
1+0,2 A%logD(k x 
Pa ?p Vag (k) os - & oe ) —Pa%ap » (5 : 5) 
and 
Wae(r) =ZXap(r) +Vae(r) Real) (5-6) 


The function zxgg(7) is defined by 


Lap (Tia) = > | {mn} ruse I Uy; vj (ay) ; (5 -7) 


! m+2>%> j= 


where »*” denotes the summation over all the different diagrams which are to 
be constructed if one removes one bond vz¢(712) from the diagrams appearing in 


‘the last term on the right-hand side of (5:1). The pair distribution function 


Jag(r) is related to vag(r) by 
Jap (7) =Vvaa(r) +1. (5-8) 


In some cases the above results may be exact ones as far as the expressions 
themselves are well determined, irrespective as to whether the original density 
expansions (2:4), (2-6), (2-7) and (2:8) from which the above results have 
been obtained are valid or not. For instance, in an ionic solution or a classical 
plasma, the interaction potentials are of long-range character so that the original 
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density expansions diverge term by term. There is good reason to expect that 
the above expressions have definite meanings even in such a case (see references 
6), 7), 8) and 12)). An application of the present theory to such a system will 
be undertaken in a forthcoming paper. 

If we restrict ourselves to a system without long-range interactions, the origi- 
nal density expansions converge at low enough densities so that the series ap- 
pearing in the above expressions converge, perhaps more rapidly than the original 
expansions,* at such densities. The present author hopes that the series appearing 
‘in the above expressions may converge even at the densities which are larger 
than the maximum density for which the original expansions converge. It is also 
hoped that the maximum density for which the determinant D(k) does not vanish 
for any k may be larger than the maximum density for which the original ex- 
pansions converge. 

At the present stage a physical meaning is not clear of the case where D(k) 
vanishes for some & or where the series appearing in the above expressions diverge. 
The situation is the same as in I. Such a problem will be investigated in the 
near future. 

The author is much indebted to Dr. T. Morita for his helpful discussions. 
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A method formally analogous to that developed by Bogoliubov, Tolmachev and Shirkoy 
to investigate the collective excitations in superconductors is applied to even-even spherical 
nuclei in order to investigate the mechanism of the nuclear collective motion from the standpoint 
of particle excitations. Our theory leads, in principle, to the same results as those obtained 
by Belyaev. However, the method of description of the nuclear collective motion is quite 
different from that of Belyaev’s paper in which the “cranking model” of Inglis is employed, 
and the various physical parameters used by Belyaev can be derived uniquely from the 
“first” principle. Thus, in so far as the vibrational motion is concerned, the physiéal 
implication underlying the nuclear collective model proposed by Bohr and Mottelson is made 
clear. 

It is outside the scope of this paper to relate the effective inter-particle interactions used 
in this paper with the nuclear forces known from the two nucleon problems. ; 


§ 1. Introduction 


The main purpose of this paper is to investigate the mechanism of collective 
motion in even-eyen spherical nuclei from the standpoint of particle excitations. 
It is not our purpose to go into detailed quantitative calculations, but rather to 
develop the basic idea. The j-j coupling shell model is the starting point of our 
theory, and the pairing correlation between two nucleons is taken into account by 
means of the Bogoliubov transformation.” 

Our theory leads, in principle, to the same results as those obtained by 
Belyaev.” However, the method of description of the nuclear collective motion 
is quite different from that of Belyaev’s paper’ in which the “cranking model ”’ 
of Inglis” is employed. It is attempted to propose a method which is more fun- 
damental than the “cranking model”. The method is based on an extension of 
the theory of Sawada et al.” of the plasma oscillation, and is formally analogous 
to the method developed by Bogoliubov, Tolmachev and Shirkov” to investigate 
the collective excitations in superconductors. 

To take into account the pairing correlation for which the “short range a 
part of the effective two-body interaction between particles plays an important role, 
the technique of the Bogoliubov transformation” used in the new theory of super- 


* The basic idea which will be developed in this paper corresponds, in some sense, to the 


generalization of that proposed in our previous papers.!»”) 
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conductivity will be adopted, and the results of the application of the transforma- 
tion to even-even spherical nuclei will be recapitulated in § 2, § 3 and §4 ina 
form especially suited for our purpose.” 

The fundamental idea and the physical basis of our method describing the nuclear 
collective vibrations will be developed in $5, §6 and §7. In order to make clear 
that the essential idea of the theory of Sawada et al.” can be applied to the 
finite size nuclear system, the explicit relationship of this idea with that of the 
“ time-dependent self-consistent field method” underlying the “cranking model” 
will be established in $5 and § 6, provided that the “long range” part of the 
effective two-body interaction between particles plays an important role for the 
collective vibration of even-even spherical nuclei. Thus it will be shown in §7 
that a method formally analogous to that developed by Bogoliubov, Tolmachev 
and Shirkov® to investigate the collective excitations in superconductors can describe 
the collective motion of even-even spherical nuclei. 

By using this method it will be shown in § 8 that there are two kinds of 
quadrupole vibration-modes for even-even spherical nuclei. To display these col- 
lective modes, the “ method of auxiliary variables will be employed in § 9. 
The relation between the collective variables thus obtained and the “ deformation 
variables ’’ used in the Bohr-Mottelson model* will be clarified in §10. In §11 
and § 12, the normal vibrations of even-even spherical nuclei will be discussed, 


997) 


and the inertial parameter and the surface tension parameter for the quadrupole vibra- 
tion will be uniquely determined. It will be shown that the results thus obtained 
are essentially equivalent to those obtained by Belyaev® and are in agreement with 
the observed trends. 

It is hoped that our approach will be helpful to clarify the concept of the 
nuclear collective motion and to give a further insight into the various aspects of 
the unified model. 


§ 2. The Bogoliubov transformation 


An application of the Bogoliubov transformation” in the new theory of super- 
conductivity to the nuclear system has been’ developed by Belyaey.” The close 
connection between the basic idea of this method and: Racah’s seniority concept 
in the jj coupling shell model has also been discussed by many authors.” In this 
and next sections, we shall recapitulate the results in a form especially suited for 
our purpose. 

Let us consider a system of nucleons which are moving in a spherically sym- 
metrical self-consistent potential-well V and choose the wave functions of a nucleon 
in this well as the basic functions of the second quantization representation. If 
we adopt the jj coupling shell model, such single-particle states are characterized 


* The reader who is familiar with the application of the Bogoliubov transformation to the 
nuclear system need not read §2 and §3 in full but the final results (3-14) and (3-15). 


On the Collective Motion in Even-Even Spherical Nuclei 333 


by the quantum numbers (n,/,j,m). Hereafter we shall denote a set of the 


quantum numbers (n,/,7) by N. The Hamiltonian for the system of interacting 
nucleons is then 


jSles = (Nm|T| N’ oe) Axim AyNtm! — 
mm 
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where ¢y is the single-particle energy in N-state and / is the well-known chemical 
potential. The sign of G and V is chosen to be positive for an attractive inter- 
action and an attractive well respectively. 
Now it is convenient for our purpose to divide the effective two-body interaction 
G approximately into three parts: 


G=G+G%+G, (2:35 


where G® the part mainly contributing to the “ pairing interaction”, G” the part 
mainly contributing to the spherically symmetrical self-consistent field, and G” is 
the one that is responsible for the collective vibrations. The possibility of such 
an approximate division of G will be discussed in § 3. Corresponding to (2-2), 
the Hamiltonian (2-1) may be divided as follows: 


B= PHS): (2-3a) 
H® = = {(€y—A) Oxy Omme +<Nm|V|N’m } | Nm Anim! 
ab 1 


SEE: ay (Nim, N,m2|G® +G™ | Na! me! Ny! m1") Ani, my ANy my WN! mma! WN! ma! 9 


: (Vm 
(2-3b) 
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9 
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(2-3c) 


Following Belyaev’s,” let us introduce the new Fermi operators ay, by the 
Bogoliubov transformation :° 


Anm— UNm Anm =p UNm AN—m > (2 ‘ 4) 
where ‘wy,, and vy», are real numbers which obey the conditions 
Unm— UN—m =UuUnp 


[+m m>0 
UNm— aa Ord 


j {(—vy, m<0, 


v=|m|, (2-5) 
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We Oy ae (2-6) 
After the transformation (2-4), the-Hamiltonian H has the following structure: 
H®°=U+Hy+HAnt+H’, (2-7) 
where 
= > (€y—A) -2v0x,— > Ay, ty, Vm > {Nv| VINv) Uns (2-8) 
Hy } {(éy—2) -2ty, 04, (ty = Vee) (Bie haw b xv ien), — (2-9) 


a > {(ey—/) iy — U5) + Any‘ 2ty, Um} (Cir Env + AN» An»). (2-10) 
H!’ is a small perturbation term which will be neglected hereafter. dy, in (2-8) 
—(2-10) is defined by 
Ayy= > (Nv Nv|G| Nyy Ny) tony vy Oyo 2 (2-11) 
where ee 
(Ny NuIG®| Nyy, Ni) =(N +y, N —v|G|N, —-»,, NM +) 
Sl NN GO) ee pa Ngee va (2-12) 
The matrix elements (Nv|V|N’v’> in (2-8) have the form 
(Nv| V| No) =CN +2| VIN! +2/)0,,,=CN —v| VIN’ —v')0,,,. (2-13) 
In deriving (2:8)—(2-10), we have made an approximation 
(Nv N'v'|G®|Nyv Noa) =CNv N1o|G| Nin. Ni) 8, 
<0 “for NAN (2-14) 
and used the relation | 


(Nv| VN’) = Pan {(N avs N, —v,|G | Ni aa N’ +’ 


Ny ¥1 
—(N +y, N, —|GO|N +2', Ni —)+¢N +y, N +4 |G?|Ni +, N’+y') 
mY +y, N, + |G|N’ ae N, +>} Vm > (2S) 


which means the definition of the self-consistent field V. 


§ 3. Ground- and excited-states of H” 


Let us determine the transformation coefficients wy,, and v x,, in (2-4) by the 
condition 


(|v. @ydd |e, =0, (3-1) 
where |c)) is the vacuum of the quasi-particles ay,,, i.e. 
anm Gp = 0; Co| vm = 0. (3 hs) 


The vacuum state |cy) thus determined becomes the ground state of H® and cor- 
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responds to the “ lowest seniority state”? of even-even spherical nuclei. 
The condition (3-1) means that H»=O0, i.e. 
(€y—A) ; 2uyy Un Ay, (txy— Um) =0. (3 3 3) 
Using (3-3), (2-6) and (2-11), we find the following equation for dy, : 
Ti 1 ue (Nv Nv|G| Nv Nii) rhe 
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NGOS Vie eer ey ae ee ( ) 


A. Solutions of the equation for Ay, 
Eq. (3-4) has a trivial solution 
Pa = 0) or itny Um = 0, (3 z 5) 


which corresponds to the sharp Fermi surface. If G™ is sufficiently weak, (3-5) 
is the only solution of (3-4). However, if G® satisfies the inequality 


1 5 QO NIGMINUNH) 
2 Mn |€x,—A| ; 


(3-6) 


then there exists also a non-trivial solution. 
Hereafter we shall make the following approximations : 
i) Since the most essential contribution to the sum in (3-4) is given by 
the transitions between the states in the same shell,* we shall neglect the transi- 
tions between different shells, i.e. we shall assume 


(Nv Ny|G| Niu Nip = (Nv Nv|G| Nv, Nv) Own, - Cem) 


ii) To simplify the problem, we shall assume further that the inequality 
(3-6) under (3-7) may be fulfilled only for the outermost partially-filled shell (the 
Ny-shell) ,** and the trivial solution (3-5) is the only solution for the other shells.*** 

iii) In order that the non-trivial solution exists for the N,-shell, the matrix 
elements <(NwvNivo|G| Novo’ Novo’) (“ pairing interaction”’) must have a same sign, 
because otherwise there will occur a cancellation. So we shall approximate the 
matrix element (Nj%Novo|G| Novo’ Novo’) by an average over the mp-states, i.e. 


(No % Novo|G | No v0" Novo") =~ (Nor Nom|G| Nor’ Now’ »=G > 0. (3-8) 


* As discussed by Belyaev,*) transitions between different shells lead simply to some renormali- 
zation of G®, 
** Hereafter we shall denote the quantum numbers of the single-particle states in this outermost 
partially-filled shell by adding the sufhx 0. 
*% This assumption corresponds to that we are considering the spherical nuclei for which the 
level distances |€y—€wo| satisfy the condition 
Gy 2y—GO Q(1—n/Q) <2(Ey—Eny) for Ew > €no, 
Gy Oy t+ GO Q(1—n/2) L2(Eno—Ew) for Ex Exo. 
Here Gy is an average of (Ny Nv|G|N/Ny’) over the m-states and @y=(2j+1)/2. G@ and 
@ are defined by (3-8) and (3-11) respectively, and 7 is the number of particles in the No-shell. For 
the nuclei for which such a condition is not satisfied, we must take into account that the inequality 
(3-6) under (3-7) may also be fulfilled for the shells near the No-shell. 
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Under these approximations the non-trivial solution, which exists only for 
the N,-shell, is obtained by solving the equation 


din = : COSTA i (eg aay oes (3-9) 

and becomes 
Ay, = {((G™ 2/4) — (€x,—A)} ; (3-10) 
where 2Q= (2j,+1)/2. (3-11) 


B. Elimination of the chemical potential / 
The chemical potential 4 is determined through the following equation : 


Coy= D212 ove= D1 {1— (em —A/V (Ex, —4)? +45} =1, 


vo 


(c0| > AN mo ANo mo 
(3-12) 

where is the number of particles in the Nj-shell, and is given by 
A=e€y,— (G™ 2/2) A—n/Q). (3-13) 


By the use of (3-13), 4 can be eliminated from all final results. The results 
in which / is eliminated are summarized as follows : 


(G Q/2) {1—(1—n/2)*}"? for the N,-shell. 
4y,= 4y= (3-14) 
0 for the shells other than the N,-shell. 
Unm = UN—m= Un \ 
ae m>O0 
ON Pe Ca 
—vy m<0, 
(1—n/22)'" for the Nyshell. 
ia) for the closed occupied shells. (3-15) 
1 for the open unoccupied shells. | 
(n/22)? for the N,-shell. 
Vy=+ 1 for the closed occupied shells. | 
0 for the open unoccupied shells. / 
C. Expression of H” and excited states 
With the aid of (3-14) and (3-15), H becomes 
Ng Ese U+ 2 Ey QjimO&Nnms (3 cs 16) 


where U is given by (2-8) and means the energy of the ground state (the vacu- 
um state |c>) and 


Ev=V (€y—4)* +d? 


=V ley em (GW 0/2) nia (3-17) 
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The excited states of H are characterized by those with the quasi-particles. 
It is well known that the excited states of even-even nuclei contain an even number 
of quasi-particles, e.g., for the ground state the number of quasi-particles is zero 
(the vacuum state |c))) and the first excited states are described in terms of two 
quasi-particles in the N,-shell, etc. The number of quasi-particles in the Np-shell 
is thus a generalized seniority number. 


§ 4. Phenomenological analysis of the two-body interaction G 


We now come to the stage to discuss the possibility of the division of G into 
(2-2). Recently discussions on this possibility were made. by many authors.” 
Here we shall follow Weisskopf’s argument.’” 

Let us expand the two-body interaction G(2,, x.) in spherical harmonics :* 


Gla, 21) = S1Gi(r79) Yala) = Dy) apg Gli) 3) Yaa, ) 


X Yiu(4s, $2). (453) 


There is a close connection between the above sum and the division in (2-2). 
The spherically symmetrical self-consistent field V is determined mainly by the 
L=0 term in (4-1). This means that G” corresponds to the L=0 term. On 
the other hand, the inequality (3-6) under the approximation (3-7) suggests that 
G® is mainly composed of the high harmonics in (4-1).° We may thus conclude 
that the L—0 term corresponds to G” and the sum over L=1, 2 and 3 give 
rise to G® and the sum over L=4, 5, --- give rise to G®. We may call G® and 
G® the “long range” part of Gand call G® the “ short range” part of G, though 
it is not really accurate. 

The L=1 term is not really important, because its main contribution is only 
a displacement of the center of mass. The interesting terms composing G”, thus, 
are those with L=2 and L=3. 

It is the main purpose of this paper to investigate how such terms bring 
about the quadrupole- and octupole-vibrations of spherical nuclei. In the following, 
our main attention will be paid especially on the L=2 term. Then, Hg Beech’ 
(2-3c) becomes 


He ae . st (N, My, Nz ms|G i | N, me! N, my’) ay, m1 an, ma EN g! ma! UNy! ma! 
(Nm) 
=— 2S MMos MDH)“ Gas smal) 
M=-—?2 (Nm) 
x ( ae 1) at (jaja! M2— my! |2 =e M) ax, my an, mo, AN gma! ANy!my! > (A ; 2) 
where 


* For simplicity, we neglect the spin dependence of G. 
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NN de CRED CEU Ct Grew 
CNNA| 93. Ne Mv) = Ai OED 


Pl 
(at LE) (nv A —2 et) ntact), 
(4-3) 


Here (1,1, 12l.|G,,|70! Jo’ m',') means the radial integral part of the L-th term in 
(4-1) and (jj’m m'|LM) denotes the Clebsch-Gordan coefficient. 


§5. Concept of nuclear collective motion 
and the time-dependent self-consistent field method 


In order to make clear the physical meaning of our method which will be 
developed in the next section, we shall, in this section, start from the general 
consideration of the nuclear collective motion. 

As is well known, the remarkable success of the nuclear shell model has 
suggested that the main part of the inter-nucleon interaction can be treated as a 
spherically symmetrical self-consistent field V. The essential point of the nuclear 
collective model is to assume that an additional self-consistent field may be ex- 
tracted from the remaining part of the interaction. Bohr and Mottelson,” and 
Hill and Wheeler’ have suggested that such an additional self-consistent field is 
non-spherical and time-dependent, and have grasped the time-variation of the ad- 
ditional self-consistent field as the nuclear collective motion. 

Such a fundamental picture on the nuclear collective motion is directly formu- 
lated in the framework of the time-dependent self-consistent field method (the 
TDSCF-method). The discussions of the nuclear collective motion in the frame- 
work of the TDSCF-method were made by Nogami” and Ferrell! for the vibra- 
tional motion of closed shell nuclei and by Shono and Tanaka™ for the rotational 
motion. In this section, we shall recapitulate the TDSCF-method in a form con- 
venient for later discussions. 


Let us consider the Hamiltonian (2:3a) in the case of G?=0: 


H=H® Je Hs) 


= + ee, 1 a ; ; ) / / / / 
= 3) €v Givin Anrms San 226M Nim,|G° | Na! 1702! Ny! 21!) ai, my UX mq UN gmat EIN! 


™ LZ Nm 


(5-1) 
where the second term is given by (4-2). Here we omit the chemical potential 
4. In the coordinate representation, (5-1) is 


H=\p' (x) (pt V(2)) playa 


m 


— \w (2a) (a) {G37 F3) Yn (G,2)} Vr (22) Wr (21) dx, dx, ,* (5-1’) 


* The spin variable is assumed to be included in the coordinate x. 


Tee € 
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where W(x) =S)aymnPym(x) and ¢y,,(x) are the single-particle wave functions in 
the spherically symmetrical self-consistent potential V. 
The time derivative of (a) is expressed by 


iN p(x) =[(x), H]=H(p, x) ¥(2), (5-2) 
where 
Nema + eee ee \ drape BGA) You 
=) pi=V(4)-U(a). (5-3) 
2m 


Here the density matrix operator p(x, x’) is defined by 
p(x > en) =apr* (2') p(x) = 2 aNm ANIm! Pvt mt (L)PXm (2X) (5 ; 4) 
Nim! 


and the time derivative of p is given by 


ihp=l|H, pl. (5-5) 
The expectation value of p at time ¢ is 
p(t) =C PO) |p| PO), (5-6) 


where |¥(z)) is a state vector of H at time ¢, (and is not that of H). Using 
(5-5) we have the equation of motion for (¢) : 


ih CO CH |[H, pl| PO). (5:7) 


If we make an approximation which is essential to the Hartree method : 


CPA) \[H, pIlP@) =P) IH?) e@]), (5-8) 
we obtain the fundamental equation in the TDSCF-method : 


“ih LO (HO), PO), (5-9) 
where 
He) =CP OH|PO =P V(x) — UC, (5-10) 


In the TDSCF-method, Eq. (5-9) is simplified through the following proce- 
dures. 
i) p(t) is expanded in the form 


p(t) =e%+p%(t). (5-11) 
Here p® is the unperturbed density matrix and is equivalent to 
p =(co|p|co (5-12) 
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where |c)) is the ground state of H®, and p™ is the density matrix which should 
be related to the time dependent self-consistent field U(2, ¢) : 


U(x I= | dz.p (2s, X25 t)G.(r1 ro) AICADE (5-13) 


ii) The first order self-consistent perturbation theory is used, which means 
that the products of the type Up” are neglected. Under this approximation, 
Eq. (5-9) is linearized and becomes 


h do 2| fe V, p? |-LU, po). (5-14) 
Ot 2m 
The main problem of the TDSCF-method is, as is well known, to solve 


Eq. (5:14) and to find a characteristic frequency corresponding to the collective 
vibration. 


§ 6. Description of the nuclear collective vibration 
in the framework of second quantization 


In this section we shall develop a method describing the nuclear collective 
vibration in the framework of second quantization. The essential idea of this 
method is based on an extension of the theory of Sawada et al.” of the plasma 
oscillation, and has been suggested by many authors.?107?-)” 

Keeping a direct comparison with the TDSCF-method, we shall develop this 
idea in this section. In order to avoid unnecessary complications and to emphasize 
the physical implication of the method, we shall, however, illustrate here the 
fundamental idea by taking closed shell nuclei. The generalization of the method 
will be discussed in § 7. . 


We shall, at first, begin with rewriting Eq. (5-14) in a form more suitable 
for our purpose. Noting that for closed shell nuclei 


(Nm|e|N’m') =Oyn1 Omms On » 
<Nm|p®|N!’m!) = (1—4y) Ox < Nm|®|N'’ mm!) + ee age 
| | (6-1) 


let us introduce the following quantities with a definite angular momentum 
G=2, M):; 


Cin (NN’) = >| (—1)*"'(jj’m—m'|2M) (1—Oy) Oy <.N’m’ |p| Nm), 
CyHt(NNY) = > (—1)-”'(jj’m—m'|2M) (1—@y) Ox, < Nm|e|N’m’). 


Here «Nm|e|N’m’) is given by 


* In the TDSCF-method such a presupposition on the matrix elements of 0% is usually made, 


in order to solve Eq. (5-14) and to find a characteristic frequency corresponding to the collective 
vibration. 
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(Nin|p|N' na!) = | a(x) 0a, 2") Shyrme (2! dvd! 
and #,y is defined as follows: 


ee \o for the closed occupied shells. 
Nae 


0 for the open unoccupied shells. see 


Using (6-1), (6-2) and (5-13), we find, after some calculations, that 
Eq. (5-14) becomes 


in <Cai(NN’) = (€m—€y) Gat NN) 


+ 33 CNM 92] MIN) C—O) 8 {Coie NM) — (= 1)" Cra NN} 
(6-4) 
where <N,N,|92|.No’M,’) is given by (4-3) and has the property 
(Ni No| Go| No’ Ns’) = (Ni! Nal 92] No’ Ni) =< Ni Na!|92| Na M1’). (6-5) 
The equation equivalent to (6-4) is also obtained in the framework of second 


quantization in the following way. 
i) We pick up the following particle-hole pair terms from H°™’ in (5-1): 


H® =— +32 (Nm Nyma|G®| Ny ma! Ni mi) {(1—9.x,) ay na" Oars et ma 


2 Wm) 
a= Ax, ax, my «(1 a On.) ay,! ate { (1 os Gy.) an, mo On, Ang! md! =e Oy, an, mo (1 > Oy.) an, EAnk 


=— SI SON Mile ANY) {Cale MND = (=D) Ca NN} 
M=—2 ( 

x {Cou (N2 No’) —(—1)*% C2 ( NAN}, (6-6) 
where 


Cif (NN’) = >> (—1)*™ (jy! m—m'|2M) (1-9 y) Ox1 Axim Axim! » (6-7) 
Cin NN) = ES (—1)7" (jj! m—m'|2M) (1— Ox) Ot Airs Am - 


ii) Commutation relations between Coy and Cy, are approximated by the 


Boson-like commutation relations ‘ 
[Coa( MM’), Cia (NEY) = Gu Gin), Sai GN GING) coy 
= Oum On, No Onto! qd —Oy, On > (6 : 8) 


[Can CN, NY), Caner (NM!) J= [Cain (Ni!) Cater (No Na’) |= 0. 
Using (6-8), we find that 
itt Cy(NN’') =[Civ(NN’), H+ H]= (en — €x) Cin NN’) 
+ 53 (NDI Ida). NAB) bar {Cai NN) = (— 1)" Cao NN} (6:9) 
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Now it is clear that Eq. (6:9) is equivalent to Eg. (6-4) in the TDSCF- 
method.* From this fact we may conclude that the approximations made in i) 
and ii) correspond to those of (5:8) and ii) of §5 in the TDSCF-method. 

So far we have considered the simplified system with the Hamiltonian (5-1) 
where G =0 is assumed. A particular advantage of the present formulation in 
the framework of second quantization is that the extension of the method to the 
case of G40 is very easy. In the following, we shall use this method and 
shall investigate the collective motion in the system with the Hamiltonian (2-3). 


§ 7. Reduction of the Hamiltonian 


Let us consider the Hamiltonian (2-3) and perform the Bogoliuboy transfor- 
mation (2-4). We then obtain the transformed Hamiltonian, H=H®+H°™?, 
where H is given by (3-16) while 


Ges!) 222 1 a] (2) ie / i / ae 
HO) = ——_ S$) (Nim, Nyma|G | Ny! me! Ny my! ) (toy, my 0X my + ON, m, LH —ms} 


oy (Nm) 
rs 
x {un, mo, an, ma SE UN, ms Qy,—mat {UN gFmo! AN! me! 
+ a 
FO ot ON! mal} {tty 1 my! ON hye ONG my! AX) — my > ited} 


unm and vx, being given by (3-15). 
In order to extend the method developed in § 6 to the present system, we 
now introduce the operators 


Co ( NN’) on 2) ( Si 1) hes (jij" Uf a m’ | 2M ) UNm UNtm! ANm AN) —ms 
mm 
A (7-2) 
CiuCNN’) 3 aa ( re 18) ie (i7" d= m’! | 2M) UNmUNIm! Ay _ ms Anm > 
mm 


and pick up the following quasi-particle pair terms from (7-1) : 


hee 
HI = ——— S131 (Ni Nal 9a] No M1) {Cav MM) = (—1)% Cow NM')} 


2 M=-2 (WN) 
X {CoC N2 No’) — (—1)% Civ (N2Ny)} - (7-3) 
For closed shell nuclei in the special case ‘of G®=0, we get, with the aid of 


(2-4) and (3-15), 


unm Qinm= (1 —@,x) Axim > UNm An m= Oy Anm> 
7 
UNm Anm = et =, Oy) aANm> UNm AN_m a Oy AN 5) ‘2 
and the operators in (7:2) are reduced to those in (6-7). The operators in 
Ci22); therefore, corresponds to the generalization of those in (6-7), and the 
generalization of (6-6) corresponds to (7-3). 


* . . . i 
In the course of performing this work, it has come to the author’s notice that Ehrenreich 
and Cohen!®) have made a similar proof for the case of the many-electron system 


On the Collective Motion in Even-Even Spherical Nuclei 343 


Now we decompose Cj, and C., in the following way : 
Cin (NN’) =CB*(NN') + CHP*(NN’), 
: 7.5 
Ci (INN) == CauC NN’) Ons CG2* (NN) =Ca NN’) (1 —Ox): ae 


It follows from (3-15) that C%?* and CS{) exist only for the partially filled* 
Nshell and vanish for the other shells. It is also clear from (3-5) that, in the 
absence of the pairing interaction (G°=0), C$?* and C$ vanish. Thus we are 
able to rewrite H™ in (7-3) as 


Hon = > CN, Na |92| Na! Mi’) {Can * (NN) = (—1)™ CHM) } 


2 M=-2(N) 


x {CEP CNN) = (—1) "C24 NN) 
— 1S} (NG Milo No N(CH (NEN) — (=D) "CLV NN) 
x {CBN N) = (—D* CLM N)} 
— 5S) SII NoMgal N’ Na) {CHF (NN) — (— 1)" CHNND)} 


x {CHP (NN’) — (—1)* C29¢ (NN’)} +herm. conj.]. (7-6) 
In order to investigate the collective motion in the system with the Hamiltonian 
(2-3), we shall hereafter use the reduced Hamiltonian 
Ap=H®+H®, (7-7) 


where H® is given by (3-16) and H” is given by (7-6). Furthermore we shall 
hereafter employ the following commutation relations corresponding to the generali- 


zation of (6-8) : 
[CSP (NN), C$? * (Ny Ne!) |= [CEP CNM), Chi? * (Na NG’) J| co) 


=O On, Na Ov, No! (an, UN!) (li On, my)» (7 -8a) 
[CS (NM), C&P CN, Ns) =[Ci8e* CNM’), Ci? * (N,N) |=, 
[C§3(NNo), C§* (No No) J=CCI2 (No No); CS" (No No) || co) 
=20 um (ux, Uno is (7 : 8b) 
[CS(NN), C$? CNo No) J=[C Sr" (No No) CS2,* (No No) |=9, 
[CCN NM), CLP* (NN) J=LCSCN No), CSP (NN’)]=0, (7-8¢) 
-8c 


[C$B* (NM), CP VN’) J=[CHP* (NN), C5? CNN’) ]=0. 


§ 8. Two modes of collective motion 


The commutation relations (7-8) suggest that there exist two modes of col- 


* It is easily seen from (3-15) that Cy“ and Cem vanish when the Np-shell is closed. 
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lective motion: One mode is connected with C$f* and C%,*, and another is 
connected with C{) and C)*. In this section we shall discuss these two modes 
separately. For this purpose we now rewrite the reduced Hamiltonian (7:7) as 


Ap=H eg (8-1) 
where 
42 
Hi=—1_ 3S) SCN Main’ NICH (NN) —(—D" CaN ND) 
x {C&P CNN’) — (—1)* C29 (NN’)} +herm. conj.], (8-2) 


and consider the system with the Hamiltonian H{ for the moment. The term 
H' will be taken into account later on in § 9. 


A. Collective mode connected with CS? and C%;?* 
Using (7-8a) and (7-8c), we get the equation corresponding to Eq. (6-9) : 
a (NN') HI] = — (Ew + Ex) CH* (NN’) 
1 CNM |92] NN’) Cason) (1 Ow) {SH * CN, Ni’) 
~(=1)"CPRONND}, (8-3) 


where Ey is given by (3-17). 
Now let us introduce an operator 


Biu= 33 a(NN') CHP * NN’) — 31 BUNN') (—D)™CERCNN’), (8-4) 


where a(NN’) and b( NN’) are determined by the following simultaneous equa- 
tions : 


(E—E,)a( NN’) = (Ey+Ey,)a( NN’) — oe aN, Ny‘) CNN, 92| Ni’ N’) 

X (uy, Vx) (1— ew, x1) se 2 BUM Mi! CNN lds Ni N’) (ux, Uy) (1—4Oy, xy); 
Ce £)B(NN") =~ (Ext Ew (NN) — wo a(N, M')< NN,|92| Ni N’) 

X (ux, Vy) (1— On, 1) + 2 = BUN NG!) (NN,|92| Ni N’) (aux, Vy) (1 — Oy yr) 


(8-5) 


and the normalization condition : 
(Bagsebsy t= 2, CNN")? (uxvx) (1—Oyy7) 
— 21 (NN')* (uxvx) (1 exw). (8-6) 
Then it is easily shown with the aid of (8-3) that Bs satisfies 


Pag, > By |= (E—E,) Bev. 


This means that Bi, is the operator which creates an eigenstate |) with energy 
E from the ground state |%) of H® with energy £,: 


ih “a 


ca x oe, 
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| P= By Hoye 


We do not discuss here Eq. (8-5) in detail, and note only the following. If 


(NN,|92| N,N’) are separable, ie. (NN,|9|M/N’) =< N|92|N’)< Ni| 92|M’),* we 
obtain the eigenvalue equation from (8-5) :? 
1 it 
TESS (hts a ee ee ee a= Sao) l= One 
ie | ‘ese + (Ey, £ Ey) (E=F) Ee; (Ey, + Ey) (ay UN AS Onn ) 
x (NN|92|.N’ IN’). (8-7) 


This equation has a root (E—E£,) which is real and positive and is smaller 
than the smallest pair (quasi-particle) excitation energy (Hy),+Ey) with NSN’, 
provided that the condition 


1s yt 2KNNI 92] NEN! ) (tx vx) (18 yn) 


8-8 
iw Ey, + En oe 


is satisfied. The state with such a lowest excitation energy, (E—Eo) min==Mwe, can 
be regarded as that of the collective motion connected with C$? and C,?*. In 
this case, a( NN’) and b(NN’) are given by 

K¢{Nig2|.N’) -, b(NN’) = K(N\92| N") 
Rug—(Ex+ Ew) Rog + (Ev+ Ew) 


where the normalization constant K is determined by (8-6), i.e 


‘, (NN|92| N’ N’) ux vx 1 — Oxwi) * 
= 1| = {huog— got Oe 
_ sy (NNIGp|N’ Nuon =x) | (8-10) 
Ri {Rhogt (Ey+Ewy,)}? | 


a( NN’) = (8-9) 


B. Collective mode connected with CS; and Ch?* 
In this case, we obtain the following equation corresponding to Eq. (6-9): 
[CSO (NM), HP ]=—2Ew,Cin* (Noo) 
4+.2.( Ny Nolda] NoNo) (22%, V¥70) {C$u2* (No Mo) —(—1)"Ci2nCNoM)}- (8-11) 


Now let us consider the matrix element, ¢¥%’|(E’— Hf?) CSO* CNN) |For 
where |’) is an eigenstate of Hf? with energy E’ and |¥%,) is the ground state of 
H®. This vanishes, but can also be written as 


O= (E’—E))< P'|CHB* (MM) |%o— CPLA, Ch CNDNo)]|¥0). (8 12a) 


Similarly, we find 


* The “quadrupole-quadrupole interaction” adopted by Elliott! and Moszkowski2 is an 


example of such a type. 
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O= (E/E) B"| (—1) *¥ CHUN My) (Fo PILAR, (—1)*C$u( NM) || Fo. 
(8 -12b) 
Using (8-11) and combining (8-12a) and (8-12b), we are led to the 
eigenvalue equation 


| : ; 2 aU 8-13 
pot ie geaney QLN, NelgalNoNo avin, (8-13) 
hw, +2Ew, hw,—2Ey, ! x 0| | Leet No UN 


where hw,=E/—E, and Ey,=V (€y,—4)?+ 4y,=3G 2. 
Solving Eq. (8-13), we obtain 


ho, =G BY 1—9,/6%,, (8-14) 
where 

N= (1—(1—n/2)\, (8-15a) 

61,,=G Q/4¢ Ny No|9a| No No)- (8-15b) 


0, is the occupation factor used by Belyaev (see ref. 4), Eq. (67)) and 4,, rep- 
resents a ratio of the strength of G® to that of G”. 
For the collective mode under consideration, the creation operator BSj}*, which 
leads to 
[PoO= Byun Po), (8-16) 
is easily obtained in the same way as that in the subsection A. The result is 
BSi* =a(.Ny Ny) C$2* (No No) —b(No No) (—1) "Ci u( NN), (8-17) 
where 


ho, +G©2 ho,—G©Q 
N™) =o SS, (NN) =— hie i , : 
BEND Vv 20,G® 2Qho, (No No) V 26,6 Qhu, (8-18) 


Here it should be noted that the collective mode under consideration vanishes 
in the absence of the pairing interaction (G°’=0). 


C. Derivation of collective variables 


Now let us introduce the following two kinds of collective coordinates 


”> 9”) and their conjugate momenta (p{?, pi?) : 


(qir’s 


d= —if (Bir * = (—1)" Bi?) gh * =(—1) "94, 
Aan 


‘iT (8-19) 
pP=,/ Ee (BES + (1) BE), PIP * = (—1)™ pB 
=i ie (BE) —(=1)" Bey), gP* = (—1)" gy, 

(8-20) 


Peay aes Bre (B+ (—1)" BR), OW = (epee 
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which satisfy the commutation relations 


fq, pyr |=thowa, (GP, PP |=iNhoun. (8-21) 


se * is the creation operator of the collective state with the excitation energy 
Rw, and is given by (8-4) with the corresponding solution (a(NN’), b(NN’)) 
of Eq. (8:5). J, and J, are the inertial parameters of the two kinds of collective 
modes, which will be determined in § 10. 


$9. Use of the “method of auxiliary variables ” 


In the preceding section, we have found the collective variables of the system 
with the Hamiltonian H{. In this section we shall take Hy, (8-2) into account, 
which contains the coupling term between two modes (q{?, g{?). For this pur- 
pose, we shall employ the “‘ method of auxiliary variables ’’,” which makes it pos- 
sible to display the dependence of the Hamiltonian on the collective variables. 

Let us consider the Hamiltonian (8-1) and start with the Schrédinger equa- 
tion 

H,|O) = (HY + Hy) |®)=E |). | (9-1) 


Here we introduce two kinds of auxiliary variables, (8x, z$?) and (yu, 7), which 
satisfy the commutation relations : 
[Pu, tM? |= Roum, (gu, ti )=iNouw-. (9-2) 
Cire pon dide to (gS, pf) and (gi, piP), they have the conjugate relations 
Pu=(—1)" Poa, np? = (= Lyn h 9.3 
qu = (— 1)"% Wag APS = (1) a, wae 


To compensate the introduction of the auxiliary variables, we impose on |%) the 
supplementary conditions 


Bu|P)=0, 7u|0>=0. (9-4) 

Now let us successively perform the following unitary transformations : 
0) =UG|@), Ua =exp {id} >) (a? gh? +25? gh?) /h} (95a) 
|?» =Ue|e@™), Giophss (DP Pu +p? 7a) /N}, (9 5b) 
|P.=UG|O), Un =exp {i >) A gh? +25? gi?) /h} . (9 5c) 

Then the transformed Hamiltonian and the supplementary conditions become 
H=UGUGUG ARV a Ve Ue; (9-6) 
Gi?’ |P.)=0, gi |P.)=0. (9:7) 


This -representation is the so-called ‘‘ collective representation ”, in which Bohr 
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and Mottelson® have developed the nuclear unified model. 
It should be noted that the Hamiltonian (9-6) contains neither (q\?, pS?) nor 
(qi, p¥?), i.e. it satisfies 


(6, API=[%6, p1=0, (26, ai =1%, PP ]= (9-8) 


This implies that the collective variables (q{, p4?; qi, p) in the original 
Hamiltonian H,;, are completely replaced by the auxiliary variables (34, 747” 
In this representation, therefore, the collective modes of our system can be visu- 
alized through the auxiliary variables. 

Employing the operator identity 


: (n) 
>; Yummy )- 


exDUSIO exp (2250 ee o|— LS, [S, O]]+ 


and using the commutation relations (7-8) and (9-2), we obtain the explicit form 


of J€ of the following structure : 


266 sat: Pea vik. ae ee 5) (9 : 9) 
ree 1 1 See ei et een Be Se we 
Hou. = 3 bop PP + > Caldulth + 33 fo lah P+ Cylon 
ik <i 4 + 
7 ogee {Paym+ Gu Fm} 5 (9-10) 


VS =H i >| pp (B) ae (8) | | (n) ee (») : 
: R~ 2 21, lpi |? + Cola |? > i en prs C,|\ av 


+h G08, 3132 (NM N) (CH? NN’) 
—(=1)¥ CL9+ (NN) a, (9-11) 


Yous] 


Hou = 33 | ea iV G* 96, >1 (N, Nga’ N) 


x (C2) CNN) C= Lye Ch" CNN} [gu (9-12) 
where 


Ce=I,u7, C,=1,07, (9-13) 
#8 LENT 
aes V1 6% 06,— soy ie fee 2 CNN") —(NN’)} (2e¥08,) (1—Anwr) 


ee (9-14) 


Here #6... represents the energy of collective motion, and 3,4, can be interpreted | 


as the energy of the intrinsic (particle) motion. Mesivn represents the interaction 
between the collective and the intrinsic moticns. 
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For the spherical nuclei under consideration, we can safely treat Heya, as a 
small perturbation term. Therefore, we shall neglect this term hereafter. In this 
case the Schrédinger equation in the “ collective representation ” becomes 


(Hom. +26 inte.) |Ooy =E |D.» (9-15) 


with the supplementary condition (9-7). 
Let us write |@.) as 


|\9.)= |Zintr. >| Bon. >- (9-16) 


Then [Ziutr.) satisfies the equation 
Po ioee Wisk DE pine. eat (9-17) 
with the supplementary condition 9§?|Zint.=@? [intr =O, and |¢.u),) satisfies 
MH eon {Pcon.)=Eeon.| ea, > (9-18) 


The total energy of our system thus becoms F=Einty +Eoun. 
The Schédinger equation (9-18) describes the collective motion of our system. 
In the following sections, we shall investigate the properties of Eq. (9-18). 


§ 10. Mass quadrupole moments and “surface deformation variables ” 


Prior to discussing Eq. (9-18), we shall, in this section, clarify the connec- 
tion between our variables (74,7) and the “surface deformation variables” ay 
used in the Bohr-Mottelson model.) For this purpose, we consider the mass 
quadrupole moment operator. 

In the Bohr-Mottelson model,” as is well known, the quadrupole moment 
operator is givan by 


Quy = Oo"? 4+ QE™, (10-1) 


the first part of which is associated with the intrinsic structure.* The second part 
is due to the surface deformation and is given by 
‘ 3 a 
QQ) = AR ay =Qay, (10-2) 


V5 


where A is the atomic number and R, is the nuclear radius. 
Now let us consider the quadrupole moment operator of our system. In the 
original representation the quadrupole moment operator is 


Ou=,/ ae >) ¢Nm|r? Your| Nm!) axiin Bx mt 
Nm y 


) Nim! 


=i 1 (Nla|ND DS (-1)-" (5m! |2M) aim Arm (10:3) 
NN! m™ 


amt 


Z é § 0 intr.) (0 ash CO) ee 
* For the even-even nuclei under consideration, <7}... 1" 6, )=0, where y{2,. is the ground 


state of Nests , 
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where 


(Nad) = yf 288 / EE VCLED) (51 120) <nllr*fn'2). 20-4) 
: 5 207 2 2 


Performing the Bogoliubov transformation (2:4) with (3-15) and making use of 
the approximations discussed in § 6 and § 7, we have 


Qu=—8 31 (Nlaal N{CH* NN’) — (—1)" CERN} 
NN! 
~ iC N|galNo) {CP* (NN) — (= 1)" CH (NO N)}- (10-5) 


In the “collective representation’, (10-5) changes into 


Qy= Ua Us Ua Qu Ug Ue Uw = SOS TD, (10-6) 
QO" > = Oy — ky gh — ka gn?,* (10-6a) 
Qi =k Bu +koqu, (10-6b) 


where 


y= _,| Bees Sy (Nig N'Y aN") —B(NN’)} (2ude03,) 1—Oxw), 
ith y NN! 
b= +-V/T,(NilalNoV 628, 
Tawra ” 0|92| £Vo hs 
Comparing (10-6b) with (10 2), we can find the connection between (34, 7m) 
and ay: 


ay = COA ere™ (OF bie (10-7) 


If we determine the inertial parameters (J,, J,) introduced in (8-19) and (8-20) 
asmer 


r)2 
Ip=2FQ" |S (NiqilN’) {a(NN) —5(NN’)} Quod) (1x), 
We 1 
I= Q? / G® 20,¢ Nolqa| No)’, (10-8) 


Eq. (10-7) becomes 


ay=Pu+hm. (10-9) 


Now the physical meaning of the variables 94 and 7y is clear. 7 represents 
the deformation associated with the configuration of the nucleons in the N,-shell, 
and vanishes when the N,-shell is closed. Thus, 9, represents the deformation 
of the core mainly, and itself becomes ay when the No-shell is closed. 

With the aid of (10-9), the polarizability of the core by the outside nucleons 


* Using the Reet te: condition 9? |zQ},. =a? x)..)=0, and making use of the approxi- 


mation |7(itr.)~|¢o), we find Ch Eee lxMite.2=0, where Ixy.> is the ground state of JC intr... 
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can be obtained in the following way. Let us pick up the “ potential energy ” 
term for the collective motion from 36 a 


2U= >: {Ce|Pxl? +C,|QulP—« (Pu yu +7u 8m) } 
— > {Cglay|?— (Cg+x) ({u Qu +Ay Hn) + (Ce+C,+2«) |ny)} . (10-10) 


For a fixed value of 7, the equilibrium deformation a, is determined from 
(10-10) and is given by 


au (qu) = 1/(1—€)} 9m, (10-11) 
where 
E=K/(Co+e). (10-12) 
With the aid of (10-2), (10-11) is written as 
OP.= (1—8) QE (10-13) 


where 29 .=O7 mu-o is the quadrupole moment associated with the outside nucleons. 
Eq. (10-13) means that the quantity € defined by (10-12) describes the polari- 
zability of the core by the outside nucleons. 


§ 11. Normal vibrations of even-even spherical nuclei 


The lower excited states of even-even spherical nuclei are described by 
Eq. (9-18). In order to investigate the energy spectrum, we shall transform the 
Hamiltonian (9-10) into that of the normal vibrations : 


Hoon. = 5 {ah Pog lei |? + las? P+ agai 7}. (11-1) 


Here the normal coordinates a? and af? are defined through 


Loe AL (ap —od>) a 
ull nhses, (eaeaes 
Vide (0,,—way) + (Wg? — Way) 
=f af i (we —- W,') : a® 
— ? 
VI (wa — 0,7) + (0g — of’) 
B ¢ 7] (11 2) 
us (ws — 0d) aD 
i —— 
VI, (o,2— ody) + (wg — oy) 
i py iene 
iA (Wa) Wp ) ‘ ay 


Ves (wa — wo, ) + (way— pe’) 


while the corresponding eigenfrequencies are given by 


- - it 
Wa) == (we +0, ) ra es (wg +0,)) 
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dog” ere G28, 4 Pxt= ! 
1 é 2 G26, 6S ta( NN’) =6(NN)} 
| Fei Ea, aie ho 2n’ - hw, ee 
EY “41/2 
x (Quy vi) (1— Own) (Ny N|92| N’ No? Py | ; (11 -3a) 


a 


1 ii 2 2 
ony =- - (wg +0,7) + 2 (wg +o, ) 


dw, G26 ! / 
1— fie vo — ut {a( NN’) — b(NN')} 
x] Gee wy, aye 0 : ye Tiwg faye 
\ “y2 
x (2uz vb) Adm) (Ny NGI’ NYP | | (11-3b) 
If hog>hw,, then (11-3a) and (11-3b) become 
hog = GOV 1—9,/ On. ; (11-4a) 
hor) =~ ho, - (11 -4b) 
where 
1 ety | 44 Ne Noll No No) +3 — {3} (aN) —B(NN)} 
se re 2hw B NN! 


x (Que v2) (1— eww) (No N]Go|N’ Ny} | 


= agg lt (NoNilgal Ne No) +O-*4E/(1—€)}?Co (Malawi NY"]. (11-5) 
Eq. (11-4a) should be compared with Eq. (163) in Belyaev’s paper,” which has 
been obtained by the use of the “cranking model” of Inglis.” 

As has been pointed out by Belyaey,” the normal vibration of the first type 
(Awa) preserves the equilibrium relation between $4 and 7. Indeed, the condi- 
tion a$?=0 can be rewritten as 


2 2 
J ,(ig — 0a) 2M = K Qu - (11-6) 
I2(@g — @Q)) 4 Ca 


With the aid of (10-9), (11-6) becomes 


ou a 


i Co, ae Way) 


(OR eae 
“i ( ToC eine) 


)ow ~ {1/(1-8)} m (11-7) 


which is equivalent to (10-11). In the vibration of the first type the core thus 
adjusts itself adiabatically to the deformation of the outside nucleons. 
By the use of (11-6), the normal coordinate of the first type, a, becomes 


i ORT ae 2 Oa er ak 
ny sp | (wg? — 03) + (02 -—@ .GAD ce 
ap =T, / S22 2a) ey 09). oe Ty. (11-8) 
(wg — @a)) 


Using (11-7), we can rewrite (11-8) as 
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apy Tet VY (wz? =a) + 7 Cong — a) ea 


Vv BAC — was) +YV “a (ow, = Wa)) 


“ay = (1—€) V I,ax. (11:9) 


This indicates that the normal vibration of the first type, characterizing the lower 
excited states of even-even spherical nuclei, corresponds to that of ay used in the 
Bohr-Mottelson model.” It should be noted, however, that for closed shell nuclei 
ju vanishes as discussed in § 10 and the vibration of the first type disappears. 
In this case, therefore, the vibration of a, becomes that of the second type (Aw,). 


§ 12. Determination of the inertial parameter 
and the surface tension parameter 


The relation (11-9) uniquely determines the inertial parameter, B, and the 
surface tension parameter, C, for the quadrupole vibration of even-even nuclei. 
With the aid of (11-9), the Hamiltonian for the normal vibration of the first 
type, 


1 1 
Ci a aie PE wa laser |; (12-1) 
D> “ue 
can be rewritten as 
( 2 | 
Se >) 4 | at| - C2), 
M 
. - ® ~ iN) 
where zy is the momentum conjugate to ay and satisfies [7, ay |=—heyw. B 


and C are the inertial parameter and the surface tension parameter respectively, 
and are uniquely determined as 


(ag —5) + Cy *—=@)) mre k\? 3 
B=1,1,—; —_ =~ (1-€)’f,, (12-3) 
‘ “tI Toe ata) ay! Ae (ow, Bia Sie. 


Car I-03 ; _ (ag ew Uk - eteeae Fins Sime ed Gee eo arr (12-4) 


Inserting (10-8) in (12-3), we get 


iQ? 
=~ cs 2 
O~ ) S006, (NlalNy | 
Seb (1-6) W? A? Ry! (22—1) (22+1)2 1 (12-5) 
8 G (1 lo| 17? | 709 lo 2 — 1)2(2@4+1) n(22—n) 


where n is the number of nucleons in the Nyshell and @=(2j.+1)/2 ((8-11)). 
Thus the ratio between (12-5) and Birra. becomes 


WAR? — (29-1) 2242 1 
Gm mht? |mb (2-1)°(2+1) n(22—n) 
(12-6) 


B/Brrver. cS 34 —€&)* 
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where Bis, is the inertial parameter for the oscillations of an irrotational liquid 
drop :” 


Bens, = AmR, (m: the nucleon mass). 
7 


The formula (12-6) should be compared with Eq. (155) in Belyaev’s paper,” 
which has been obtained by using the “ cranking formula”. 

Now let us remember that €, the polarizability of the core by the outside 
nucleons, is expressed as 


Cone 
=Q<Nalaal No)"[ 33 {aC NN) —6(NN1)} (2tex vir) CL — Owe) (No NI 92) N’ No} 


(G=Ss 


x (1—Oyw) (No N|Ga|N’ NDI} 7. 


This indicates that € is determined mainly by the properties of the core and does 
not depend appreciably on the pairing interaction (G®) and on the number of 
nucleons in the partially-filled M-shell. Neglecting such a dependence of &, we 
can empirically estimate the value from the data of nuclei with one particle outside 
closed shells. The rough estimates of (12-6) with (7)|77|7ml)~=2Ro, Ro= 
1.4A?x 10-% cm, G =50 Mev/A* and €=0.8** are given in Table I together 
with experimental values. Though the estimation is very rough, the calculated 
values are in qualitative agreement with observed trends. 


With the aid of (12-5) and (11-4a), the surface tension parameter (12-4) 
can be written as 


Ga a Ge a Gee ae 1) 
SRT E so oka ane 


where Q=(3/)/57)AR,, and (Nolq\No) is given by (10-4). 9,, is given by 
(11-5) and represents a ratio between the strength of G® and of G®. Formula 
(12-7) should be compared with Eq. (114) in Belyaev’s paper.” 

As (1—€)’Q*.G%2/¢ No|q2|Noy’9n>0, the stability of the spherical shape of 
even-even nuclei is determined by the sign of {1—9,,/0,,}. If 6,,>1, the nucleus 


* The value of G® is determined approximately from the equation 
G® Q = P(jo)exp.s 
where P(jo)exp. is the experimental value of pairing energy. In 1gg/.- and 2d;5/9-shell, P(jo)exp. = 
25(2jo+1)/A Mev. 
** The E2-transition rate in ggPb?0 implies that the effective charge, éefr. =€/(1—¢) -Z/A-e, of Pb207 


‘is lle. From this fact, we get €=0.73. Note that Pb207 is the nucleus with one neutron hole inside 
the double magic closed shell. 
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Table I. Inertial parameter of even-even nuclei 
a) P.H. Stelson and T. K. McGowan, Phys. Rev. ‘110 (1958), 489 
b) K. Alder, A. Bohr, T. Huus, B. R. Mottelson and A. Winther, Rev. Mod. Phys. 28 (1956), 432. 


nucleus Ts WT | ee eeanen are ae” nee : ai 
| Ref. a) | Ref. b) (cal 
ggGe"4 (2~3/)4 : closed (1g9/2)2 10 i 4 
32Ge"6 | (2ps/2)4: closed | (129/2)4 | 9.3 9.7 
42M | (1gp/2)? | (2ds/2)6: closed | 13 20 
wRu® = (1ga/0)4 | (2ds/2)8: closed | 9.6 14 
ggP-d110 | (1go/2) | (ds/2)® (1g7/2)8: closed | 9.9 8.5 16 
ggC dz | (8o/2)8 | (1d5/2)® (1g7/2)8: closed | 10.5 12 23 
agCdi4 | (86/28 (35,/2)2 : closed 10.5 pal 23 
,oontl6 | (1go/2)29: closed (1hyy/)2 14 19 
sosnus Z | (Lyi /2)4 13 12 
599120 | 4 | (1h4;/2)6 14 alt 
soon! 4 | (1hy3/2)8 13 13 
soon!4 | 4 / (1h43/2) 1° 16 20 


remains spherical for any occupation. If 9,,<9,(<1), however, the spherical 
nucleus is unstable and becomes the deformed nucleus. With the aid of (8- 15a), 
the condition 9,,<6, can be rewritten as 


Mg <n<(22—nN). (12-8) 


Here mis the “characteristic number” of nucleons in the N-shell, which has 
been stressed by Weisskopf,”” and is given by 


Mg= 2(1—-V/1—9,,). (12-9) 


Thus a sharp transition from the spherical nuclei into the deformed nuclei occurs 
at the “ characteristic number” mm, provided that 9,,<1. 


§ 13. Concluding remarks 


Assuming the possibility of the division, into three parts, of the effective in- 
teraction between particles as in Eq. (2-2), we have investigated the mechanism 
of collective motion in even-even spherical nuclei from the standpoint of particle 
excitations. In so far as the vibrational motion is concerned, the physical impli- 
cation underlying the nuclear collective model proposed by Bohr and Mottelson” 
has been made clear. 

Our method of description of the nuclear collective motion is quite different 
from that of the “cranking model”.” The method is more fundamental than 
that of the “cranking model” in the sense that it is developed by using the 
effective interaction between particles explicitly. Indeed, with the aid of the method, 
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the various physical parameters used by Belyaev? can be derived uniquely from 
the “first” principle. 

In this paper, we have neglected effects of the coupling between collective 
and intrinsic (particle) motions. Such effects will be considered in a subsequent 
paper. It is outside the scope of this paper and remains to be investigated to 
relate the effective interaction used in this paper with the nuclear force known 
from the two-body problems. 
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Electron-Electron Interaction in Hot Electron Problems 
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The behaviours of warm and hot electrons in m-type germanium at 77°K are investigated 
theoretically. The following assumptions are adopted: (1) Electrons are not degenerate, (2) 
the shape of the energy surface is spherically symmetric, (3) electrons are scattered by acous- 
tic and optical modes of vibrations, and by ionized impurity centers and (4) the electron- 
electron interaction is taken into account by the Fokker-Planck approximation. The results 
are compared with Gunn’s recent experiments. We find that the Maxwellian distribution func- 
tion with the electron temperature does not give a good agreement with experiment when the 
impurity density is low. On the other hand, the electron-electron interaction works decisively 
in reducing the electron distribution to the Maxwellian form when the impurity density is 
high. The critical density seems to lie near 10!/cm® at 77°K. 


§ 1. Introduction 


In the previous paper,” which will be referred to as I, we discussed the behavi- 
ours of the warm electrons in -type germanium at room temperature by solving 
the Boltzmann equation approximately. The electron energy loss due to the inter- 
action with the optical mode is found to be quite large as compared with that 
due to the acoustic scattering. Further, if the interaction constants between the 
conduction electron and the acoustic and optical vibrations are suitably chosen so 
as to fit observed values of the ohmic mobility, the agreement between theory 
and experiment concerning the warm electrons seems to be reasonably good. In 
the second paper” which will be referred to as H, we extended the discussion to 
the hot electron in m-type germanium at room temperature.” The agreement 
between theory and experiment is again found to be reasonably good. In II we 
also discussed the anisotropy of the hot electron current and estimated the inten- 
sity of the intervalley scattering so as to fit the observed data of Sasaki and 
others... The intensity of the intervalley scattering thus estimated is in good agree- 
ment with the result derived from’ the acousto-electric effect.” In these papers, 
however, we did not consider the effects of impurity scatterings and the electron- 
electron interaction, because these effects were supposed to be small at room tem- 
perature unless the impurity density is high. 

Recently Gunn® made a very nice experiment. 
of the warm and hot electrons of m-type germanium doped by Sb at 77°K by 
changing the impurity concentration from 6.6X 10" to 2.9x10%cm7*. It is found 


that the effect of the impurity scattering on the non-ohmic current is remarkable 


He observed the behaviours 
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at that temperature, and some features of the current suggest the importance of 
the electron-electron interaction at highly doped samples.* Since these experiments 
are quite interesting and very important, we would like to analyse them theoret- 
ically and obtain some information concerning the effect of the electron-electron 
interaction on hot electron problems. 


§ 2. Boltzmann equation 


We shall derive the Boltzmann equation for hot electrons under the following 
assumptions: (1) Electrons are not degenerate, (2) the shape of the energy surface 
is spherically symmetric, (3) electrons are scattered by acoustic and optical modes 
of vibrations, and by ionized impurity centers and (4) the electron-electron inter- 
action is taken into account by the Fokker-Planck approximation. 

Let us denote the distribution function by 


f(k) =fo(E) + Kg (2) (1) 


where k and EF are the wave number vector and energy of conducticn electrons, 
respectively, and z is the direction of the applied field. Then, the Boltzmann 
equation is 


AL Sy lett oat ae ge lapel 
+| = a — |} = 2 
| 20 Ot |= | Ot Ot ae _ Ot ae Ot . hogs / Or ee ( ) 
The first term which represents the effect of the applied field is given by 
| oR ( ON ig Ao IP age 
Tf | = E E K, ). 
& ee (: anes 3 dE i m dE @) 
As shown in papers I and I, the second and third terms are given by 
Of Ai teed (2 dfo K 
= — S) 0 nie 2 
RS is VE |B dm Nar heh ae cae 2mc Ey(E) (4) 


and 


ao 
Ean Te [EE+ he) 1 flE+ he) exp (ho/kT) —fr(E) | 


+€(E)[E(E—he) }?[ fy(E—ho) —fy(E) exp (fiw/kT) | 
—K.9(E) (ECE + ho) }" +6 (E) exp (fo/kT)[EE—ho)}")t, — ) 


where m is the effective mass of the conduction electron, c is the velocity of 
sound waves, fiw is the characteristic energy of an optical phonon and €(E) isa 
step function equal to one for E> fw and equal to zero otherwise. The constant 
A is connected with the ohmic acoustic mobility 4, by the following relation : 


* 
K. Seeger investigated similar problems and obtained the result which is qualitatively the 
same as Gunn’s.” 
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Eh See 1 
3 akT fils. 


(6) 


and the constant B is connected with the rate of the optical scattering. Later we 
shall determine 4, and B/A from experimental datas. The rate of scattering due 
to the ionized impurities is given by 


Of | de 6(kT)? 
Sey oe —— —K,g9(E), 7 
| Ot jimp = 39 1/zkT pe, EVE ue) 2) 


where #4; means the mobility when only the ionized impurity is taken into account 
as scatterers. We shall use the Brooks-Herring formula for the ionized impurity 
scattering. Finally, we consider the electron-electron interaction which works to 
reduce the electron distribution to the Maxwellian form with the electron temper- 
ature. It is, however, a rather complicated task to derive a general formula of 
the electron-electron interaction for hot electrons. In fact, Spitzer and Harm” 
evaluated the ohmic mobility of a completely ionized gas by solving the Fokker- 
Planck equation. The generalization of this classical method to the non-ohmic 
case is possible and now in progress. However, we adopt here a simplified 


Fokker-Planck equation” : 


| es RT. cho P 
i Mpee OV {efor m av oe (8) 
or , 
- | ae, 2e 1 d | 73/2 vo i E?? df (9) 
ie 3mfe VE dE eines ae 


where a quantity /,, is introduced phenomenologically as a measure of the strength 
of the electron- electron interaction and it has a dimension of the mobility, and 
the electron temperature T, is defined as (3/2)kT,=(E)w=the average kinetic 
energy of the electron gas. Inserting (3), (4), (5), (7) and (9) into (2) and 
equating the terms of the same angular dependence we have a set of coupled 


equations : 
A 2 df ( 2) To F f| 
valle dE? * kT S Ale a 


+5 $F |[VEE+ha)| folE+ he) exp (w/kT) —fo(E) | 


+e(E)V/ E(E— ho)[ fo(E— he) —fo(E) exp (hw/KT) 


2e d ( 3/2 ie 3/2 )| He | ee dy ), (10) 
sh aera kT.E +E" fo) |= Petts 
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| AVE , = [(/ E+ho+e(E) exp(ho/kT) V E—ho] 


2c 10) 
4 eh 6 OB aE = (22 | dfo (11) 
a 3m V zkT EVE gE) m dE 


Eliminating gy(Z) from these equations and after some computations, we have an 
equation for /)(£) : 


einem fer satnerdae(%) a com 


+(2} \V/2@EN fole+se'—falx)]+ (2) x(@—9)[fe(x—s) —/(2)e']} 
s 


d 8/ (2 dfo.| _ , 
+S {[pat/(a +¢)]-24 =0, (12) 


where x=E/kT, p=32(4.F)?/16c",  =6f4/P, S=No/kT and r=(\/z /24)(kT/mc’) 
X< (f:/Pee). In the following section we shall investigate a solution of the equation 
for some special cases. 


§ 3. Warm electron in n-type germanium at 77°K 


The main purpose of the present paper is to discuss Gunn’s experiment on 
the warm electron in m-type germanium at 77°K. For this purpose it is convenient 
to introduce a function ¢(2) defined by 


fo(x) =a(1+ pF (x)) exp(—z), (13) 


where />(x) is assumed to be properly normalized. The function €(x) is regarded 
as being independent of F. Inserting (13) into (12) and retaining quantities up 
to the second order of F, we obtain the following equation to be satisfied by the 
function ¢(2) : 


Li§ (x) ] =f {a7e' (xyeb + rq {0 on ("(a) aa 


+2 |Vz@F9[F (e+) 8 @) le +e(@e'V/ze=H[F(2—-9) (aye 


d see | 
5 —e-* |=0, 
dx. x+¢ Bee 


Here we regard the quantity (T,—T)/T asa second order quantity of F. Another 
part of the distribution function is simply written as 


_ eFh ce ieee 
Nee: m #24¢ Wx dz 


> (15) 


because the effect of the optical scattering on the mobility can be ignored at this 
low temperature. 
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First, let us consider an ideal case in which the impurity scattering can be 
ignored, then Eq. (14) is reduced to 


LE (2)] = £ (até! (x) e~} + \/xets)[F(ets) —€(a) Je“ 


+e(x)e’/x(x—s)[¢(x—s) —§(x) Je} a (eu } a0, (16) 
This equation is identical with Eq. (19) in I, where we got an approximate 
solution of the equation by reducing it to a differential equation. This process 
may be regarded as a tolerable approximation at high temperatures, but not ac- 
curate at low temperatures. Here we shall adopt another approach. In paper II 
we showed that an integral 


a P= AS LAS te 
FT \dp=\ BAS | | TI | | dp=0 17 
je| J |e \E} falas mira dae id E oe 
was equivalent to the condition of the energy conservation of the electron system : 
| a pick? 18 
jz {| ae 3 Poyee ( ) 


which has been used by Stratton’? and others to discuss various hot electron prob- 
lems. Since there is only one available condition here, the trial function /)(x) 
can contain only one adjustable parameter, that is, the electron temperature. How- 
ever, the generalization of this approach to many adjustable parameters is quite 
easy. These conditions are 


jz"| 2° |ap=o Pe Sobek (19) 


which can determine s parameters in the trial distribution function fo(x; a, 3, ---).* 
In practice, we have used the following trial functions: 


CL)o: S$ (@) =oz, | 

(TI)? 8 (2) =b24-cae, 50) 
tL yame to) =ba+ ca’ +da, | 

(IV) &(2) =brter*t+da'+ex". 


The coefficients 6 through e are independent of F and are determined by the 
conditions 


o 


| 2" Lal$(2) Jde=0. ES GREE (21) 


0 


* This approach is derived also from a variational procedure.) 
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In these simple cases the above conditions are reduced to a set of coupled linear 
equations. We easily see that the assumption (I) in (20) is equivalent to taking 


fo(E) =a exp(—E/kT.) = aexp(—2z) (1 +=" 2] : (22) 


because the parameter (T,—T) is a quantity of the order of F?. The constant 
a in (13) is determined by the normalization condition 


ao 


\ f(x) Vede=1, (23) 
0 
and it becomes 
eee 1B) 42825 Ny, a 


Next, the expression for the non-ohmic mobility is necessary. By using well-known 
procedures we obtain a formula: 


ered ih: Rp AML ge ae tess Mets ; 
par, (1 pig Ort beat 16 e|). Ae 


If we denote the conductivity of the warm electrons as 


| o=0,(1+fF"), (26) 
then 
bs Shas 10~%) ( By PEE RIO ARES e). (27) 
Fy ea hos 16 


Before entering into the computation of # we must determine numerical values of 
the physical quantities. We choose: c=5.4x10°cm sec and 6=hw/k=400°K. 
The acoustic mobility at 77°K is determined as 35500 cm’/ volt sec from Morin’s 
observation and the value of J defined by 


mice 
(Spe) Bane 08 
is determined so as to fit the observed temperature depenpence of the mobility 
between 90°K and room temperature. The value of J is determined as 0.123. In 
order to determine the ratio (B/A) from J it is necessary to determine the ef- 
fective mass m. We assume that it is determined by a relation 1/m= (1/3) 
(1/m,+2/m,) and the observed values of the cyclotron mass.* Then, the value 
of m is determined as 0.12 mm and the value of B/A at 77°K becomes 3.45. From 


* It is, however, rather difficult to define the effective mass uniquely, because there is no general 
relation between the anisotropic masses in a real crystal and the idealized single mass m in (28). If we 


use, for example, a relation m=(m, m,2)1/3 instead of the previous one, then the value of the effec- 
tive mass becomes 0.22 77. 
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these values we see that the field intensity which corresponds to p=1 is about 
20 volt/cm. By using these values and (22) and (25) we compute the value of 
for four trial functions shown in (20). The results are: $,=—0.30x107! 
fo=—1.1X10~*, 33=—1.5X10~* and 3,=—2.0X10-*. No experiments are avait 
ble to test the theory. 

Next, let us investigate the cases in which the impurity scattering is taken 
into account. Then, Eqs. (17), (25) and (27) are modified as 


PES (2) = far §' (x)e>} + \Vz@+5) [F(a+s) —€ (2) Je” 


+(a)e/z@—9[F (2-8) 2 (a) Je} 4 | 2 et = 
e(xjyee’y x(x—s)[¢(a—s) —F (2) Je | eo ere e | 055529) 
#/Pa=13{1— pQ} (30) 
and 
B==— (2.544 10-)Q, (31) 


respectively, where 


o- (2 hy, 4 (18 pees penta BIEN I) 


2 IG: 4 ih I; 8 I; I; 
Bir Arie Wed 
+( cous | 
16 ik Tks ‘ co 
and 
Tee | re (xt+9%) de. (33) 


0 


Again, we use the trial functions (20), and the coefficients 6 through e are deter- 


mined by the conditions 
| x" Lilé (@)]dx=0. Opete Bays 
0 


The results are shown in Fig. 1, where curve I corresponds to the trial function 
I and curve IV corresponds to the trial function IV in (20). Observed data of 
Gunn are also shown by crosses and lines. The theory explains the change of 
the sign of # with increasing impurity density.* 

The sign of Q is mainly determined by that of the first term in (32). When 
g is very small, the value of I,/I, is nearly equal to 2, while it approaches 4 
when g becomes very large. There is a value of g in which the ratio L,/J; is 


* The computation shows that § is fairly sensitive to the 
which corresponds roughly to the impurity density of 8X10!2cm7%, the ohmic mobility is reduced 
only by 2% from the acoustic mobility, while the value of becomes 0.88 of the ideal case. 


ey ee ee Oe 


impurity density. When g=0.01, 
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5/2. The other terms in Q BX10! 
show a similar tendency, but 
their contribution to the sign 
of QO is much smaller. When 1.0 } 
the density of impurities is 
small, the mobility is mainly 
determined by the lattice 
scattering. Then, the rate 
of the lattice scattering in- 


creases with increasing elec- 
tron temperature and _ the 
mobility becomes smaller 
with increasing applied field. 
That is the reason why the 
sign of § is negative in com- 
paratively pure specimens. 
On the other hand, when 
the density of impurity ions is 
large, the mobility is mainly 


determined by the impurity : 
scattering. Since the rate of 10" 10" 10" 10" 10” 
this type of scattering dec- Figs 

reases with increasing elect- 

ron temperature, the sign of ? is positive in the specimens where the impurity scatter- 
ing is dominant. In the sample where the effects of the both types of scattering 
are in a balance the value of ? is expected to be extremely small. 

By comparing the theory with experiment we see that the curve IV agrees 
well with the observation in the region of small impurity density. On the other 
hand, the agreement between curve I and the observations is found to be very 
poor. Although the numerical assignment of the effective mass is not unique and the 
accuracy of the approximation adopted is not quite clear, it is almost certain that the 
approximate distribution function exp(— E/kT,) is not applicable in this region. In the 
region of high impurity density, that is, N,210”, the situation becomes reverse. 
Curve I agrees quite well with the observations, while curve IV gives too large 
values to fit the observed data. In the latter the discrepancy is so remarkable, 
that there is little doubt in believing that the distribution function IV is inadequate 
for the cases of high impurity density. This situation gives a suggestion that the 
electron-electron interaction is so important in this region that the conduction elec- 
trons take approximately the Maxwellian distribution with an electron temperature. 

In order to get a more reliable support for this speculation, let us proceed to 
the next approximation, in which the electron-electron interaction is explicitly taken 
into account. Then, we consider L[=(x)] in (14) instead of (16) or (29) and 
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adopt the trial function IV in (20). The coefficients b through e are determined 
by the conditions 


AOE a Ony (a2 3s AS) (34) 


ot 8 


The non-ohmic mobility and ,3 are assumed to be given by (30) and (31), respec- 
tively. In fact, the electron-electron interaction causes a slight change of the 
mobility by modifying the function J;. However, since this effect seems to be 
comparatively small, we ignored it approximately. Unfortunately, Eq. (34) con- 
tains a phenomenological constant y,. Here we regard it as an adjustable para- 
meter and choose the value so as to get a good fit to the observations through 
all range of the impurity density. In Fig. 1 we show, as an example, the com- 
puted result with an assumption 4,.=/4; (curve £). The value of r is found to 
be 28. We see that the agreement between theory and experiment is fairly good. 
Although it remains untouched to derive from the first principle and compare 
it with experiment, the assumption that /,, is nearly equal to 4; seems to be 
reasonable.* Therefore, we think that the electron-electron interaction works 
decisively in reducing the electron distribution to Maxwellian form with the elec- 
tron temperature when the density of the conduction electrons is above 10”/cm* 
AERA 

At room temperature the ratio of #, and the ohmic mobility becomes about 
one hundred times larger than that at 77°K, so that the value of rq’ is expected 
to reduce about 1/25. Therefore, the impurity effect on / is expected to become 
conceivable at the impurity density of 10%/cm* and ? may change the sign at the 
density of about 10”/cm*. On the other hand, if such measurements as made by 
Gunn are performed at low temperature, 20°K~30°K, the mathematical treatment 
becomes much easier, because the effect of the optical scattering on the energy loss 
may be negligibly small, and then the distribution function is easily found to be 


fae) =a {P+ pe (a) } exp(—Z), (35) 


* Notes: (1) The electron temperature is easily evaluated as: (7,—T)/Tp=6b+5c+210d/8 
+2520e/16. (2) Since (Of/0t)ce=0 is always satisfied by the function fy(Z) =exp(—E/AT,), the terms 
in (0f/02) ¢¢ contribute nothing to the coefficient of b, but they have finite contributions to the coeffi- 
cients of c, d and e. Therefore, if 7g? is sufficiently large, the coefficients of c, d and e in (34) 
become large as compared with those of 4, and consequently the values of c, d and e are much re- 
duced. (3) If we adopt the value of rq? as 28, the effect of the electron-electron interaction on B 
is rather considerable. Even when N;~1.5x10"4 and 3.8X1014/cm3, the interaction reduces the value 
of 8 from 8.21074 to 6.410 in the former case and from 3.91074 to 2.71074 in the latter. 
(4) If we choose see sufficiently small as compared with y,;, it leads to a good fit in the region of 
N,=10", but a poor fit in the region of N;<10. On the contrary, a sufficiently large value of Hee 
leads to an opposite situation. Thus, we could not find a value of fe that gives a very good fit for 
all range of the impurity density. It is not clear whether this comes from the oversimplified treat- 
ment of the electron-electron interaction mentioned previously, or other mechanisms, for example, in- 
elastic impurity scatterings, work to reduce the value of @ at high density. 
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($= 


E(u) S | x?dee/(2*+q") (/ax2t+r'q?) +r'q¢’ Tp [ax 'W/x+r'q’), 
0 0 


where r’ is defined by r/=r(n/N,). Here x is the number of conduction electrons 
at that temperature. We see that the condition that the distribution function is 


approximately given by exp(—E/kT,) is r’q’>1. 


§ 4. Acoustic hot electron 


Here we wish to discuss Gunn’s experiments about the drift velocity of the 
hot electrons in m-type germanium at 77°K. In the sample of small impurity 
concentration (N;~1.4X10“cm7’) the variation of the drift velocity with applied 
field exhibits a usual feature. On the contrary, the sample of large impurity 
concentration (N;~2.9x 10"%cm7') shows reverse characteristics. The drift velocity 
vs. the field relation begins to deviate upwards from the ohmic line and the drift 
velocity continues to be larger than the ohmic one up to the field intensity of 
about 10° volt/em, where it crosses the ohmic line, and then it becomes smaller 
than the ohmic velocity. These features were well predicted by the theory. When 
the field is not very large, the impurity scattering performs a main role and it 
decreases gradually with increasing electron temperature. However, when the 
electron temperature becomes considerably large, the impurity scattering is almost 
dying out, and the lattice scattering becomes predominant. Further, we expected that 
the drift velocity of a less pure sample was always smaller than that of a purer sample, 
but the former would gradually converge to the latter with increasing electron 
temperature. Gunn’s experiment, however, is against this prediction. According 
to his experiment the drift velocity vs. field curves cross each other at a certain 
value of the field intensity and above this critical field the drift velocity of a less 
pure sample becomes larger than that of a purer sample.* 

In this section we shall investigate the possibility of the “crossing” for the 
simplified model, in which the optical scattering is ignored. Then, the funda- 
mental equation (12) is reduced to a differential equation and its solution is given 


by 


is 2 ae Et Tun oaen py” : a 
fo(x) ~exp| — | (y+ra?V 9) dy yy + PT VS eee (36) 
: cb yt+@q | 
Here we insert the electron temperature into a logarithmic term in g, which is 


computed by a trial function: /\(Z) =exp(—E/kT,). If we ignore the effect of 
the electron-electron interaction, then we have 


* In this low temperature the anisotropy of the hot electron current is expected to be fairly 
large. We do not know the details of the experiment concerning the direction of the applied 


field. 


ee DOPE 
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Jota)exp = Bi ee patg’) 


cool wen tle) 2)) 


if g?> p°/4, (37) 


and 
fla) ~exp(—2) @tpctaq)” 


x| {e+ + (# 9") }/{2 es erg ea ies 


if p’/4>q°. (38) 
Further, if we ignore g? in comparison with p°/4 and px, then we have a 
previous result : 


fo(x) ~(a+p)? exp(—2z). (39) 


Therefore, we see that the distribution function is given by exp(—E/kT,) when 
the impurity density is large, and it is given by (E/kT +p)*exp(—E/kT) when 
the sample is pure. As shown in the previous paper” the conductivity of the 
acoustic hot electron is given by an approximate formula : 


o/o,=1.078 p™, 
when the field is large. On the other hand, the distribution function exp(—E/kT,) 
gives the value of the conductivity : 

o/o)=1.189 p-™", 
when the field is large. Thus, it is possible in the acoustic hot electrons that the 


drift velocity of the impure sample becomes by about 10% larger than that of the 
pure sample when the field intensity is sufficiently large.* 


§5. Optical hot electron 


The model that we considered in the previous section is too much simplified 
to apply to a real case, so we cannot put much confidence in the conclusion ob- 
tained there. It is, however, a rather laborious task to get a reliable distribution 


function in real cases, when the electron temperature is not very high as compared 
with the characteristic temperature. We suppose, however, that the distribution of the - 


sample N;~2.9X 10"%cm7® is well represented by the simple function exp(—E/kT.), 
because the electron-electron interaction is sufficiently strong there. This predic- 


tion is justified by comparing the computed value of the drift velocity with the 


* The electron-electron interaction works to reduce the mobility, but this effect may be quite 


small, when the electron temperature is very high. 


Ee 


ba 
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experiment. The agreement between theory and experiment is very good.* Asa 
result of the computation we find that the impurity scattering is still effective even 
when the field intensity is above 10? volt/cm, and the drift velocity does not 
saturate at all. This behaviour agrees well with the observation. On the contrary, 
the computed drift velocity is in poor agreement with the experiment for the sample 
of N,~1.4X10"cm7*, when the exponential trial function is adopted. The dis- 
crepancy between the theoretical and experimental values amounts to 20% ~30% 
in the field intensity of 300~2000 volt/cm. It is supposed that the electron- 
electron interaction is not strong enough-to reduce the electron distribution to the 
Maxwellian form. If we use the gaussian function /,(£) =exp|—£’/(kT,)*] as a 
trial function, the agreement is slightly improved but is not yet satisfactory. (The 
discrepancy amounts to 10%~20%.) In another sample with the intermediate im- 
purity density (N,~7.8x10"cm™~*) the agreement is better. The difference between 
the observed and computed values is not over ten percent in the field intensity of 
300~2000 volt/em when the exponential function is used as a trial distribution 
function. In this paper we did not make an effort to obtain an accurate distri- 
bution function for the sample of N;~1.4x10“cm™*, so we cannot prove the pos- 
sibility of the “ crossing” due to the electron-electron interaction. However, the 
analysis mentioned in this section clearly shows that the nature of the hot elec- 
trons depends on the impurity density, and there exists'a qualitative difference bet- 
ween the sample of high and low impurity density. Thus, we see that the results 
obtained in this section are consistent with the conclusion in Section 3. 


Finally, the author wishes to express his thanks to Mr. H. Yamagishi for his 
kind help in numerical work. 


Appendix 


The explicit expressions of Eqs. (21) are given as follows. 


sb 17s; 

2 8 

Cine ee 4/s 
) Sd 18/s* 
ste 96/s° 


where 
y= 2/s*°+ (B/A) 1/s*, 
Qyy= Ay, =12/s*+ (B/A) (2h+sh)/s*, 


* Here we compare the computed values of the ratio of the drift velocity at some field intensi- 
ty to the ohmic drift velocity at the same field intensity with the experiment, because the measured 
curve of »,(N;) does not show a complete agreement with the calculated tales from the coh well 
Weisskopf expression or the Brooks-Herring expression. The discrepancy is within 10 percent, b 
it makes impossible the comparison in the absolute value of the hot drift velocity. eee 


Vs ry 
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Q13= A, =72/s°+ (B/A) (h4+3sh4+s?h)/s* 

Ay=Ay=480/s°+ (B/A) (41,+6sl,+48° +571) /s*, 

Qy,=96/s°+ (B/A) (41h+4sh+s7 I) /s*, 

Ols3 = Ay =720/5°+ (B/A) (6134+ 95h +5s7 f,+5°I) /s° 

Qo4 = y= 5760/5" + (B/A) (8441651, +145? +65? L+5*Iy) /s°, 

33= 8640/s"+ (B/A) (91,4+18sI,+15s?1,4+6s°L,+s*h)/s°, 

Q34= a3 =60480/s°+ (B/A) (121;+30sl,+34s*° 1,4 215° I 
+75'f+s°h)/s, 

Q44=645120/s°+ (B/A) (161, 4 4851, + 685° EPe56s°2.4- 28s" 1, 


+8s°L+s°h)/s*, 
and 


(i \zz (a+) }? exp(—2z) dz. 


In the first approximation the mobility is given by 


foe) 


ye 0-F [2+ [le (a+s) |? exp(—)dz |) : 


The same formula in II is in error by factor 2. 


References 


1) J. Yamashita, Phys. Rev. 111 (1958), 1529. 

2) J. Yamashita and K. Inoue, J. Phys. Chem. Solids 12(1959), 1. 

3) See also E. Conwell, J. Phys. Chem. Solids 8 (1959), 234; T. N. Morgan, J. Phys. Chem. 
Solids 8 (1959), 245; H. Sato, J. Phys. Soc. Japan 14 (1959), 1275. . 

4) W. Sasaki, M. Shibuya and K. Mizuguchi, J. Phys. Soc. Japan 18 (1958), 456. 

5) G. Weinreich, T. M. Sanders and H. G. White, Phys. Rev. 114 (1959), 33. 

6) J. B. Gunn, J. Phys. Chem. Solids 8 (1959), 329. 

7) K. Seeger, Phys. Rev. 114 (1959), 476; Zeits. f. Phys. 156 (1959), 582. 

8) L. Spitzer and R. Harm, Phys. Rev. 89 (1953), 977. 

9) R. Becker, Theorie der Warme p. 272. 

10) R. Stratton, Proc. Roy. Soc. London A 242 (1957), 355. 

11) I. Adawi, Phys. Rev. 115 (1959), 1152. 

12) J. Yamashita and M. Watanabe, Prog. Theor. Phys. 12 (1954), 443. 

13) M. S. Sodha and P. C. Eastman, Zeits. f. Phys. 150 (1958), 242. 


370 


Progress of Theoretical Physics, Vol. 24, No. 2, August 1960 


Photodisintegration of the Deuteron at High Energies 


Tomoya AKIBA 


Department of Physics, Tohoku University, Sendai 
(Received April 2, 1960) 


The exchange current effects in the photodisintegration of the deuteron at high energies 
are discussed. Special consideration is given to (i) correlation of the exchange effects with 
the large direct El transition, whose behavior has been the object of the recent several 
investigations, (ii) consequences of gauge invariance for the electric transitions due to exchange 
effects, (iii) evaluation of the magnetic transition caused by the (33)-resonance in terms of 
the results of the Chew-Low theory. It is shown that exchange effects affect the electric dipole 
transition operator in a way consistent with the Siegert theorem. The resulting change in the 
electric dipole cross section is evaluated in the adiabatic approximation as well as in neglect 
of higher order retardation effect. It is appreciable only at photon energies above the pion 
threshold. Some characteristics of the (33)-resonance effect are revealed, although nucleon- 
recoil effects and uncertainty of nuclear force make it difficult to give any quantitative estima- 
tion. Finally the results obtained here are compared with experiment. 


§ 1. Introduction 


Recently the progress of knowledge about nuclear force has motivated several 
detailed reviews?~” on the photodisintegration of the deuteron at about 80 Mev 
photon energy. As the result it has become clear that the experimental data can 
be well explained in terms of El and E2 transitions alone, provided that we use 
a somewhat large value to the D-state probability of the deuteron as well as the 
phase shifts fit for the p-p scattering data to the final continuum states. It should 
be noted that any necessity to invoke specific exchange current effects is not felt. 

Subsequently, the analysis is extended on the same line to the higher energy 
region." This shows that the transitions from the deuteron D-state make the 
actual El cross section considerably larger than the Schiff and Marshall-Guth esti- 
mation.” a 

Since the contribution of the direct (i.e. not involving exchange current inter- 
action) El transition is recognized to be remarkable even in the high energy 
region, it is desirable to investigate the effects of pion-exchange-current, taking 
‘into account their correlation with the direct transition. 

In this paper we shall discuss the exchange current effects in the region of 
photon energy 100 Mev to 350 Mey, and see where the previous discussions on the 
exchange current interaction must be supplemented or amended by the existence 
of the large direct El transition. For simplicity our discussion is confined to the 
contribution of one-pion-exchange processes. 


a) ot pts Te tee 
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In § 2 we formulate the direct process in a summarized form. The formula- 
tion is also convenient for the description of exchange effects. 

Then, in § 3, exchange effects on the electric transitions are discussed. Here 
attention is called to the Siegert theorem, which is proved under certain condi- 
tions,” but not so exhaustively as to include a complex case discussed here. In 
examining this point the form of interaction of electromagnetic field with matter 
is changed from the usual one by means of gauge transformation. Then unambi- 
guous identification of proper exchange effects is achieved and the theorem is easily 
checked. 

It should be noted that the usual form of the electromagnetic interaction often 
leads to violation of the Siegert theorem. The ensuing result is an overestimation 
of the exchange effects. In fact it must be ascribed to this fact that previously 
some authors””™ deduced rather large influence of the exchange current even at 
energies below the pion threshold. 

The modification of the electric transition cross section due to exchange effects 
are evaluated. The cross section is somewhat increased at energies above the pion 
threshold. Note that this result is in contrast to the one obtained by Bruno- 
Depken ; they find that the direct transition and the transition due to exchange 
effects interfere destructively. 

In §4 the magnetic transition through intermediate states which involve a 
resonant pion in the (33)-state is discussed. Although the effect has already been 
discussed by several authors,”’-” it is interesting to formulate it in terms of the 
result of the Chew-Low theory.” The transition is found to be seriously affected 
by nucleon-recoil effects and the behaviour of the Fourier transform of nuclear 
potential at large momenta. Therefore the results obtained are qualitative rather 
than quantitative. 

§5 is devoted to discussion of our results. A brief remark on the angular 
distribution is also given. 

Throughout this paper the final state interaction is neglected. Since the final 
nucleons have in most cases such high energy that the applicability of usual nuclear 
potential is very much questionable, we consider this approximation reasonable at 
least at the first step. Another approximation used here is that we consider only 
the El, M1 and E2 transitions. This approximation is not so bad as we see it 
at first sight, because the multipole expansion turns out to correspond to an ex- 
pansion in the ratio of the photon momentum to the relative momentum of the 
fmal nucleons rather than the ratio of the deuteron dimension to the photon 


wavelength. 
§ 2. Direct processes 


In the following we summarize the transition amplitudes for the direct process 
shown in Fig. 1 in a form suitable for the present discussion.” These expressions 
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turn out, in subsequent sections, to be useful to the classification of 
exchange effects in terms of different multipoles. 

Let the transition operator T be the quantity whose matrix 
element referred to the deuteron state as the initial state and toa 


continuum state as the final state gives the transition amplitudes. eer 
For the direct process it is given by — Nucleon 
~~~~ Photon 

fiw) 9 
Taos (6, #, #) = (7 =" | SEAS ENE a) 
2 3 K 2p 
e : 
A ru eg Uae) WA agin ou et, (2-1) 


corresponding to the El and M1 transitions. Here € and « are the polarization 
vector and momenta of the incident quanta, x the relative distance between nucleons 
in units of the pion Compton wavelength #-* :x=(r,;—r2). 9,=2.78, g,=—1.91 
the nucleon magnetic moments. The other part of the notation is as usual. 

In (2-1) we have already approximated the retardation factor exp{+i(«-r) /2} 
by 1(@=r,—r,). As mentioned above, we use a plane wave e*” as the final state 
wave function. Therefore the above approximation implies to neglect «/2k compared 
with 1. As the ratio «/2k is rather small, for example, <0.3 at EH,~300 Mev, 
this approximation is considered to be reasonable. 

From (2-1) we calculate the transition amplitudes using the deuteron wave 
function obtained from the pion theoretical potential.” Then transition amplitudes 
into triplet odd states are given by* 


\vr T aireee $i dt = Ju |A+iB(o +0-€x n) 
+C[ (ol? -&) (on) + (6 -n) (6 .€)]+D(e-n) (o*-n)| : 


, ep 
| e EN 


A= me ( o+ : jena : poate ri 
Boy (bt SL), 
me (L : L,++-ly—8Lr), (2-2) 
=— = (Em) Lp, 


* In the following expressions f# and c are explicitly written for convenience’ sake. 
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J,= \dcxw (x)[zfi(z) jew, Ja= | dx aw(2) espe 9 eae 
0 0 
31/2 ¢ 
Ly=~—\dxxw(2x)[27s(2) jen. 
\ 0 


Transition amplitudes into singlet even states read 


\¥ a scroes f; dr=7149, (o?—o™) 3 (6x m) (14— Ms 


en 


+2 n(éxm-n) Mb, 
V2 
g = é hr Betts 
LHe }§=62MF ae | : (2-3) 
My= (pts) | dul x)[zjo(2) barr 
0 
M,= (Jp—Iu) | drw(2) [2jo(z) Ase? 
0 
The resulting cross sections are as follows: 
us e ME Al 2 2 15 | 
ie 1 3L24+5L¢4+22. LP 
Ona eae {Lp +3L2+5Li+">-Lst, 
(2-4) 


[aoa SS {M+ M,’} . 
3 Ne Mc? kp 
Here Rk is the relative momentum of the final nucleons, E,=hc« the photon 
energy, m=K/«, n=k/k; Lois the El transition amplitudes when the final 
states are *Py12, *F2, respectively ; Mo.» the M1 transition amplitudes with the final 
states 4S), 1D,, respectively. The factor %, 9; are the normalization factors, and 
the definition of the deuteron wave function is the same as in reference 18). 
The contribution of the direct process to the cross section is shown in Fig. 2 
(Curve I and Curve II). Our calculation of the E1 transition is different from 
that of Schiff and Marshall-Guth® only in the inclusion of the transitions from the 
D-state. But, as was discussed originally by Austern™ and further by Hsieh” and 
Matsumoto,” the transitions from the D-state contribute essentially to the enhancement 
of direct El transition at high energies. 
Some remarks are necessary about the M1 transition. We put M,=0. Al- 
though this amplitude cannot be estimated properly without consideration of the 
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final state interaction, it will be 
unimportant anyway. On_ the 
other hand, the neglect of final 
state interaction in the calculation 
of M, is justified to some extent. 
In this case the effect of nuclear 
force is much weakened by the 
centrifugal force of D-state. 


Total Cross Section in y barns 


§ 3. Exchange effects and the 
Siegert theorem 


: : Fig. 2. Calculated contributions of various transi- 
On account of gauge invari- ' ; 

‘ : ce. tions to the total cross section. Curve I: direct 
ance the direct electric transitions El transition. Curve II: direct M1 transition. 


and the exchange effects are close- Curve III: electric transitions including pionic 
ly related. It is therefore difficult effects. Curve IV: magnetic transition associated 
with the (33)-resonance. Curve V: Curve III+ 


: f : Cotte IV. Experimental data are: Cornell &, Cal Tech 
tribution in a consistent way. In 3, Illinois #, Berkeley 6. 


to identify their respective con- 


this section we investigate an equi- 

valent operator to be added to the first term of (2-1) in order to involve transi- 
tions through intermediate states in which virtual pions are present. At this point 
we emphasize that our calculation ultimately leads to a result consistent with the 
Siegert theorem. 

Since gauge invariance is critical for the discussion, our argument is compel- 
led to stand on perturbation theory. Consequently the effect of (33)-resonance 
will be kept untouched in this section. 

In order to assure gauge invariance we must consider the nucleon-recoil in 
the beginning. We start from the Schrédinger equation : 


pe EITLANY (3-1) 
at 
ah FIM 7, Cy AS 


where H, is the Hamiltonian of two free nucleons as well as free pion field, H,y 
the pion-nucleon interaction Hamiltonian, and H,{A} the interaction Hamiltonian 
referred to nucleons and pion field interacting with electromagnetic field. Explicitly 
the latter two have the form: 


Hav= S3V te f/1) (69-7) (1-4) (Fd), (3-2) 
H, {A} = 33 {= (¢/2M) (14799) AP) pi —V/ de (6f/1) (6 -A(7)) esp 7 80 (F.)} 


+6 sap | Galt) PB o(r) ACP) dr. 
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The electromagnetic potential A(r, 2), corresponding to absorption of a photon 
with momenta x, is given by 


_ 
A(r, ey ae € exp|i(«-r—xt) |. (3-3) 
K 
Owing to gauge invariance the Hamiltonian satisfies to the first order of e for 
arbitrary functions B(r,2) and A(r, 2) 


H{B+grad A} =e HB} e-, (3-4) 
Dit) = {| 6 + ITE corrode, ad 


Here p,(r) denotes the charge density operator of pion field. 

The essential point of our procedure lies in changing a part of H,{A} by 
means of Eq. (3-4) and bringing it into a form to permit easy isolation of the 
transition operator for direct process.* For this purpose we expand A(r, f) in 
terms of multipole radiations :*” 


A(r, 0) =q) 2% eS) SY dei fe-* curl jn (er) Xin) MEX Kim)" 


+ jer) Xim (7) (E+ Xim(#))*} 
Then we divide each electric 2’-pole field into two parts using 
curl [ j, («r) Xm (r) J=i[Z2+1) 17°? 7 (GV -T—2) Bim +H T Bim} 5 (3-6) 
where Pim=fr (kr) Yim (Tr). 


We denote the sum of electric multipole fields arisen from the first term of (3- 6) 
by grad/ and the remaining part by &. Then 


A(r, t) =grad A(r, t) +E (r, 2), (3-7) 
A(r, Nay eS) a (6-4 X Xm ())* (V7 -7—2) Bim 


l 


E(r, 1) = BE et 3) Sh {(€-4¢X Xin (#)) * 7G im 
+ (E- Xin ())* Lb} - 
After substitution into the Hamiltonian and the gauge transformation 
oP H(t) GO 
with the aid of (3-4) we arrive at the Schrodinger equation equivalent to (3-1) : 


: LOGE a ID h (3:8) 
1—— at = |Ho+ Heyt ry + H, (B)| ¢. 


* Similar technique has been frequently used.?.21),) 
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Since the interaction terms are doubled, calculation is more complicated. Never- 
theless, the form of electric multipole interactions presented above is the most 
convenient for discussing the Siegert theorem. 


Now admittedly a pre- 
cise evaluation of the transi- 
tion operator involves seri- 
ous difficulty because of the 
lack of a procedure to work 
with bound states in field 
theory. However, it seems 
plausible to assume that its 
approximate form may be 
found in the transition 
matrix for two nucleons 
going from one continuum 
state to another by absorb- 
ing a photon. This is some- 
what justified by the fact 
that the deuteron binding 
energy is quite negligible 
compared with the photon 
energy considered here. 

In the following we 
write down the transition 
matrices for f*-order pro- 
cesses shown in Figs. 3 and 
4 under the following ap- 
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Fig. 4. .f2-order processes caused by the interaction Hy{}. 
Here only one extra graph, Graph IV’, is involved com- 
pared with Fig. 3. 


proximation: (i) We expand the energy denominators in the ratio of nucleon- 
recoil energy to pion energy «,, and omit the terms of the order of 1/M,* (ii) 
We exploit the expansion in powers of «/2w,. This, roughly speaking, corresponds 


to the adiabatic approximation. 


We denote the relative momenta of the nucleons in the initial and final state 
by p and p’ respectively. Also we use the notation : 


q.=p'—p+k’ 2, Ep=p/2M, 


(2) 


a Sa aes ar (o-q)\(o”-q) 
WD ie eee he gece ete 


Og 


L(q) = a (7). 7) kg icaalo® 24) ; 
( 


U9 


= Precisely, we define the mean recoil-energy in the initial and final state respectively, and 
neglect their variations. Thus we put Ep+.0=Ep, Ep'+e1=Epr, etc., but 2(Ep—Ep)=r in 
accordance with the energy conservation. 


poo pe 


Ln 


Photodisintegration of the Deuteron at High Energies ST¢ 


A(k’!) = — Qn za (€-«X X,,(«))* " 
rsa | dear Yin ) , 
1D . 
X (eg +2) 80" 2), 
B(e’) = ,/ 2 ee OTT Ge " 
k ,/ : DI reralG #XXin(e))* | d Qu Yin (10!) 
fe) /} / 4 
x (eH!) — (E- Xin) * | dQ Yin | «! x 7 |? (ee). 


nes Ei(«’) are the Fourier transform of A(r,t), H(r,t). Note that in the 
above 


|e’? 00. 


Then the transition matrices can be written in momentum representation* 
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* Graphs I’, II’, II’ involve the effects of initial and final state interaction on the direct 
electric transitions which are associated with retardation effect and cannot be described in terms of 
nucleon coordinates alone. Such transitions are not essential for the present discussion and will not 
be considered here. See references 6), 21). 
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On examining the expressions (3-10) it is found that most part of the transi- 
tion matrices must be discarded before including them into the transition operator. 
Thus the terms with V(q,) must be discarded, because they represent corrections 
to initial and final wave functions, not to the transition operator itself. Also note 
that the L(q,)-terms are just cancelled by the contribution from graph III. Such 
cancellation has been expected from the physical meaning of these terms; they 
represent the effect of physical nucleons getting out of the clothes of pion cloud 
and going into interaction with electromagnetic field in the bare state. 

The remainder can be regarded as the correction to the transition operator. 
We evaluate it approximately, by expanding 1/w7, as 


8a ie 8 WO, 
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Only the nonvanishing leading terms are retained here. Since the exchanged pion is 
shown to have a momentum close to k in most cases, this approximation again cor- 
responds to the neglect of «/2k in comparison with 1. 

We proceed to calculate the transition amplitudes from the corrections of the 
transition operator. We employ the Hulthén wave function to the deuteron: 


wa Ge -ar__ Br LM 9 | 1/2 
Ri een eas y= eae 
PEG) ea : V ee 


Thereby we have neglected the D-state contribution. In fact there is some reason 
to believe that the D-state is not so important in pion-exchange processes as in 
the direct process. In the latter the nucleons are necessarily at small distances 
in the deuteron, with a relative momentum comparable to the one in the final 
state. In the former, however, it is more favourable for the nucleons to be at large 
distances than at small distances owing to momentum transfer by the exchanged pion. 


The exchange effect calculated under the above approximations modifies E1 
partial-amplitudes as follows : 
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where w=Gt+P, 
1 
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F(a, k) = Jara (>> mee ‘ 


l= (q?+k +a’) /2gk, V=(q?+kh +8") /2¢k. 


We take the cut-off energy © as 64. The result is not sensitive to the value of 
w. The modification of the cross section due to the above corrections is shown 
in Fig. 2 (Curve III). Additional corrections to M1 transition amplitudes arise 
from Tyy,.y. These are found to be unimportant compared with the direct M1 
transition, hence we neglect them. 

As is easily seen, exchange current corrections to the electric transition oper- 
ator, as well as the corrections to the transition amplitudes, all involve « as an 
extra multiplicative factor in contrast to the corresponding quantities referred to 
the direct process. Therefore these corrections will be negligible in the low energy 
limit. This means that the Siegert theorem holds in our result. 


$4. (33)-resonance effect on the magnetic transition 


In the preceding section we took out of consideration the interaction of nu- 
cleons with photons by means of the proper spin magnetic moment. Actually, 
several authors™-™ have pointed out that near H,=250 Mev an important contri- 
bution to the cross section comes from the process in which a nucleon absorbs 
photons through magnetic interaction and emits a (33)-resonant pion in the inter- 
mediate state. According to Austern”—the argument below also confirms this 
point—this process leads mainly to 'D-state. Consequently the resulting cross sec- 
tion simply adds to that of the electric transitions which is predominant at the 


lower energies. Since the effect of the electric transition is found to continue to 


be large even at high energies, the magnitude of 


(33)-resonance effect must be reinvestigated. Note | y 
that our calculation is a little different from that of Uo] Be--] Ex? 
the previous authors in applying the result of the ah 
Chew-Low theory. (a) (b) (c) 
The processes concerned are shown in Fig.'5. a ies Caeles ni melee 
Each graph has a vertex part where a nucleon 7(¢=1, lines represent ‘the vertex 
2) absorbs a photon and emits a resonance pion into emitting a resonant pion. 
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the (33)-state. It is reasonable that we use the following matrix element for 
photo-pion production obtained in the Chew-Low theory to express this vertex part : 


(40,«)"? 


ar tele (J,—Iu) (3.5 1 7@ =?) 2q «xX €—io-qXx (eX E) 


x eins, ete D 7s | (4-1) 
q 

In (4-1) the necessity of the phase factor exp[i(#—q)-r.| is well known in the 
case of two-nucleon system.” Absorption of pions, of course, occurs by means 
of H,y in (3-2). In the process of Fig. 5(b), (c) there is an interaction via nu- 
clear force before the absorption of the resonant pion. As far as the following 
approximations are adopted, it is shown that only the tensor force is important.* 

If one neglects «/2k in comparison with 1, the contributions from each process 
modify the M1 amplitude , as follows: 


= 75 py N is ¢ qd | e sin Os3 ( ae 
AM a= — Yee” (Ip) | deo | a (Ge) (, B), 
rN r 1 
AM =— ZEN ,- 9) | dow Us —Un(@} (Fe— 4 F) (Bs (4-2) 
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4M,..= ee (5-9) \ dww {Uz (q) ae Oe (g)} (F.-, F,) (a, k) . 


Here 


i833 a: 
i= | dq e””® sin 033 (4-3) 


(27)* qu, (x— w, +7€)’ : 
and Uz(q) (Us(q)) is related to the tensor force potential V;(12) (V,(12)) in 
the triplet even (odd) states by 


1 
(27)* 
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VG2)= | aq ert (3 . geo 9) 2-0) O(qys: (4A) 
q 
The contribution from the process of Fig. 5 (c) has been evaluated in neglect of 
the momentum transfer by the resonant pion in contrast to that by the nuclear- 
force-pion. The magnitude of the latter is ~k and rather significant. In any 
case a precise evaluation of this contribution is difficult and here the rough esti- 
mation is enough. : 

Now we note that in the process of Fig. 5 (a) there is a tendency to suppress 
and smooth out the resonance effect in comparison with the other two. Since 


5 : 
The L-S force is found to cause the El and M2 transitions 3S,—3P. Here we do not con- 
sider this transition on account of indefinite characters of the L-S force. . 
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the resonant pion has a momentum below one half the relative momentum of final 
nucleons, the transition due to exchange of the resonant pion is possible only . 
when the initial two nucleons have a certain amount of momentum. Then the 
suppression occurs, because the probability that two nucleons in the deuteron have 
such a large momentum as required above is small. 

4M, is roughly equal in magnitude, and unfavoured in phase, to the M1 
amplitude for the direct process. Therefore, in the following we shall neglect both 
of them. 

Turning to the process of Fig. 5 (b), (c) we first evaluate 7.. The quantity is 
related to the duration of the intermediate state with a resonant pion in the (33)- 
state. In fact 7 has the form ~1/(«—w+i1'/2), where w is the resonance energy 
and ['/2 the half width. To show this we write 


i F [ sin’ Os | g* cot 033 +79 
se (kx—w+i€)? ’ 
BX 


and approximate as 
on sin? 03, = €1?/4[ (o— a)? + (2) > 
g’ cot O33 = g* cot 033/a@ = (34°/4anf”) (wo— a). 


In the narrow resonance width we can extend the range of the w-integration 
from —oco to +co without serious error. After integration we further put 


D/2~2f 2q0°/3 22h 7qr'oo/ 3/’, i(L'/2) /[e—wo +iL'/2 Pw 1/[e—o +21'/2], obtaining 


— 3Cqo 1-12 '/3q0' (4-5) 
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From this result it is evident that the cross section of the magnetic transition 
shows a characteristic resonance behaviour. But it is hard to estimate the magni- 
tude. 

The above calculation is made on the assumption that the nucleons are com- 
pletely at rest in the intermediate state. This seems to be incorrect. Since the 
nucleons obtain large momenta after interaction via nuclear force, we must consider 
their kinetic energies which nearly amount to the incident photon energy. In 
Eq. (4:3) the energy denominator (k—w+i€)~ must now be teplaced by 
—[w(«—wt+ié)}*. It follows that although the «dependence of r is still given 
by Eq. (4-5), the whole expression is multiplied by a factor of magnitude ~I/ 20. 

The magnetic transition is also affected by another uncertain factor. In (4-2) 
a main contribution to the integral comes from the region q~&. U;;(q) for such 
a large g involves much ambiguity due to the unknown property of nuclear force 


at smal] distances. , : 
Now, to clarify the situation we introduce a parameter 7 and multiply 4M, 
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by 7 with 7 given by Eq. (4-5). g is considered to incorporate the recoil effects 
and the error arisen from the uncertainty of nuclear potential. We inquire how 
7 should be taken to be consistent with experiment. 

Investigation is made on the two potential models: One is the one-pion- 


exchange tensor potential 
(uf?/3) (7-7) Sig (1 4+3/24+3/2")e7/x, 


and the other the phenomenological potential obtained by Gammel-Thaler.*” 
The G-T tensor potential in the triplet even states can be written, the inner 


repulsive core being neglected, 
V;,(12) =—SpVne™“/z, 


where the parameters are 2=1.70, Vi9=150~100 Mev; the depth must be taken 
smaller as the energy increases. 

In the G-T potential we get a magnetic transition cross section in rough 
agreement with experiment by putting V;).—100 Mev and 7=0.20 (see Curve IV 
in Fig. 2; other parameters are set as C=0.3047, wm=2.04, ['/2=0.324). In 
order to get the same cross section by using the one-pion-exchange potential, we 
must put 7=0.09. Although these values are not far from /'/2a, a precise 
evaluation of the (33)-resonance effect seems to be difficult until further develop- 
ment of theory and experiment are reached. 


§ 5. Discussion 


An important conclusion obtained in this paper is that the direct transition 
operator 


“(=== een (5-1) 
2 BE eas ae 

is little affected by the effect of exchange current, especially at energies below the 
pion threshold. The conclusion is consistent with the recent analysis that the 
transition operator (5-1) alone is sufficient for explaining the experimental data 
at photon energy 80 Mev. A large mesonic effect to electric transition claimed by 
some authors"? is due to confusion of corrections to the initial and final wave 
function with those to the transition operator itself and to inclusion of those terms 
into the transition operator which would actually be cancelled out from gauge in- 
variance. In the above it has been checked by means of direct calculations that 
the exchange current effect yields corrections consistent with the Siegert theorem, 
provided that due consideration is taken to gauge invariance.* 

Though the actual calculation is confined to one-pion-exchange processes, the 


* The possibility that exchange effects may affect even the long-wavelength, electric dipole 
transition operator (contrary to the Siegert theorem) is discussed by L. L. Foldy.26) 
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above remark also may be applicable to two- or more-pion-exchange processes. 
Thus, Zachariasen’s analysis of two-pion-exchange processes” will not be correct. 
(The treatment of one-pion-exchange processes is similar to ours.) He finds that the 
effect is large and gives a profound depression to the cross section at E,~130 Mey, 
which contradicts experiment. But the transition operator used there involves 
superfluous terms discussed above, and it is expected that the actual effect of two- 
pion-exchange is appreciably smaller than his estimate. 

There remains much ambiguity about the (33)-resonance effect to magnetic 
transition. But the following consideration shows that the resonance effect is 
perhaps responsible for only one half or less of the cross section near E,=250 Mey. 
First, we cannot assume too remarkable resonance effect without having an un- 
wanted depression of the cross section below the resonance energy.”)~'” Second, 
the observed angular distribution above E,~250 Mey appreciably deviates from 
the form~2-+3 sin*@ which is expected under the condition of the predominant 
resonance effect. Finally, the electric transition can account for about half the 
observed cross section in this energy region. The electric transition occurs mainly 
through the (5-1) transition operator owing to the Siegert theorem, and the esti- 
mation of electric transition is considered rather reliable. 

Our cross section is smaller than the observed one, especially near F,~200 Mev. 
In the course of calculation various effects have been omitted. Of these the final 
state interaction, if considered, would probably result in an increase of the electric 
cross section by an amount of about 20%, judging from the analysis at E,=80 Mev. 
Retardation effects may also increase the cross section.”’” 

Finally, we briefly discuss the angular distribution. So far we have retained . 
only El and M1 transitions. However, these alone are unable to account for the 
remarkable forward-backward asymmetry observed in the high energy region. As 
is well known, the retardation effect in the direct transition process induces the 
E2 transition 3S,.°D, and can explain the asymmetry, at least, at low energies. 
Let us consider this transition by adding the following term to \ i T jcc ara 
(222). 

G,(E-n) (m Dae (5-2) 
with L,=(1/2V 2) («/#) |dxatu(a) [zja(z) Lan. 


0 


Then the differential cross section can be written as” 


Ao ath sin?@(1+2 cos@). 


dQ 

In Fig. 6 the angular distributions calculated at E,=150, 200, 250 Mev are 
given. Corresponding experimental data are also indicated. On comparison we 
see that both the isotropic part a and the coefficient 3 are required to be larger. 
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As for the isotropic part, it is not so unreasonable to 
assume that the situation will be improved by con- 
sidering the final state interaction. In fact the analysis 
at 80 Mev shows that the final state interaction makes 
the isotropic part considerably larger. 

The coefficient , on the other hand, is rather 
involved. It is shown that generally the terms with 
odd powers of cos@ in the angular distribution come 
from the interference between two kinds of transitions 
in which the final states have J-spin 0 and 1 respec- 
tively. Since the deuteron has J-spin 0, the transition 
into a continuum state with [spin 0 cannot be caused 
by the interaction of pion current with electromagnetic 
field. Thus, in order to explain the large asymmetry 
mentioned above it is necessary to study the nucleon- 
current interaction in detail, taking account of accompany- 
ing retardation effects. This is a complicated problem, 
and we hope to discuss this point in another occasion. 

In conclusion the author wishes to express his 
sincere thanks to Professor K. Nakabayasi for kind 
interest and encouragement throughout the work. He 
is also much indebted to Professor I. Sato for valuable 
discussions. 
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Fig. 6. - Calculated angular 
distributions at Ey=150, 
200, 250 Mev. Experi- 
mental data are: Cal 
Tech®) 0, Illinois? g. 


Note added in proof: After the manuscript had been submitted, it was called to the author’s at- 
tention that a similar analysis was done by L. D. Pearlstein and A. Klein: Phys. Rev. 118 (1960), 
193. These authors obtained a result like ours on the exchange effects in the electric transition in 
a quite different manipulation. Their conclusions on the (33)-resonance effect, on the other hand, 


are somewhat different from ours. 
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By using legs connection we investigate the general relativistic Dirac equation which is 
invariant under the general coordinate transformations and spin transformations. We obtain 
the four-dimensional representation for the generalized Dirac matrices by introducing the six 
legs and the concept of sedenion conjugate. It is shown that Fermi-Fermi interaction term 
must be added to the original Lagrangian density, if the legs connection is regarded as in- 
dependent field quantity. The electromagnetic field is also introduced in connection with the 
complex legs. Finally, we consider the relation between the spin transformation and Paulli- 
Giursey type transformation. 


§ 1. Introduction and summary 


In the last few years many people have made attempt to unify all the elementary 
particles and their interactions. In connection with this, there remains an im- 
portant problem of investigating the internal correlation between the space-time 
and iso-spin space. The fact that parity and strangeness are conserved in the 
strong interaction and that neither of them are conserved in the weak interaction 
may be considered to suggest that the space-time and iso-spin space are not com- 
pletely independent. The author conjectures that iso-spin space may be amalgamated 
in space-time structure at least in the case of lepton where iso-spin has no definite 
meaning in contrast to the case of baryon. Originally, the reality of iso-spin itself 
is not a matter, but the symmetrical properties derived from this space play an 
important role. Therefore the role of the iso-space may be reduced to the alge- 
braic manipulation. In fact, Heisenberg and his collaborators? have attempted to 
introduce the same freedom as iso-spin from the standpoint of the spinor unified 
theory by postulating that their non-linear equation is invariant under the Pauli- 
Giirsey transformation.” The non-linearity of the spinor equation will have some 
connection with the space-time structure as the non-linearity appears in the general 
relativity. As an example, Giirsey® has obtained the non-linear spinor equation 
different from Heisenberg’s one on the assumption that the equation is invariant 
under the conformal transformation. The aim of this paper is to investigate the 
relationship among the non-linear character of the spinor equation, Pauli-Giirsey 
transformation and the general covariance or spin transformation. We also spec- 
ulate that our legs connection will play the role of a link between the weak 


ee 
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interactions and gravitational interactions. 
We shall start with the generalized Dirac equation in curved space-time 


7?(0,—1,) ¢=0 G1) * 


where J”, is the spin-affine connection and its general form is given by Green” 
except for its spur. Green has investigated this equation in order to assert that 
the observed failure of parity conservation is reconciled with the invariance prop- 
erties postulated by general relativity. Further he identified some terms of /%, 
with the electromagnetic potential, etc. As will be mentioned in § 2, it seems 
to us that there is no necessary reason for such identification. Furthermore, to 
carry out this identification we must introduce the complex legs and add the 
electromagnetic interaction term artificially. Since the introduction of the complex 
legs complicates the problem, we use the real legs in § 3 and § 4. 

Under a general transformation of coordinates x,—'x,, Eq. (1:1) is invariant 
if Dirac spinor ¢ and Dirac matrices 7” transform as 
ie On 


p'o=| ¢,  POP=r 


; 1-2 
| Oz" | Ong care: 


In addition, another type of invariance is possible for what may be called spin 
transformation which leaves the functional dependence of the metric tensor on the 
coordinates unaltered, 


$opaSp, PP? =S* 7S. | (1-3) 
Spin transformation is not necessarily related to a change of coordinates. For the 
special coordinate transformations which do not change the functional dependence 
of the metric tensor on the coordinates, i.e. such that tor? (! ) = 9"? (x), wey can 
find a corresponding spin transformation so that the two transformations together 
leave the Dirac matrices unchanged 
Ox? 


8, 4? (a) 7 (2) =Sy (2) SI. 
Xx 


Ox 
er 


$2) 8$(@) : 


Such transformations play an important role in the case of special relativity. On 
the contrary, in the curved space-time, the spin transformation (1-3) has no con- 
nection with the coordinate transformation. The requirement of invariancy under 
the spin transformations will then introduce the new entities. The general form 
of spin transformations S can be expressed in terms of constant Dirac matrices 
ro) (w=1, 2, 3, 4, 5) 


S=S,4+Sz 


where 


* In what follows, the small Latin and small Greek indices represent quantities with respect 
to the space-time coordinates system and to the legs system respectively. We use the units R=c=1. 
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4 


S41 ain er ape peal bey Te) | +v° 1 (5) 


a,R=1 
4 4 1 4 
. - ~ (. ae : 
Sr=>) Un Tota + 24% l(a) i( ) 
asl a= 


in which the coefficients v® and v® depend on the coordinates and 7;) satisfy 
fy = =P» =—779=7n=1. The indices in brackets are used to indicate explic- 
itly quantities with respect to the legs system. The form of S shows that the 
spin transformation under which the theory is invariant is isomorphic with the 
group of rotations in an abstract 6-dimensional space. This corresponds to the 
result of Finkelstein” who showed that the group of generally covariant coordinate 
transformations may be mapped on the orthogonal group in six dimensions by 
introducing the line coordinates. Corresponding to the 6-dimensional abstract space, 
in §3 we attach six legs at each point of the curved space-time. If Eq. (1-1) 
is obtained from the requirement that the action integral is invariant under the 


general 6-dimensional rotation, /’, should be of the form” 


Fi ys) nis (1-5) 
Ke= 

where 7’,,) is the representation of the generator of the six-dimensional rotation 
for ¢. The uw” has the meaning of the legs connection and depends the coordi- 
nates. Since we start with the massless Dirac equation, it should be sufficient to 
use the four-dimensional representation. In § 3, using the legs connection wu” and 
the concept of sedenion conjugate, we obtain a four-dimensional representation of 
Egqor(l-1)> 

In our formalism the legs connection uw” plays an important role. Therefore, 
it is natural to consider u{” as independent field variables. In § 4, we extend 
Weyl’s four legs formalism” to the six legs one. If we vary the Lagrangian with 
respect to uw”, we obtain an equation which is different from the one defining 
the legs connection. To circumvent this unsatisfactory situation we must alter the 
definition of w”, and also add the Fermi-Fermi interaction term to the Lagrangian 
in order to satisfy the integrability condition for six legs. Our added non-linear 
term has more general form than those of Heisenberg” or Kita.’ It is remarkable 
that the non-linear term is obtained naturally by taking w“”’s as independent field 
quantities. In order to introduce the coupling constant larger than the gravitation 
constant, we attempt to introduce the vector field expressed in terms of six legs 
hgseand ul”, 

As already mentioned, if we want to have the imaginary spur part in I’,, we 
must use complex six legs. We see then that the space of the complex legs fields is 
that of Einstein-Schrédinger theory.” In the case of four legs, Sciama™ proposed 
a geometrical theory of the electromagnetic field by using the complex four legs. 
He reached the interesting consequences that the charges of all bosons must be 
integer multiples of some basic charge, and that the direct interaction between a 
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particle and the electromagnetic field must be invariant under space and time re- 
flections. If one uses Sciama’s electromagnetic field, it is easily seen that one 
cannot obtain non-vanishing electromagnetic effects. To obtain the electromagnetic 
effect we must again introduce the electromagnetic potential artificially as in the 
case treated by Green. In § 5, it will be shown that the electromagnetic potential 
defined by Green is introduced through the consideration on. the variational equation 
with respect to the complex six legs connection. 

If we use Kramer’s representation of 7,.), the spin transformation S, in (4-1) 


is of the from /X X 0 and S, ea A general Lorentztrans- 
rae x X 
Les x X 
xX X x X 


formation in vector space can correspond to S;. In §6, it will be shown that the 
generalized Pauli-Giirsey transformation corresponds to the spin transformation S>. 


§2. Preliminaries: generalized Dirac equation in the general relativity 


In this section we shall sketch the outline of the general relativistic Dirac 
equation which is invariant under the general coordinate transformations and spin 


transformations, following the line of Green’s formalism.* Since Green’s formalism _ 


contains few unsatisfactory points,* slight modifications will be made. Throughout 
this paper the space-time coordinates x?(2", x, x’, x'=t) are used and the familiar 
summation-rule concerning the super- and sub-scripts in tensor calculus is applied 
to every kind of indices. 

The 7” in (1-1) are those four-four matrix functions which satisfy the relations 


et aI a fee 


where g”’ are defined by the relation g” Jo=OP in which g, are non-singular 


metric field. We start with the postulate that the derivatives of matrix 7,7=Jq7" 
have a general form 

9, Tq Egy Vet Egy Tot Ep Vat Ep Tos (2-1) 
where E%,’s are tensors depending on the coordinates, with the exception of E;, 
which is affinity, and 


1 rs TS as ee ip | 
m= Um Tals Tr =Tp To ToT To Ta To Tor OM =1E y@s/V/ —9 (2-2) 


in which g means the determinant of 9,,, and Ey. is the Levi-Civita symbol whose 
non-vanishing components are those for which all four indices are different and 
are equal to 1 or —1 according as (p,q, 7; s) is an even or an odd permutation 
of (1, 2, 3, 4). Here we use the different quantities from Green’s. The relation 


* For instance, the second equation (26) and that of (34) in his paper are incompatible with 
the third equation (27) and that of (33), respectively. 
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between our quantities and those of Green is as follows: 
479 C/o, ES=V9 “En Hy oe (2-3) 


where “ ” means the quantities of Green. The other quantities are same as those 


of Green. 
The coefficients F;,, E2, E,’ and E,? which appear in (2-1) cannot be assigned 


gp? 
arbitrarily, but must satisfy a set of identities in order that (2-1) be integrable. 


These identities are 
pq Expy + Entip Eat Exty Es} + Extp Eon =0 
Oty Exist Bify But Ey Baln=0 (2-4) 
Og Em tb Ent+ ky Esy=0 
Opq Epi t+ Ey Exh=0 
where 
Ay, Bg G/3l AS Ba AS 6.) Blas 
By Ge Ee Lone Peg le, igen. 
The spin affine connection J", is determined with the aid of Eq. (2-1) and 


p 


9p fale fends tes Tal 


in which 
Dp= Q/2) G05 Gey Yn 9- Goe)s 
[j= — (1/2) {0/2) CP n+ ES 7 rs+E, n+ Es rs (2:5) 
where 
Cop Hiry  Lingp ep Op = = Cla Verdin tee (2-6) 


Here we emphasize that spin affine connection /’, can be expressed without 
use of Ey, etc., in the following form, 


Lp (1/4) 9 Pep La AT 16) O Er Ore — A/2) 7" Oy 172) 7" 0g 8) 
(2-7) 


by a straightforward, though tedius, calculation. The above J”, is the most general 
form of the usual traceless 7°” 


D’,! = >—-€L/8) (9p Tee Ov Yep De Fry) Te (2-8) 

If the spin affine connection (2:5) is substituted into ‘the generalized Dirac equation 
7°(9,—T',) $=0, (2-9) 

(2-9) reduces to Pas oe OER Aan! rae 


7? 9, P— 1/2) [9" Cee 1, +9" Ep To + EP + {ES go” + (1/2) BS erty, 
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+ {Ep 9 — (1/2) 94 Cy, €P?*} Tes] =0. (2-10) 


Green interpreted that the imaginary part of g??Cj, has the character of an electro- 
magnetic field, that the imaginary part of gH, has the character of a pseudo-scalar 
meson field, and that the real part of E? acts as a mass field.* 

Of course, there is no necessary reason to accept this interpretation. To ensure 
that the Lagrangian density be real, (0,—/°,) must satisfy the following equation, 


0.n+70,+0f7=0, (2-11) 


where 7 is an hermitian matrix defining the adjoint spinor ¢=¢*7 and satisfying 
Np +727=0.* The equation (2-11) can also be written in the form 


Oma C2) Le ttle) ist lide Ip 151 (2-11) 
in which J, [5 17 and J,' represent i times the imaginary parts of Cy, EZ, 


Ej and E,°, respectively. Since the definition of the adjoint field depends on J,,, 
etc., it will be difficult to interpret that g?” Is. and g” I}. have the usual properties 
- of the electromagnetic field and pseudo-scalar meson field. Each term in (2-7) 
has not any physical meaning independently of each other and it will be difficult 
to separate the irreducible entities. In fact, we can show that the electromagnetic 
interaction term does not appear in the Lagrangian density for. Dirac particle, 
though it appears in (2-10). (See the last equation of (4-1) below.) In order 
to introduce the electromagnetic effect we must then add the interaction term. On 
the contrary, as the real part of E? does not enter into (2-11’), we shall inter- 
pret it as a mass field. 

Green has also constructed an explicit representation of the 7, by introducing 
the six legs and by using the 8-8 constant mutually anticommuting matrices. But, 
as we start with 4-4 Dirac matrix and Dirac equation without a constant mass term, 
it is natural to use the four-dimensional representation instead of eight dimensional 
one. In the next section, this problem will be discussed in detail by introducing 


“sedenion conjugate’. 


§ 3. Introduction of legs connection and four-dimensional 
representation of ¥,, 


We shall first construct a representation of the matrices whose derivatives are 


defined by (2-1). 


If we introduce $4” such as 
w= — R= 7", Pe=—Ty B= —B"=—Pu=7 
poms eta Pt 


the spin affine connection /’, given by (2-7) can be written in the form 


* y, is taken so that 767,¢ is real. , 


er gt 
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6 
P= (1/4) 9" Ph Ta (1/32) 3) 4? By Ban + 1/8) Pee (3-1) 


To construct the four-dimensional representation of 7,, it is instructive to remem- 
ber the two component theory of the general relativistic Dirac equation.” As 
will be easily seen, the usual spin affine connection defined by (2-8) is expressed 
in the two component theory as 


Ps) = —.(1/8):(9y, re 9. Gap + On Grp) F (3-2) 
where 
o = (1/2) (G7 o°—8' 07), PHO, CHO Ta 
in which G,,, means the “ quaternion conjugate” of o(4) i.e. F4=%4)=—Fa, 
F)=—% 7, for y=1, 2,3. Here and in what follows we use the Greek letters 


from the latter part of the alphabet for the range 1, 2, 3, 4, 5, 6, a@ and # for 
the range 1, 2, 3, 4, and ; for the range 1, 2, 3. o;., and four legs e%,) satisfy 
the following relations, 


(a) 38 rt s = 
Cree (a) =7" >» €& (ay@sca) =7(ap)> 


F (a) F(a) +5 (4) F (a) = — 29 aA)» 
Jay =o =e = —Qay =1. 
Since we take x*=¢ and 74,=—1, it should be noted that our oy) plays the role 


of o@) in the usual formalism. 
To achieve the four-dimensional i ae of Eq. (3-1) impels us to intro- 


duce ‘‘sedenion conjugate’ defined by 
Fe) =f = —E, y= Ti for -=1i1, 2; 3, 4, +) (3-3) 
where 
Tin =PaFm,. WaH=Ps To) =T ware =—— (3-4) 
in which ?,, o(,) are Pauli matrices. These matrices therefore satisfy 
how Loy town = — 29 uv) (3-5) 
where 
2) a1) =F (22) = 9) (33) = — 7 (44) = 7) (65) = —F 68) =1. (3 : 6) 


The legs indices are lowered and raised by means of this 7,,) and 4” (=7,,) 
respectively. Further, we put 


Tun = (1/2) Fanon —KeoTuo (3-7) 

One can verify the following relations which are useful for later considerations, 
[Fewer Meher] = Beno (ve) — Yeo (oe) FY red Gn —Ysoil tear (3-8) 
Wewors Teper} = 2 (Mewes Bev) — Nevo) up) ) bE ipspetntan (3-9) 
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where &,,.c¢,) 1S the antisymmetrical tensor of the sixth rank and has the value 
€ (193456) = 2. 

As mentioned in the last section, the appearance of complex coefficients ee 
etc., makes it complicated to construct 7 and to interpret their physical meanings. 
Therefore, we shall first start with the real six legs hf)(A=1, 2, 3, 4, 5, 6) defined 


by 

Oh yy =H DA yy hay =Deuw) (3-10) 
where 

Gta ore Abe 1023) 4 

g?=9"=0, gh@=—g"=1. 


We shall now introduce the legs connection wu”. For this purpose we trans- 
fer in parallel the legs at one point P to a neighbouring point P’ by means of 
affine connection /'y, of the Riemannian space. These transferred legs will in 
general differ infinitesimally from the local legs at P’. It will be a simple as- 
sumption about this difference that it consists of an infinitesimal rotation in the 
six-dimensional pseudo-Euclidean space 


L™ — po») ale CATAL 


where dx” is the displacement PP’. The uw” is the legs connection we are 
seeking for. Accordingly, one finds 


8, POLL? +14 h”,, =0 (3-11) 
0, hA +, hA,,, =0 for ,A=5, 6. (3-12) 


We can find a representation of 7” with the hel pof the real six legs ht, 
and ie Let 


PR oy 1. (3-13) 
From (3-9) and (3-10) it follows that 
7”, 7} = 2g?" (3-14) 


and other required anticommutation relations. 
Also, by virture of (3-11) and (3-12), one obtains 


i ; rn ai Leah 96, 2 a . 
Do Kp ng Tr tA Guy Ug er Rp oy hae t AA Gyugh? RY @ip %aj=0 (3-15) 


where 


a= h*O Fa). 
Putting 
Choa = — uy Ape thes ig A eu yRnee stds 
Ep Bigg = Wy hg Ug? =H how Ua” / (3-16) 
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FS= E85, = Rey) Moy Uf? =P wy how Ur”, 
we obtain (2-1), ie. 
Oo Vp Eh Tet Bog Pot Et Ve + Ee Tp 


Furthermore, it is a matter of course that the spin affine connection I’, definedjby 
(2-5) takes a form of 


f= (1/2) dae pi (3 2 17) 
by virtue of (3-16), as it should be. 
Finally, we shall show that our Cy,, EZ, etc., satisfy the integrability con- 
dition (2-4). The integrability condition of (3-11) and (3-12) is 
One Ue ayitle terek == A L) Weegee Pee (3-18) 


where R‘,,, is the Riemann-Christoffel curvature tensor. Of course, in the case of 
the integrability condition of (3-12), the right-hand side of (3-18) must be put to 
equal to zero, because the condition has a meaning only when it operates on AZ’) (A=5, 
6). Multiplying h,.,h%, and contracting with regard to # and v, we obtain 


Crop = Cxtp oh ey Exp Esq +Eap Eea= (1/2) bse (3 F 19) 


after putting s’=s, ¢/=t, where ;p means the covariant derivatives with respect to 
the Christoffel affinity /77,. 


Similarly, 
Expat City Eigt+ Esty Een=0 
Expat City Etg+Exp Es)’ =0 (3-19) 
Erp t Ey Ein=9. 
Eqs. (3-19) and. (3-19’) are nothing but Eq. (2-4). 


§4. Field equation derived from the variation of legs connection 


From the analysis in the last section, we see that the legs connection uw” 
plays an important role in the presence of matter field. We shall therefore take 
hg and us*” as independent field variables. Taking the variation with regard to 


ht.), we get the usual equation for the gravitational field. Then, we shall consider 
only the variation with respect to wu”. 


We start with the Lagrangian 
L=\V— 9 Raz + \V/— 9 Inde + V/ = 9 Laud 
where | 


R= 2h? hr 19rp Up" 474 ) Ure (zp) Uy 
Lj=K {Db hou se rie 0, p—9d, yp hres hiss (ev) obi : (4 : 1) 
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Line" (66/2) Dip, FON DAM Ao Urcpey 
= Keg {hhtay— Poy Ak PP — (6/2) Ecurpoen PO uP py Eb 


in which « is Einstein’s gravitational constant and ¢=¢*y with 7=774) which 
results from the assumption of the real property of Ag and wu). 
The variation with regard to uw” leads to the following relations : 


hip) Meh — hy Pshhay = Rioylec npr” — hiayttsey py? 
+ (AP yh) — AB bay) PP — (16/2) Evurpot mh? WO Gr Eg. (4-2) 
On the other hand, by eliminating /’? from Ea: (3-11), we directly get 
hi Ashboy — Ri Pchhay =hoytlscnp er —hiyytlo py, (4-3) 


instead of (4-2). Thus, between (4-2) and (4-3), there appears a difference by 
the terms which contain spinor field. Accordingly, to remove this disaccordance 
one must modify Eq. (3-11) defining legs connection. 

As a simple modification, we postulate that 


OREO A Leh + ue ney Oy Ne =O (4-4) 
with 
on") = —K(hmhn” — hn) he 
+ (4/4) EMM hah oP enh: (4:5) 
It is readily shown that if we eliminate /°7 from (4-4) the relation (4-2) is 


derived. Similarly, eliminating «“” and o{*” we obtain 


09° tT tle ge =0. 


As we now regard Eq. (4-4) as defining the legs connection, the integrability © 
condition (3:18) must be modified. Since the new condition has a very com- 
plicated form, we do not give it here. Multiplying this condition by h?,)h%,) and 
contracting with regard to p, g and /, v, we get the following rather simple ex- 
pression by a straightforward but tedious calculation, 


Ik — Zhi hey {Orn une” + Q (pc) Te tart 
= 122 by - bib + (12/16) Gmopaty) cll vp! al Ely!) (4-6) 
x Arar asPigcey Ralph or con $T em? Peng? 


Further, it should be noticed that the interaction term in (4:1) must also be 
modified due to the addition of o%” to the legs connection uj). This additonal 


interaction term is 
Line (add) = — 8:2 heh - Pop — (12/8) Emre Ger EM I pI) Moot X 
X Akay Apu) Ryo or Prien’ PT ergnY- (4-7) 
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Thus, by taking into account Eqs. (4-6) and (4-7), our Lagrangian reduces to 


L=\V/ <9 Raz +\\/ = G lade + \/=o Lid? +F (4-8) 
with 
F=—200 bp -¢¢+F' (4-9) 
in which 
2 =< = 
ite Sige ae EE ey neschTdenl io) Wen P en? OF eran? 
< ae {Bb G7 em PEAR Ween emP P71 PP} - (4-9") 


F can be expressed also in the form 
Say ae io Ly 
F= — 208° bh- $f — (3/4) S17 anh: $779. (4-9/’)* 
A,B=1 


Further, if we use the identities among ¢7;-,)¢’s in the cnumber theory,” (4-9) 
reduces to a simple form 


F= 17 bh fg. (4-9!) 


In other words, it can be said that our result (4-9) is an expansion of —17c¢¢-¢¢ 
in terms of ¢7¢,)¢. 

Recently, Kita® has advocated that spl’, can include the terms ¢7,¢ and 
$770 from the viewpoint of the spinor unified theory. Our result shows that 
this proposition is a necessary conclusion based on the consideration that «%” 
should be independent field variables subject to the variational principle. Moreover, 
our result involves the most general type of bilinear forms of ¢ and ¢. 

So far we have considered only one sort of Dirac particle. In the case where 
two Dirac particles described by # and ¢ coexist, the following Fermi-Fermi in- 
teraction term F’,, is added to (4-8), 


SAP “ ay mbes ait Saas 
hm 08 We D gh eel Pr, GrenP} +A Kern {PTemP, Greg} |. (4-10) 


If we interpret the above result in the usual four legs formalism by regarding 
his, and h%s. as scalar quantities, the last term in (4-10) contains the parity non- 
conserving terms. 

The coupling constant of the above Fermi-Fermi interaction is very small. 
In order to introduce the coupling constant larger than the gravitational constant, 
we shall try to introduce electromagnetic-type and ps-ps meson-type interaction 
term. As a simple interaction term, we take 


7 47h (Pf 8) h A 
Ling = thn Py (pay hha) Up” hoy —hky Uy hg} 


* In the four legs formalism, we obtain Weyl’s result, F,= = (3/2) x? Gr h- rad). 
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= — 21k by...) -ur” hi,y (4- Be by 
where « is a new interaction constant which need not be equal to x. Here, 
must be multiplied in order to guarantee the hermitian property of the interaction 
Lagrangian density, because we have used the real legs h4, and real legs connection 
wu“. At first sight, the introduction of the large coupling constant < raises a 
question whether the new interaction term (4-11) gives a large gravitational effect 
between the Dirac particles. However, we can show that it gives the second 
order gravitational effect, as seen from the linearized theory of gravitaion where 
the term containing uw” gives the higher order effect. 
Putting 
toe hy =9" C= V? 
hin a? Wn =e" E=$, 
we can express (4-11) as 
Line= 218 G7, - V? + 21k 4. : (4-11’) 
It should be noted that our procedure of introduction of V” and ¢ is different 
from Green’s. 
The introduction of new interaction term (4-11) involves the modification 
of Eq. (4-4) defining w*” by similar arguments. (4-11) should be modified as 
8, RPT? A Lub hk, Loe hk +O" hy = (4-12) 
with 
BO) = — 7 (AY Ai G7 PP —hO hr"). 
The additive interaction term F which corresponds to (4-8) can also be found as 
F= 40 hi, hi) $7 0D Reon heer $1 EY, (4-13) 


in the derivation of which we have taken into account the relation 
By (y/ ag Abn hy GrP) =O. 
The above result (4-13) may be considered to suggest that the vector field 


V” and pseudoscalar field ¢ play a role of intermediate boson whose second order 


effects are usual weak interactions. 


§ 5. Extension to the complex legs 


We have seen that E, etc., are real quantities so far as real legs are adopted. 
‘In order to obtain the complex E? etc., we must introduce complex legs h?,) at 
each point of space. This implies that the metric tensor g” of the space is no 
longer real symmetric tensor of Riemannian geometry, but it becomes complex 


and hermitian. . . 
“On the analogy of the complex four legs formalism of Sciama,” we shall 


oe eet Be et 
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introduce the complex six legs A), hermitian connection /°? and antihermitiam 
legs connection wu”. They are connected by the equations similar to (3-11) and 
@2 Vale 

0, APM 4 Ph! +u” he, =0 (5-1) 

0, hA® +uhe,=0 A=, 6. (5-2) 
The metric tensor is defined by 

gi=p Ross Gg |. 

Go = hep 0s nen aU, (5-3) 
Using the antihermitian property of uw”, we can eliminate it and obtain 


z 3 


=9, gi tgs Pit+g* FZ,.= (5-4) 
which is the well-known ees in Einstein’s unified theory.” 
We can also eliminate 7’? by using its hermitian property 
get ht) Leper ~ hey Ug pp) = Av) 0, hiss 0, hf,y. (5-5) 


We shall now consider variational equation with respect to uw”. As a Lagrangian 
for the gravitational field without Dirac particle, we take 


an [2/9 ts hey (rp lien? +I ¢ppyUcen? Uy Me) dt. (5 5 6) 
The legs connection uw” can be decomposed into irreducible constituents 
Uh) = yer) + yer) Fe) (5-7) 
where 
eee = (Lior PP) and Tighe) — Tp — ye) 
in which uff?=y7,,,)u° and — or V under a couple of indices means symmetric 


or antisymmetric part of that couple. For the sake of simplicity, we omit here 
the spurless part u{?“. The variation with respect to uw” leads to 


[Moy (9s Ake +18 Dey + Uscnpy APO*) + Gy (Behe +E hey + ttsco—y Hh?) 
me (Gs hey TEs, hw + Usp) hoe ) hte) a (0, (w) = fet > Ren) a Us (up) es) ht,y 
TEs why tLe oS) h?,, | (5-8) 


—[v and p interchanged] =0. 


i R= (Lehi hes + Peis hey) —(» and # interchanged) were absent, (5- 8) would 


imply that (5-5) holds. Therefore it can be said that Eq. (5-1) is derived from 
the variation principle. However, this is not the case. 


The simplest way to remove I’ is to put 7’.=0 as was done by Einstein.®” 
Vv 


This implies also that 0,(g%)=0, where I=)/ —7 7, as easily seen from (5-4). 


a 
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9.(9V) =0 is nothing but the equation derived from the Lagrangian (5-6) by 
variation with respect to w,“. Sciama interpreted that F,,=90,2,\2? —0,u)\ 
=—3,l, gt Og!" ? (see (5-10) below) represents the electromagnetic field. Then 


the vanishing of Pv means that there are no electromagnetic fields in the Einstein 


theory. Accordingly, this procedure may be not appropriate. 


Therefore, in order to obtain non-vanishing electromagnetic effect, we shall 
now eliminate the term /” by adding 


Tepes \ V = GE ULE ign RE they hi) az (5-9) 


to Lagrangian (5-6). 
From the relation (5-1) we have 


r= —u,2?—i Im 9, log € (5-10) 
where 
0, log é=h,” 0, hip). 


If we add 2{,/—g u,u,2g™dz to the Lagrangian density, the variation with 
respect to u,‘2? yields 


- (1/3) 9,(97) tY 9 wu (hin AL +A hoy) =0 (enh) 
which implies 
aX —9 A’) =0 (9-12) 
with 
A®=(1/2)Im(ul hiny AO)- 


(5-12) is the Lorentz condition for the vector potential A* in the curved space. 
This suggests that we can interpret A’ tentatively as the electromagnetic four- 
potential. As mentioned in § 2, Green has interpreted that 

A’ = (1/2)Im (9? C3,) 
has the character of an electromagnetic four-potential. Using (3-16) and (5-3), 
we can easily show that A’ is nothing but A® artificially introduced by Green. 
It is interesting that our electromagnetic potential based on the complex legs is 
the same as Green’s. 

There remains the problem of fomulating the interaction of Dirac particle and 
complex legs connection in the hermitian and complex metric space. As seen from 
Eq. (2-11), in the case of complex legs the interaction term $(7°T +17?) ¢ is 
not hermitian and 7 has a complicated form. Then the discussion in the last 
section does not hold without any radical modification, because one must add a 
non-hermitian additive interaction Lagrangian to get rid of the discrepancy con- 
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cerning the variation equation and (5-1). Therefore for the Dirac particle we 
shall use the physical real legs H%,) defined by 
RO hi, the, hi =2Re 9 =2Hiy H!™. (5-13) 
The electromagnetic interaction term is 
int 


int = (1/2) 6H H™ rynP Im (ul hi, AB): (5-14) 


The discussion concerning this problem will be made on another occasion. 


§6. The relation between the spin transformation 
and Pauli transformation 


To discuss Pauli-Giirsey type transformation, it may be appropriate to start 
with the Giirsey’s representation of spinor equation. The use of Giirsey’s repre- 


sentation is not essential but instructive. Gutirsey introduced the 22 wave matrix 
T() for ¢ 


=U (db) = (., (bs)) (6-1) 


where #,=(1+ ,)/2-¢ and ¢, is the charge conjugate of ¢ in the usual theory. 
From the above definition, it is easily seen that 


Pid) = iP (dp) T3, Pom) = Oy) Pd) T3, 
P (0, p)=E(p) ts, Elo ) =iF* (¢), Fas) =F*($), (6-2) 
Ppy=Fp), FY.) =F) a 


where 7, is a new set of Pauli matrices and & means the quaternion conjugate 
of Y=od¢,, namely P= —o' Gf, —o fb, —o 3 +0, in which o =F,.* In what 
follows, o” operates on ¥ from the left while +, from the right. 

We shall first express /(I’,¢) in which I’, is the spin affine connection defined 
by (3-17), ie. P= (1/2) u”7(,... Using the relation (6-2), we get 


Ful w= (1/2) up Caron PHU, Ur, 
Hi E (ay Pt rg HUE (gy T. (6-3) 
On the right-hand side of (6-3) appear both % and #*. We shall then express 


the third and fourth terms in terms of ¥. For this purpose it is convenient. to 
introduce the fundamental basic vector defined by 


Pea = (1/2) sp(F* oa) Pr") = (4/2) (Pe Fea +P7 ae) 
peg? = (1/2) sp(¥* Ta) Pet) = (1/2) (d, (a) $—P7 a) Pe) 
Pea = (1/2) sp(F* oa) Pe) =iP 7 ead (6-4) 


* In this section, we use the small Greek indices also to represent quantities with respect to 
the flat space-time coordinate system where h?(a)=0?a. See, for instance, Eq. (6+7) below. 


ine 


Coupling of Dirac Particle and Gravitational Field AOI 


pea = (1/2) sp(F* o(@ Fat) =ib rap 
where 
P= P+ 
with Q=4 sp Re(FL) =d¢, eer sp Im(PP) =id 7 ¢. €%) satisfies the relations 
Cf€acar=Niaan> Cara) Cal =Yaar- (6-5) 
Using the relation for any 2X2 matrix M 
M=— (1/2) sp(M Z,)7°=— (1/2) sp( Meg)", 
we find 


FOF* c= — (1/2) sp( FE Ft?) x 9z4/ (FP) = — (1/2) sp( Fro Erg) Ure rs/ (VP) 


— me y rm B- 6-6) 
cae Cay T° Ts. ( y 


~ 


In the Appendix, we interpret the meaning of the above equation by expressing 
it in terms of the usual spinor. Eq. (6-6) shows that we are inclined to 
consider the spin affine connection w*7,., aS a spin connection in the t space. 
We shall now show that such an interpretation is possible. 

The Lagrangian density for Dirac particle without mass in Minkowski space 


Le= (1/2) ($18. — Fo 7 Bathe) (6-7) 
can be expressed by Giirsey’s wave matrix 
= (1/2) sp(P* 7°8_ F 7). (6-7') 
The above density is invariant under the following rotation in t-space 
P'— WC exp {(it*0,)7*} (6-8) 
or 
P'—V exp (79, +70, +7°0,4+ ic“,) (6-8) 


where 0,, 9, are real parameters. The transformation (6-8) can be decomposed 


into two transformations 


Ul = exp (i %) (6-9) 
and 
U! =— exp (it°O,+7°0,+70,). (6-10) 
These equations are expressed in ¢ representation as 
f =exp(—i7 oh.) (6-9') 
and 
Y=aptbt, P=a*b+b*b. la) —|b?=1. (6-10') 


iS ys 
wT ~e. ve 


a 


ae) ES 


Bt 


aes 
eS 


AONE eSpace a ome Soe 
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‘The transformation (6-10) is isomorph to the rotation in the three-dimensional 
Lorentz space. If the spin affine connection is ,=3(4C/,7° 74+ E777) instead 


of (2-5), 7” is expressed as 
5 
= D1 hh 7 
pal 


linearly by five legs contrary to (3-13) where it is expressed quadratically by six 
legs. It seems interesting to us that the spin affine connection containing (6-6) 
brings about the non-linear character of representation and also introduces the 
rotation in the three-dimensional Lorentz space. 

Let us replace the transformation (6-8) with the wider one derived from 
replacing the constant parameter @, by a set of arbitrary function of coordinates 
@.(x). By postulating the invariance of Lagrangian under this wider transformations, 
a new field £,°(2) is introduced through the expression” 


Vr, U=9, V—iP ty ty E8 (2). (6-11) 
Thus we have seen that the legs connection «{*® is related to the above E,?(x) 
by 
RE 


(6) __ 
uy = 


Cfo) ES (x) (6-12) 


in terms Of p, 2, 2 and fundamental basic vectors e{”. 
Following the same procedure as above, we relate the legs connection x‘ 
appearing in the fourth term of (6-3) to F,f(x) by 


Hee beet 9 eS (6-13) 


(a5) __ 
uy, = 


? 


In this case, F,?(x) is introduced through the expression 


V ,P=0,0 —iF ty FS (x) (6-14) 
by requiring that the Lagrangian density 
Le= (1/2) (G7 °8a6 + Ger BaH'e) = (1/2) sp(Eto9,F) (6-15) 
is invariant under the transformation | 
0’ =P exp (17°, (x)), (6-16) 


When the parameters 8, do not depend on the coordinates, the transformation 
(6-16) is nothing but the Pauli transformation 
¢’ =exp(—776)44) , 
Pf =ch + ar Hey p'=c*$—d* bro, |e? + |d??=1. (6-16) 
In this case, the second transformation of (6-16/) is isomorph to a rotation in 


the three-dimensional Euclidean space. Thus we have shown that each of spin 
affine connections u°y,,, and uy. has an intimate relation with Pauli-like 


Coupling of Dirac Particle and Gravitational Field 403. 


transformation. 

Unfortunately, there is no Lagrangian density left invariant under the com- 
bination of two transformations (6-8’) and (6-16), though they preserve the field 
equation invariant. Therefore, in order to obtain the Lagrangian density which is 
invariant under the transformation corresponding to the spin affine connection 
Ur +Us 7145), We are impelled to regard ¢ as an eight-component spinor and 
to generalize the Pauli transformation. 

We introduce 8X8 matrices 


FeO OM aL =a; FO =a, (6-17) 


where w, is a set of Pauli matrices. The adjoint spinor ¢ and the charge conjugate 


¢~, of g are defined by 
P=ig* POP = — | pops, (6-18) 
9.=CX a9". 
We shall take the Lagrangian density 
L=(1/2)[¢P °P @0,9+-G.l OF 9a%.] (6-19) 
as a generalization of (6-7) cand (6-15). The transformations corresponding to 
Gebel ol, are 
g! = (Aa;+ Bar) 9+ (Ca,+ Das) Pc 
@! =9(A*a— Baz) + Ger (C*w2— D* as) (6-20) 
with | 
A+ [BP +1CP+|DF=1 
gy’ =exp (7759) ¢. , (6- 20’) 


It is evident that these transformations with eight parameters preserve the Lagran- 
gian density (6-19) invariant. Our eight-dimensional representation is necessary 
only when it is regarded that the spin transformation corresponds to a product of 
the usual Lorentz transformation and the generalized Pauli transformation under 
which the Lagrangian density is invariant. Therefore, the introduction of an 
eight spinor does not contradict with the discussion in § 3 where we represent 
7? by 4X4 matrices. 


and 


§7. Concluding remarks 


Though we have restricted the problems to c-number theory, the discussion 
in §6 will be applicable also to gnumber theory. By using Girsey representation, 
the transition from c-number theory to g-number one is performed by interchanging 
zc, and t,. For instance, while ify is represented as 3sp( 7 +¢@ P) in cnumber 
theory, it is represented as Asp(V*o@ Vrs) in g-number theory. But, if we treat 
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g-number theory, there arises a very difficult problem concerning the quantization of 
general relativity. This is one of the reasons why we do not enter into g-number 
theory. However, our treatment, in which the legs connection u“ is regarded 
as an independent field quantity, will be useful for the discussion of quantization. 
Arnowitt and Deser™ have shown that the Palatini formulation of the Einstein 
theory may circumvent the difficulty in quantizing the gravitational field. This 
technique, by making the metric tensor and the affinity independent field variables, 
will be useful only in the case where the Dirac particle is absent. From the 
Lagrangian density (4-1) we see that our field variables are suitable to quantize 
the interaction between the gravitational field and Dirac particle. 

Finally, we must mention the question whether the requirement of the general 
covariance is necessary in the region of atomic scale or not. Even when taking into 
account the gravitational effect, many people have usually considered that it is suf- 
ficient to use’ Newtonian gravitational theory, because it represents a very good ap- 
proximation for all gravitational phenomena inside the solar system. The most 
elementary effect which represents a crucial test of the general relativity is the 
gravitational shift of spectral lines, which is a direct consequence of the principle 
of equivalence. By using the Mossbauer effect of recoilless nuclear resonance ab- 
sorption of gamma ray in Fe”, Cranshaw et al.” have recently found the line 
shift for the height difference (12.5 meters) available to us inside the laboratory. 
If we want to obtain the value of Einstein’s gravitational red shift by solving the 
Dirac equation in the linearized gravitational theory such as Birkoff’s, some rather 
artificial technique is necessary as shown by Moshinsky.’” Therefore the recent 
experiment seems to imply that it may be most natural to require the general 
covariance of the theory also in the region of atomic scale. 


Appendix 

We shall derive the relation (6-6) in the usual ¢ representation to clarify 
the meaning of (6-6). 

First we show that 7, is uniquely apis by a linear combination of 
vf, THY; Pes 7H) Pe in the form 

1 (a PH=WY + 275 P+ yPe+ 27 5) Pe. (A -1) 

In order that the above equation can be solved with respect to w, 2, y, z the 
determinant of the matrix 
$y; Koh) ($e)a. (TH Pe)1 
$2 (TiP)2 (Peds (75) Pe)2 
$s (Tw?)s (Pods (TPe)s 
$s (ToP)s (Pods (KoPoda 


must not be equal to zero. The determinant of the matrix X can be calculated 
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as follows. Using the charge conjugation operator C, we have 
ON b PCr op PP Cl bh. HCN oe 
X'C“3X= PTH CTE Prey CTS PC rsC be  $Te)"C Te 
GEC TP $C red eC de GEC Tw Pe 
Geto CP Pern C To? PereC Pe PEF CTH. 


Adopting the antisymmetric nature of C7’ and Cy, and taking the determinant 
of the matrix X7C 7X, we get 


0 0 dy P75) 


renxj—jcaje| °° 8 Pot HY 
—$¢ —d¢7o¢ 0 0 | 
— $7 af — ep 0 0 


= — P= — (P42) =—[($¢)?— G79)" J=—-¢A-To)¢- GAtT)¥Y: 
Since |C~*|:0, X does not vanish provided that 
P=P+P%0. (A-2) 


Therefore, if p’40, we can solve (A-1) with respect to w, x, y, z. The result 
is as follows: 


r= (1/p)[ {(—iBe, + Ge,”) + (Gey —ie,”) 76} 


— (24 127) (ee —iee®) $e] (A-3) 
where e,"® is given by (6-4). 
Similarly, 

rato pe= (1/p)[— 2c. + Be.) 7) bo+ Bea” +iken) $, 

+ (eg +ie,”) (2+ 276) ¥] (A-4) 
Fa e= (1/p)[ Ben + Be.) $,— (De. +i Re. )raHe 

— (ex + ie”) (24 276)7w$] (A-5) - 
Faito$ = (1/p) 2c” Be.” 79 — (Gen 120.) 

+(e? —ie,) 62+ 27.) gel. (A-6) 


By combining Eqs. (A-3)—(A-6), new sets of Pauli matrices are introduced. 
As an example, putting 


we obtain from (A-3) and (A-4) 
ra Pr (1/0) [ (12 + By ea + (Qi Dye) CaF] Pr (A-8) 
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where €, is a set of Pauli matrices. Therefore, 7.) is isomorph to a rotation 
with the generators ¢, and 7(5)€y. 
Further, if we put 


and 


OE 75) Pe 
h —¢ 
Tyee. and “i= ; (A-9) 
, Pe 
Tif |” Tin? 


EE TS OOD) i| —7(2a,+ Gor) ee + (Done Des) ee PF y|F17 (A-10) 


1 (5) 1 (a) Pin= (1/p) las w3(iMe, + Me, Es) +2(e.%§, +egF, 


— on (ie 4%6,— De.) + Be, (eg ?F.— en) Fi (A-11) 


where w, is a set of Pauli matrices. 


If we express the transformation (6-20) in terms of 2-4 wave matrix, it has 
a similar form to (A-11). 
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It is shown that a measurement of the p-p scattering parameters at very small angles 
and angles close to z where coulomb interference is important will directly determine the 
coefficients of the scattering matrix. Since the coefficients are known functions of the phase 
shifts, such measurements may rule out some of the phase shift solutions and may provide 
a unique set of phase shifts. 


§ 1. Introduction 


The phase shift analysis of the 310 Mev proton-proton scattering experiment 
of Chamberlain et al.” carried out by Stapp, Ypsilantis and Metropolis” led to 5 
phase shift solutions after excluding 3 solutions which did not fit the production 
of pions in the process p+p—d+2*. The experiment” consisted in the measure- 
ment of five scattering parameters I, P, D, R and A. As Puzikov, Rydin and 
Smorodinsky® have shown, because of the identity of particles it is necessary to 
make measurements only in the angular range 0 to 2/2 and if the unitarity of 
the S-matrix is used, only five scattering parameters need be measured at a given 
energy. It has been further pointed out by Marshak” that the S-matrix will be 
uniquely deterrhined only if at least one of the experiments involves scatterings 
which are not in the same plane. 

With the existing experimental data at 310 Mey, it is almost possible to obtain 
a unique phase shift solution. The modified analysis of the p-p scattering data 
carried out by Moravesik et al.?* in which the partial waves G and higher are 
calculated with the one pion exchange potential indicates that since the Stapp 
solutions 1 and 2 converge respectively to solutions 3 and 4, one is left essentially 
with only two solutions (it being possible to discard solution 6 through a measure- 
ment of Cxp). It is now of interest to discriminate between solutions 1 and 2 
especially since Gammel and Thaler” have shown that solution 1 is derivable from 
a local potential while solution 2 has non-local potential characteristics. In this 


* This work was supported in part by the International Business Machines Corporation and by 
the U. S. Atomic Energy Commission. 
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note we have indicated how it may be possible to discriminate among solutions 1 
and 2 by a measurement of the scattering parameters in the small angle region 
where the coulomb interference effects dominate. 


§ 2. Nucleon-nucleon scattering 


The scattering matrix for nucleon-nucleon scattering which is charge symmetric 
and invariant with respect to rotation, parity and time reversal may be written as 
follows,* ; 


M(@) =A+C (Cin +on) + Boy, Fon +5 Gxt O1p Fp) + 5-H (orxoax— T1) 


(1) 


where o;, o, are the spins of nucleons 1 and 2; 


kin x Ket P= kin, SF Viwis K= koa kin, 
| Kin x kout| | Kein ai Kout| f | Feont 7 kin | 


Oy,=C07;-n eic., n= 


(2) 


and M, A, C, B, G, H are functions of energy and angle. The scattering para- 
meters are then:* 


— 2 2 2 oe 2 u 2 

h=|Al+|Bi+2|C?+—— |G? +——|Al (3) 

I, P=2ReC*(A+B) (4) 

I,(1—D) =|G)?+ | AP? (5) 

R= {|AP—|BP-+ReG*H} cos 5 -+2ImC*(A—B) sin (6) 

A= — {|A[—|Bl+ReG*H} sin} +21mC*(A—B) cos 4 (7) 
D 

1, R’= {|AP—|BP—ReG*H} sinJ-~21mC*(A—B) ena (8) 
2 

I, A'= {|A)?—|B|?— ReG*H} cos S—++2ImC*(A—B) Sindh (9) 
D 

+ I)Cm=Re A*B+|CP—+- |G + Hp 

D 4 4 Soll 


* Tf the M-matrix is written in the form 
M(6) = bS+ c (Cin +09) sp z Gow Ook +o1P T2P) T+ 3 A(oyx Soh —O1P Top) T+ NO4n Tor GE 
where S=4 (1—o,-0,), T=} (3+0,-0), 
then, using the relations 


F1n Fg L=CynFon+S and OP F2P +O, K 09K +Ojn Fyn =01°09, 
it is easy to show that 


n=A+B, 9=2A+G, b= A—B-—G) cHC, he 
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LC2==2imCtH (11) 
1 

earls (Cop t+ Cx) =ReG* (A—B) (12) 
1 

EES (Cpp— Cx) =—ReH*(A a) s (13) 


§ 3. Coulomb interference 


The coefficients A, B, etc., in the scattering matrix for proton-proton scat- 
tering are sums of coulomb and nuclear parts, to be denoted by the suffices c and 
n respectively. The expressions for the coulomb parts can be obtained by com- 
paring the coefficients of the coulomb scattering matrix M, with Eq. (1). The 
antisymmetrized coulomb matrix MM, is given in the non-relativistic approximation 


by 
M.= (fe) —fela—0)} SFE) 4 16.) +f. 4} Coed) (14) 


where 


=F : 1 
sr eae PES Ss or gee 0) | 
Apholl = bcos) exp] 77 In : (1—cos@) (15) 
with 7=e/hv, v being the velocity in the laboratory system and k, @ are the 
momentum and scattering angle in the c.m. system. Thus from (1) and (14), _ 
we obtain 


A.=fo(0) —fla—0), nS He (2-0), (16) 
G,=—f.(z—9), G0 ia 
so that A(@)=A,(@) +A.(@), and so on. Gav) 


The angle @ below which coulomb effects become important can be estimated, 
say, from the equality A,(@)=A,(#). Bethe” gives the value of Re A, (0) = (1/48) 
x (3.05) for p-p scattering at 313 Fe in the laboratory. 6) may then be estimated 
from the equation 3.05/ (4k) ~7 | Ge : OY where 7=0.011 at 313 Mev, thus giving 
4,~10°. 

For small angles =e, we will denote A,(e) by A< and A,(z—e) by Ay, 
and so on. It should be noted that A, is important both for « and z—e while 
B, and G, are important only for 7—e. 

Ce: 
We can determine C. from the equations 


Ip P=2ReC*(A+B) (4) 
IRsin-S + 1,A cos-=2 ImC*(A—B). (18) 
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Writing these equations in full, 
Ih P= 2Re G.* (Aa +B,) +2 {Car (A,+B,) R a Cur (A,.+ B,) it 
eR sin +A cos =2 ImC,* (An—By) +2.{—Cur(Ae— By) 


ta Cru (A,B) i 


where R stands for real part and J for the imaginary part. Eliminating C,, from 
the above two equations, we obtain the following equation which determines Cy; 


Ane man ee \DbR sin oie Patios < (A, +B) p 


=2 ReC,*(A,+B,) -Im(A,—B,) —2 ImC,* (A, —B,) -Re(A. +B.) 
+2Cnz {| Ael’—|Bel*} - (19) 


For @=e the last term on the R.H.S. dominates and so we can determine Cy;< © 


by ignoring the other terms. Similarly, we can obtain Cre<. We cannot obtain 
Cis from Eq. (19) since at 6=z—e the last two terms on the R.HLS. of Eq. (19) 
are equally important. In fact C, cannot be determined immediately, since, except 
for the equation for J,;P, C does not occur multiplied by A, B, or G. Note that 
in the combination A—B, f,(a—6@) drops out so that A,—B, is important only for 
d=e. ? 

V5 Rae 

The equations 


{AER Ss ReG* Hsin, (20) 


<= Io(Curx~Crr) =REH* (A+B) (13) 


will determine H,. In order to determine H., we require another equation in- 
volving H*A besides Eq. (13). Since no such combination occurs it is not pos- 
sible to obtain H, from coulomb interference. However, since H is symmetric 
about) 72/2) HH: 
Gy: 
Using Hy, we can obtain C, from Eq. (4) for IP, and Eq. (11) for 
Go: se ote Ge. 


Also since C is symmetric about 2/2, we should have C,=C.. 
Ae: 

A. is overdetermined. It can be obtained from any two equations for hh, LR, 
ThA, IR’, pA’ but not from the combinations ()R, A’) and (LA, I,R’) because 


they yield the same equation in the limit 0=e. The best determination seems to_ 


be from (1h, IR) or I, and 


; 
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I,(R+ A) cost + I Pie) (sin 24 cos] +h +D)=2|A/?+2/C/?. (21) 
a pee 

B. could be determined from Eq. (10) for (1/2) 4C,, and another equation in 
which A*B occurs. Since there is no other such relation, B. cannot be deter- 
mined from coulomb interference. However, if Ac, Cz, G. and H. are known, B. 
can be obtained from this equation. 
As andsB.: 

From Eggs. (6) to (9) for LR, A, IR’ and [,A’, we can solve for A, and 
B,, having already determined Hy. 
(CSO 
G. could be obtained from Eq. (12) for (1/2) 1)(C,p,+C,,,-) and another rela- 
tion containing G*A. Since there is no such relation, it is not possible to obtain 
G. directly. However, since H, can be determined from the equality H,=Hy,, 
we can obtain G. from Eq. (6) for 4D and Eq. (12) for (1/2) Ih(Cpp+Cxx). 
es 
Eqs. (5) and (10) for (1—D) and (1/2) LCm will give G,, having deter- 
mined A,, B,, Hy. 

From the above analysis, it follows that a determination of the coefficients 
occurring in the scattering matrix for p-p scattering is possible at small c.m. angles 
@=e and at large angles 0=2z—e from a consideration of the interference between 


the coulomb and nuclear parts of the coefficients in the scattering parameters. 


Thus the nuclear parts of the coefficients 
A, B, C, G and H at « and z—e can be 
obtained from a measurement of the scat- 
tering parameters at « and z—e. If a phase 
shift analysis is carried out, these coeffi- 
cients can be evaluated from the phase 
shifts also and a comparison with their 
values obtained from experiment would 
enable us to reject some of the phase shift 
solutions. 

In Figs. 1-5, we have plotted the real 
and imaginary parts of the coefficients A, 
B, C, G, and H for the modified Stapp 
solutions 1 and 2 as predicted by Moravesik 
et al.” The solutions predict different 
values of the coefficients and if experiments 
can be performed in the small angle region 
where coulomb interference is important, 
it may establish a preference for one solution 
compared to the other. It may be noted 
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Fig. 1. Real and imaginary parts of the a 
coefficient A for modified Stapp solu- i 
tions 1 and 2. 
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Fig. 2. Real and imaginary parts of the 
coeficient B for modified Stapp solu- 
tions 1 and 2. 
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Fig. 4. Real and imaginary parts of the 
coeficient G for modified Stapp solu- 
tions 1 and 2. 
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Fig. 3. Real and imaginary parts of the 
coefficient C for modified Stapp solu- 
tions 1 and 2. 
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Fig. 5. Real and imaginary parts of the 
coefhicient H for modified Stapp solu- 
tions 1 and 2. 
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from the curves that while the coefficients A, B and C do not differ appreciably 
for solutions 1 and 2, the coefficients G and H have widely different values for 
the two solutions. The coefficient H,(z—¢€)=H,,(¢€) can be obtained from a mea- 
surement of [,(A+R’) [or (R—A’)], Eq. (20), and 1)(C,-,,—Cpp), Eq. (13), at 
angles close to z and then G(e) be obtained from J,(1—D), Eq. (5), and h(Cyx 
+Cpp), Eq. (12), at small angles. Thus a measurement of these scattering para- 
meters may exclude one of the solutions. 

With regard to performing the experiments, it is to be noted that measure- 
ments become extremely difficult at very small angles or close to z. It may be 
possible to measure the triple scattering parameters at such angles. However, the 
feasibility of measuring the spin correlation parameters at these angles is doubtful 
on account of the fact that one of the protons has very small energy. Therefore, 
if one is to avoid the use of the spin correlation parameters one should work with 
Eqs. (3) to (9) only. Then the only equations available for the determination of 
G and H are Eq. (5) and Eq. (20) which, however, are not sufficient to determine 
the real and the imaginary parts of Gand H separately. One may, however, still 
be able to discriminate between solutions 1 and 2 since a measurement of Ih 
x (1—D) and 1,(R’+A)/sin(@/2) at z—e€ would respectively determine the ex- 
perimental values of 2Re G#G, and —2ReG*H, at m—e, and a comparison of 
these values with those predicted for the phase shift solutions 1 and 2 can then 
be made. 
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Numerical results of the 3z-state contributions to the isoscalar part of the electromagnetic 
structure of the nucleon are presented in the no-loop approximation of relativistic perturbation 
theory. They are compared with the previous results obtained on other approximations. 


In our previous papers,” we have calculated the 3z-state contributions to the iso- 
scalar part of the electromagnetic structure of the nucleon by means of relativistic 
perturbation theory. But, since the obtained results contain eight-fold integrals,. 
we are not capable of their precise numerical evaluations at least at the present 
stage of our ability. Instead, we calculate the spectral functions in the no-loop. 
approximation,** a,'(7) and a.$(m’) (cf. I1(6-26) or III” (2-1)), which are given. 
by four-fold integrals. For m’?—>co, these approximate functions behave like 


2 3 2 2 
aS (m’) ~ 2 pee Li | log Lica |. 
89x VA}? Me 3 M? 4 


(1) 


Rea 1 92 \2 m 
oe 647° Oe M2’ 

contrary to the original functions which tend to zero. But for m<M this ap- 

proximation is very good as was shown in II, § 6-3, and at the threshold both 

expressions almost coincide as was stated in III, § 4. 

The bold solid lines in Fig. 1 show the spectral functions in the no-loop: 
approximation. For convenience of comparison, we display their static limits, lim 
@,°(m*) and lim a,S(m*) (cf. II (2-6)), and the lowest order contributions from 
the nucleon current, a8) (m) and —a8“)(m?) (cf. I1(3-12)). From Fig. 1 
we find the following facts : 

i) @,°(m*) and a,'(m) are positive definite and monotonously increasing,, 
and quite small for m<M. 


ii) The static limits are always larger than the relativistic results. Recoil 
effect is very large. 


* This work was financially supported by the Research Institute for Fundamental Physics. 


** These have been investigated also by Kato® by means of dispersion theoretical approach. 
(in Born term). 
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Fig. 1 


iii) The spectral functions of the nucleon current have extremely sharp 
maxima very near the threshold (7%max=2.007M ye 

Table I shows charge and a.m.m. and their r*-moments calculated by @,°(m") 
and a:°(m) with square cutoff m<m,. The charge’ mean square radius, (7*),°, is 
very small for m,~2M. However, our previous value for (7*),° which was 
estimated in a very crude way from the original eight-fold integral was unex- 
pectedly large. But we should not immediately conclude that the apparent dis- 
agreement between both results is due to the no-loop approximation, because the 
different cutoff methods used in these calculations may yield apparently qualitatively 
different results as was noticed in III, § 3-2 for the static limits. Therefore, to 


* Of course @78NN) = arySW¥) =0 at the threshold m=2M. 
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Table I 


make comparison easy, we calculate the 7’-moments, efc., in the 
proximation with square cutoff r2r, in the distribution functions 


10726 cm? 
e/2M 
e/2M-107°6 cm? 


the following formulae (cf. II1(4-13)) : 


9 
Mc~ 


no-loop ap- 
according to 


a mn 
= * ti ) (l+mr,)e""edm’, 
m 
(84) (2) 
a! iter Sm?) (mr,)? (mr.)* 
INS 2 4 » Cc fC —mr 2 
Se (7 =0 oY. {ltmre+ 9 6 Le edm”*, etc. 


These calculated results are summarized in Table II. 


(3p)2 


Since the spectral functions 


in the no-loop approximation are not calculated for m>3M], these values yet should 
not be compared with those in Table III of I. In the calculation in I, § 5-1, as 
the integrals are non-vanishing only for m=«(2), the square cutoff in the original 
spectral functions is carried out by restricting the integration domain to the region 
where x(x) <m,. Table III shows estimated cutoff values (for m,=3M) from 
the previous 100 samples selected at random. One must not take these values 


seriously since the above estimation is very crude. But from the comparison of 


Table II 
To=1/M To =2/M 
unit 
M.=2M | m.=2.5M | m,=3M M.=2M | m=25M | m,=3M 
| 
QOS e 0.33 0.77 pial 0.11 0.18 0.25 
(r2),8 10726 cm? 0.12 0.23 0.36 0.082 0.13 0.16 
ps e/2M 0.42 0.84 les 0.14 0.22 0.27 
ps (7?)8 e/2M-10-6 cm? 0.083 0.13 0.19 0.056 0.079 0.093 


Table III 


unit To=1/M, 6< 3M. Te=2/M, «<< 3M 
Qs e Sis) 0.87 
(r2),8 10-28 cm? 0.99 0.52 
us e/2M 10.7 1.4 
BS (72) 8 e/2M-10-%6 cm? 13 0.49 


$$ eee 


=a 
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Table II with Table III we! may conjecture some features of the differences between 
the original spectral functions and those in the no-loop approximation. The original 
charge spectral function will probably have a maximum at m<3M whose value 
is larger than the corresponding value of that in the no-loop approximation, and 
decrease and become negative. The original a.m.m. spectral function (for which 
the values in Table III are less reliable) will be rather large up to m~3M and 
nearly vanish for larger m (cf. Table III of I). We may thus expect that the 
original spectral functions become large more quickly (with respect to m) than 
those in the no-loop approximation, thanks to the contribution from the closed 
loop. 

The authors are much indebted to Mr. M. Fujioka, Mr. I. Matsumoto and 
Miss K. Uemura for the numerical calculations. 
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Collective excitations of nuclear matter which have their origin in the short-range inter- 
action between nucleons in nucleus are studied in order to correlate strongly excited level 
groups in nuclear reactions of relatively high energy with nuclear structure. Making use of 
an effective inter-nucleon potential which is determined from the analysis of pairing energies 
of various nuclei, the collective excitation energies are estimated in one particle-hole pair 
approximation of the new Tamm-Dancoff method. 

Three stable modes of excitations are possible, that is, spin wave, isospin wave and 
coupled spin-isospin wave. Of these three modes the spin wave is the lowest exciting wave, 
the coupled spin-isospin wave is the second and the isospin wave is the highest. Each of 
them has its own critical momentum above which they become unstable. 

The strengths of coupling of these exciting waves with particle motion are also estimat- 
ed. The higher exciting wave has the stronger coupling with particle motion and therefore 
the larger width of excitation energy. 

These exciting mechanisms would have some connection with the experimental results 
on inelastic scattering of nucleons and photonuclear reactions. 


§ 1. Introduction 


At present the aspect of the nuclear excitations of relatively high energy is 
becoming clear from the experiments on the inelastic scattering of high energy 
nucleons, the photonuclear reactions and other nuclear phenomena. These nuclear 
_ excitations are closely connected with the short-range interaction of nucleons in 
atomic nucleus. Therefore they afford a clue to investigation of the structure 
of nucleus. It may be expected that the collective excitations of nucleus which 
have their origin in the short-range interaction between nucleons in nucleus might 
be found in the excitations of relatively high energy. 

As the first step of the investigation we here adopt the Fermi gas model of 
nucleus and consider the collective excitations of nuclear matter. Here, of course, 
the important finite nature of nucleus is not taken into account, but our results will 
be qualitatively correct at high energies. 

In § 2 we derive the eigenvalue equation for collective excitation which results 
from one particle-hole pair state in the lowest approximation of the new Tamm- 
Dancoff method.” Similar equations were studied by Glassgold, Heckrotte and 
Watson,” but they took only terms in the interaction Hamiltonian which cor- , 
respond to that which Sawada® took in the problem of plasma oscillation of the 
electron gas at high density. Though we work with one particle-hole pair ap- 
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proximation, our treatment is more accurate than theirs. The interaction potential 
between a particle and a hole changes its sign, when we compare it with the 
potential between particles, in a similar way to the particle-anti-particle interaction 
potential.” 

In §3 the eigenvalue equation derived in §2 is solved, using an effective 
residual interaction between nucleons in nucleus which Nomoto” obtained from 
the analysis of pairing energies of various nuclei. Then it follows that three stable 
modes of exciting waves are possible, that is, spin wave, isospin wave” and coupled 
spin-isospin wave. Of these three modes the spin wave is the lowest exciting 
wave, the coupled spin-isospin wave is the second and the isospin wave is the 
highest. These waves have excitation energies linear in momentum when their 
momenta are small compared with the Fermi momentum of. nucleus. Each of 
them has its own critical momentum above which they become unstable. These 
mechanisms of nuclear excitations would have some bearing on several resonance 
peaks which have been observed in the experiments on the inelastic scattering of 
high energy nucleons,” photonuclear reactions®’® and inelastic scattering of electrons.” 

In § 4 we study the properly normalized wave functions of the above collec- 
tive excitations. Then the coupling strengths of these exciting waves with particle 
motion are estimated. The results show that the higher exciting wave has the 
stronger coupling with particle motion. Therefore the width of the excitation 
energy is largest for the isospin wave. 

In this paper we take the infinite Fermi gas model and neglect the important 
finite nature of nucleus. Also there are ambiguities in the effective residual in- 
teraction. Therefore we do not attempt to compare the results with experimental 
results quantitatively. It will be very interesting to investigate the excitation 
mechanisms treated in this paper using shell model wave functions for actual 
nuclei and compare with the experimental results on the aforementioned nuclear 
reactions. These problems will be treated in a forthcoming paper. 


§ 2. Eigenvalue equation for one particle-hole pair state 


We begin with the following nuclear Hamiltonian, 


H=H,+H,, (hy? 
2 Ae hel oes h 2h 

Hy=— 557 \dev* V4), 

pe | dx: dityi* (203) P* (204) V(r, 2) (a) (2), 


where M is the effective mass of nucleon in nucleus, ¢(x) the wave function of 
nucleon which includes both spin and isospin, and V the effective residual inter- 


* We use the natural unit #=c=1. 
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action potential between nucleons in nucleus. V is generally a nonlocal potential 
but we assume it to be a local central one and neglect the effect of the tensor 
force. Then V is written in the form 


4 
V(x, %) = LP-FP Vi (|si— |), (2) 
j=1 


i=l oi 50.54 gtk eT 


where o and 7 are the spin and the isospin operators for nucleon respectively, 
and we use the usual matrix representations for them. 
We introduce the Fourier transforms of ¢, ¢* and V as follows, 


4 e 
f(x) eae SI ( \ dp ere, a,(p) a | dp e-Pe T3007" b,* (p)) , 
p=l 


Ipl>pp Ipl<pp 
4 . - - 
* (x) Seas > ( | dp Ca a,*(p) ee \ dp ev," 1026, (p) 7 (3)* 
o ay \pl>pp Ipi<pp 
E ; thee (ay — Wo 
Vi(|%1— 291) =ape |ake" ™-) V,(k), 


where u,(o=1, 2, 3,4) are the spin and isospin wave functions for nuclear parti- 
cles which are in the spin and isospin state @ and can be represented by column 


matrices. wv, is defined by 


Bees ee, (4) 


and represents the spin and isospin wave function for the hole. t,o, expresses the 
fact that the spin and isospin of a particle and a hole are reversed to each other. 
This matrix is analogous to the charge conjugation matrix in positron theory. 
a,(p) and a,*(p) respectively annihilate and create a particle with momentum 
p and spin and isospin p. These quantities are defined only for p>p,y. Similarly, 
b,(p) and 6,*(p) are annihilation and creation operators for holes within the Fermi 
sea, being defined only for p<py. These operators satisfy the well-known anti- 
commutation relations 


{a,*(p), a, (p’)} =0,,,0(p—p’), {b,*(p), b,(p’)} =0,,10(p—p’). (5) 
In the following we use for convenience sake the following notation : 


3) 4, (P) (th). 4a(P)» 1a, (p) (uy*) a> ae* (Pp), 
D2 (P) (2p) «> BaP), 3 8*(p) Vp") a> e* (P). 


r) 


(6) 


Aa, Aa*, by and b,* satisfy the same anticommutation relations as (5). a(p) and 
b(p) are column matrices, a*(p) and b*(p) row matrices respectively. 
We investigate in this paper the collective excitations of nuclear matter in one 


* Asterisk denotes Hermite conjugate and T transposed. 


| 
‘i 
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particle-hole pair approximation. Therefore, when we introduce Fourier transforms 
(3) into (1), various terms appear, but we leave only the following terms, 


A’=H)+H,%+H,, (7) 
1 
Aye \ dpa*(p) pa(p)-— dpb*(p)p'b(p), 
aut ale 2M 
lpl>pz pl <py 
1 e / 
fe Spee (27)* 2 \ ap: dp.’ dp, dp, dk V;(k)0(p,'— p:—k) 6 (p.'— ps +k) 


x (a* (py!) D4 72.025* (— p.) +b(—py,’) 7,01", a(p,) ) ; 
x (a* (p2') I';7205b* (— ps) +b(—p,’) T.0,L";a(pe) ), 


4 
(on)? 2 | dp:' dp! dp, dp,dkV;(k) 0 (p,— pi—k) 0 (p.! — pa +k) 


x (a* (pi’) b* (—p,) LF? -L,.° b(—p,’') a(py)), 


(2) __ 


I 


where 
rf=—-f;, P/=F., ©/=rs, P>—Ff;, (8) 


and we used the relations 


by ie ee 2 
$= —t,, 0,,=—G2, 0,00,=—0", o.Ti,=—T. (9) 


H,® is the Hamiltonian which Sawada” took in the problem of plasma oscillation 
of the electron gas, where the long-range Coulomb force acts. In our problem 
we are concerned with short-range nuclear forces and H,") gives comparable 
contributions with H,”. If we compare H. 7” with the ordinary interaction 
between particles, we can see from (8) that the sign of V; and V, is reversed. 
This situation is analogous to the interaction potential between a nucleon and an 
anti-nucleon.”” Glassgold, Heckrotte and Watson” studied a similar problem, but 
they did not take H,”. 

Next we derive the eigenvalue equation for one particle-hole pair state using 
the new Tamm-Dancoff method” in the lowest approximation. Though we are 
uncertain how good one pair approximation is for short-range interaction, we suppose 
that one pair state plays an important part at any rate in the energy region con- 
sidered here and our results will be correct at least qualitatively. From the 
Schroedinger equation 


(E— Hy —H,®—H,®) ¥=0, 
we get the following equations for the one pair amplitudes, 
(e + Eq, — Eq) Car be* (qz) aa* (qr) P)= (Po* [be* (qz) aa* (qu), H+ Hy |? ), 


(€ + Ey,— Eq) (Po* ag (— qo) ba (— qu) P)= (F* [ae(— 42) ba(—4qi)» fs Pig le taal Ps 
(10) 
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where «-=E—E,, E,=(1/2M)-q’, % is the ground state and EF, its energy. 
Calculating the commutators on the right-hand side of (10) and leaving only 
the one pair terms, we obtain 
2 
(27)* 
x Sp[Lst,.0,b* (—k+qit+qz) a* (k) +t,0,I;,a(k—qi—qz2) b(—k) | 


[de (qs) ae* (q.), HY] = 2 33 | dkV. (last aul) 202PD 2e 


+ as 3 J akv.e (720.Da(—qotk)b(—q—k) Fs) sa, (11) 
[be* (qz) a* (qu), Hy? |= aa ~ | dkV.) (b* (qo—k) I) p(a* (Qi tk) Li) a- 


In the right-hand side of the above formulas, b*a* and ab are regarded as 
matrices with 4 rows and 4 columns (density matrix) and Sp denotes summation 
with respect to spin and isospin. Similarly, we have 


[aa(—4s) be(— 41), Hs )=— 2 | dV qt el) 722) 50 
(2a) 04 
x Spl 1; t202b* (—k+qi+q:) a* (k) +1,0,I;a(k—qi—q) b(—k) | 
asa 2 | kV.) (I";, 7202 6* (q2—k) a* (qi tk) D570) ga, (12) 
(a4(— 4) be(— 4), Hi = 233 | ARV) Peal.) )o(PU (41-8) a 


Then we decompose the one pair amplitudes into independent components with 
respect to spin and isospin as’ follows, 


(Po* be* (qz) aa* (qr) F) = F202 ele (q2, WL.) ga, 
os (13) 
(Coa ap (—4qz) ba(— qu) Y’) ey pe 9:(— as —q:) P5702) Ra: 


Here f; and g, represent the amplitude with spin 0 and isospin 0, f; and g, spin 
1 and isospin 0, fs and g; spin 0 and isospin 1 and f, and gy, spin 1 and isospin 
1 respectively. If we insert (11) and (12) into the right-hand side of (10) oe 
use Eqs. (8), (9) and (13) and the anticommutation relations between o’s and ct 
and then compare the coefficients of the independent pees on the both ste 
we obtain the following equations, 


(€,+o, — Eg) fi (qe, q) = ———— oa 3 \akv, (lq. +42|) (fi(— k+qi+q@, k) 


+9(k—g— 41, —B)) +e pe EVE ® Kak, q+k) 


+9:(—q.t+k, —qi—k)), Iq:|> pr, |qz| <pr; (14) 


: ae ay” 
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ae 
(27)° 


Sg. gn) — me JdkVi ®) (flq— ky +h) 


(€,+ Eg, — E,,) 9:(—4z; —q)= | akV.(\q.+ an) (fi(-k+qm+4@, k) 


+9:(—q.tk, —q—k)), |qil<pr, |42|> Pr; 
where 
V,'=Vi+3V.+3V34+9V4, 
V,/=V,-— V.+3V3;—3V,, 
V,/=V,4+3V,—Vi—3V1; 
Vi=Vi—V.— Vat Va. 


(19) 


(14) is the eigenvalue equation for one pair state in our approximation. 


§ 3. Estimation of excitation energy 


In this section we solve the integral equation (14) in the preceding section to 
estimate the energy of the collective excitations. As is well known the nuclear 
potential between free nucleons is very strong and singular and produce strong corre- 
lation effects between nucleons in nucleus. This real inter-nucleon potential cannot 
be used in our equations as it stands. After dealing with the strong correlation ef- 
fects properly and separating the self-consistent part, we should use the remaining 
interaction between nucleons in nucleus in our formulas. Instead of this we use 
the effective residual interaction potential determined from the analysis of the 
pairing energies of various nuclei, Nomoto” obtained from the analysis of the 
pairing energies of even-even and odd mass number nuclei the following inter- 


nucleon potential, 


“3 


Vg=8er| V, ote Deh ig aoe [2% (16) 


V,=—(25.4+6.7) Mev, V,=—(14.2+3.1) Mev, 


where 7 is connected with the nuclear radius R as R=r,A™’. If the effective 
residual interactions are sufficiently short-ranged and weak in the odd states, they 
can be approximately represented by the above form. Since the delta-function 
interactions act only in relative s states, we can write (16) in the following second 


‘quantized form, 


34+0;:°¢; 1—T;:T; 
4 4 


ie eo J dx.dx,yr ag" (a0 V. 


$V, sass ST [aca persed, (16") 
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In this case V, and V,/ in the preceding section become as follows, 


V.= tre Ch? HSV N20 


3 
See (V,—3V,) > 0, 


(17) 
Vi= 22 (—8Vi4 Vi) >0, 
Visa (Save, 
4 
and 
Via Uy, Via e4Vy, VS de ve (18) 


Therefore (14) is written as 


8 
(64+ Ey, —Ex) fd, $W=—5 oe Vi | ak fu(—k+a.+4s, h) 


+9.h—qs—qa, —k)) + dk Algo, tk) +9 atk, ~q—k)) |, 
|qo|<pr, |qil> pr; 


(ener, 2 Sg) as. = 9) =e Vil aR bt tae k) 


+9:(k—qi-— qa, —k)) + \dk(filqz—k, atk) +9:(—-qatk, —q.-b) |, 


lq2l> pr, |qil <pr- 


If we change integration variable from k to k’=k—q,, in the first integral of (19), 
the first integral becomes equal to the second. That is, in the present case the 
part which was neglected in reference 2) gives the same contributions as the part 
considered there. Generally, H;” will contribute comparably with H,". Separating 
the centre of mass motion, i.e. putting 


K K 
Mrd arr SPER MEBs 


and changing the integration variable from k to p’=p+k in the second integral 
of (19), we obtain 


Cermmmrger mes Cr e 


» K K 
dole a ee -p+|<Pr 


p++ |>pr, (20) 


te Bh 


PY ere 
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Pen qi; ae ee ot ee Lae == V; d t a 3 4 i 
( Werte me Betis 2°} © fenye st) °P Beg apiP tivga| 
. 2 K- eet 8 )) [= K | K 
TI: (p Bue P D) ? | Ep > pr, p+ < pr. 


From (20) we get the following eigenvalue equation in the same way as Sawada, 


16 1 1 
i= Vi dp Se dp ee ee 
(22)° |-—p+K/2|>p, as (K-p/M) |-p+IC/21<py, as Paes 


|p+K/21<py p+ K/2|>py 


(21) 


As Sawada et al. discussed, this eigenvalue equation has two types of solutions, 
i.e. the continuum solutions which correspond to the free pair excitation and a dis- 
crete solution which represents a collective excitation. Integrating Eq. (21), we 
have the relationship between the collective energy ¢€; and V;, 


_ 2M? K*\2_ ( Kpr\? (+ (Kpr/M) + (K2/2M) 
ue ze V| {fet ee = , | log Sen Sia asa 


ee ee ee aoe eo 


This equation has a stable real solution e; for positive V;, but has only an unsta- 
ble solution for negative V;. If we take the interaction potential (16), as seen 
from (17), three stable modes of collective excitations are possible. When the 
momentum K is small compared with the Fermi momentum p,, that is, K?/2M 
is small compared with Kp,/M, we can expand (22) with respect to K*/2M. 
Then we have 


4M’ V, e:+ (Kpr/M) 9 Kpr / 
p= AMVs | 6 Jog + (Kbr/M) _ 9 (22!) 
eK {e.log ¢,— (Kpr/M) M 
(22') has a solution ¢; linear in K, Le. 
e,=u,K, 
where wu; satisfies the equation 
_ 4M’V, Pi Us (pr/M) tau pr ; (220) 


In the case of plasma oscillation, where the long-range Coulomb force acts, 
the plasmon energy has the classical limit when K-—>0, but in our case, where 
short-range potential concerns, the collective excitation energy tends to zero in the 


limit K-0. ae 
On the other hand, we obtain from (22) the values of Kinax and €;max at whic 


426 S. Hatano 


the collective solutions cross over into the continuum solution. This occurs at 
€¢ max = Kinax/2M+ Kinax Pr/ M, which gives 


p= MeV |(1 4 Soe) log (1422 poe (23) 
v1 en 2pr max 


For momenta above this value, the collective solutions become unstable. 

Taking the values of constants, Mc?=940 Mev, m=i/pc (z-meson Compton 
wavelength) and pp=(97/8)"*-i/r, Eqs. (22”) and (23) are solved numerically. 
The results are listed in the following table: 


| mode 2 | mode 3 | mode 4 
: 0.233 0.29 | 0.26 
Rusitpe 0.070 0.90 0.44 
@ nce (Mey) 3.50 63.0 | 25.9 


Mode 2 corresponds to the spin wave, mode 3 to the isospin wave and mode 4 
to the coupled spin-isospin wave. To represent these circumstances clearly, the 
excitation energies of collective 
modes and the maximum ener- 


. : re Mev mode 2 
gies of free pair excitation for 60 ieee 
a given value of K are plotted =| —-—-— mode 4 a 
in Fig. 1. As is evident from pe eas 
Fig. 1, the spin wave is the 40 atc 
lowest exciting wave, the coupl- 30 .. Be 
ed spin-isospin wave is the next, of 
and the isospin wave is the = a 
highest. There is another in- 10K Pee Cee ee en ee max free pair 
teresting feature that according 
to the value of K the number Os Od 0.2 03 04 05 06 07 08 09 K/p,. 


of the stable collective modes 
varies from one to three. 

The values of «; fora large 
nucleus can be estimated, by taking K=fhz/R and R~6h/pc and using €,=2, K, 
and we have 


Fig. 1. Collective excitation energies and maximum 
energies of free pair excitation 


€:=17, €;=21, €¢,=19 (Mev). 


These figures show the order of magnitude only qualitatively. 

As Vj, is negative, mode 1 is always unstable. This means that our approxi- 
mation is not good for mode 1, i.e. in this case the finite nature of nucleus be- 
comes important or the terms in H, other than H,” and H,® are not negligible. 
Therefore we should take some other approximation method. However, mode 1 


tk eee 
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would be connected with low excitation close to the ground state and even if we 


treat it properly, other three stable modes which have relatively high excitation 
energies would be influenced little. 


These mechanisms of nuclear excitations would have some connection with 
the several resonance peaks which have been observed in the experiments on the 
inelastic scattering of high energy nucleons,” photonuclear reactions” and inelastic 
scattering of electrons.® It will be very interesting to investigate the excitation 
mechanisms treated in this paper in detail for actual nuclei using shell model wave 
functions and compare with the experimental results on the aforementioned. nuclear 
reactions. These problems will be treated in a forthcoming paper. 


§ 4. Coupling of collective modes with particle motion 


First we determine the wave function of the collective mode in the preceding 
section. Multiplying I’;z202 on the first formula of (13) from the left and taking 
spur, we have 


FACT qi) =— (Pt a (qa) P1925" (42) T,). (24) 
Similarly, from the second formula of (13) 
9.4, 41) = — (Bo (= Gi) 2a — 4) Mi), (25) 


hence in our approximation ¥; can be written in the following form, 


YK) =A,*(K) Le 


K 
A,*(K) = {ap @, a* (p++) T'; 75030" (-p+—) 


+8,6(—p-—) “00.0 (p—*) |. (26) 
2 2 
a, and 3, must be chosen so that ¥;(K) becomes a properly normalized eigen- 
function of the Hamiltonian, that is, 
(Hy! + Hy) &(K) = (Bo + €:) VK), 
(H+ H7') P=) le 
where 
H,' =H) +H,”. 
This equation further can be written as an operator equation 
(Hy! +H, A;*(K)J=«A*(K). (27) 


Taking the Hermite conjugate of the above equation, 
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[Ho’+ Hy, A;(K)|=—¢,A,(K). (28) 
From this equation we have 
(Ay! + H7') A;CK) Y= (Ey— €:) A:(K) L,. 


Since ¥%, is the ground state of the lowest energy, this equation can be satisfied 
only if 


A,(K) %=0. 
Using this condition we can fix the normalization as follows, 
(0 * UK) Pj’) ) = (Po* AUK) A;* (KR) Po) = (Po*|A:(K), A;*(K")] Po) 
=40,,0(K—K') | dp(\ayl—|3p!*), (29) 
so that 
4\ dp(lap—|apP)=1. (30) 


The coefficients a, and , can be determined by taking account of commutation 
relations (11) and (12), Eq. (27) and the eigenvalue equation. Making use of 
this result, Y;(K) can be written as 


* RK; He 
UK) =Nux\dp (4 (p+ K/2)I;7,0,6*(—p+K/2) 
€:— Ep xp t+E_pixy 


dy (a t ; —K/2 
ge he aE eee S22) 5 (31) 
€:— by xp tb _piKp 


where Nix is given on account of (30) by the solution of the following equation, 


aU 
(e,—E,s xp ot a a? 


p+ K/2|>p_ 
|-p+K/2\<pp 


1 
- \ dp ) (32) 
|p+IC/2|<pp (6:— Ey ix tE_p. Ki)” 
|\-—p+I12|>pp 


Carrying out the integration, we have 


i 82M? 1 Kee e:t+ (Kp;/M) — (K?/2M) 


Seer ac| (e— ar S es— (Kpr/M) —(K2/2M) 


KS €:— (Kpr/M) + (K?/2M) | 
ae l : 
( eA 3 €:+ (Kp,y/M) + (K?/2M) oe? 
Expanding with respect to K*/2M as before, 
Srila, €;— (Kp,/M) 2¢;(Kp;/M) 
o[eees A eee 7 lo - 2 Pr 
K x( pee (Kpr/M) — ¢2—(Kpy/M)? Sea? 


is 
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If we introduce the approximate solution ¢;=w,K into the above equation, we get 


1 _ 8M’ ( ui— (pr/M) ce 2u;(pr/M) j= ae Gi 


/ 
iK K ut (pr/M)  u;’—(pr/M)? Kms cee oe 


where the utmost right is the definition of c;. Thus in our approximation N;x% is 
determined from (34’) as 


os 
N, i V & ; 
K Ses (35) 


From the numerical values of uw; obtained in the preceding section, c;’s are numeri- 
cally 


Co— 4 ale Cz— 800. C= 5s (36) 
Combining these results, we find 


A;*(K) nee \¢p ( a* (p+K/2)P 70,6" (—p+K/2) 
Mc; €:— Eye xa tE_piKp 


ve Bee B aL rp Ee) 
€:— Lp K+ L_p+K/2 (372) 


—_ “ a cs Paes 
Me; €:— Epi kp t+E_p+Kr 
1 b(—p+K/2) 7,0,I',a(p+K/2) ). 
€:;—EpyixetE_p+ Ki 


Next we calculate the matrix element for the creation of a quantum of the 
collective excitation wave arising from its coupling with particle motion. Denoting 
two one particle states by 7, and ¥%/, this is evaluated in one pair approximation 
as follows, 


(0'* A; UK) H, = PAs), Hy) F) = C81 * [A (K), LOE, (38) 


-where H,® is given by 


2 


2r)* 


Har S| dpi! dps dpsdp.dkV.(8)3(p!—p.— 1) (Pl Pa BD 
x (a* (po!) I; 72% b* ( — Po) +b(—py!)t20,1";a(pz) ) (a*(p,')I';a(p) )- (39) 
Similarly, the matrix element for the annihilation is estimated as 


CDH, AX Oy =~ —CP!* AX (K), HP =—CR* (AA), 9) Fi). (40) 


Using (37) for A*(K), the above commutator becomes 


yee Ve 3(p.—pr— K) (a* (pr) capa 
[A*(K), H,®] (Gaye Me, | dp.dp. (p:— p2— K) (a* (pi) Fa (p2)) 


430 S. Hatano 


d dp) L 
x |( | Lee is - €:— Eye Kp tE_p+K2 
\p+K/2|>p_ Ip+ K/2\<pp 
|-p+Kl2|<pp =P tH l> ep 
x (vi p+ —p|)—4V(K)). (41) 
Similarly, 
z V € x * Lr, 
NCS es rece ty | dp. dp.9(p—p.+ K) (a* (p.) P's a(p:)) 
Srbcias MAb pee 
x P- = ; 
[p+K/21<p yp \p+K/2|>p_ €s EnsKpt E_pr Kn 
|-p+ K12|>p_, |-—p+ K/2\<py 


x (vel 


If we take the interaction (16), making use of (18) and (21) we have 


p.—*\ —p )—4V.(K)). (42) 


[PA CK) ya — | dpidp.d(p.—p.—K) (a*(p)I.a(p.)) (41’) 
Ci 
and 


[A,(K), 1, =& | dp.dp.d(p.—p.+K) (a*(pi)T:a(p2)). — (42") 
Cy 


In our approximation, in which 
[A,(K), A;*(K’)]=0,,0( K—K’), 


the effective interaction Hamiltonian between the collective exciting wave and 
particle becomes 


ee > ee \ dp; dp» dK €,(¢* (pi) L$ (ps) ) 


x (A, (KK) 0(pi— p.— K) + A;*(K)0(pi—p.+ K)). (43) 


As can be seen from this expression, the coupling strength is larger for the isospin 
wave than for the coupled spin-isospin wave and spin wave. Therefore the isospin 
wave has the largest width of excitation energy. 


§ 5. Concluding remarks 


In the preceding sections we have studied the collective excitations of nuclear 
matter which have their origin in the short-range interactions between nucleons. 
in nucleus and found that three stable modes of collective excitations are possible 
and that the higher exciting wave has the stronger coupling with particle motion. 
and therefore the larger width of excitation energy. 


PR Ta 
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Here we speculate the connection between these exciting modes and the ex- 
perimentally found levels. The isospin wave will correspond to the giant resonance 
states in photonuclear reactions as Ferentz, Gell-Mann and Pines” discussed first. 
As isospin wave has the largest coupling with particle motion, this mode will be 
observed most easily. Other two modes have weak coupling compared with isospin — 
wave. Particularly, spin wave has the smallest coupling and only small stable region 
as seen from Fig. 1. Therefore in order to find these modes experimentally, accurate 
measurements will be required. Mode 1 becomes unstable in our approximation ; 
however, if we treat it properly, mode 1 would be connected with low excitations 
close to the ground state. 

An example which shows the existence of the coupled spin-isospin wave and 
the spin wave might be found in C”. In the experiment on the inelastic scattering of 
protons on C”, Tyrén and Maris” found several strongly excited levels. Among 
these the upper three levels have excitation energies 20 Mev, 15.0 Mev and 12.6 Mev 
respectively. The 20 Mev level corresponds to the giant resonance states. The 
15 Mey level has spin and parity 1+ and isospin 1. This level was also observed 
in the experiment of the inelastic scattering of electrons.” Therefore this level 
will correspond to the coupled spin-isospin wave. According to the analysis by 
Sakamoto” on the basis of impulse approximation, the 12.6 Mev level has spin 
and parity 1+ and isospin 0. This level would probably correspond to the spin 
wave considered in this paper. Of course these are only speculations. It will be 
very interesting to investigate the excitation mechanisms treated in this paper in 
detail for actual nuclei using shell model wave functions. 


The author would like to express his sincere gratitude to Professor M. Kobayasi, 
Professor T. Marumori and Dr. Y. Sakamoto for their continual encouragements and 


helpful comments. 
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The quadrupole array for the lowest energy of quadrupole interaction in crystals is 
obtained by generalizing Luttinger and Tisza’s theory of dipole interaction. The theory is 
presented for the two kinds of problems: the simplest case of quadrupole pertaining to a 
doubly degenerate orbital ey and the other general cases both for the cubic crystals. In the 
former case, the quadrupole interaction is written in terms of fictitious spins, whence we can 
get the solution of lowest energy classically, serving to obtain some informations of the 
orbital ordering in compounds with Mn3*, Cu2+ and Cr?*. In the latter cases, the five com- 
ponents of the quadrupole are totally effective, leading to a rather complicated problem. 
The classical solution is, however, easily obtained, though somewhat complicated. The quadru- 
pole array of lowest energy in face-centered cubic lattice proves to be realized in molecular 
crystals N,, N,O, CO, and CO, which is accompanied with large quadrupole but without or 
with small dipole moment. : 


§ 1. Introduction 


In this paper, we shall look for the quadrupole array in a cubic crystal 
which brings about the lowest energy of quadrupole interactions. There are some 
interesting applications of the results obtained. 

Firstly, the crystal structures and the configuration of molecular orientation 
for many molecular crystals have been found by the X-ray analysis. It is known 
that molecular crystals composed of linear molecules N,, NsO, CO, and CO show 
the same type of ordering of molecular orientation at low temperatures, being 
crystallized in F.C.C. lattice.** Between two molecules, there are three or more 
kinds of anisotropic interactions in general, that is, the valence, van der Waals 
and multipole interactions. We shall consider here the non-polar molecule with 
considerable magnitude of quadrupole moment. Therefore the quadrupole-quadru- 
pole interaction will be much effective. It is known that between two hydrogen 
molecules the directional dependence of both the van der Waals and valence forces 
are considerably smaller than that of the quadrupole interactions, which proves to 
be predominantly effective in causing the orientational ordering of ortho-hydrogen.” 
Due to this situation, we are inclined to think that the orientational ordering of 
molecules in the crystals mentioned will mainly come from the molecular quadru- 


* Present address: Department of Physics, Osaka University, Osaka. 


** Hereafter S.C., B.C.C. and F.C.C. lattices mean simple cubic, body-centered cubic and face- 
centered cubic lattices respectively. 
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pole interaction. In fact, we shall see later that the molecules N,, N,O, CO, and 
CO have such magnitude of quadrupole moment that the orientational ordering of 
molecule in crystal is explained satisfactorily from its quadrupole interaction. 
Moreover, our predicted array proves to be just in the actual situation. 

Secondly, there have appeared a theory of magnetic anisotropy related to the 
cobaltous and ferrous oxides, where Co** and Fe’* in cubic field have a large 
orbital momentum unquenched, hence a large multipole interaction results.” . The 
study of preferential array of quadrupole may give some informations about such 
problem. Now the magnetic property associated with the d-electron states in the 
metal ions of perovskite type compound LaMnO; and deformed perovskite type 
MnF; has been one of the recent interesting problems.” Their magnetic structure 
is said to be the “A-type structure in which spins in a c-plane are coupled 
ferromagnetically and spins of two adjacent planes are coupled antiferromagnetically. 
The magnetic ordering of these compounds should be explained by assuming 
appropriate ordering of e,orbitals. It is well-known that a five-fold degenerate 
d-level in cubic crystalline field splits into a doubly degenerate e,-level and a 
triply degenerate #,,-level. Since the level splitting is of the order of magnitude 
of 10‘cm=', we have only to take up the interaction within the lowest manifold. 
In the case of Mn** ion, e,-level is lower, because the electron configuration of 
Mn**, (3d)‘, is equivalent to the ion with a d-hole in the Hund lowest state, hence 
the level order is reversed. In the above compounds, the orbital ordering will be 
caused at first by the interaction between the displacement of anion and e,-electron 
but the effect of quadrupole interaction of e,-electron which will be treated in 
Sections 3 and 4 is not so small. Therefore it seems to be worthwhile to find 
the ordering of e,-orbitals with the lowest energy. 

In the present paper, we shall look for the quadrupole array with the lowest 
energy in cubic crystal, following Luttinger and Tisza’s theory of dipole interaction.” 
They divided the lattice into 8p simple cubic sublattices (p=1 for S.C. lattice, 

=2 for B.CC. lattice and p=4 for F.C.C. lattice), where in each sublattice all 
dipoles are parallel, hence any state of dipole array should be represented by a 
point in 24p dimensional vector space. Under the condition that a vector re- 
presenting any dipole array should be confined to the constant dipole surface 


8 % . . . . 
S S) /4,=const, they reduced the problem of obtaining the dipole array with 
i=1 a=« 


minimum energy to an eigen-value problem. That is, they looked for the array 
vector which is parallel to the dipolar field vector generated from the original 


array, and obtained the lowest array consistent with the condition > a= [ae 


i=1,-:-,8. Here #, denotes the a-th component of dipole whose magnitude is 


equal to /. _ 
The quadrupole interaction takes a form (7) bilinear with respect to the five 


components of quadrupoles belonging to two interacting atoms (or molecules). A 
quadrupole localized at lattice point is considered as a vector whose components 
are given by 
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ea eer m=O P 7), 
4 3 } (1) 
Ze=V 37; u=V 3, Zs=V/ 3. 


Here ¢, 7 and ¢ are Cartesian coordinates whose origin is at each lattice point. 
If we assume the vector (€,7,¢) to be confined to the surface of the sphere with 


unit radius, the condition 
Bape ahe 1: (2) 


leads to the condition 

5 

PGi Pace (3) 

é=1 
However, not all of z,’s are independent, because the components of a real quadru- 
pole (1) are subjected only to two independent variables. Therefore a_five- 
dimensional vector z(z;, «-:,%5) subjected to (3) but free from (2) does not always 
correspond to a real quadrupole. But, in order to seek the quadrupole array 
of the lowest energy, we shall first solve our problem within a rather extended 
manifold of the fictitious quadrupole just mentioned. The procedure to be followed 
is in complete parallel with Luttinger and Tisza’s method. 

If the eigen-vector belonging to the lowest eigen-value represents a real quadru- 
pole or if a linear combination of vectors which are degenerate to the lowest value 
represents a real quadrupole, that is all right. As we shall see later, however, 
in S.C. and B.C.C. lattices this is not the case and only in the F.C.C. lattice 
in which the actual problem is included we shall see such a situation to be 
realized. 

There is a case in which the problem is greatly simplified. It appears in 
the quadrupole interaction between d-electrons in the e,state. Actually, if we re 
present the five components of a quadrupole by e,-orbital : 


VA 1 
iy cg ae eer tahoe (4) 
we have 
=< 2 al ~ 2 Pls ‘a 
ene Se nas ee 
Ie eg, PY QI Reems kee (>) 


but the matrix components of z3, 2, and z, vanish identically, where 7 denotes 
averaged square of radius of electron coordinate. Using the Pauli spin matrix 
we may write them as 


n= Pe, m= ore , (6) 


In this formalism, the procedure is very similar to that for the dipole array and 
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the exact classical solution is straightforwardly obtained for the three lattices 
considered. 


§ 2. Quadrupole interaction 


The quadrupole interaction between two quadrupoles is written in a usual 
form : 


3 2 
Gee go ri ref (91, $13 Fa, Pr); (7) 


f(A, Yi; 05, Q>) =8P, (cos 0;) Ps (cos i) 
—16 sin§, cos, sind, cos 4, cos (¢1— ¢2) + sin? sin?0, cos2(Yi—¢2). (8) 


Here (7:, 9; ¢;) denote the polar coordinates of the position vector of electron 
whose origin is at the center of gravity of charge distribution localized around the 
i-th quadrupole, and the polar axis is taken to be a line connecting two centers 
of quadrupoles whose distance is equal to R (see Fig. 1). 


& & 


61,65 


7, I 


Fig. 1. The definitions of (r;, 0, v4) and R. 


If we take our coordinates system so as to coincide with three principal axes 
of cubic crystal, the quadrupole interaction (7) is transformed into 


3) 2, (1) Vue(R)2(2) (9) 


Byy= 


3 
> a reer 


where z,(i) denotes the y-th component of the i-th quadrupole and V,,(R)’s are 
listed in Table I. : 

The next step is to construct a matrix of Vea with respect to the lowest 
degenerate states. The simplest case is concerned with doubly degenerate e,-orbital 
(I, manifold in Bethe’s notation), where (6) may be substituted for z. 

In general cases, the matrix representation can be constructed with the help 


of operator equivalence method,” that is, 


nae (I): “or ; 2 PRO Ra Be Phi (10) 
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Table I. Expressions for V,,(R) x R®. (0, @) denote the polar angles of the direction R. 


P2(cos@) | P (cos @) 
y P2(cos 9) = 
: ; cos 20 | sin 20 | cos 40 sin 40 
1 1 2/3 | | 1/36 
peer el . 113V3 | | 
ako 8S | 1/36 
2 2 4 | 
aes) | | 1/3Vv 3 
| 
Sine. 3 —8/3 —2/9 | 
eae —2/9 | 
oes —8/3 2/9 
Te kD 2/3 | | — 1/36 
PLEA ae tae elaine inal er Ml iia A Wee SST ea a a 
=  ———————————<— 

P3(cos @) | P3(cos 0) 

iY = 
cos O sin® | cos 30 sin 30 

1 3 1/3 | 1/18 
il 4 —1/3 | 1/18 
Tae 3 2/Vv 3 | 
Gps ge 2/V 3 
Se) —1/3 | —1/18 
Aree 1/3 | 1/18 


where c, is dependent only on quantum number J of degenerate manifold. In 
these cases, the classical treatment of quadrupole interaction is to consider the 
energy (9) with quadrupole’ normalized in the sense of (3). 

In such a way, the energy of the quadrupole interaction in crystal is written. 
as 


j>k py 


W= ISz,/F,,(Rj—R,)z,! (11) 

in general cases, where. F,,(R;—R,) is equal to V,,(R) X (8e? 44/4) and z, is 
now the component of normalized quadrupole. In the following, we shall measure 
the quadrupole energy W in the units of (3e*4¢/4a°) where a denotes the lattice. 
constant. F,,(R;—R,) are symmetric with respect to suffices » and »v. 

The physical meaning of F,,,(R;—R,) is given by stating that the 4th com- 
ponent of quadrupole field at the j-th lattice point is equal to F,,(R;—R,) if we 
put a unit fictitious quadrupole z,=1 at the &-th lattice point. 


§ 3. The e,-orbital array in the S.C. lattice 


Let us first study the array of fictitious spin associated with e,-orbital in the 
S.C. lattice. The quadrupole energy (9) is then written as 


1 da ae aah % Ome 
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by substitution of (6) in (9), where the components of a dyadic F(R) are given 
by . 
F,.(R)=Fu(R), F..CR)=Fs(R), 


F,,(R) =F.,(R) =F, (R), (13) 


and the other components vanish identically. 


We shail classically look for the lowest array of spin vector which is doubly 
periodic. Then we shall divide S.C. lattice into eight S.C. sublattices generated 
from eight lattice points : 


(000), (00), (10), ©0901), 


(14) 
(Ol De 0 t)t > (1 0) and? (11), 


in which all spins are parallel within each sublattice. Thus we have only to 
assign the spin orientation on the eight lattice points mentioned above in order 
to designate spin array in the crystal. If we assume a tentative array, it causes 
a field at, say, the &-th lattice point. Further, if the spin at this lattice point 
is parallel to the field generated there and the situation is the same in the 
whole lattice, the system will have a certain amount of efficient gain or loss of 
quadrupole energy. Following Luttinger and Tisza, we shall refer below to such array 
as characteristic array. The spin array with maximum gain or loss of quadrupole 
energy should naturally be included in the whole assembly of characteristic arrays. 

Let us then find characteristic array %, which is designated by 28 components 
inclusive of eight spins because the y-component of o disappears throughout eight 
sublattices. The characteristic array is thus obtained from an eigen-value problem : 


F-3=f%. (15) 


Here the field operator F is a square matrix of sixteen dimension, whose component 

F2?, p, g=1, 2, °, 8; B, y=1,2 gives the 4-th component of the quadrupole field 

acting on a lattice point belonging to the p-th sublattice when we put spin along 

the wth direction on the g-th sublattice. Since the magnitude of & is given by 
8 


(3, B) = >} (o-6,) =8, (16) 


é=1 


the eigen-value of (15), f, just corresponds to twice as much as the quadrupole 


energy per atom, 1/16- (SF ->).. Here, the classical magnitude of fictitious spin 
is assumed to be equal to unity. 

To obtain characteristic vector S, it is necessary to see the structure of field 
operator. It is a cyclic matrix with respect to p and g, whose component can be 
obtained with the help of Table I. Components F?’s, #, v=1, 2, are simply 
written as follows: : 
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Fe=GCy (000) = 55 ; S) (19 (4,4 +2") + 41,4—102 ie 12—121, (17 +17) Ve, 
11 lols 


Fy 


Il 


Gy. (000) =5/64/3 - >} (8-12) (618 —L -L)/E, (17) 


1°2°3 


=—-0 


F=G,(000) =1/64- 3} [3(4+h) +8i'—24i(2+E)4+64 2/2, 
iy lols 

where 2=124+/2+/2. The other components F??, p+<q, are also obtained from re- 
placing Le Is and If in (17) by — (14? — uy’) {2s l1,— (22? — Uo") {2 and l,— (us? — us’) {2 
respectively, in which (2, a”, us”) denotes the lattice point generating the p-th 
S.C. sublattice as given by (14). According to this definition, we may put 


> > 


y ete q pe q yak q 
Fu=G,[ Uy z Uy Us =m Us ; Us ip (18) 


whose numerical values are tabulated in Table II (see the Appendix). 


Table II. The numerical values of Gy» (a; uo us). 


uy U2 us Gy, @w) | Go (u) | Gy. (u) 
0 0 0 0.39 0.39 | 0 
eeag 0 6.32 3.12 ~2.77 
0 172° 6 6.32 3.12 2.77 
Oreo 1/2 1.52 7.91 0 

0 Veena 3 0.29 1.16 ~1.26 
2 5.0 1/2 0.29 —1.16 1.26 
Pours Woe a0 —1.88 1.02 0 
Vea ee ayy —0.78 —0.78 0 


The solution of an eigen-value equation (15) is much simplified if we make 
use of the cyclic nature of FZ’. Without inquiring into the mathematical details, 
we see that the quadrupole field has the same translational symmetry as that of 
the spin array, hence the spin arrays of different symmetry cannot combine with 
each other. Taking this situation into account, let us construct a vector &,(%) by 


2) = 2 exp (iN: u?) e,? (19) 
where e? refers to a unit vector which represents the pth spin along the th 


direction in which the other spins have zero component. Since there are 8X2 in- 
dependent vectors e?, there are 8X2 independent 2,(%), which we choose as 


A= (000), (700), (0270), (002), 
(Ozz), (t07), (a0) and (xz2z). (20) 


The basic arrays thus generated are shown in Fig. 2. 
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ee ee 


(00) (O70) (007) 
(0x7) (x07) (x70) (x77) 


Fig. 2. Basic arrays for 3},(A). 


In such a way, the eigen-value equation (15) becomes 
FQ) -2Q) =f). | (21) 
Here &(X) = (2,(A), &.(A)) and the components of F(A) are given by 


F,.0) = 0G,(-2, 4, 4°) expan-w 
(A) pa wl oer exp (dA-u?), (22) 


whose numerical values are obtained by the aid of Table I and given in Table 
II. 

Due to the cubic symmetry of the lattice, it will be sufficient to search for 
the characteristic arrays with X=(000), (007), (770) and (xz), which are 
just given by %,(X)’s because 2, and &. with those X’s do not combine with each 
other as can be seen in Table III. The lowest energy states can be realized by 
3.(220), &(a22) and 2, (777). The other arrays give essentially the same 


pattern. 


Table III. The numerical values of Fy» (a). 


ACh fais) Fy @) | F(A) FQ) 
000 12.45 12.45 (=f) 0 
00x 9.81 (=/fs) 2.83 (=f) 0 
xx 0 —13.97 (=/Ss) 462 (=f,) 0 
m1 7 : —14.:28 —14.28 (=fe) 0 


ee ee 


In order to derive the orbital array of e, from the array of spin orientation, 
we may use the well-known spinor transformation. When the fictitious spin points 
the direction at angle 9 from z-axis, the parallel and antiparallel states of spin 
along this direction are respectively transformed into 


a 
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7] 
2 


dx = cos 2g, Hsing, 
Z (23) 
d= — sin f,+e0s 5s, 
in which ¢, and ¢/, are doubly degenerate orbitals of e, as given by (4). We 
shall discuss below the orbital array for respective cases mentioned above. 

Coy =(6 0:0) 

This ferromagnetic solution corresponds to the uniform orbital array in which 
¢,(or #:) is put on the whole lattice. Both solutions are degenerate with a high 
field value f=12.45. 

Gi) += (002) 

We have the spin array in which spins are parallel among lattice points on 
the xy-plane but antiparallel between two adjacent xy-planes. An array with spin 
along the z-axis gives f=2.83, while another array with spin along the z-axis 
gives a higher value f=9.87. Both arrays have high energy. 

(iii)- A= (a2 0) 

The field value is given by f=4.62 or —13.97 according as spins are along 
the z- or z-axis. The spin array is such that the neighbouring spins along the 
z-axis are parallel but those along the z-axis and y-axis antiparallel. The orbital 
array with lower energy is obtained by putting 


1 (0/3 —D2— (V3 +1) 74:20], 
ZV ae. 


pee 1 Q = eae 2D BOA 29 Seo 
fell Sa 1) e (3 —1)7—2¢"], 


d/= 


(24) 


on the lattice, as can be seen in Fig. 3. 


Fig. 3. Orbital array with (a) (b) 


f=—13.97. Fig. 4. Orbital arrays being degenerate with f= —14.28. 


(iv) A=(@72) 


Spins along the x- or z-axis are surrounded by antiparallel spins along the 


No Ths Mate tel 
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same axis. Both arrays are degenerate with f=—14.28, whose orbital analogues 
are illustrated in Fig. 4. 


§4. The e,-orbital array in the B.C.C. and F.C.C. lattices 


(A) The e,-orbital array in the B.C.C. lattice 

Dividing this lattice into S.C. sublattices, for each S.C. lattice we have the 
characteristic array, which are respectively designated by %,/(X) and 3%, (A), in 
cases of X= (000), (007), (70) and (xz). In these cases, which are all 
worth knowing, characteristic arrays will be obtained within a subspace subtended 
by 2'(A) and 2 (A). In order to obtain these arrays, it will be necessary to 
know the quadrupole field on, the Ist S.C. lattice coming from 2?(A). The y-th 
component of the field is given by 


1 UP? 1 Uy” i U3” : 
F2-) = G,.( 1 oy 3 -u”), 25 
uv» (W) = - ae re eer. 5 aot = exp(zX-u?), (25) 


which proves to vanish identically except a particular array with Y= (000) because 


we have 
G,.( ae - ) ! )=G,.( z > : > a Jan (26) 
4 4 4 


for 4, v=1,2. We can therefore see that there is no coupling between 2'(\) and 
>?(X) in the case with X40, in which the quadrupole energy per atom takes the 
same value as given in §3. 


Let us then consider the particular case X=(000). Using the following 


relations 
Gas ; > ; > ” )=0, 
(27) 
Gu( i Me Nea )=Gu( Ae Bisa )=-3.10, 
4 4 4 
we have a field matrix 
zy, (0) Ee ik (28) 
a, (0) tf fi 


where f;=12.45 and fr=8Gu (4,4,4) = — 24.80. Eigenvalues of the matrix are easily 
obtained as fitfu equal to 37.25 or —12.35, which are higher in energy than 


f-values found in the array with X=(z70) or (777). From this analysis we 


Gnd that in the lowest array of e,-orbital there is no correlation between corner 
lattice and body-centered one in B.C.C. lattice. 
(B) The e,orbital array in the F.C.C. lattice 
The lattice is decomposed into four S.C. lattices, characterized by the following : 


ie es Se 


eer a Pee ar: b> ie 
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Lee eee 


corner y2z-face | za-face | xy-face 
generating point (0 0 0) (0 SS 1/2) | (1/2 0 1/2) (1/2 1/2 0) 
label 1 | 3 | 4 


>i1(a) ais 23(A) 4(a) 


characteristic array 


In parallel with (25), we construct the field matrix. For example, 


see a , 24) exp(— anu”) (29) 


gives the matrix component between %/(X) and %,’(A), which is denoted by 
FQ). 
A symmetric property, 
FLA)=FLOA), Fe)=F2O), (30) 
FiA)=FaQ), 


will be easily seen. The numerical values of G,,(22u3) necessary for our pro- 
blem are tabulated in Table IV. 


Table IV. Numerical values of Gy» (u,%.u3) necessary for the F.C.C. problem. 


(Uy Uz Uz) Gy, (4) Go. (u) Gy, (u) 
0 1/4 1/4 2.96 —8.93 — 10.30 
1/2 1/4 1/4 BW ~0.42 0.20 
1/4 1/4 0 —14.85 8.90 0 
1/4 1/4 1/2 4 —0.30 —0.76 0 


We shall now discuss the characteristic arrays with respective X. 
GyX= 000) 
The field matrix is written in the following form: 


ig nef, 2 MCE) air tm) eel om ee Mead) 
DT Aa Raed wie Test he PML. = 2 
a, A Ub NF Wat Se POL 08 exe 
2 he NOs od” 2G ae Or os stem ee eat) 
Drs loa Oi eat eta) Crisco Oe 
Big i Se. OS" «Ose aerate aes mae 
Be ei ONES On ee sear) cee feta 
Dae 0 —e e 0 d é @ Ff 


In order to construct the characteristic array, we shall introduce the following 
four arrays : 


Peart cn 
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[au ee, 2, JS, 

Pe gi Pao Se SS 

[2 —2%,, 2, —2,)=S,', 

[2,, 2, —2,", —2,")=S," 

Basing on these arrays, we may largely factorize the field matrix. We have 
ise —2e |. aie 2e | 

S2l.—2e fi—dl Sl. 2e fi-d 


(32) 


(33) 


and the other S?’s give characteristic array, whose 
eigenvalue is found to be f,+2a+b for S,’, At+2c+d 
for S23, fi—2a+b for S? and f,—2c+d for S,}._ If 
we use the numerical values a2=9.25, b= — 60.60, c= — 
37.40, d=32.56, e=— 40.40 and f=f1=12.45, which 
are calculated with the help of Table IV and later refer- 
red to a, b, c, dandeé as Ju, Yu, Jo, Yo and $y» in the 
order, the lowest array proves to be given by S/; with 
energy /;—2a+b=—66.65. This lowest energy is 
three-fold degenerate, in which the other two arrays are 
included in S* and S* but these are crystallographically 
equivalent to S?._ The orbital analogue of array S? can be seen in Fig. 5. 

(ii) A=(00z) 

The field matrix bringing the lowest energy is given by 

2a fs | 
Ze Ou iis 

and another similar matrix concerned with %? and %?. The lowest characteristic 
array is then given by a doubly degenerate set of [Be Seapsoae sr, 4 aie een 
— *, B14] whose eigenvalue is equal to fat Gu=— 48.36, since ¢1=—58.17. In 
the other words, an xy-plane inclusive of lattice point of two sublattices 1 and 4 sit 
down cannot be correlated with adjacent z-planes inclusive of those of sublattices 2 
and 3 sit down. 

(iii) A=(z70), (277) 

In these cases, there is no coupling between different sublattices. The lowest - 


Fig. 5. The lowest orbital 
array in F.C.C. lattice. 


(34) 


value is given by fe= —14.28. 

The characteristic array with the lowest energy is then included in X= (0 0 0). 
It may be concluded that in F.C.C. lattice an energy gain due to the interaction 
between sublattices is much larger than a loss due to the self-energy. On the 
other hand, in B.C.C. lattice it is not the case. 


§5. The quadrupole array in the S.C. lattice 


If we consider a quadrupole as a fictitious vector of five dimensions, Z, nor- 


ey wea 
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malized in the sense of (3), the procedure for obtaining the quadrupole array is 
straightforward. 

Let us now generalize the matrix component of field operator, F??, given by 
(18), to the general quadrupole with 4, v=1, ---, 9. The new components of 7? 
are also defined by G,,, ((a”—w’)/2). These are obtained with the help of Table I. 
Writing them formally in a simple case, we have 

G,;(0 00) =<. S? hh(912—5 13 +212) /2, 


Zatails 
=—O 


Gi(0 00) == S) nh(?-2)/0, 


iB ats 
Gn(000) = oe a 1,1,(412 312-312) /P, (35) 
5 2 ; 
Gas (000)= — Bay/8 oe 1, (61; —1?—1,") /T, 


=-—-o 


o 


D [(4'-4 (45 +2) — 31? (1? +17) +27 lls \/P. 
dale 


ay 


Gus (0 0 0) =< 


we ~ General expression for G,,(u) is derived from the above expression by substituting 
‘ L,—m, l,—u, and 1,—u; for 1,, 1, and J; respectively. 

ae The other G,,(u)’s are the following : 

: 

. Gy (tt Ue Us) = Gyp (ty tt, Us) , 

a G4 (U1 Ue Uz) = Gop (2 tty us) , : 

* Gogg (203 te tes) = Gy (26 204 ts) = Grp (tg Uy U1) 5 (36) 

; 

ts 21/3: 

3 Gy (ty Ue Us) =Gss (2; 23 U2) =Gy (262 te us) = — ue Gos (20 Uy Us) . 

r 

ae; In S.C. lattice, z?(¢=3, 4,5), designating the array of fictitious quadrupole 
i of z, put on the pth sublattice, does not couple with the other components of 
Be, quadrupole, as can easily be seen from inspection of (35). Characteristic array is 
4 therefore obtained as 

a 

7 Z,,04) = Slexp(id-w) 2,” 

= = (37) 

: #=3, 4, 5, 

‘ where =? denotes a vector analogous to e? in (19). The corresponding eigenvalue 
i of the field is given by F,,,(%) of (22), which in turn is obtained from G,,(u). 
a The value for G,,(u) for “=3, 4,5 can be derived from Gy @) for ea lee 


a (Appendix), and F,,(A)’s thus estimated are tabulated-in Table V. The other 
components of field matrix are essentially given by those in Table ILI. 


PEK hays DF 
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Thus, the lowest energy of fictitious quadrupole proves to be given by 4(7 7) 
and Z,(2 2) or almost by Z(t 0), whose eigenvalue fe=—14.28 or fs=—13.97 
is considerably lower than —8.87 associated with Z,(0 0). But, these characteristic 
arrays are all fictitious, because they are not consistent with (1) on the surface 
of unit sphere. 

Although we treat the quadrupole as a fictitious vector, whole assembly of 
characteristic arrays obtained forms a complete set, whence any array of real 
quadrupole with double periodicity can be constructed by a linear combination. Let 
an array of real quadrupole be 2: 

Z= S14nZ;A), (38) 


>» 


&. 


where 5|a,,\?=1. The energy, 1/2//, associated sath this array is then obtained by 
f= 2 lanl f5), (39) 
where f;(%) denotes the eigenvalue of F belonging to Z;(A). This relation can 
be easily proved with the help of 
f=(1/8)(Z, FZ): 


Table V. The numerical values of Fyuy(d) for u=3, 4 and 5. The other values omitted 
can be obtained from appropriate cyclic permutation. 


Ay dy hs | F 33 (A) FQ) Fg (0) 
000 / ~8.30 ~8.30 . —8.30 
00x | —1.88 —1.88 —8.87 
zx 0 —3.08 — 3.08 15.51 

9.52 9.52 9.52 


zm TT 


Due to the cubic symmetry, a real quadrupole will probably be parallel to 
one 0f.(0.01),.0:10),- G11) and the other cubically equivalent directions in the 
lowest state. The real quadrupole parallel to (001) is simply represented by z.=1 
and 2;=23=24=25=0, which proves to correspond to ¢=1 and §=7=0 if we 
use (1). It may be noted that z=—1 with z,=23=2=2%s=09 is a fictitious 
quadrupole. If we take new coordinate system (€’, 7’, C’) whose ¢/-axis is parallel 
to (110), the real quadrupole with z,/=1 and 2, —2,/=z,'=z,;/=0 is also parallel 
to (110), where 2’s denote the quadrupole components in the new coordinate 
system. Using the transformation formula ¢’=1/;/ 2 - (€+7), we have 


z= (3 Zot v3) : 


In the same way, the real quadrupole parallel to (11 1) proves to be represented 


_ by the state in which 
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2 yo (zg +24+25) =1 


and all of the other zj/’s are equal to zero where z;’’s denote the quadrupole com- 
ponents in the coordinate system with ¢’-axis parallel to (111). The real quadru- 
pole parallel to one of the other three equivalent directions: (—11 1), @—11) 
and (11-1) is represented by the state in which one of 


as (23— 2%4— 25), Fa | Zs+2s—Z%s) and Ty (Tet) 
is equal to unity where the other four independent components of quadrupole can 
always make zero. 

In such manner, we construct array of real quadrupole and examine the field 
value associated. Some results with lower energy are given in Table VI, whose 
patterns can be seen in Fig. 6. 


Table VI. Some arrays of real quadrupole in S. C. lattice. 


array field value figure 6 
(1/VY 3) [Z,(00 0) +Z,(000) +Z;(000)] ; —8.30 (a) 
(1/V 3) [Z,(z0 0) +Z4(z0 0) +Z;(0 0 0)] ; —6.35 | (b) 
—[(1/2) -Z,(000) + (VW 3 /2)-Z,(00 z)] ; —3.56 | (c) 
—[(V 3/2) -Z, (x70) + (1/2) -Z,(000)] ; esyi (d) 
Gyn Ta (b) 


Fig. 6. Quadrupole arrays given in Table VI. 


The lowest array will be (1/{/3)-(4:+2,4+2Z5) with 4=(000), an array in 
which all quadrupoles are directed along a trigonal axis of S.C. crystal. Of course, 


there are four arrays of such type, corresponding to four trigonal axes of cubic 
crystal. 


§ 6. The quadrupole array in the B.C.C. and F.C.C. lattices 


The procedure is somewhat similar to that in S.C. lattice, and we may de- 
compose B.C.C. or F.C.C. lattice into two or four S.C. sublattices and construct . 


we 


So ae 
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the field matrix with respect to S.C. characteristic arrays of fictitious quadrupole, 
as can be seen in Table VIII. The numerical values are obtained from G,,(«)’s 
whose independent quantities are tabulated in Table VII. The other G,,(w)’s can 
be derived from relations given in the Appendix. 

We shall below discuss the quadrupole array in B.C.C. and F.C.C. lattices 
separately by use of the field matrix given in Table VIII. 

(A) Quadrupole array in B.C.C. lattice 

As can be seen in Table VII, two S.C. characteristic arrays with = (007) 


Table VII. Numerical values of Gy» (w). 


Uy, Ug Us Gy, (2) G43 (%) 
1/4 1/4 1/4 | 2.07 2.36 
1/4 1/4 0 | 5.93 0 
1/4 1/4 1/2 0.51 0 
0 1/4 1/4 17.84 —6.00 
4/2 1/4 1/4 0.05 0.87 


i a 


Table VIII A. Quadrupole field at body-, yz face-, zx face- and xy face-centered points, 
coming from a characteristic array on the corner lattice. 


field at F.C. pt. 
a array | ie a c 
| | yez-face za-face xy-face 
(0 0 0) Z, fur % | 91 Zit Io %Zo hy Z,+hy, Zo gu Z 
Z; Foz Zp | 922Zo+9n1 Zi hyp Zo + hy Zy $22 Ze 
Zz; Sag Zs 933 Zs hg Zs ¢33 23 
Z; Ss Zs | 911% hy Za gs Zs 
Z5 So5Zs 955 25 hss Zs 95545 
(0 0 z) Z, | ou Z 
Z, $227 Ze 
Z, 933 Zs 
LZ, vay Z; 
Z; 955 Zs 
(x z 0) Z, 
Z, Sos Zs $25 25 
Z; Sa Zs 934 Z; 
Z, Fag Zs 43 Zs 
Z; fi 52 Z, P52 Z, 
(x 7m 7) Z, 3 Zs hy Zs 
Z, 923 Zs hoy Zs 925 Zs 
Z; 931 21 + 932 Z, hsp Zs | gai Zs 
Zs 945 25 hy Z, +l Zo gas Zs 
Z; 954 Zs hss Zs bso, Zs 
See eae cee ea aT IST 


* 
Le 
a 
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Table VIII B. Numerical values for the matrix component. 


component | value component value 
Firs Soe 274 81 Kn al | —58.17 
Fas» Fas» Fos 16.54 Yo! 38.66 
Sos , —21.82 | an Gade | —25.78 
Sa 25.19 | O55 | 70.56 
91> hn | 9.25 | $25 | 24.02 
eh Bi — 37.40 P34 —27.70 
fie» —y» — 40.40 | 

933 244, Pos 72.19 | M3» —hyy | — 27.36 
944, sg, id 21.70 | 923» Rog, 1/2+ G25" 15.79 
955 55 Gag 945, 35> Cae | — 36.40 
Yiu — 60.60 

G22 32.56 


and (zzz) do not couple with each other, hence the energy value is given by a 
self-energy of S.C. characteristic array. It will be sufficient to look into the arrays 
with A=(000) and (zz 0). 

G).-- A= (00:0) 

Field matrix is very similar to (28). The characteristic arrays and their 
field values are as follows: 


[Z, Z,], [Zz, Z,| : j= —12.35, 

|Z, —Z,], [Z,, —Z,|: ; 314403 

(40) 
[Z;, Z| > [Z., Z,| 5) [Zs, Zs] : 8.23, 

[Zs, —2Zs], [Z., —Z.], [Zs, —Ze]: 94.8. 


[Z:, Z,| gives real quadrupole (Fig. 7a), but the other characteristic arrays are 
fictitious. By use of their linear combination, we shall look for the array of real 
quadrupole. 


—(V3/2-[Z,, —Z]+1/2-[Z, Z]) (41) 
is a real quadrupole, which has field value equal to —21.7 and will be the lowest - . 
in B.C.C. lattice (Fig. 7b). 


Another real quadrupole array which gives rather low field value —13.8 is 
constructed as 


1/3 (Ze, —Z;|+[Zi, ar aJ+[Zs, Z;)), (42) 
which can be seen in Fig. 7c. 
Clb jury aha ay 


Fictitious arrays of lower field value are 
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[4, 4], [4, —4): f=—-14.2, | 

43 
[Z;, re rie [Za; —Z;|: — 28.3. ( ) 


A real quadrupole array constructed from them is 
1//3 (Z,, —ZJ+[Z, —Z]) (70) 
+1/V3[Z,, Z5| (000), 
whose field value is found to be —16.1. This array is illustrated in Fig. 7d. 


(44) 


(a) 


Fig. 7. Quadrupole arrays in B.C.C. lattice 


(B) Quadrupole array in F.C.C. lattice 

Gi) A=O:0 0) 

While Z, and Z, couple with each other, each of Z;, Z, and Z, does not 
couple with any different type of 2; respectively. The characteristic arrays have 


a similar form to (32). For example, 


Ze hae Zi Zale POS, 


Z;, —Zs, —2Zs, 4s}, : —80.5, 

[ 3 3 3 3 (43) 
_ [Z,, —Z, Zs, —%], : — 80.5, 

; [Zs, Z;, —Z;, —Z;], : LOWod: 


In such a way, we may find the lowest array of two-fold degeneracy from respec- 
tive Z,, i=1, 2 and 3. Then we designate them by 


X,=[Z, —Z;, —Z;, 23], 


ret ened ee PA Ab (46) 
S ; Ky,21%, —Z5 Xe —Z, 
Z yea a2, Ze, Za), 

Sat Ups Fe A pee (47) 


Y;=[4, Zs; —Zz, —Z;}. 


PRT PR ery nin 
4 - r 
o ‘ 
! 
i 
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We can construct real quadrupole arrays by using this degenerate set. They are 
designated by 


1//3 (Xi+X,+X,), 1/73 (%+¥24+%), (48) 


whose field value is of course equal to —80.5. This array 
can be seen in Fig. 8. On the other hand, the lowest 
characteristic array constructed by Z, and Z, has been 
obtained in § 4 (B). This array, being now fictitious, 
has brought a field value equal to —66.65, but any real 
quadrupole array constructed by using it is of higher 
energy. 

Gen (0,0 7) 

The lowest arrays are 


Fig. 8. The lowest 
quadrupole array in 


Wetec Lee Le, Les Leo ee Leet Lae Zee F.C.C. lattice. 


whose field value is found to be —79.4. Each of them should be combined with 
the other characteristic array with higher energy in order to construct any real 
array, resulting in a promotion of energy. Some field values of array are given 
bye 48 4, — 37.4, 27.7) eter 

Git) A= (a 2-0) Ct tt) 

Field values are given by (—60.7, —50.3, —14.0, 25.2, 66.5) for (x20) and 
(—37.6, —12.8, 3.6, 26.2, 27.7) for (x27), which are of no interest. 

We may finally conclude that the array (48) leads to the exact lowest field 
value in F.C.C. lattice, which is considerably lower than the corresponding value 
in $4 (B).. 


§ 7. Quadrupole interaction in magnetic compounds 
and molecular crystals 


(A) The orbital ordering of localized magnetic electron 

Although the quadrupole interaction is not very effective, our result seems to 
give some insights into the preferential ordéring of d-orbitals which are two-fold 
(é,) or three-fold (¢,,) degenerate under a crystalline field of cubic symmetry. 

Let us first look into the stabilizing character of t,,-orbital in S.C., B.C.C. and 
F.C.C. lattices. Since we have done the corresponding study about e,orbital in 


§§ 3 and 4, we may then compare the results for both types of orbital. Three 
orbitals of ¢,, are written as 


$y 1 ont ’ $= 3 C6 d= 3 &y . (49) 


By using them, the quadrupole components are represented by (10) with c,=—2-7, 
where J,, J, and J, should be understood to be the components of orbital angular 
momentum with quantum number equal to unity. An oriented quadrupole cor- 


responds to a state in which z, has the maximum magnitude along the orientation 


Duet 2 es Toes 
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axis, say, the z-axis, hence a state with the eigenvalue of J, equal to zero. Since 
2, equals —1 in this state, the classical treatment of the 4,-problem is just given 
by that in §§5 and 6 with the same magnitude of quadrupole moment, 
Po(=—2-7*), as in the e,problem. 

In such a way, we shall compare the ordering energy of #,-orbital, which the 
results obtained in §§ 5 and 6 give, with that of e,orbital obtained in §§3 and 4. 
We shall recapitulate the results for respective lattice in Table IX. As can be 
seen in this table, the quadrupole energy associated with e, is much stabilized in 
S.C. lattice than that with #,, but the situation is reversed in B.C.C. and F.C.C. 
lattices. 

As mentioned in §1, the ordering of e,-orbital plays the important role in 
order to understand the magnetic structure of LaMnO,; and MnF;. In these com- 
pounds, the magnetic lattice is essentially S.C., where an orbital pattern Fig. 4(b) 


Table IX. The lowest array for e,- and ¢g,-orbitals. 


TT TEE 


orbital S.C! BicaG HaGaG: 
€ array Fig. 4 Fig. 4 Fig. 5 
field value —14.28 —14.28 — 66.5 

tog array Fig. 6 (a) Fig. 7 (b) Fig. 8 
field value —8.30 —21.7 —80.5 


eS 


seems to be realized. The reason why the pattern which the compounds mentioned 
choose is not the type of Fig. 4(a) but that of Fig. 4(b) should be interpreted 
in terms of a certain kind of the Jahn-Teller distortion. In actuality, the field 
value for LaMnO, proves to be about 200°K in unit of the Boltzmann constant, 
hence the excitation energy necessary to reverse a fictitious spin is estimated to 
be about 400°K. It is rather small compared with the observed transition tem- 
perature ~780°K, where the e,orbital ordering is considered to melt. But we 
will not further inquire into this problem in the present paper. 

We shall here note another point. Any pattern which is not constructed by 
one of the lowest patterns or linear combination of them will always be higher in 
quadrupole energy. For example, we shall discuss the energy associated with an 
orbital array as shown in Fig. 9(a), where two non-orthogonal orbitals, 


1/2-Q8—7-0), 1/2: Q7-"—-0), (50) 


are mounted on lattice points as shown. These orbitals will be written as 


yest Bie iy oder (61) 
9 Jy 9 fs, 9 J 9 Po. 
Comparing (51) with (23), we shall obtain the spin pattern in which two kinds 
of spins, pointing the directions at angles —2/3 and 2/3 from the z-axis in the 
za-plane, align alternatively in lattice (Fig. Q(b)). This array may be con- 
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sidered as a superposition of two arrays, in which 
one is an array with ferromagnetic spin along the 
z-axis and another with antiferromagnetic array, 
\=(27 7), of spin along the z-axis. The coefficients 
of linear combination proves to be 1/2 and 1/3 /2 
for respective array. Therefore we obtain the cor- 
responding field value as 


[@/3 /2)2(—14.28) + (4/2)? (12-45) J= —7.60 


with the help of (39) and Table III. 
(B) The orientational ordering in molecular 


crystal 

We shall discuss some aspects of crystal struc- 
ture observed in molecular crystal. Although our 
results are to be applied to molecular crystals com- 
posed of molecules with large quadrupole moment 
in cubic crystal, we shall also refer further to 
crystals of the other types.” / 

(i) B.C.C. lattice 

The lowest pattern is of the type Fig. 7 (b), 
which will be supposed to be distorted tetragonally. 
Such crystal structure is found in fluorides and 
oxides of metals, which is ionic crystal and is well- 
known as rutile or SnO,-type structure. 

Another pattern of the type Fig. 7 (a), being 
‘rather low in energy, is found in hydrogen cyanide 
HCN, which is distorted tetragonally.” Since this 
molecule has large electrical dipole moment (“=2.6510-* e.s.u.),® our prediction 
of crystal structure fails naturally. But quadrupole moment of HCN is also large 
G4, ==0:775 X10". cm") 

Ci) 3 C.-C. lattice 

Some molecular crystals composed of non-polar molecules with appreciable 
magnitude of quadrupole moment are known and are listed in Table X. The 
quadrupole energy per molecule, Wa, is estimated as one half of the field value, 
—80.5, multiplied by 3e4¢/4a°. In these crystals listed, crystal lattice is of the 
same structure at low temperatures, which is just the lowest pattern predicted in’ 
Fig. 8. We shall note some features observed for respective crystals. 

Nitrogen (N,)."” The orientational ordering breaks down at transition point 
34.5°K, which is comparable with the quadrupole energy per molecule in unit of 
the Boltzmann constant &. Tok 

Nitric oxide (N,O). N,O molecule is of the form N-N-O, hence probably 
has very small dipole moment. Due to its large quadrupole moment, the quadru- 


z= 


(b) 
Fig. 9. An orbital array (a) 
and its spin analogue (b). 
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Table X. Lattice constant (a), transition temperature (T,), melting point (7), quadrupole 
moment (#q) and quadrupole energy per molecule (Wa) of molecular crystals of solid 


nitrogen type crystallized in F.C.C. lattice.19) 14 


molecular io 
crystal aX108cm Das, IS Tu K BQ X 1016 cm? Wa? K 
No 5.56 34.5 63.08 0.155 > 20 _ ; 
N,O 5.66 182.3 0.455 127 
co, 5.58 190 0.32 94 
CO 5.63 64.55 68.1 0.165 24 


pole energy is comparable with kT of melting temperature. We suppose that 
this will be one of the reasons why the orientational order persists up to the 


melting point in this crystal. 
Carbon dioxide (CO,).” CO, molecule is of the form O-C-O, hence without 


dipole moment. The situation will be similar to that in nitric oxide. 

Carbon monoxide (CO).” CO molecule has small dipole moment #=0.1X 104 
es.u.) and therefore we suppose that quadrupole effect is much more effective than 
dipole effect in solid state. The transition point of CO crystal is, however, higher 
than that of N, crystal. This will probably be due to dipole-quadrupole interaction 


between CO molecules. 
Another interesting feature observed for N,O and CO crystals is that there 


remains a further disorder concerned with such direction as N-N-O or C-O within 
the pattern of nitrogen type at very low temperatures. This is supposed to be 
due to the situation that their directions are determined by small dipolar effect. 
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Appendix 
Some relations between G,,(u)’s 


The. following symmetries can be easily established by inspecting (17) : 
G,,(ttgls)’S are symmetric with respect to permutation between 7 and uw, while 
Gia (ttgtts) is antisymmetric with respect to the same permutation. And we can 
see further relations : 

Gu (ute Us) +Gu (ts uy Us) +Gu (us Uy U2) 
= Gy (ty Ue Us) + Gy (22 Ugly) + Gy. (us U1 Uz) (A 1) 
Gy (uy Ue uz) — Gy, (tts tle 4) = Grp (ths Ua uy) — Gog (Uy Ue Us) , | 
Gy (vuu) = V3 /4-[Gr(uuv) — Gy (uuv) |. 


Using these relations, we can derive G,, and Gy, from G,,, for example, 
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Gn (uuv) =1/3-[4G1 (vuuw) —Gu (uuv) |, 
Gy (vun) =1/3-|Gu (wun) +2Gy (uuv) |}. 


We shall note some useful relations for G,,’s, #4, ¥=1, --:,5. If we compare 
Gy, of (35) with G,, of (17), a relation 


(A-2) 


9 
Gr» (wm Us Us) =z oe Gi 7 Ug us) (A: 3) 
V 


oo} bo 


G3; (20; Uy U3) = — 


is established, hence G33, Gy and G;;, can be derived from Gy, Gy» and Gi), with 
the help of (36). Other relations are as follows: 


Gis (vuu) =1/2-Ga(uuv) = — V/V/3 -Gi3 (vu), 
Gy (uuv) =4/3-Gy(vun), (A -4) 
Gy3 (uuv) = G33 (uv) = —2/3-Gy, (uuv), 


which are obtained in the same way. 
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Influence of Interelectronic Collision 
on Hall Mobility in Non-polar 


Semiconductor 
Yoshiki Uchiyama 


Department of Physics 
Faculty of Science 
University of Tokyo, Tokyo 


December 26. 1959 


Recently Blatt” calculated drift and 
Hall mobilities by using the method of 
partial wave. 

As he did not take the effect of in- 
terelectronic collision into account, we 
here try to estimate the magnitude of 
correction due to this effect. 

By the method of Keyes” we can 
write the mobility ratio in place of the 
usual representation, that is, 


Pa _ (0'){UT») 
pt Kiey)): 


where v=velocity, and 7=relaxation 


time, 


bin OE [Erte CO ptt) 2) 


BL kv /(tp+ tT) >) Kv" fpf (eget) ))” 
In the case of acoustic phonon scattering 
when  7,(=interelectronic relaxation 
time) goes to 0, which means ideally 
strong interelectronic collision 


ewes ((40/t,))?__ 128 _9 90. 
Ee CHAT, copy Aon 


And in the limit of t,300 which 
means no interelectronic collision 


tn _ kU) {Ut yp) _ 3x 7118 

ps COUT in cree 
because 7,=27nu;h*M/2VC*kTm-1/p 
=A/p where the notation is same as 
that in the previous paper.” We can 
calculate the temperature variation of 


mobility ratio. 


tem Bota ata 


where B=A/mz}. 


Thus 
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x Erte (y/ B)t. 


where 


C=4z (| ao 
QakT ) © 


In the case of impurity scattering, 


Ese 3c pl . 
? Qanm Nye In(1 + (2eE/e* N1!*)?) , 


But analytically exact calculation is 


hardly possible. At high temperature 


ey 3x? p* 
P 2am N, 2 In(1 + (BekT /e? N¥*)?) ” 
and in this case #y/¢=3152/512=1.93 
fore con? Tt 7 == 0, 
a UO) 5 
Be /e pce) 
Blatt” showed that t,™ A’E in the neigh- 
bor of medium temperature which 
changes from 20°K to 100°K with im- 
purity concentrations. In this case 
Me an / Bh It 22 CO, ) ands a/A— 1/3 
if 't,=0.. At low’ temperature, t,™ 
3/22N,"8v. In this case, 
fea] P= 32/8518 1t,= 00, 
fa/ P= 128/452=0,90 if =. 
If we adopt 


Due Ke he 
ah =| 
* wme'ln(1 + (kT 1?/2ame') eo?) 


for the range of impurity scattering 
which means no compensation, 


Read 28 sd 
pL 8 


At high temperature interelectronic col- 


atone Os 


to the Editor 


lision is negligible, so we can obtain 


Pa _ slow 
pL Bley 


at = ="60" 


These behavior is illustrated by the 
figure. 


315z 


3B. in Ge(Mi~10"*) 


50 100 200 300°K 


Fig. 1. Temperature variation of mobility 
ratio in the range of impurity scattering 


In this way we are led to the con- 
clusion that the correction due to the 
interelectronic collision is very small in 
magnitude. 
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de Haas-van Alphen Effect and 
Coulomb Interaction 


Hiroshi Ichimura and Setsuko Tanaka 


Physics Department 
Tokyo Institute of Technology 
Oh-Okayama, Meguro, Tokyo 


April 25, 1960 


Using the formalism of quantum 
statistical mechanical perturbation due 
to Matsubara” and others, we have in- 
vestigated the effect of the Coulomb 
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interaction between electrons on the 
orbital diamagnetism of electron gas. 
The propagator of the electron which 
is introduced by Matsubara is given by 


Sz’, 2) = Df (x')u,*(a)err", 


t=r—t<0 
= Sf Dale u ae | 
™>0 
(1) 
where f, is the Fermi distribution 


function and w,(x) is the eigen-function 
of energy &; ¢ is the fourth variable 
corresponding to the inverse tempera- 
ture. We have chosen for u,(x) the 
so-called Landau function, i.e. the eigen- 
function of the free electron in a con- 
stant magnetic field, and calculated the 
above propagator by using the techni- 
que similar to that used by Sondheimer 
and Wilson” in the calculation of the 
density matrix of free electron gas 


under magnetic field. The result can 


be written as 
Sea) =S) (a ae) 
hs toad eos 2Z) LAB O(a! x) (2) 


x {+ : exp(u—? } 
u—Cc ue Gon 


X (en MAemo IER 1) dag, 


[y= eh , (m*=effective mass), 
QI ke 
R?=(2'—=2)?4+(y/—y)’, (4) : 
S®(a!, x) =e(x', *)(—2(mH)e*") 
x J (RR’) 
aa es 1 
“ aa (rxz)*P TE, e/a): 
rm KT / po H 
’ sinh(r@ KT /) H) 
frat. pike 290 Oe 
x {sin (7+ Atrn 4 
ae fy He cos ( rne 2 
rm fH 
MH (z—2')*> 2 6 
Atri 4 } (>) 
wplane 
Fig. 1. 
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M E Sie si el 20S Sy te ie gated in detail the contribu- 
S so So So tion from the diagram <--> 
Fig. 2 to the magnetic susceptibility 


where the magnetic field is taken in 


e-direction; C=h’k’/2m* and ‘« is the 
Boltzmann constant ; Cy means the path 
of the contour integration shown in 
Fig. 1; J) is the Bessel function. 
Using this propagator, we can in- 
vestigate the effect of the Coulomb in- 
teraction on magnetic behaviours of 
electron gas by the diagramatical meth- 
od used by various authors.” In 
carrying out those analysis, it will be 
convenient to decompose the electron 
line into three lines as in Fig. 2 cor- 
responding to S”, S® and S®, where 
by ._™M, . we represent the total 
electron line under magnetic field. 
Consequently, from one ordinary dia- 
gram, we obtain several new diagrams 
of the same form. (See, e.g. Fig. 3.) 
Roughly speaking, the contributions 
from diagrams composed only of the 
line -—-—— - do not differ from those 
of the corresponding zero field diagrams 
except the difference between the dia- 
grams which contain the lines —— >» 
and ~~~. contribute, for example, to 
the effect of Coulomb interaction on 
Landau diamagnetism which has recent- 
ly been treated by Kanazawa and Matsu- 
daira” and the diagrams which contain 
the line —-+>--—-~ will give the contri- 
butions on the oscillatory behaviour of 
magnetic properties. We have investi- 


at O°K and evaluated the 
shift of phase constant of the 
de Haas-van Alphen oscilla- 
tion. We drop the diagrams 


of the form ¢ -.-*s ,since 


they give the higher order terms in H. 
We have not succeeded in taking into 
account the contributions from the 
higher order diagrams such as fy fy 
etc., so our result gives only the effect 
of the exchange interaction. The in- 
clusion of those higher order diagrams, 
that is, the correlation effect, may prob- 
ably decrease the effect in our results. 
Dresselhaus” has already treated. the 
exchange effect, but we think our meth- 
od will be more powerful and our 
results. are clearer than his results. 
Retaining only the lowest order term 
in H, we get 


t= = 2% ( : \" ety 
A 


y oes ee es ee ) 
2h’ HH? | fo H 4 


x C(p) sin (3-4 \ sco 


o 4 
C(p)) _ ( dx 
sip =] oat 
& {as Te Oe ae 
‘ sin (px? z”) 
— WKH 
P Ane (6) 


where V, is atomic volume, »v is the num- 
ber of free electron per atom, N, is 
Avogadro number and “4° is the Bohr 
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magneton which contains true electronic 
mass m. The integrals C(p) and S(p) 
are evaluated numerically. Adding this 

os) and ¥% of the free electron gas,” 
we can estimate graphically the change 
of the phase constant of the oscillation. 
The resuits are plotted as the function 
Ole t= (42rsay/3—=V a/ No. - Qo: >. Bohr 
radius). (Fig. 4). We have taken ten- 
tatively the values m*/m=10~ and 


6 
0.67 F 
0.57 fF 
0.47 + 
0.370 
& + ideal gas value 
yee 1 2 3S 4 5 
—Vs 
Fig. 4. 
v=5x10-2. These results, we think, 


are not inconsistent with the experi- 
mental facts though they are very few.” 
The details of our investigations will 
be published in the near future. 
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S-Wave Pion-Nucleon Phase Shifts 


Kin-ichi Ishida 


Faculty of Liberal Arts and Science, 
Yamagata University, Yamagata 


May 2, 1960 


Previously, Chew, Goldberger, Low 
and Nambu (C-G-L-N)” have derived 
a formula of S-wave pion-nucleon 
phase shifts a, and a; from the 
non-subtracted dispersion relation in 
which the momentum transfer between 
the incident and scattered pions is held 
fixed, assuming that the imaginary part 
appearing in the dispersion integral is 
to be dominated by the 3-3 state. And 
they have shown that thus estimated 
a,—a; agrees with the experiments, and 
further a,+2a,; also is not inconsistent 
with the experiments if one cuts off 
the dispersion integral at about the 
energy of the threshold of the pion 
production. At first sight, however, it 
seems to be curious that the behaviour 
of S-wave is affected by 3-3 state having 
the different parity and angularmomen- 
tum in their dispersion relations. In 
this note, we shall show how this can 
be interpreted within the static meson 
theory. 

We suppose their result is due to 
the change of the S-wave effective coup- 
ling constant by the P-wave cloud 
surrounding the nucleon core. Then 
we first assume simply that, if P-wave 
cloud is absent, the S-wave interaction 
could be represented by the Hamiltonian 
obtained by the Foldy transformation” 
from Ps-Ps theory, that is, 
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Tip A a (2 — ¢7 4+ —"9_¢-[@ xm]), 


(1) 
where M is nucleon mass, ¢ is the field 
operator of pion, 7=0/dt and gy is the 
unrenormalized and unrationalized Ps- 
Ps coupling constant which is related 
by fo=%/2M with the Ps-Pv coupling 
constant, where meson mass is taken 
H, will be changed, how- 
ever, by the P-wave cloud surrounding 
This effect can be 
‘estimated using the Chew-Low static 
theory” by taking the expectation value 


eae 


to be unity. 


the nucleon core. 


of H, with respect to the one-nucleon 
state followed by the P-wave cloud. 
Now, the expectation value of the first 
term in the right-hand side of (1), say 
H,, which contributes to a,+ 2a, is 


(PH, Py) =4299/2M -p?s (2) 


Thus, as is expected, H, is not changed 
by the P-wave cloud. On the other 
hand, the expectation value of the second 
term, say H,, which contributes’ to 
a,—Q3, iS 


Pete, San Pre) Ge fom 


" Ip x 7 | ? (3) 
where (¥r'%,) is not t and may be 
calculated explicitly by using Miyazawa’s 
technique.” Thus the result is as fol- 
lows : 


1 9,2 4M 
YH, Y,) =4Ar | eae ae 
pandte Yoo SAGs ae 


ae “Sim fw) |r-[bxel, (A) 


where gy? is the unrationalized and _re- 
normalized coupling constant and 
fs (@) is nearly equal to—fy3(w) /3, if 


one assumes the 3-3 state is dominant. 
This expression completely agrees with 
C-G-L-N’s result.” As has been stated 
previously, however, H, is not changed 
by the P-wave cloud, further 4%’ is 
always larger than g,’ in the static 
theory. Thus, the calculated a,+2a; 
is larger than that calculated by H, with 
the renormalized coupling constant, and 
of course does not agree with the experi- 
ments nor with C-G-L-N’s result. In 
this respect, we can not conclude any- 
thing by such a simple interpretation, 
but we may suppose the C-G-L-N’s 
expression of a,+2a, is not accurate 
because their dispersion relation for the 
symmetrical part might not hold without 
one subtraction. Thus, it may not be 
excluded from our interpretation that 
the observed small a,+2a, might be 
due to other origins such as the pion- 
pion interaction as has been pointed 
out by Miyazawa and Kawarabayashi.” 
The author would like to thank Prof. 
K. Nakabayasi, I. Sato and the other 
members of Tohoku University for their 
constant interest and for helpful dis- 
cussions. 
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An Example of a Scattering System 
in Jauch’s Sense 


Shige Toshi Kuroda 


Institute of Mathematics 
College of General Education 
University of Tokyo 


May 24, 1960 


In a previous note” we considered a 
mathematical model of a quantum me- 
chanical system which consists of two 
particles moving in the one-dimensional 
space and is described by the Hamil- 
tonian H=—0?/0x,—0°/02.7+ V(22) 
+K. Here V(x.) is a potential such 
that the Hamiltonian of the second 
particle —d?/dx+V(2,.) has one and 
only one eigenvalue 4 and K is an in- 
tegral operator of rank 1. For this 
system we showed that the existence of 


the wave operators W..=s-lim|exp(itH)- 


Spt tH P= —0"/822—0/ax3, 
does not in general imply the unitarity 
of the 
Ww._. 
however, this S cannot properly be 
called the scattering operator of the 
system, because this system should be 


“scattering operator” S= 
As has been pointed out,” 


considered a multi-channel system in 
which H, is merely one of the channel 
Hamiltonians. 

In such a multi-channel problem, 
Jauch? defined the notion of a scat- 
tering system, generalizing the simple 
scattering system® in the case of a 
single-channel problem. Roughly speak- 
ing, a scattering system is a system in 
which the scattering operator exists 
and describes the scattering process 
completely. Jauch developed a general 


theory of scattering systems, assuming 
their existence. It seems, however, 
that so far there has been given no 
concrete example of the — scattering 
system in this strict sense. The object 
of this note is to point out that the 
system mentioned above actually fur- 
nishes an example of the scattering sys- 
tem with the choice of channels stated 
below. Thus there is nothing strange, 
from the physical point of view, in the 
mathematical result given in Ref. 1). 
(As for the uniqueness of the choice of 
channels, see Zinnes.*) 


This system has two channels. One 


of them is characterized by the channel 


Hamiltonian Hy and the other by H,=— 


—0?/day~+/4. We denote by D,, =0, 1, 
the set of all square integrable functions 
u=u(2%1, 2%) such that. the — limits 
lim exp(itH)exp(—itH,)u=u exist 
‘and. by R@- the set’ of all’ such’ af, 
Then D, coincides” with the Hilbert 
space L?(F,) of all square integrable 
functions (2, x2); it can further be 
shown that D, consists of all functions 
of the type 2(21)¢(x2), where ¢(2%2) 
is the eigenfunction of the second par- 
ticle corresponding to the eigenvalue 2 


and (21) is an arbitrary function of © 
L?(E,). Physically speaking, D) is the 


aggregate of all the asymptotic states 
in which both particles are free and D, 


is that in which the first particle is 


free and the second lies in the bound 
state with the eigenfunction ¢(2»). 
Now, the essential requirement im- 
posed on the scattering system is that 
(in a two-channel system as in our 
case) the relation . 


RO®@RO=N=ROOR®. CY) 
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holds? Here N is the subspace of all 
continuum states of H (strictly speaking, 
Nis the absolutely continuous subspace” 
of 17(E,) with respect to H). But 
these relations can be immediately veri- 
fied using the result given in Ref. 1), 
showing that our system is indeed a 
scattering system in Jauch’s sense. 
Incidentally, we note further that a 
similar result holds for a system of 
finite number of particles, if the Hamil- 
tonian of each individual particle has 
at most a finite number of bound states 
and K is, for example, a_ self-adjoint 
operator belonging to the trace class.” 
In these examples the interaction AK 
is effective only when all constituent 
particles gather near the scattering 
center, the origin of the configuration 
space. The method used above, which 
is based on the possibility of the sepa- 
ration of variables in HH—K, cannot be 
applied to the physically more inter- 
esting problem in which K_ includes 
the mutual interactions depending only 
on the relative coordinates of the 
constituent particles. This problem is 
treated by Hack” to some extent. It 
seems, however, that so far the funda- 
mental relations corresponding to (1) 


has not been proved. 
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On the Non-Axial Deformation of 
the Medium and Heavy 
Even-Even Nuclei 


Jun Hiura* and Shéta Suekane** 


*Department of Physics 
Hokkaido University, Sapporo 
** Department of Physics 
Osaka City University, Osaka 


May 28, 1960 


In this paper, we calculate systema- 
tically the asymmetry of the deformation 
of medium and heavy even-even nuclei 
with N50 (N: neutron number) 
from their energy ratio of low-lying 
states on the basis of the asymmetric 
rotator model,” and point out that these 
even-even nuclei are divided into two 
groups each of which having the nearly 
equal asymmetry. 

In the asymmetric rotator model the 
energy levels are classified into two 
types: the normal rotational levels and 
the anomalous rotational levels. The 
normal rotational levels correspond to 
the ground state rotational bound of 
the axially symmetric rotator and the 
dependence to the asymmetry, 7, of 


these levels are rather weak but the 


anomalous rotational levels have very 
strong 7-dependence. The energy ratio 
between these rotational levels are de- 
termined by one parameter 7). There- 
fore, we can estimate the value of 7» 
from the experimental data of the ratio. 

In this model, there are two spin 2 
states, of which the lower one is the 
first excited state and the normal. ro- 
tational level and the higher one is the 
anomalous rotational level. If we write 


igs a all gs'e 
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Fig. 1. N dependence of the asymmetry 7 calculated from ~,=E,(2)/E,(@). 


the energy ratio of these two levels as 
pi=E,(2)/E(2), then the asymmetry 
70( pr) is given by the following formula, 


sin? (370( pi) ) = (9/2) (pi/ (Ai +1"). 


7o(p:) of about 50 nuclei with N= 50 
are shown in Fig. 1. Here, we re- 
stricted 7) to O<j7<7/6. There is 
only one spin 3 state and this state is 
also the anomalous rotational level. If 
we introduce p,=E(3)/Fi(2), we find 
70 (po) by 


sin’ (37 (2) )= (9/2) (p2—1)/(p2’) > 


In Davidov-Filippov’s asymmetric ro- 
tator model, the minimum value of pi 
is equal to 2, therefore when the ex- 
perimental value of f~: is smaller than 
2, we suppose that in such nucleus the 
energy levels are pushed down by some 


perturbation such as the rotation-vi- 
bration interaction, and assume that 
i302 Prom rig-ed, it is found that 
except for the nuclei of the near closed- 
shell regions, almost all nuclei with 
N50 are grouped into 7)~26° and 
vo 10°. 
two groups occur at N=88—90, N= 
110—116 and N=136—138. More- 
over, this grouping of the values of 


The transitions between these 


7) corresponds to the so-called vibra- 
tional region and rotational region re- 
spectively. We can see that in the | 
N=110—116 region the level structure 
changes rapidly but continuously with 


a 


/0- 

The nuclei which have the (3) state 
of this model are very few, being only 
about 16 in N50. In these nuclei, 
vo(p2) agrees well with vy(pi) in good 
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approximation. This fact means not only 
that the relation £,(2)+£,(2)=E(3) 
is satisfied in good approximation, 
but also> that these levels which are 
interpreted usually as the 7-vibrational 
band in Bohr-Mottelson’s collective 
model”) can be interpreted as the anom- 
alous rotational levels of the non- 
axially symmetric nucleus. 

If we use the curves of the 7-depend- 
ence of energy ratios calculated by 
Davidov and Filippov,” we can deter- 
mine the approximate value of 7 for 
the normal rotational levels. These 7 
are somewhat larger than 7, determined 
from the anomalous rotational levels. 
However, if we take into account ex- 
perimental errors and inaccuracy in the 
assignment of 7) from normal rotational 
levels, we may say that 7 determined 
from the anomalous and normal rotation- 


al level is rather in good agreement. 


From the above systematics, even 
the nuclei which have been considered 


to have axially symmetric  equilib- 


rium deformation have ° finite asym- 
metry, 7>~10°, more strictly speaking, 
vo~12° to rare earth region and 7,~9° 
to actinide region. 

In Bohr’s collective model,” the equi- 
librium value for axial-asymmetry is 
zero. Gottfried” calculated the asym- 
metry from the minimum total energy 
for the particles system moving in the 
anisotropic oscillator potential 


V(r) = mol (ae tye Ite], 
054 00) 06s: 


He found the maximum asymmetry 
€,=1.045 to the particle number A=40 
~70 and the change of the electric- 
quadrupole moment due to this asym- 
metry d0=0.59%. From these results 
he concluded that he could neglect the 
effects of the asymmetry of the defor- 
mation. The value for our parameter to 
the asymmetry corresponding to this 
9=1.045, however, amounts to 77~18°. 
Therefore, this fact shows that we can 
not necessarily neglect the effects of 
the asymmetry. 

We found that, from our systematics, 
the medium and heavy even-even nuclei 
are grouped into 7~26° and 7~10° 
and, at the special numbers of neutrons, 


the rapid transitions between these two 


groups take place. This agrees quali- 
tatively with the results of Gursky.” 
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On the Quantization of Physical Space-time Operators 


é- Ichie WATANABE 
‘s Department of Physics, University of Tokyo, Tokyo 
(Received February 17, 1960) 


In order to find a clue to extending the conventional field theory in a consistent way, 
a physical interpretation of Dirac-Rergmann’s field theory is proposed from the point of view 
of the uncertainty principle. The physical space-time operators introduced by them are 
connected with the measurement of the fosition. Further a new formulation of the auxiliary 
condition, which is the direct consequence of the quantization of the physical space-time 
operators, is constructed, and then the consistency and the detailed structure of the formalism 
are made clear. 


§ 1. Introduction 


In the conventional feld theory, space-time coordinates are treated as c-number 
parameters, and feld operators (consequently energy-momentum density, current 
density and such quantities are expressed as the products of feld operators also) are 
represented as their functions. On the other hand, many authors” investigated the 
possibility to regard space-time coordinates as operators, or to quantize them, in 
order to get rid of the so-called divergence difficulties. However, no promising 
guiding principle to quantize space-time coordinates has been found. Among many 
attempts, a series of investigations’~” which was begun by the famous Dirac’s 
work has an exceptional attraction for the present author, although these works 
were developed regardless of the divergence difficulties. For their quantization of 
the physical coordinate operators seems to express the uncertainty principle in the 
measurements, as will be seen in the following discussions. The purpose of this 
article is to make the physical meaning of the quantization clear and to analyse the 
nature of the extended Hilbert space. 

The meaning of the uncertainty principle in quantum mechanics is as follows. 
As long as the particle, for which the uncertainty relation between its position 
and momentum holds, is used in the observation of the motion of some particle, 
the position and the momentum of the object also cannot be measured simultaneously 
and exactly. If any particle which is free from the uncertainty principle does 
exist, we would be able to use this particle to make the simultaneous measurement 
of the position and the momentum of the object, whether they are elementary or 


It may in fact be possible to take the standpoint that the uncertainty relation is 


not. 
le free from the 


derived from such a theory that introduces some hidden variab 


uncertainty principle, as Bohm® did. However, our experience seems to require 
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that the uncertainty principle holds for all particles. In the conventional field 
theory, elementary particles are represented by the quantized feld operator ¢(2). 
But the space-time coordinates 2” themselves should not be considered as the ob- 
jects of the uncertainty relation. Therefore we must introduce new variables X*’s 
as the objects, which will be called physical space-time operators in the following. 

In order to find a clue to introducing the physical space-time operator x“ 
in the field theory, let us begin with the consideration of the case of quantum 
mechanics. It is the time parameter ¢ which corresponds to the parameter 2“ in 
field theory. Now any dynamical variable F(¢) at an arbitrary time ¢ can be ex- 
pressed by the matrix elements between the energy eigenstates 


(E'|F()|E"). (1-1) 


However, such matrix elements themselves has no direct physical meaning, because 
the simultaneous measurements of the time ¢ and the energy EF are not allowed 
unless the uncertainty relation 


4tdE>h, (1-2) 


is discarded. Further, the direct comparison of such quantities with experiment 
is not necessary. Does it mean the theory contains the superfluous quantities 
which have no correspondence to the actual experiments ? Should we try to con- 
struct a theory in which such superfiuous quantities are eliminated ? In fact, we 
can eliminate the parameter ¢ from the theory, if we can introduce the time 
operator 7 which satisfies the commutation relation 


be Aaah (1-3) 


as will be exhibited in the Appendix.* Here H is the Hamiltonian operator of 
the system. The operator J’ can be interpreted to represent the measurable physical 
time, and the commutation relation (1-3) is nothing but the operator expression 
of the uncertainty relation (1-2). 

In the conventional field theory, there is a similar situation. Any dynamical 
operator F(x), which is the product of field operators, can be expressed by the 


matrix elements between the eigenstates of the total energy-momentum operator 
ye 


s 
| Speen Ca ene |: (1-4) 

However, it is physically meaningless to refer to the matrix elements of any varia- 
bles at the definite space-time point between the energy-momentum eigenstates, 
on account of the uncertainty relation of the position and the energy-momentum 
of the test-body. At first sight, one may imagine that it is possible to extend 
the aforementioned method in qvantum mechanics to field theory, keeping in mind 
the correspondence between the time parameter ¢ in the former and the space-time 


* A similar account was given independently by F. Engelmann and E. Fick,” 
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parameter x“ in the latter. But in field theory, we must consider infinitely many 
space points at one time (the spacelike surface), and generally it is not possible 
to use only one set of the space-time coordinates X”’s.* Therefore we must preserve 
the space-time parameters, which we shall write as w*(s=0, 1, 2, 3) in the following, 
and impose the commutation relation 


[X* (a), P,(a’)]=ih 0," 03(u—u’') (1-5) 
(ier ww sand 2, v0; 157253), 


on the physical space-time operators X*(w)’s. X*(uw)’s are the functions of the 
parameter w‘ and implicitly depend on the energy-momentum density operator p, (2) 
through uw’. Then we cannot refer to the physical space-time independently of 
the behaviour of the energy momentum of the system. (This will be important in the 
extremely high energy phenomena or the phenomena at an extremely small distance.) 

This may be regarded as the natural extension of the commutation relation 
(1:3). For the relation (1-5) is the differential form of the relation 


(X*€u), P,]=iho,’, (1-6) 


where P, is the total energy momentum operator 


P= |p, (udu. (1-7) 


The relation (1-5) just means that (1-6) holds even if the energy-momentum of 
the system is confined in a very small region as the case of Finkelstein’s particle 
model.” 

The parameter w* has no physical meaning other than a kind of index specifying 
each point in the four-dimensional manifold. Therefore the theory must be invariant 
under the arbitrary (continuous ?) coordinate transformations by uw‘. Such quan- 
tities as distance and metric, which characterize the physical space, are defined 
in terms of the fields X*(w)’s. For example, the square of line element is given 


by 
ds=q,0dX" dX’ =Gy,(u) ~ OS A daly (1-8) 
u 


Such point of view is similar to the one in the theory of general relativity where 
the metric of the space is determined by the distribution of matter in its neigh- 


borhood. 


* For instance, Finkelstein® considered in his unified field theory that an elementary particle 
was represented by the field confined in a small space-region, and defined its position operator X¢ 
and kinematical energy-momentum of each particle P; by the center of gravity and the total energy- 
momentum of the field, respectively. Then they satisfy the commutation relation 

[x¢,P=inej? @,7=1,2, 3). 


Of course, such a definition of Xt may be reasonable only in the case of one particle problem, but 


it may be considered insufficient in this sense. 
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Here we must make a comment about the structure of the Hilbert space ex- 
tended by quantizing the parameter ¢ or x”. The operator 7’ satisfying the com- 
mutation relation (1-3) cannot be defined in the ordinary Hilbert space, because 
usually the dynamical systems are considered to have the lowest energy, namely 
the spectrum of the Hamiltonian H cannot distribute from — 00 to +00.” Similarly 
in the field theory the eigenvalues o* the total! energy-momentum operator of the phy- 
sical system, P,,’, are restricted by the conditions 3 P?— Py <0 and Fy! = OF There 


fore the operator X“, for which the covariant commutation relation (1-6) or (1-5) 
holds, cannot be defined in the Hilbert space only with the positive definite norm, even 
if the bases are increased so as to include the new dynamical variable X*. Therefore 
if we want to introduce the operator X”, it is expected that we shall be forced 
to consider the Hilbert space with the inde*nite norm, in other words the negative 
energy States. 

Now the commutation relation (1-5) can be obtained in a sense by simplifying 
and rearranging the formulation of the quantization of the physical space-time 
variables developed by Dirac,” Bergmann and the others,”~ 
fit for the present purpose (§ 2). In §3, by analysing the properties of some 
constraints, it will also te shown that the quantization is nothing but a way 


so as to make it 


to formulate the uncerta‘nty principle of the physical space-time. Therefore our 
speculation which leads us to the commutation relation (1-5) may be considered 
as partly justifed. § 4 will be offered to reformulate the theory in the form which 


’ In this form, the structure of 


may be called “altered theory’ after Belinfante.” 
the extended Hilbert space can be seen more easily, and there we shall encounter 
with the indefinite Hilbert space, as was already expected in the aforementioned 


speculation. 


§2. Quantization of physical space-time operators 


The physical space-time operator was introduced by Bergmann and many 
other authors”? in the course of the quantization of the gravitational field. But 
for the introduction of the space-time operator, the gravitational field does not play 
any role. The essential points are the separation of the physical space-time varia- 
bles x” from the back ground of the parameter space uw‘ and Dirac’s generalized 
variational method” for the system of the dynamical variables which are not neces- 
sarily independent of one another. Further, the existence of the gravitational field 
does not only make the theory very complicated, but also is of no use for investigating 
the physical meaning of the quantization of the operator x“. Therefore in this 
section, we begin with the rearrangement of their formalism for the system of 
ordinary fields such as electromagnetic field, spinor field, or scalar feld, to make 
it suitable for obtaining the commutation relation which is physically equivalent 
tomo): 
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We start from the action integral* 
S=|LO.., yadda |JLdu, (2-1) 


Here L is the ordinary Lagrangian density and the function of the field variable 
of the kind A, y,, and of its derivative, y,,=0y.4/0x’(o=0, 1, 2, 3), which can 
be expressed y4.o=y.,3u*/Ox° in terms of the derivative with respect to the 
parameter 2°, y..=9y4/0u'(s=0, 1, 2, 3).** Further J is the Jacobian 
J==|0(2)/9(u)|, and JL is regarded throughout as a function of ya, yay 2% 
(i=1, 2, 3),*** and the so-called velocities y.,=34 and r=’. The canonical 
momenta conjugate to x’ and y, are defined by 


Od Ia) OL 
Toe aia TRIS ee 202 
Ova OVA,o ( ) 
and 
eo gs. 2 
| Smee recat ihe (2-3) 
respectively. Here 
fe) 4 
tae pd Ls, (2-4) 
OVA,0 


and 1,=J-3u°/Ax° which is independent of the velocities. The geometrical meaning 
of Z, is nothing but the normal vector of the super-surface «=const. in the physical 
space-time world {2x7}, since 


0 0 
rile ee 
Ox? Ou’ Ou’ 


By eliminating the velocities, 7, and 2’, several independent weak equations, the 


> 


so-called “ constraints ”’, 
bal Ya, VAlio Lit, a, 4,) =9 (a=1, 2, ey) M), (2-5) 


are obtained from the equations (2-2) and (2-3). The variational principle dS=0 
gives the feld equations 


* We distinguish between the strong equation and the weak equation after Dirac’s definition.» 
The former is interpreted as the operator equation and the latter as the condition imposed on the 
state vector in the quantized theory. 

** In the quantized theory, the order of the factors in the products of non-commutative quan- 
tities must be defined. It seems suitable to define the order of the factors in y4,o implicitly as 


Oy, 1 (02?) Oya Che iz) 


ous =o 2 dus Ox? Ox’ dus 


but in this paper we shall not enter into the detailed discussion about this point. 
«+ The indices i, j,k refer to 1, 2,3, and r,s, t, “4, ¥, e, and » run from 0 to 3. In this article. 


we follow Pirani-Schild’s notations.®” 


470 I. Watanabe 


aU) _ (30) jf L(t.) Ja, 08 
Ov OY a\s Oy, { OY ae zi 
and 
ICL) (a les) ae A (2-7) 
Me? 0x5 s Ox” ; 


The latter equations are nothing but the conservation law of energy-mementum of 
the field, and should be derived from the former. Therefore (2-5) ought to con- 
tain at. least four constraints which depend on /,. In such simple problems as 
cited below, T,’/, in Eq. (2-3) has the form which does not contain the velocities, 


TT °l-=PpCMa; Ali its i= is (2-8) 
Therefore the concerned four constraints are 
9, =/,+ p,=9. (2-9) 


Here we may write down the expressions of p, for the simple case as examples ; 
(i) electromagnetic field (A,)” 


bp ST? Aggy, (Ea? — Pa") — 1,0 =e oxtn 
7 = Baek el a ier nie pene ee (2-10) 
(ii) fermion field (#)” 
Py salt, (Loat” $— Gr" Pon) tml, bp, (2-10’) 
(iii) neutral scalar field (¢) 


py G p+ LCE" byabeg— la +28], (2-10) 


There, sae =J4.ele—Yaela=Jailen, lae= : = ; 
SAak = VA,ete— VA,e Dali bas 8 axe Ee Dx? Bak 
and /’=/,/’. They are also independent of. velocities. 
Hamiltonian density defined by 


Ol, = {smd Ou’ zoe 


JH nr y,+1,0°—JSL (2:11) 
can be generally rewritten as 
JH= 2? 0,400) bq=0, (2-12) 


as proved by Dirac,” where 6,, is the other constraint different from ©, and vy is 
some quantity which depends on the velocities. It is well known that the number 
of ¢., is one, two and four for the electromagnetic feld, the fermion field and the 
gravitational field respectively. 

The Poisson bracket can be reinterpreted as the commutat‘on relation, except 
‘or the case of fermion ‘eld, and then 


Le 
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| ya(u), 1” (2e’) O3(u—u'), (2-13) 
[a?(u), 2,(u’) |=th 0,’ 03(u—w') (2-14) 


for «’=w". All the remaining commutators vanish. When y, is the fermion field, 
the Poisson bracket between the two constraints does not vanish. Then for the con- 
straints to be interpreted consistently as the additional conditions of the state 
vector, we must use the Dirac bracket” instead of the Poisson bracket. Then the 
two constraints for the fermion field can be regarded as strong equations.” From 
the Dirac bracket we obtain the usual commutator between ~ and ¢ field. For 
simplicity, we do not write down the explicit form of the equations corresponding 
to Eq. (2-13), and the equations which are essential in the following discussions 
are Eq. (2-14). Further, for bose fields the Dirac brackets between constraints 
with one another vanish. Thus all the constraints on the same w’ are consistent, 


[v,, P]=0, [%,, barl=0, [Gar, Bor ]=0. (2-15) 


Now, in order that Eqs. (2-13) and (2-14) hold for all «’=w” when they 
hold on any w’, it is necessary for the derivatives of the left-hand side of them 
with respect to «” to vanish. It might be guaranteed by the equation of motion 


inF=[F, 9], (2-16) 


with the Hamiltonian ©=(|JHd*u, for any dynamical variable F. However, un- 
fortunately, this equation is proved only for the special cases where F is one of 
ya, x’, 24 and J,, and not for the case where F is the product of such quantities. 
This difficulty is due to the character of the weak equation of (2-16), which is 
interpreted as a condition imposed upon the state vector in Hilbert space.* Such 
difficulties occur also in the theory which is invariant under the general coordinate 
transformation.” 

The commutation relation (2-14) is connected with our commutation ‘relation 
(1-5) through the constraints (2-9), as the operator p, (z) corresponds to the 
energy-momentum density in (1-7). 


§ 3. Physical meaning of the quantization of 
physical space-time operators 


In order to make clear the physical meaning of such quantized space-time 
variables, in this section, we shall explicitly take out the condition on the state 
vectors imposed by the constraints (2-9), which is the direct consequence of our 


quantization of .’. . i 
As the field variables, y, and z*, and the physical space-time variables, x°’s 


: ee : 
on a super-surface w’=constant (we represent it as [w’]) mutually commute, our 


* As Belinfante pointed out, in the quantized theory any weak equation 7=0 does not lead 
to Q 7=0 or 7 Q=0 for such quantity Q that does not commute with 7. 
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total Hilbert space is the direct sum of the sub-spaces with respect to ya(u) and 
the one of x°(w). Here we must take care of the fact that for a set of u’s there 
are infinitely many eigenvalues x’(2) which extend from —- to +, and further 
that the operators 2’(w) for different «’’s (on the same w’) mutually commute. 
Expanding the arbitrary state vector “[w°] which is defined on [x’| only with 
respect to the subspace of x’(w), it can be written as 


co 


vw |= | dt! (w) e({e"w)}) F(a" (uw). (3-1) 


—-oO 


Here ¢(2’%(w)) is the eigenvector corresponding to the eigenvalue 2’’(w), and 
IT means the product taken over all points on the surface |{a"]. ¢({2'(w)}) is 
[uw] : é 

still a state vector in the subspace concerning the field variables. 


The ortho-normal relation of ¢(2’’(u)) is 
E* (0° (ua) Sa (2e).) = oa, att Os eas (3-2) 
Further, in our representation the operator /, can be expressed as 


NY 


oO 


iu) =— ith = (3-3) 
by the commutation relation (2-14). Therefore, the constraints 
¢,7=(A,+p,) =0 (3-4) 
can be written as 
ih POZO) = 9 /(u)oa!w)}), (3-5) 


Ox’? (x) 


where p, (z) is such expression that is obtained by substituting the eigenvalues 
x\’(w) in the place of the operator .x/(«) in p,(%«) which is the function of y,, 
Yay» tf, 7. The consistency between the equations (3-5), 


nl 2 (w!) __ 9p.’ (u) |=le-'co, py! (u’) |, (3-6) 


Or "(iu)" Or XU ) 


is guaranteed by the first group of Eq. (2-15).* In the expansion of /[z’] in (3-1), 
each coeffic‘ent ¢({x’(u)}) has the similar properties to the state vector in. the 
conventional field theory. The essential difference between our formalism and the 
conventional one is in the character of the set of 2’?(a), {x/(u)}, which is an 
assembly of the values of x/?(w) for all the points on [z’]. If there were not 


* EF ; ; Folin f 
For any operator F which is the function of y4, yajs, 2’, 21:/P and z4, we have 


oF (w’) OF (wu) 083(u—w/) OF (w’) 


we! Re ‘ai 
bx’? (u) ole) wea) Sar Out O2r\P (u’) 


For the simple examples referred to in §2, Eqs. (2-10), etc., Eq. (8-6) can be verified by the 
direct calculations. 
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any constraint such as (3-4), there would be no restriction on the nature of the 
assembly {2x’(w)}, and then {x’(z)} might not construct even a continuous surface 
in the physical space-time world. For x’’(w) can have any value between — © 
and --oo, and x’?(z) does not depend on the values at w” different from u’, as 
emphasized at the beginning of this section. It is desirable that the constraint (3-5) 
restricts the assembly {x/(w)} to be spacelike surface in the physical space-time 
world. Of course, it will be impossible to see what conditions are generally imposed 
on the assembly. But in the simple examples, we can see a feature of the restriction 
through the explicit forms of p,(«) which are given in Eqs. (2-10), (2-10") and 
(2-10). In these examples, each term of p,(~) always contains the factor J~*.* 
Therefore p, (wu) becomes infinity when the assembly {2’(z)} constitutes a con- 
tinuous surface and touches the light cone, because the normal vector of the surface 
i, there satisfies /=0. The equation (3-5) tells us that at these boundaries 
o({x'(u)}) change discretely. . 

Now, if the constraint (3-5) and/or any other situation such as the existence 
of the solution of the equations of motion (2-6) select the spacelike surface out 
of {x'(u)}, the coefficient o({2'(u)}) may correspond to the state vector in the 
conventional field theory. Then Eq. (3-5) is nothing but the four-dimensional 
generalization of the Schroedinger equation.” The superposition of o({2'(u)}) in 
the expansion (3-1) may be regarded as an expression of the uncertainty principle 
dx°Ap,—h. Further the matrix elements of any operator F (x(u)), which cor- 
respond to (P,/|F(2)|P,”" ) in the conventional theory, are represented as 


(Pa; F(a(u))¥_) = | I dx (a) 9 ae) Pe) PCE ODP). (3-7) 


The objection argued in the Introduction about the uncertainty principle with re- 
spect to x* and P, in the conventional field theory will be removed, even if we 
take the eigenstate of the energy-momentum density of the system as ¢a( {x!(u) bys 
For the expression is superposed over the eigenvalues x’’(u) on the right-hand 
side of Eq. (3-7). 

If the correspondence holds literally, our theory will give the same result as 
the conventional one, and will be nothing but its reformulation. However, in the 
author’s opinion, our formalism would be beyond the conventional one, although 
‘+ will be very difficult to see how the former deviates from the latter. In order 


to explore this problem we shall reformulate our theory in the fashion of the 


altered theory in the next section. 

Concluding this section, we may call our attention to the fact that the operator 
x? is not the “true observable ”. Usually such variables that commute with all 
the constraints are called “ true observables”, and regarded as the clearly defined 


* In Eq. (2:10’), at first sight, it does not seem to be the case, but, for example, the last 


term becomes 7p gg=mll, myrlaw as r= orl. 
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physical quantities.» The operator 2’(w) do not commute with the constraints 
y,==0, and their physical meaning is not necessarily clear. 


§4. New formulation of the auxiliary condition 


The existence of the constraints in our formalism is due to taking the much 
more variables than the really independent ones in the variational procedure. As 
the result the Hilbert space involves the superfluous bases which have no really 
physical meaning. As recipes for such situations we have two methods, the “ true 
theory ” and the “altered theory”. In the former treatment, only the true ob- 
servables, which is defined as the quantities commutable with all constraints, are 
quantized as the independent variables. Therefore the commutation relations become 
different from the formal results such as Eqs. (2-13) and (2-14). In the altered 
theory, the suitable additional terms are added to the Lagrangian density, so as to 
make all the equations strong ones. The state vector, consequently the Hilbert 
space, is restricted by the auxiliary conditions which make the additional terms 
of Lagrangian and the constraints appearing in the original formalism of the pre- 
ceding sections vanish simultaneously. A well-known example of such a problem 
is the quantum-electrodynamics. There the method of Coulomb gauge, where only 
the transverse waves are quantized and the longitudinal waves are rearranged to 
Coulomb force, is the true theory. The method corresponding to the altered theory 
is Fermi’s one which uses the Lorentz gauge and the Lorentz condition is regarded 
as the auxiliary condition on the state vector.” For the gravitational field, the 
altered ‘theory is formulated by Gupta’? in the linear approximation, but the true 
theory has not been constructed. 

Now for our problem it will be very difficult to make the theory in the form 
of the true theory. Bergmann et al.” regarded x’(w) as cnumber and the theory 
reduced to the conventional one if the surface [x’] is restricted to be spacelike. 
But this is not the true theory, because the field variables y, and z* do not com- 
mute with the constraints (2-9), that is, they are not the true variables. In this 
section we shall reformulate our theory in the form of the altered theory, and try 
to make the first step to understand the physical meaning of our scheme and to 
extend the conventional field theory in a consistent way. 

In this section the original Lagrangian density which was used in § 2 
is denoted by Ly and the additional terms by Lj... Further, we assume that the 
other constraints than ¢,=0 are removed by the already known method of the 
altered theory, and that the corresponding additional Lagrangian density is already 
involved in Ly. Therefore the modified field equations are all strong equations, 
and becomes 


gia mal eae 


and 
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O(JL) ai ) Oley HEP 3 
Ox” Ox /is le meas Ce 
Here 
a. oleae OC dioaaa) 
Ct=e/ ad ) or add * 
OV 4\s Is Ova ee) 
and 
a ( 2{Uae)) _ O¢FL | 
af ( On is Ogres ae 


and 7’,’ is the same expression as Eq. (2:4) with LZ) instead of L. Canonical 
conjugate variables are 


\ 


OC) wee a OL) I r | 
——— : 0 =) as oA ae AY add) | : 4.5 
IE eae ame (4-5) 
and 
: | 
jp IE) pg, pp aid. (4-6) 
Ox? Ox 


P 

Now the form of Lz. must be determined. First La, must contain 2j, ex- 
plicitly. The left-hand side of Eqs. (4-1) and (4-2) is not independent as in 
the case of (2-6) and (2-7), and we have . 


ee (4-7) 


It results from the fact that 27, are involved in L, only through the form 
Vae=M°9u'/Ax*. If Lara also does not involve xf, explicitly, the right-hand side 
of Eqs. (4-3) and (4-4) satisfy Eq. (4-7) identically. Then the field equations 
are not independent, and cannot be strong equations. Secondly we may suppose 
that La, is a function of xj, alone. Then c4=0 and 7*=0, and the equations 
of motion and the expressions of canonical conjugate variables by ya have the 
same forms as (2-6) and (2-2), where L must be replaced by Ly. But the -dif- 
ference is that the new equations are strong equations, in contrast with the weak 
equations (2:6) and (2-2). The equations of motion of 2” become 
(2am) ) A(T) 9, ti-8) 
Ox\5 Is (eae . 

owing to Eqs. (4:1)-(4-4) and (4-7). On the other hand, Eq. (4:6) can be 
rewritten as il al 


A,=—Ppt%o> pp=T," le, | (4-9) 


by the definitions (2-3) and (2-8). For. the old constraints ¢,=41,+7,—0 to 
hold effectively, we must regard 7,=0 as the auxiliary conditions on state vectors. 
As we have seen in § 3, the old constraints may be able to restrict. the configura- 
tion of the 2/’(u) to be spacelike. Therefore it is desirable to determine the form 
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of Laag in such a way that 7,=0 selects such a configuration out of the state 


vectors. 
For simplicity we assume the bilinear form of 7, as JLaws 


J Lata = CY” Qe Go > (4-10) 


as in cases of the quantum-electrodynamics and of the gravitational field. Then 
JLaag Vanishes in the sense of weak equation, owing to 7,=0. In order that the 
second equation of (4-6) holds, 7, must be the linear function of 02?/w’, and we 


can put* 
qp=i (9,.52-+#1,) =0. (4-11) 


Ai 
1 


1 and « is a constant of the dimension of (length) ~. 


Here 9,,= 
—1 

Then the constant c in Eq. (4-10) is (2«?)~*. The geometrical restriction imposed 

by the definition becomes clearer, if we construct the form 


7,0 = (J+?) =0, 


by taking account of J,-0x°/0w°=J. The surface [z*] is restricted to be spacelike 
(?2<0) or timelike (P>0), in accordance with the sign of J. On the other hand, 
there is no continuous coordinate transformation connecting the system of 2’ with 
J>0O to the one with J<0, when the w coordinate is fixed. Therefore the space- 
like surface [u°] is separated discretely from the timelike one, and the situation 
seems to correspond just to the fact that Eq. (3-5) picked out the spacelike con- 
figuration of the physical space-time as discussed in §3. The expression (4-11) 
may be insufficient to our purpose, as it does not exclude the timelike surface [1"]. 
But in the following we shall be contented with Eq. (4-11). 
By this definition of JLaae, the field equations of 2°(w), Eqs. (4-8), becomes 
0? xP 02 xP 
egy me Bul Bue! 
The auxiliary condition (4-11) holds for all [a’], that is, 07,/Au°=0, as easily 
shown by Eqs. (4-12). Further, the consistency of the conditions 


| 


—K lig” ike 


0. (4-12) 


(7 (ay, 7. (a}j==0 Cor wZ’=2"), (4-13) 
can be verified, on account of the relations 


Ox” 
Ou? 


=9"" {7+ p,) —L,} ap (4-14) 


as Equation (4-11) means that w°-line is orthogonal to the surface [u®]. For the vector Ox? /du% 
is tangential to the u®-line and 7, is the normal vector of the surface [2]. 
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and 


ay E02" 
ag [ee (u) , 2? (u’) |=— ih’ 9? 03(u—u’). (4-15) 


Ou 


(for w°=w"’) 


The former relation is the result of Eqs. (4-9) and (4-11), and the latter is 
derived from it by Eqs. (2-13) and (2-14). 

Eq. (4-15) is the most remarkable character of this altered theory. According 
to this non-commutability of a? operator this formalism will have many dif- 
ferent nature from the conventional field theory. Here the unit « introduced by 
Laua plays the role of the universal length which characterizes the new theory, 
and it reduces to the ordinary local theory when «~ is neglected. 

Hamiltonian density is written as 


JH=JHot+ J Haa==! (A, + pp) —ILaaa= 2 4 — 5 iy 
K 
— 1 *( 22 oe a 
Si Ge ee Af) fei 
Do Oe Bi “P) (tA) 


By the use of $=|JHd*u we obtain the equation of motion for any operator F 


of =F $1), (4-17) 


Oe ik 
as usually done. Further, from (4-14) we obtain 


fo) o 
ES ya =e*9"* Lb: yal> 


du! 
(4-18) 
0 o 
Be, Jenrion el 
If we write as 
On? Ox? =o 
= gr b., 4-19 
a aa +0" 9"" be (4-19) 


dz°/du° commutes with 4 and 24. Then Eq. (4:16) becomes 
STs Oz? OZ" 2 1 {S Le SBA pot ee : 
JH= | OE SE eB t hag Pep tg ho bebe (4-20) 
In the Schroedinger representation all the operators in (4:20) are constant. By 
canonical transformation that eliminates the first term, the operators x’(w)’s are 
transformed into the same form as Eqs. (4-12) and the operators 14 and z* remain 
unchanged. In this representation the Schroedinger equation for the state vector 


Y' (a) is given by 


ip aU!) 91) P'(u), (4-21) 
du’ 
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where 
61a!) = [au 2 {2 phate py pe. (4-29 
2 \0u° 2 

0z°/du° in (4-19) means the derivative of x’(w) with respect to w” in this re- 
presentation, in which the z’ operator for any w° commutes with y, and 2%. 
However, if we take the complete Heisenberg representation for all variables, we 
shall face to such non-commutabilities as Eqs. (4-18) and the behavior of each 
field will become very complicated. 

In the remaining part of this section we shall show how the auxiliary con- 
ditions 7,=0 restrict our Hilbert space. Here we shall leave out the other fields 
except for x’(w) from our considerations. Owing to the non-linearity of the field 
equations (4-12) the exact treatment seems almost impossible. Therefore we 
write as 


x? (u) =x" (0,ou'+A’(u)), (4-23) 


and assume that the higher powers of Af, can be neglected in comparison with 
one. This is the same treatment as Gupta’s approximation used for the gravitational 
field” Then, we may approximate J/,’s and their derivatives /%,’s as 


0A’ 0A° 
Lh= me (2 > L= < > 
0K ay 2 Dad K Dai 
OK aA! oe ailas lad is} 0Auaew abel dea) 
p= : 1 ; ), CS — R > ——— | 
wigs ( a = Ou! Ou! < 4 Au) ” 
and lij=0. | 


Further, the auxiliary conditions (4-11) and field equations (4-12) becomes 


0 ‘ ‘ 
ee 
2 40 2 40 ag 243 

respectively. 

In terms of the Fourier components 
a’(h) =| dwar) ent iho 1 
Eq. (4:26) can be expressed as 
(—hy +h*)@?=0, —h?a'+ Zi hihjai=0. = Dh’). 


As will be seen easily by multiplying hf, on the second equations. 


— % 
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— Shiheat+ Sj hehja’=— (heh) 3 hya’=0 
az ig j ‘ ? 
the transversed components of A’ defined by Sj}h,a'=0 satisfy the equations 


- 2 y 7 o> . . d 

0 A'/du”"=0, that is, they depend on w’ linearly. Further, A° and the longitudinal 
components of A‘ satisfy the wave equations [_],,A°==0 which means they pro- 
pagate like photon in w space. Therefore, we may write A® as 


A°(u) = = (2ho 2) —Val a (h) ge a tn) anerears. | (4-27) 


h 
and A’ as the summation of the longitudinal components 
> (2h) 2) —1/2 h;h7 | a;(h) Ber lay (h) eee oN (4 21) 
and the transversed components 
= (2hy 2) M7 e,'[ (1 —ihow’) a, (h) eh (Ltihyu)a,* (hy ew), (4-27) 
where h,=)/h? and e,=1, e,h=e,e,=0 for 4=1, 2. Owing to Egs. (4-15) each 
component must satisfy the commutation relations 
[a (h), a (h')]=—eOnw 
and : . (4-28) 
[a;(h), a;* (h = 0%; Onn - 


Due to the first equation the A® operator requires the indefinite metric in Hilbert 
space. This situation was already expected as the result of such quantization of 
x? as (1-5), although, strictly speaking, the formal origin may be considered as 
different. If we formally define the vacuum for x’ operator as 


Ar (u) ¥)=0, (4-29) 


(where we used the sign (+) to take only the annihilation operator up), we 


must modify the auxiliary condition as 


9") U=0; (4:30) 
in conformity with (4-29). Then by (4-25) we have 
hoa’ +ha,;=0, hiastha=0, hoa,=0 (4-31) 
or 
a+a,=0, a=0. (4-31’) 


Namely, the state restricted by the auxiliary conditions will contain only the com- 
ponents of A® and the longitudinal components of A’, and it will be the sum of 
the vacuum state and the zero norm states in the similar way to the case of the 
quantum-electrodynamics."” Hamiltonian (4-16) becomes 


=> 1 hol (as* s+ dsa5*) — (a a+ a? a") 
h 


<_ 
» 


+ SS (ax a, + a,ax) |+ > [a+a,+a°* +a;*]; (4-32) 
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and owing to Eqs. (4-31’) there remains only zero point energies in the expectation 
value of §. Thus the freedom of x’ operator does not appear in the physical 
states. This is the reasonable result from the viewpoint that the quantization of 
x? should give no new dynamical variables. However, the existence of .’ operator 
might affect the structure of this system implicitly, in the similar manner to that 
the longitudinal components of the electromagnetic field give. the Coulomb force. 

Perhaps in the higher approximation of Aj, these situations will remain without 


substantial modifications. 
§ 5. Concluding Remarks 


In the preceding sections we tried to formulate the conjecture which was 
exhibited in § 1, and to some extent our purpose was achieved. However, it leaves 
much to be considered. First, strictly speaking. the commutation relation (1-5) 
is not established yet. The relation is replaced by Eqs. (2-14) and (2-9) in our 
Dirac-Bergmann’s theory, and the latter equation is only a weak equation. The relation 
should be obtained as a strong equation, but it wiil be impossible without any 
new guiding principle. Secondly, it was made clear that our auxiliary condition 
(4-11) plays the role to separate the spacelike surface [z’] from the timelike one, 
but the relation does not pick up only the spacelike surface [z’]. The timelike 
surface uz” might be rejected, if we solve the equations of motion explicitly. How- 
ever, such wishful thinking will be too optimistic. On the other hand the assumed 
auxiliary condition (4:11) may be considered as only a tentative scheme. It may 
be asked whether the altered theory is determined uniquely or not, or whether 
we should seek some further principle to set up the altered theory or not. 

Our theory is not only very .complicated owing to the non-commutability 
between x’ and y, and the non-linear character of the equations of motion of 
x’, but also it is not clear how the introduction of the universal length «7! in 
Lag Modifies the original theory exhibited in § 2. But it is shown that the theory 
can be constructed consistently without any new mathematical) difficulty, and that 
the altered theory gives no modification of the field equations of y, fields. Further 
it may be thought that the quantization of the operator x?’ plays some role to 
weaken the singularity near the light cone,* and that the non-commutability of 
ya and x’ makes the microcausality in the conventional field theory more com. 
plicated. 
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Appendix 


In this appendix we shall show that it is possible to eliminate the parameter 
t from the ordinary quantum mechanics, if we tentatively assume the existence of 
the operator J’ which satisfy the commutation relation 


(7, H]=ih, (A-1) 


with the Hamiltonian operator H of the system. For simplicity, we consider the 
one-dimensional problem. Its Hamiltonian is the function of the variables x and 
p, H(2, p), and these variables satisfy the commutation relation 


In the classical dynamics x and p are regarded as the functions of time parameter 
t and the equations of motion can be written in the canonical form 


dx(t) _ 9H dp(t) __ 9H_ 


A:3 
dt Ap” dt Ox med 

On the other hand, the relations 
waned ah P fir __ bio Pf A-4 


hold for the arbitrary function f(x, p), owing to the commutation relation (A-2). 
Especially we have 


fas die ‘ oie eae (A-5) 
z 


Op i. 07: 
Therefore we may regard Eqs. (A-3) as the operator equations in the quantum 
mechanics, and rewrite them as 
iar imap 
A ak py x), —-—+-=[H, P). (A-6) 
zat l zs _ dt LH, P] 
Now, if we can introduce the operator T7' satisfying Eq. (A-1), we. shall 
have the relation 
LPN hy 9P _ty (A-7) 
eas es | 
in the same way as the relations (A-4) result from the commutation relation 


(A22). ~Here’ x and p must be regarded as the function of the operator T and 
H, and does not contain the parameter ¢. Comparing these equations with Egs. 


(A-5), the relations 
OG OH gee Rocce 0H (A:8) 


result. 


sar 44. 
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Eqs. (A-7) and (A-8) are very similar to Eqs. (A-5) and (A-3). The 
difference lies only in the meaning of the time derivatives of their left-hand side. 
But both formalisms have the same contents, because the latter can be obtained 
from the former by introducing the parameter ¢ as the tool. Namely we can in- 
troduce the new operator F(t) corresponding to any operator / in such a way as 


; (E'|F(®) |B =! |FIE") tere" (A-9) 


in the representation in which H is diagonal. Then we have the relation 


dE FOIE") _ t (gE) (EF) |E") 
dt h 


=(! 


and consequently a correspondence between dF'/dt and 9F/9T is obtained. Con- 
versely, if we express the new theory in terms of such operators F(t¢)’s as defined 
above, the relations (A-5) and (A-3) are reduced from Eqs. (A-7) and (A-8). 
It means that, if we can adopt the commutation relation (A-1) instead of the 
canonical equations (A-3), we shall gain the operator equations (A-8), and the 
operator JT’ may be considered to represent the measurable physical time which 
concerns with the uncertainty relation (1-2). Thus we could construct a forma- 


Lee, rye oe-w (oF |e mms, (a3) 


lism equivalent to the ordinary quantum mechanics without the superfluous para- 


meter 7. 

We can consider that the commutation relation (A-1) plays the role of 
Schroedinger equation in the conventional theory, because the latter equation is 
the counterpart in the Schroedinger representation of the equations of motion (A-3) 
in the Heisenberg representation, and the relation (A-1) takes the place of Eqs. 
(A-3). Unfortunately, the operator T satisfying (A-1) cannot be defined owing 
to the existence of the lowest energy as mentioned in §1. Therefore we cannot 
use the commutation relation (A-1) for ordinary theories, and must be contented 
with the Schroedinger equation in order to express the uncertainty principle 
between time and energy. 
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The scattering of electrons by the thermal motion of the excess electronic potential of 
impurity ions is discussed. The excess potential is assumed as a screened Coulomb interaction 
of electrons with excess charges of impurity ions. The change in the electrical resistance of 
non-magnetic and substitutional dilute alloys due to this type of scattering is calculated at 
high temperature. It is assumed that the thermal motion of solute ions is quite similar to 
that of the perfect lattice. Calculated results are compared with the experimental deviations 
of the electrical resistance from Matthiessen’s rule in cases of Cu-, Ag- and Au-based alloys. 
It is shown that the agreement between them is fairly good in most cases. 


§ 1. Introduction 


The scattering of electrons in impure metals is in general caused by the ex- 
cess impurity potential as well as by the lattice vibration. The impurity 
scattering which is caused by the excess potential is usually treated under the 
assumption that impurity ions are rigid at their positions. In other words, only 
the elastic part of the impurity scattering is usually taken into account. 

On the other hand, deviations of the electrical resistance of dilute alloys from 
Matthiessen’s rule have been observed at high temperature” as well as at low 
temperature.” It is therefore needed to estimate second order effects such as the 
thermal motion of the excess impurity potential, the temperature dependence of 
the screening constant, the change in the number of electrons and in the phonon 
spectrum, etc. 

The ‘effect of the change in the Debye temperature and the effect of the 
localized mode of lattice vibration on the electrical resistance have been estimated 
by Jones” and by Fukuda,” respectively, and their results are much smaller than 
the experimental results. The second order correction to the solution of the Bloch 
equation which is obtained by a variation method is also too small to account for 
the experimental deviation according to Sondheimer.” 

In the present paper we shall discuss the effect of the thermal motion of the 
excess impurity potential on the electrical resistance of dilute alloys in case that 
the valence of the impurity atom is different from that of the solvent atom. The 
potential of an electron in an impure crystal may be devided into the periodic 
and the excess part. The latter is the difference of potential in the impure crystal 
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from that in the perfect crystal. Impurity ions in the crystal vibrate thermally in 
general and the excess potential caused by them also vibrates. Electrons in the 
crystal are therefore scattered by impurity ions inelastically as well as elastically. 
The inelastic scattering consists of two parts, one of which is the part of the 
phonon scattering, the scattering by the thermal distortion of the periodic potenti- 
al, and the other is the scattering by the thermal motion of the excess impurity 
potential, which will be discussed in the present paper. Since the thermal motion 
of the impurity ion is a part of the thermal motion of the lattice, the scattering 
of electrons by the thermal motion of the excess potential may be considered as the 
scattering by phonons through the excess impurity potential. 

In the next section we shall first calculate matrix elements of the excess 
potential caused electrostatically by an impurity ion. There we shall assume that 
the thermal motion of impurity atoms is quite similar to that of solvent atoms 
in the pure lattice. As mentioned already, the thermal motion of an impurity 
atom, as well as the lattice vibration, is different from that of a solvent atom in 
the pure crystal. It is expected, however, that the thermal motion of the impurity 
atom is not significantly different from that of the pure lattice when the mass and 
the valence of the impurity atom are not much different from those of the solvent 
atom. Furthermore it is noted that the scattering of electrons by the thermal 
motion of the excess potential is a phenomenon which would occur even if the 
presence of the impurity atoms did not disturb the lattice vibration. 

Our assumption that the thermal motion of impurity atoms is quite similar to 
that of the pure solvent lattice will be useful as the first order approximation at 
least when the mass and the valence of the impurity atoms are not much different 
from those of the solvent atoms. The correction to our result has to be added 
after detailed information on the thermal motion of impure crystals is obtained, 
which is, however, a future problem. In the same section the excess. potential 
will be assumed to be a screened Coulomb potential. 

‘In § 3, the electrical resistance of monovalent metal-based dilute alloys in 
which solute atoms are non-magnetic and substitutional will be calculated with 
the use of the Born approximation and the high temperature approximation. 
Numerical values of our results are obtained and compared with the experimental 
results in § 4. In the last section we shall discuss the effect of the temperature 
dependence of the screening constant and also the increase in the number of 
electrons on the electrical resistance. 

Interference occurs between the scattering by the thermal distortion of the 
periodic potential and by the thermal motion of the excess impurity potential. The 
correction to the electrical resistance due to this interference will be calculated in 


Appendix 1. 
ad §2. Matrix element 


The excess impurity potential may be given by the difference of the electronic 
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potential of the impurity ion from that of the solvent ion substituted by the im- 
purity ion in case of a substitutional impurity. When the impurity atom has the 
valence which is different from the valence of the solvent atom, the greatest part 
of the excess impurity potential may be considered to be caused by the difference 
of the valence between the solute and the solvent atom. It may be treated with 
the Thomas-Fermi method, and it takes, in the first order approximation, the form 
of the screened Coulomb interaction, if the position of the impurity ion is rigid. 
From the viewpoint of the collective description, the long-range part of Coulomb 
interaction contributes to the collective mode and modifies it. The short-range 
part may be represented, in the first order approximation, by the screened type 
of Coulomb interaction. 

An impurity ion in a crystal vibrates thermally. As discussed in the previous 
section, we assume that the motion of the impurity atom is the same as that of 
the solvent atom in the pure crystal. Our assumption will be useful as the first 
order approximation when the mass and the valence of the impurity atom have 
the values similar to those of the solvent atom. The displacement of the impzrity 
atom, u(R), can then be expanded with the coordinate of unperturbed phonons 
as follows, 


u(R) a (54) he {a exp(iq-R+iut) +a* exp(—iq-R—iwt)}, (1) 


where R is the equilibrium position vector of the impurity atom, d the density 
of the solvent metal, #% Planck’s constant divided by 27, and e, a and w are ab- 
breviations of e,; the polarization, a,;, the annihilation operator, and w,;, the 
angular frequency of the phonon which is specified by the wave number vector q 
and the direction of polarization j, respectively. Matrix elements of the annihilation 
operator, a, and the creation operator, a*, are given by 


(n—lla|np=n, (n+1|a*|n)=(n+1)™, (2) 


where 7 is the abbreviation of (q,7) which is the number of phonons specified 
by q and j. . 

The excess impurity potential should be influenced by the thermal motion 
of the impurity ion. The interaction of electrons with a moving impurity 
ion may be divided into two parts, one of which is the interaction through the 
distortion of the periodic potential and the other through the moving excess 
impurity potential. The excess impurity potential may be described with the 
screened Coulomb potential as in the case of the rigid impurity in the usual tem- 
perature range. It is then given by 


Ze" 
V (r—R—-u) rere exp {—p|r—R—u}}, (3) 


where r is the position vector of the electron, Z the excess charge of the impurity 


ee 
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ion, e the electronic charge and p the screening constant which is, in the first 
order approximation, given by” 


p= {(3N/n)*8 4me?/N} *?. (4) 


Here N is the total number of electrons in the metal and m is the effective mass 
of an electron. 


Let us calculate matrix elements of the excess potential. The initial and the 
final states of an electron are assumed to be plane wave 


g(r) =exp (ik-r+iE,t/N), (5) 


for the mathematical convenience. Here k is the wave number vector and £;, is 
the energy of the electron which is given by 


Kh 


hy ee (6) 


A matrix element, without the time factor, is given by 
(k'n’| V|kn) 


1 (ek) (B+) | VA EN i(k-h yn J) 
este (2 ln) | —"_e r 
r 


2 i(k—-k/)+R 
___AnZe'e - Cn’) |e ln), (7) 
p+ (k—-F’) 
where n and n’ are vectors whose components are n(q,j)’s and n'(q, j)’s, re- 
spectively. The operator exp(ik-w) in the right-hand side of Eq. (7) may be 
expanded in power series with respect to w, then the last factor in Eq. (7) is 
reduced to 
(n’| exp {i(k—k’) -u} |n) 
=0(n', n) 


+iS\k—#) -e,( 
Yd 


she {e-iv Bn (qj) 70 (n' (qj); n(qj) a1) 


eT (n(qj) +1)170(n (qi), n(qi) +D} ACM, ma) Fos (8) 


where n, is a reduced vector in which the component 7(q,j) 1S excluded. 

The first term in the right-hand side of Eq. (8) corresponds to the elastic 
part and the second term to the one-phonon process. From Eqs. (7) and (8), 
the first order term with respect to the phonon coordinate in the expansion series 
of the matrix element is reduced to 


IAT Be h He AnZe* k—k’) -en'? 
(k’n—1|V|kn) = i( ENP ) 


-exp {i(k—k’+q)-R}, (9) 
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(nt ny SE) ee) a 


-exp {i(k—k’—q)-R}. 


It can be easily shown that the second order term, the two phonon process, is 
usually much smaller than the first order term. 
The total excess potential is given by the sum of all jodie ones, namely 


V(r) =d0V,,(r), 


where V,,(r) is the excess potential due to the m-th impurity ion. The matrix 
element of the total excess potential is therefore given by 


(k’n—1| V|kn) =>\k/'n—1|V,,|kn) 
=) exp {i(k—k’+q) -R,,} (k’'n—1| Vi |kn), (10) 


™ 


where in the last expression (9) has been used. In order to obtain the transition 
probability, the square of matrix element is needed. From (10) we obtain 
|VP= [SV m= 3a] Vial? + 31> Vin* Vi 


m> Ld 


=Ne|Vol-+D Sahel’ exp.té Ue ki+9q):-(R,—R,,)}, (11) 


where Nx is the number of ade a0 ions in which N is the number of solvent 
atoms in the perfect lattice. Provided the distribution of impurity ions is quite 
random, we may make use of the random-phase assumption and (11) is reduced to 


| VjP?= Na {1+ (Nx—1)6x-, nag} | Vol? (12) 


The second term in the right-hand side of Eq. (12) will be estimated in Appendix 
2, and it will be shown that the effect of second term on the electrical resistance is 
much smaller than that of the first one. 


§ 3. Electrical resistance 


With the use of matrix elements (9) and squares (12) the probability of the 
transition of an electron from a state k to another state k’ is, in the first order 
approximation, given by 


PW) ky NaS MEA EE) est 
a dw {(p+(k—k)33 


X {nd(E!—E—ho) + (n+1)0(E'—E+ho)}. (13) 


Now we assume that the frequency of phonons is independent of the direction 
of polarization. Furthermore the Debye model is used for the phonon spectrum, 
so that w,=vq, where v is the velocity of sound which is assumed to be inde- 
pendent of the direction of polarization. Because of these assumptions all quanti- 
ties other than e; in Eq. (9) are independent of j, and therefore the summation 


Scattering of Electrons by the Thermal Motion of Impurity Ions 489 


with respect to 7 can be easily performed to yield 
Dii(k—k’) -e,}?=(k—k’)?. (14) 


When the temperature is sufficiently higher than the Debye temperature, the 
energy of the phonon may be neglected in the argument of 0-function in Eq. (13), 
and the relaxation time may be calculated simply in the following way.” 


1/t=(1/82")| P(k', k) (1—cos 0) dk’, (15) 


where 4 is the angle between & and k’. Inserting Eq. (13) into Eq. (15), neg- 
lecting Aw in the argument of 0-function, assuming 7+1~n and using the relation 
(14), we obtain 


1 2) 22%e'm'"h’O NT xF(«) 16 
ae th®v'dk” : Oey 


where & is Boltzmann’s constant, 9 the Debye temperature and 

F(«) =1— (p°/2n) log (1+4«*/p*) + p°/ (p'+ Ak”). (17) 
And we have used the relation »=kT'/Aw which is valid at high temperature. 
From (16) the electrical resistance of a monovalent metal containing a small con- 
centration of solute atoms is obtained as 
ay Deen ROLLE) (18) 

_ amhodct : 

where € is the Fermi energy and «’ is the wave number of an electron on the 
Fermi surface. Eg. (18) is rewritten as 


26 / 
p=92.6 a ae te) ohm-cm, (19) 


provided that the mass of electron is equal to the true mass. 


§ 4, Numerical values 


It may be concluded from the result (18) or (19) obtained in the preceding 
section that the correction to the electrical resistance due to the thermal motion of 
impurity ions depends linearly on the temperature and on the impurity concentration 
and it is proportional to the square of the excess charge of impurity. These 
dependences are consistent approximately with experimental results. Let us esti- 
mate numerical values. Values of quantities which are necessary for the numerical 
estimation of Eq. (19) are listed in Table I. With the use of values N listed 
in Table I the screening constant 7p which is given by Eq. (4) is obtained as 
p=l177x 10°em-! for Cu and 1.73X10°cm™ for Ag and Au. From (17) the 
value of F(«’) becomes 0.267 for Cu and 0.233 for Ag and Au. With the use 
of these values the change of electrical resistance p is finally reduced to 
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5.25x10° ZTx ohm-cm for Cu, 
p=41.18X10* Z’Tx ohm-cm for Ag, (20) 
1.11x10° ZTx ohm-cm for Au. 


They are comparable to Linde’s experimental values.” 


Table I. 

Cu Ag Au 
d(in gr-cm™?) 8.93 10.5 19.3 
v(in m-sec™) 366 265 208 
O(in °K) 310 220 185 
c(in 10712 erg) 11.1 8.25 8.85 
C(in 10-1 erg) 1.24 1.00 1.00 
N(in 1022 cm7) 8.5 5.9 5.9 


x/(Gn 108m!) al oe Lt 1.21 


§ 5. Discussions 


We have estimated the effect of the thermal motion of impurity ions on the high 
temperature electrical resistance of dilute alloys under several assumptions. First 
we have assumed that impurity ions move in the same manner as the perfect 
solvent lattice. For the calculation of the normal part of electron-phonon inter- 
action the effect of the change in the phonon spectrum will be small. It will, 
on the other hand, appreciably influence the interaction of electrons with impurity 
ions when the mass and the valence of impurity atoms are much different from 
those of solvent ions, since the lattice vibration is considered to be most different 
from the normal motion near positions of impurity ions. Our assumption is, 
however, expected to be useful as the first order approximation at least when the 
mass and the valence of the impurity atom are not much different from those of 
the solvent atom. j 

Second, the screening constant given by (4) is only the first order approxi- 
mation. The deviation of our screening constant from the true form of the excess 
potential will become larger as the excess charge Z becomes larger. Furthermore 
we have made use of the Born approximation in the calculation of the electrical 
resistance. The Born approximation can usually be applied in our case as well as 
in the case of the normal scattering by phonons since both types of scattering are 
essentially the same order phenomena. 

There are many other mechanisms which give rise to the deviation of electrical 
resistance from Matthiessen’s rule. We shall briefly discuss the temperature de- 
pendent part of screening constant and the increase of the number of electrons 
in the following. 

a) The temperature dependent part of the screening constant 
The screening constant is given by” 
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2 4ane* Ftp 


ET Fi, (21) 
where 
1 ; a'dx 
ies \ j 
A exp(x—7) +1 he 


0 


in which 7=C€/kT (¢ is the Fermi energy). When 7>1, the integral (22) may 
be expanded in a power series with respect to 77’, and we obtain i 


su Tos| i +10+1)y"| (23) 
(+1)! 6 
Introducing (23) into (21), we obtain 
eee 
p=p|1-2y | (24) 
According to Mott,” the residual resistance is given by 

2 

ae Sas ne . (25) 


where 

G(«) =log (14+-4«?/p’) —4n?/ (p+ 4x") 
and x’ is the wave number at the Fermi surface. From (24) and (25) we obtain 
the correction to the residual resistance due to the correction to the screening 
constant 


4p (AT /E)" <(kT/)? for monovalent metals, 
Pram 0 (hep ae J 


which is much smaller than (20) at usual temperature. 
(b) The increase in the number of electrons 
The increase in the number of electrons gives rise to changes in values of 
N, m, € and C. These changes yield the correction to the phonon-scattering 
resistance Py Pps is given by” 
paroom'4N-*(C/)"0". (26) 


Since C.is essentially the kinetic energy, C/¢ is considered, in the first order ap- 
proximation, to be independent of the increase of electrons. The effective mass 
of electron will change its value appreciably in cases of noble metals in which 
the Fermi level touches almost-an edge of the first Brillouin zone. \ When Na of 
solute atoms are added, N is replaced by N(1+2Zz2). The change of phonon- 
scattering resistance Jp is therefore approximately given by 


A /Ppr= (1/2) (dm/m + Ae /C) — Ze. (27) 


Since the correct estimation of 4m and 4¢ is impossible at the present stage, 
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we can not estimate Jo here. If 4m/m and d¢/¢ were negligible compared with 
Zx, the right-hand side of Eq. (27) would be reduced to —P»»Zx the absolute 
value of which is comparable to (19), and therefore the effect of the thermal motion 
of impurity ions would be canceled by the effect of the increase of electrons. 
In practical cases, however, 4m will not be negligible. In fact, for example, in 
a one-dimensional lattice the effective mass changes its sign_as well as its value 
when the number of electrons goes over a half of the number of atoms, and there- 
fore the hole picture must be adopted in this case. With the use of the hole picture 
it is shown that the change of electrical resistance is positive. 

Though conditions in three-dimensional cases are much different from those 
in one-dimensional cases, it is expected that the correction to the electrical re- 
sistance due to the increase of electrons is not given by —/,,Zx only. Anyway 
more careful discussions on the effect of the increase in the number of electrons are 
needed in order to obtain the change of electrical resistance and to understand 
fully the deviation of electrical resistance from Matthiessen’s rule. 
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Appendix 1 
Interference effect 


The elastic scattering by impurity ions does not interfere with any of the 
inelastic scattering by impurity ions and by phonons. On the other hand 
the inelastic scattering by impurity ions does interfere with that by phonons, since 
the matrix element of the former is an imaginary quantity as well as that of the 
latter, as shown in the text. 

The matrix element of the perturbatio: which is due to one phonon spe- 
cified by the wave number q and the polarizason 7 is well known® 


1/2 
(k'n—1|V,|kn) = ~i2c(s | n”(k—k’)-e, (A-1) 
where 
k' —k—q=0, (A-2) 
and also 
: 2 1/2 
(lin +1|Vilhn)=—i2-C(")" Gn41y@(e—)-e, — (A-3) 
where ; 
k’—k+q=0, (A-4) 


provided that umklapp-processes are neglected. In Eqs. (A-1) and (A-3) C is 


— 
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the coupling constant which is defined by 
| | 

= — | Frade Llidt . 

2m .« | i (9) 
where ¥ is the periodic part of the Bloch function. The transition probability 
can be obtained from Eqs. (9), (A-1) and (A-3). The scattering may be treated 
as if elastic and also Eq. (15) may be used as is usual in the calculation of 
electrical conductivity at high temperature. After an easy calculation the electrical 
resistance p’ due to the interference effect is obtained 


vee Zm?ECHGT x 
Syed ede 


= —1.68 Xx {oe ohm-cm, (A-6) 


where | 
G=1-—(hvp/kO)’ log {1+ (kO/hvp)’}. 

With the use of the values of quantities listed in § 4 of the text the numerical 
value of (A-6) is obtained 

—8.45x10-" ZTx ohm-cm for Cu, 

ep! =4—2.20K 10 ZT x ohm-cm for Ag, (A:-7) 

—2.24x10-°ZTx ohm-cm for Au 

Eqs. (A-7) show that the correction due to the interference is always smaller 


than the correction due to the thermal motion of impurity ions at least in noble 


metals. 


Appendix 2 
Transition conserving the total wave number 


The transition probability which comes from the second term in the right-hand 
side of Eq. (12) is 
16n 2G Ce ed as 
due Ap etgy 
mA {n0(E! —E—ho) + (n+1)0(E'—-E+ho)}, (A-8) 


P(k’, k) =(Nx)’ d+ 
q 


where 1 is neglected compared with Nz. With the use of Eq. (15) we obtain 

the relaxation time, from which we obtain the electrical resistance 

(patie eae ENG 
“ i oe de” 


6 (A-9) 


> 


where 


494 


S. Koshino 


S=log (14+4°/p") —q'/(p' +m’), 


in which q is the maximum wave number of lattice vibration. The ratio of (A-9) 
to the normal resistance due to phonon” is 


MERA (A-10) 
Pon qo C" 
~6.5x1077Z%z? for Cu-based alloys, (A-11) 


which is much smaller than (19) of the text. 


1) 
2) 


3) 


4) 
5) 
6) 
cD) 
8) 
9) 
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Scattering of S-wave pion by nucleon was calculated taking into account the collective 
correlation between vacuum nucleons. The point is that there can exist a strong collective 
correlation between vacuum nucleons just as between electrons in metal at the absolute zero 
of temperature, since interaction between vacuum nucleons due to pion is dominantly attractive. 
The effect of this correlation was calculated using Bogoliubov’s method which was very suc- 
cessful in the theory of superconductivity. The phase shift 6; was calculated using ZTamm- 
Dancoff approximation including up to two pions and one nucleon pair. 

It was shown that by taking into account this effect, the result of Dyson et al. using the 
same approximation was improved greatly, and an overall agreement with experiment was 
obtained. 6, was not calculated in this paper. 


§1. Introduction 


It is well known that the ps-ps meson theory does not reproduce the S-wave 
pion-nucleon scattering experiment or the anomalous magnetic moment of the 
nucleon. This is in sharp contrast to brilliant successes of quantum electrodynamics 
or of the P-wave meson theory. Several attempts have been made for this.°~™ 
None of them, however, seems to have gained a final success. 

In this paper we want to discuss the effect of collective correlation between 
vacuum nucleons on this problem. The outline is as follows. We assume, accord- 
ing to Dirac, that the vacuum is a state in which all negative energy states of 
the nucleon are occupied. Between these nucleons there exists interaction due to 
pion. Now it should be noted that there exists a remarkable similarity between 


these vacuum nucleons and electrons in metal at the absolute zero of temperature. 


That is, if we assume a free electron gas model, electrons in metal fill levels up 
to E,(Ey: Fermi energy), and they interact through phonon with one an other. If 
we replace electron by nucleon, E, by —mc* (m: rest mass of the nucleon) and 
phonon by pion, this is nothing but the vacuum we want to discuss. The problem 
of electrons in metal has been investigated in detail in connection with the theory 
of superconductivity,'?"” and it has been found that, if the interaction is domi- 
nantly attractive, a kind of condensation occurs as the result of collective correla- 
tion between electrons, and this becomes the origin of superconductivity. Here it 
should be noted that this is a very general feature of the fermion system whose in- 


* Pieeat address: School of Physics, University of Minnesota, Minneapolis, Minnesota, U.S.A. 
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teraction is dominantly attractive. Therefore, we must expect that exactly the 
same situation would occur in the case of vacuum since internucleon force due to 
pion is dominantly attractive. If this is the case, it is easily supposed that the 
effect of condensation would suppress the S-wave scattering amplitude since in ps- 
ps theory S-wave scattering occurs only through the process of nucleon pair 
formation. Thus, we can expect that the situation would be greatly improved 
if we can take into account these effects correctly. 

The actual calculation is made as follows. We take as the Hamiltonian of 
our system 


H=H,+F’, (1-1) 


where H, is the free Hamiltonian, and H’ is the usual 7,interaction. We rewrite 
(1-1) as 
H=H,+H2+ Chto) (1-2) 


where H, is the two-body interaction term due to H’.* H,+H, can be diagona- 
lized by a method similar to that of B.C.S. or Bogoliuboy. We regard H,+H, 
as unperturbed Hamiltonian, and calculate the phase shift due to (HY—H,). In 
this way we may expect that the desired effect is taken into account at least in 
the sense of Hartree approximation. 

Our system differs from electrons in metal in that their energy is negative, 
and that there exists a large energy gap 2c” above its highest level. It can be 
shown, however, that Bogoliubov’s method can still be applied, and a vacuum is 
obtained which is essentially different from the one obtained by the perturbation 
method. This is because terms expressing the effect of collective correlation are 
essentially singular at the origin when considered as a function of the coupling 
constant. Therefore, by this way of approach, a method of approximation is obtained 
which is essentially different from the ones used thus far in field theories. 

We applied this method to the scattering of S-wave pion by nucleon. There 
exist. two. phase shifts o, and 43, corresponding to T’=1/2 and 3/2. (T: 
magnitude of the total isotopic spin). As there exists an additional complication 
connected with the renormalization in the case of T'=1/2, however, we shall 
calculate only 0; in this paper.** The calculation was made using Tamm-Dancoff 
approximation including up to two pions and one nucleon pair. It was shown 
that by including this effect, the result of Dyson et al.”) which was made in the 


* Strictly speaking, H, should be determined self-consistently so that two-body correlation due 
to (H’—H;) vanishes when we regard Hj)+ Hy, as unperturbed system. In actual calculations, however, 
we shall take as H, simply nuclear force calculated in the second order perturbation. These two 
agree in the lowest order approximation. 

** There exists another doubt in applying the Tamm-Dancoff approximation in the case 
T=1/2, since in this case crossing symmetry is violated: We know, however, that the zero energy 
limit of the slope of (6,—63) can be calculated unambiguously by dispersion theory,! and if zero 
energy limit of the slopes of 6, and 63 are known, their energy dependences can also be calculated 
by dispersion theory.) So, we shall be contented with calculating only 63 in this paper. 
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same approximation was greatly improved, and the result excellently agreed with 
experiment. 


§ 2. Structure of the vacuum 


As the first step, we shall re-examine the structure of vacuum taking into 
account the collective correlation between vacuum nucleons. 

According to §1, we shall take as My the two-body interaction due to 
nuclear force calculated in the lowest order perturbation. Though this has com- 
plicated spin and isotopic spin dependence, we shall replace it by a simple Yukawa 
potential. Thus, 


«( |ae— 


= acl!) 
A= — Te lyr ay pe dx dx’, (2-1) 


IEG 


a 


where « is reciprocal of the Compton wave length of the pion. Other notations 
will be obvious. 
Therefore, in momentum representation, H,+ Hp is given by* 


Hy + H,= — pe Ae Ake 


Tike J (ha k’,) Dieta Akoos Cs Aeyors (2 g 2) 
Kent Kea=ka! + Fea! 
where 
= 2 b y) 
E,=Wk/2m, | (2-3) 
J (Kg— ee!) = 409° / (4? + |ko—kz!|”), 


and ax, and ay are creation and annihilation operator for vacuum nucleon with 
momentum & and spin o. Hereafter, we shall proceed exactly in parallel with 
B. C. S. or Bogoliubov. Rewriting the interaction term as 


le % 
“Sy J(k—Kk’) Ate; Ge apis A_hL+p,oo ako» 


we shall take only one component corresponding to p=0 and o,=--o,. Then, 
expressing spin up and down by fandJ, (2-2) becomes 


H= Hy+ yeas 


% 
Hy= — EL Giey Gen + Ake Gane): 


* We shall take — mc” as zero point of the energy. Non-relativistic approximation is used for 


nucleon. 
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and 


Hy =— SSI (kB) abs, atvan att, age (2-4) 


kk, 
Our problem is to calculate the eigenvalue and eigenfunction of the system des- 
cribed by (2-4). Since (2-4) is not bilinear in a and a%, it is impossible to 
diagonalize (2-4) by a canonical transformation. Therefore, we shall take 
Hartree approximation. The (k?, —kJ) component of (2-4) is given by 


Beat 


FIST —B ah paar pany Aen —— 4 > (kB) airy Aner ssl ones 8 
viel el 


(2-5) 


=< 


We shall replace the expression in { } by its expectation value* 


DSS (= haa at, age sok k’) (Qs Apr Jagme I, (2 4 6) 


Vi. 


and shall try to determine J; self-consistently afterwards. Thus, k-th component 
of H becomes 


.= — Ey, (ars (ahah Se a= ny a_-xy) — Ij, (ary Arey GZ ny Qi5)- Hw i 
(2-7) can be diagonalized by the Bogoliubov transformation : 
Qi, =U, Aes —Vk A ky 
Cpe thes Ay FOR GEA s (238) 
where uw; and v; are subjected to the condition 
Ue +v;2=1. (2-9) 
(2-8) is a canonical transformation if (2-9) is satisfied. Inserting (2-8) into (2-7), 
Ay — Ex i (ta? — ve) (QE, Cro + ahs Ayr) 
+ 2uy. Vi (Airy Cia + Arr Ayo) +20; } 
— Tp 2t, VE (Os Axa + aio Ano) 
le (ane Oe) (x1 Wo + Aico Wi) + 2p, Vp} - (2-10) 
By equating the coefficient of off-diagonal terms to zero, we get 
—2u;, vy Ey=Ty,(u'y.— v7) (2°11) 


from which we have, assuming that v;?>«,,** 


* It is easily shown that (1/V) J (k—k’) (a*nry a*_nr)) ay and (1/V) SJ (k—k’) (a_rry Akt rn) Ap 
must be equal and real to preserve the hermiticity of the total Hamiltonian. 
* We also assume that wr, vs >0. 


i a 
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a es (1- FE; 4 
2 V AY +l f 
d 
an (2-12) 


UR = : (1 ali par Las \ 
V yy aie iy 


Substituting (2-12) in (2-10), H becomes 


bo 


H= > b +12 (Qo hot Qi Ap) —2>)\(E, Un +1, ty Ux). (2°13) 
ke 


ke 


(2-13) defines the ground state as 


Aho v=, 
(2-14 
Agr ¢,=0, 
with the ground energy 
E,= — Ck Ue + Th Ue Vn)-* (2°15) 


(’, thus defined includes the effect of two-body correlation in the Hartree approxi- 
mation, and we shall assume that this is the true vacuum for meson-nucleon 


system. 
To determine J;,, it is necessary to express ay by a,. Thus, 


ain Qn ateky, Gx Gag VE) (Kr hot ajo Ain) 
4+ 2Qup Ve (Air Chi — Aico Xo), 
from which we get 
(aks a-hy+4-Ky Ann ) Ay = 2UKV ke (2-16) 


Inserting (2-16) into (2-6), 


a I (=) ee (2-17) 
If we approximate J(k—k’) by 
const. = J. for k, k’ a 
J(k—k!) = 
otherwise, 


then Jj, is also constant for vat and zero otherwise. Therefore, 
heck 

eS areas 

ON ee der Le 


’ 


we 


13), the contribution from the two-body in- 


* In the second term in the right-hand side of (2: 
Therefore we must divide 


teraction is calculated doubly as the result of the Hartree approximation. 


it by 2 to get correct result. 
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where we have omitted sufix k in J. Thus, introducing state density per unit 


volume N(E), we get, assuming that [0,* 


12k2/2m 
J N(E).. gp=l, (2-18) 
o VE+P 
0 
which can be written as 
A2k2/2m 
1 = ‘dE % 
5 (2) \ me 
0 
where E is some mean value of E. From this we get 
ee / sinh? _.). (2-20) 
2m JIN(E) 


If we assume that the state density is not so much altered from the free case, 
N(E) is given by 


Sey ea eee 
N(E)=N(E) = (22) VES (2-21) 
An’ \ 
where N,(E) is the state density for free case. J may be approximated by 
J=4ng?/k. (2-22 


Inserting these expressions, we get 


2 
UN E22 ee 
a fice iA 


where k is the momentum corresponding to FE. ‘iaus, assuming that k~k~*« 
and g’/fic=0.1, we get 


* [=0 gives vacuum which is identical with the free case. We can show, however, that this 
state is energetically higher than the one with 740. Our system differs from electrons in metal, in 
addition to that the energy is negative, in the point that there is no quantity which corresponds to 
the Fermi energy. In the latter case, superconducting state is realized by some of the electrons 
going above the Fermi surface. This state is energetically more stable, because although kinetic 
energy increases by some electrons going above the Fermi surface, potential energy decreases due 
to the effect of attractive potential which was of no effect in the normal state due to the Pauli prin- 
ciple. In the case of vacuum nucleons, kinetic energy of the total vacuum nucleons increases by 
evacuating some of the negative energy nucleons. Nevertheless, total energy can be lowered by 
doing so by exactly the same reason why superconducting state was energetically more stable than 
the normal one. The aim of our calculation is to find the lowest energy state thus produced in the 
Hartree approximation. The answer is just given by (2-14). Therefore, if we want to define vacuum 
as eigenstate of the total Hamiltonian with the lowest energy eigenvalue, we must consider this state 
as the true vacuum. We shall not discuss where evacuated nucleons go, since all that is needed to 
define vacuum is to find the eigenstate of the total Hamiltonian with the lowest energy eigenvalue. 

** See note added in proof. 
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I= (p/m) -&/sinh(é) - pe*. (2-23) 

Therefore, if € is of order unity, J would be of order (4/m)-yc?™=20Mev. But 
this result is very sensitive to ¢, and we can not trust it more than order of 
magnitude. Therefore, we shall leave J as an undetermined parameter, and shall 
try to determine it afterwards so that best agreement with experiment is obtained. 

To see the structure of this vacuum more concretely, it is instructive to ex. 
press it in terms of a. Transformation function for the Bogoliubov transforma- 
tion is given by” 


Ui=¢e =. 
S=1>10, (ak, a* ny —@-ny Ger) (2-24) 
(G,.—wos * 14.) 
Using this, we can express ¢, as 
=U (aa, + Ve Ai, Any) Po (2-25) 


where ¢/, is the vacuum for a particle. 
Let us consider first the case J=0. In this case, 


u.=9, 
2-26 
Dahl ee fOr, eg >0. ( ) 


Therefore, (2-25) represents a state in which all negative energy states are occu- 
pied, which is nothing but the usual free vacuum. When J=0, however, a and 
Vp. deviate from (2-26) near E,=0. Therefore, in this case, level density is 
decreased from the free case near E,=0. From (2-259), the probability of find- 
ing a pair with specified momentum & is given by v,”. Therefore, level density 


is given by 
N(E,) = 0% No(Ex)- (2-27) 


In the case of quantum electrodynamics, interparticle force is the repulsive 
Coulomb force. Therefore, in this case no peculiar situation occurs. 

There are several defects in this formalism since our calculation is based on 
a crude approximation which does not satisfy normal symmetry or invariance 
properties. The most serious point is that (2-7) we took as our starting point 
does not satisfy the conservation law of nucleon number. Therefore, the result is 
in general not the eigenstate of nucleon number, and especially ¢, is not the 
eigenstate of nucleon number. This makes obscure the concept of antinucleon as 
hole of nucleon in negative energy state. This defect is, however, inevitable so 
long as we use Bogoliubov’s method, and we shall not touch this point further 


* » is the rest mass ef the pion. 
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§ 3. S-wave pion-nucleon scattering 


In this section, we shall calculate phase shift for S-wave scattering taking 
into account the effect of collective correlation. As noted in § 1, we shall calculate 
only 063. The calculation is made according to Dyson et al.)** based on the 
Tamm-Dancoff approximation including two mesons. As is well known, the follow- 
ing four graphs contribute to the scattering in this approximation if we neglect 


self-energy terms. 


v3 & J 
DNee of | |P ii 
\ i, 
| x |p+s 
peice iP m4 nN 
i 
/ 
x / 
\ : \ —s 


p+k-+s —f ptk+s —$ p+k+s p+k+s 
(a) (b) © (d) 


First let us consider what modification is needed when we modify vacuum 
according to § 2. For this purpose it is necessary to write down the total Hamil- 
tonian including positive energy nucleons. For this we shall write 


H=D\(Ext+2me*) (by bry + bE Ky b-Ky) 
1 
ary rl el) ae DE kr b_xy brn (3-1) 


— Dn (Gk, Guy t+ atny Gon) 


alt 
Sa Ak, Airy Aany Ars 


where bf,,, and ,,,, are creation and annihilation operators for positive energy 
nucleons. There are many other interaction terms. However, we neglect them 
all as unessential. We shall first consider transition between positive energy 
states. Since (3-1) does not contain terms connecting positive and negative 
energy states, nucleons in positive energy state suffer interaction from nucleon in 


* Our vacuum is not stable when nucleon exists in positive energy state, since this nucleon 
can annihilate through m>a+z. It can be easily shown, however, that lifetime c due to this process 
is approximately given by ty wz2, where to is the reaction time for the strong interaction, and k is 
the wave number of the emitted a@ particle. k must be large, of order of (mc/h) to es the 
conservation law of energy. Therefore wx? is very small, of order of (u/m)2=1072. So, t can be 
long enough as compared with the reaction time of the z-m scattering. So, we shall epee this 
possibility in this paper. We expect that c will be infinite in the exact theory in which the consery 
tion law of nucleon number is strictly satisfied. i 

** This work will be referred to as (I) in the following. 


+ Vee oe 
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positive energy state only. But the effect is negligible if the number of nucleons 
in positive state is small, since J contains N and approaches zero very quickly as 
N goes to zero.* Therefore, even when a few particles is added in the positive 
energy state, vacuum is not changed, and the wave function of the total system 
is given by the product of (2-25) and that of free nucleons in positive energy 
state, that is, 


P= (un + Ve ak, A* ny) Dh yt Pu (3-2) 


Therefore, in transitions between positive energy states, no modification is necessary 
both for matrix element and energy denominator. 

Next we consider transitions between positive and negative energy states. In 
this case, it is necessary to know first the wave function for the excited state of 
the vacuum. The state vector in which ajo or @a is excited is given by” 


UH Cela + ee Ary a* ity) ean Puy (3-3) 
wah 
sae (tz HUEY ak a* x4) Ay Py. (3 -3/) 


It can be shown that (3-3) and (3-3), together with vacuum and more highly 
excited states, form a complete orthonormal set. The state in which a few posi- 
tive energy nucleons are added to these excited states is given by 


Ul (ups + UK! kp A ry) . aR, 5 Din Bo Dy, (3 c 4) 
kik 

Ul (204.1 + Uk ar, A any) dq OK : bir, sera. D,. (3 = At) 
kitk 


According to the spirit of our approach, we must assume that negative energy 
particles which appear in the course of the calculation are not a, but @ particles. 
Therefore, from (3-3) ((3-3’)) and (3-4) ((3-4’)), it is clear that we must multiply 
an extra factor v, for matrix element corresponding to transitions between positive 
and negative energy States, where k& is the momentum of the negative energy 
nucleon to or from which transition occurs. 

The energy denominator for this process is given by 


V/Eeg+P+Ey+2me. (3-5) 


I is of order pc?. Therefore, if ExSI, V/EZ+I can be neglected as compared 
with Ey,-+2mc. On the other hand, if E,>TJ, (3-5) can be written as 


E; ++ Ew + 2Qmc’. 


Therefore, in both cases we can use the usual expression for energy denominator. 
Taking these points into account, the Tamm-Dancoff equation in which the 


* Bogoliubov transformation treats positive and negative energy states unsymmetrically. This 
violates the invariance under charge conjugation. Therefore, we shall not consider charge conjuga- 


tion in this paper. 
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effect of the collective correlation is taken into account is given by multiplying 
v’,.. and v’,,, to kernels corresponding to (b) and (d). The calcujation can be 
made entirely analogous to (I) if we take into account only this point. Thus the 


basic equation is given by* 


[E—E(p) —o(R) 9ua(p; *) 


CG M wey 
SS SSS = g == a =S5 == ( 5X 

162° (oleae ee u(p)r 
| 1 {Bast (p+k)ts __ UpertaA_(—p—k) ts 
E(p+k)\E—E(p+k) E-—E(p)—E(p+k) —E(p+k-+s) —o(k) —o)} 
at 1 ; ha kn (p+s)T. wav els » ree TA p— sca = | 

E(p+s) \E—E(p+s) —o(k) —o(s) | E—E(p+s) —E(p+k+s) —E(p) 

X7sv(pt+k+s) 9.3(pt+k+s; —s), (3-6) 


where J,.(p; k) is the amplitude with nucleon specified by momentum p and spin 
index « and pion specified by momentum k and charge index a, u(p) and v(p’) 
are Dirac spinor, and 4, are projection operators for positive and negative energy 


state. 
Going to the center of mass system, we shall put 


Juz (P 3k) 9 ua (P 3 — P) =Jua (Pp); 
and put >I, (P) Jue (P) =Ja(p). Then, introducing large and small component 
of Ya(p) ‘by 
Ja’ (p) 
Ja (p) ! 


separating the angular part by exactly the same method as in (I) and leaving 
only the terms that contribute to 03, we get 


Gani s'ds 
E—E(p) —@ =| = 
EEO a) 7a ad) [E(p)o(p) E(s) (5) 


Ja(p) =( 


x= n'=2.)(sLe@) +M)4 Pee 


1 1 1 1 
Siem Gren i) 7 
cP ( Cae Mp GR Co 


x psR,(E(p) +E(s)+M) 


His) APT EW) 4M) (EC) +B (8) —M)S,} Cs), 


* Hereafter we shall use the relativistic formalism and shift the zero point of the energy from 
—mc to zero to proceed in parallel with (I) as closely as possible. 


ro 


wr 
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as the integral equation to determine the scattering amplitude for T= (3/2), where 
we introduced X,/ and Y,,’ in addition to Dyson’s X,, Y, and Z, :* 


= 1+7 (\ st ee} 
nee: (n+=) (rb) v(e)deP,(2="), 
2 toy Bip 


1 aa cad z 2-1l-r 
hee ey ; = 3.8 
Yi; (n+ >) (rE) \2 (z) oe Pal ): (3-8) 


where P,’s are Legendre polynoms, and 
A=E(p) +0(p) +E(s) +0(s)—E, 
B=E(p) + E(s) —E, 


C= 8p) oo —E. (3-9) 
E=(E(p+s) +E(p—s))/2, 
r= ps/E*, 
and 
z=E(p+s)/E. 


R,, and S, are defined by 


7 


R,9(s) =f [de EBL EO Pal.—90) (0), (3-10) 


S,9 (s) = + \do, P,(0,—0,)9(s). 


Rewriting (3-7), 


si toy as sds (6. 99() GD 
BESO DEAN NS chase ? EQopE@ooT® 29° 


where 


Lp, 3) =] (ECP) + MO al —2n) + {ES Z) ty GI VO} 


* XX), Yu, Zn are defined by 


iL = 1l+r 22—1—7r2 
Xna=(nt7 OA), dePo Py a)! 

i ae a) 
ra(nt ob ear) 


1 ae L+9. z aa) 
Z,=(n+-5 )OP) | de iB, oe L 
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x (E(p) + E(s) —M)]S, Ve ayes | A (Xu Zu) + (hls Y!)| 


E( Seay, 


x (E(p) + E(s) +M)IRo| (3-12) 


Among terms in (3-12) only those proportional to S, and ~R, contribute to the S- 
wave scattering. Thus, for S-wave scattering, 


L(p, )= (EO) +M) (Vi -2) + {= (Ko Z) + hl — Ve) | 


x (E(p) +E(s) —M)]4+4. (v2) + | (GZ) + — Vi) 


3 E( 54M 
x (E(p) + E(s) + M)],* 


which is simplified, neglecting terms of order (4/7), to 


L(p, 8s) = (E(p) + M) (Yo += (XI Yy’) (E(p) +E(s) —M)}. (3-13) 
From definition (3-8) we get 
be al (2 
i= ef a (z) dz 
We can approximate this by 
X= a0 =EXS + (1+ E—me* ), 3-14 
V (Rome)? +P or 
since r is of order (4/m)*. By exactly the same way, we get 
1 1 E—mc 
Y= (1+ 3): : 
ro V (E—-me)? + 7 Lae 


Substituting (3-14) and (3-15) in (3-13), 


_ EG)+M E—M E—m si 
Lip, ) = HMM (1, # fe 
ibe.) E ( f\ Fae )x5 (1+ V (E=mey? TA): 


(3-16) 
9(p) has singularity at p=. To separate this singularity, we put 


9(p) =0(E—E(p) —w(p)) +1) 
P Pde ae as (3-17) 


Inserting (3-17) into (3-11) we get 


* Factor (1/3) in front of the second term is the eigenvalue of R,. 
** (3.16) reduces to the resuit of Dyson et al. in the limit > 0, as it should. 


a ical 
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Ke L(p, s)9(s)ds. (3-18) 


(CG s 
ar [E(s) (s) E(p) w(p) 1” 
Born approximation to (3-18) is obtained by replacing g(s) by 0(E—E(s) 
—w(s)). Thus, 


G E(k) w(R) 
tr a= = IE k x 
=F [Fee | plo: (3-19) 
Using f2(p), (8-18) can be written as | 
fp) =fe(P) +2 sids 
=f + ea P |, [E()o(DE(p)o py 
x Lp = F(9)- (3-20). 


E—E(s) —o(s) 
If (3-20) is solved, phase shift.can be calculated by. ~ 
tan 0,=—7f(R). (3-21) 


§4. Approximate solution of the integral equation 


It is difficult to solve (3-18) or (3-20) exactly. Therefore, we shall try to 
obtain an approximate solution using Chew’s variational method.” 

To apply this method, it is necessary to cut off the integral in the right-hand 
side at some appropriate value K. Then using static approximation for the nucleon, 


we get 
fp) =fol +P) 8K@, ZO ds, (41) 
where 
K(p, mailers 4-2 
Gyr SOON ie Ce 
ale (p'+s°)/14 
Se as /G+sy err So 
and 
w(k) Sa. (4-4) 
fp) = cS oak (p, &) 


and 2 was used as unit for momentum and energy. —G?/8z° and wm is the energy 


of the incident pion. 
Chew’s approximate solution to (4-1) is given by 


ES) eal 
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with 


Fp nla dy fe K*(p, Pay. (4-6) 
K(k, k) 0 w(p) —o(k) 


First let us consider the case J=0. In this case, L(p, s)=2. Thus neglec- 


ting terms of order (1/K)’ against unity, 


Dy OE phy wis | K+ ‘T+ log 2K—k log (+ VI4e)—* |. 
P| So on ae . at 


Therefore, 


et ge ule) . 
iw (4-8) 


with 
0 2A Ey 2 Thi pe R? 
4? = K+V1+# log 2K—klog(k+V1+F) et (4-9) 
where we have introduced suffix 0 to specify the case corresponding to J=0. (4-8) 


reproduces the result of relativistic calculation of (1) fairly well if we take K= 
3~7.* (See Fig. 1.) Therefore, we shall assume that Chew’s method gives a 


24s 
0 o 2 bye 


03 


Fig. 1. Comparison of various calculations. 
---: relativistic calculation by Dyson et al. 
——: Chew’s variational method. 


* We assume G?/4z7=15. We use rationalized coupling constant in §3 and § 4. Natural unit is 
used also. 


‘=~ 
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good result in the case [0 also. When 0, L(p, k) <2. The difference is, 
however, restricted to the region with small p, since Jj, is of order 1 and vanishes 
for k>&. More precisely, L(p, k) is approximated by 


Z for R=, 
Lhe ea fork Capi, (4-10) 
1 for RSF, pF. 


So, in approximation neglecting terms of order (1/K) against unity, (4-7) remains 
valid in this case also. Therefore, noticing that L(k, k) =v"yz, we get 


eye fae) it 
t( ) 1-H) oo ( ) 
which reduces, neglecting terms of order (u/m), to 

fF) Soy: f°). (4-12) 


Thus, f(k), and consequently 4, is multiplied by approximately v*yz as com- 
pared with the case J=0. As v* zz varies from 1/2 to 1 as & varies from 0 to 
infinity, this means that @; is reduced to about 1/4 at low energies by the effect 
of collective correlation. (4-8) gives 

3,~ — (20° ~30°) (4-13) 
for G?/4a=15 and K=3=7. The introduction of the effect of collective correla- 


tion modifies this to 
0,2 — (5°~7T )k (4-14) 


1.0 


es 


Q_ : 
© ~~Orear’s line 


63 


Fig. 2. 63 corrected by the effect of collective correlation.* 
K was taken to be 5.0. 


Bethe-Hoffmann” 


e Pontecorvo.2” 


* We assume that J is constant in energy region given in Fig. 2, assuming that = 2. 
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at low energies. At high energies, (4-13) remains unchanged. Therefore, energy 
dependence of 0; deviates from linear line in contrast to the case J=0. It should 
be noted that the slopes of both low and high energy limits are independent of 
the newly introduced parameter J. Only the position of the turning point depends 
upon it. (4-14) is in good agreement with Orear’s phase shift (0,==6 -3°k) 
while the predicted energy dependence seems to be in agreement with recent high 
energy data.”” Thus, we see that both the slope at zero energy limit and the 
energy dependence of 0; can be satisfactorily accounted for by introducing the 
effect of collective correlation between vacuum nucleons. As examples, we give 
phase shift for K=5.0 and J=0.5, 1.0 and 2.0 in Fig. 2. As will be seen, the 
agreement with experiment is surprisingly good for J=1.0 and 2.0. It is satis- 
factory that the agreement is obtained by the value of J near 1.0, since our calcu- 
lation has shown that J is just of this order of magnitude. 


§5. Concluding remarks 


In § 4, we had to introduce cutoff momentum K to apply Chew’s method. 
If we can solve (3.18) or (3.20) exactly, it is unnecessary to introduce it, and 
the result of § 4 strongly suggests that in this case we can reproduce Orear’s 
phase shift without introducing any ambiguous parameter such as K or J, since 
the relativistic Tamm-Dancoff approximation gives 


Oy= —24°R (5-1) 


unambiguously.” We are now trying to solve (3-18) numerically, with use of an 
electronic computor. 

In this paper, we did not discuss the effect of pion-pion interaction. It is 
very probable that this interaction affects pion-nucleon scattering since the nucleon 
is always surrounded by the pion cloud. This effect on the S-wave scattering 
was discussed by Kawarabayashi and Miyazawa.’ They showed that with a reaso- 
nable sign and the strength of the pion-pion interaction, it is possible to reproduce 
the qualitative features of the S-wave scattering if we assume extension of order 
«~* for source function of the nucleon. If, however, such an extended source is 
assumed, phase shift will drop off to zero for momentum larger than about sic. 
This seems to be in contradiction with high energy data.” 

We have seen that at least in S-wave problem, the situation is greatly improved 
by introducing the effect of collective correlation between vacuum nucleons. It 
is expected that this effect also affects other phenomena which include nucleon 
antinucleon pair formation such as the iso-scalar part of the anomalous magnetic 
moment of the nucleon or 27 decay of the neutral pion. We have not yet made 
detailed calculation in these cases, but the tendency will not be bad since this effect 
suppresses the effect of virtual pair in general. 

Thus far, field theory has been formulated in a completely relativistic invariant 
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form and in this form many successes have been made. Although this is on one 
hand a great merit of the theory, it seems to have had on the other hand the 
danger that it was sometimes treated too formally. In this point, concepts 
or techniques developed in low temperature physics or plasma physics are very 
instructive. The object of quantum field theory is of course an interacting system 
of many particles, and in this sense the object is entirely the same. Therefore, 
peculiar situations arising in the latter should always have their counter parts in the 
former, and this suggests that methods of approximation usually used in quantum 
field theory are not always adequate. To evade this point, it would be of interest, 
as a complementary approach to the usual approximations, to try to introduce 
these techniques into the field theory. It is not yet certain whether the S-wave 
problem is the example of such situation, but our calculation would at least remove 
the impression that ps-ps meson theory is inherently in contradiction with experiment. 
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Note added in proof: We assume that the total number of the vacuum nucleon is given by 
the condition that it gives minimum value for E,. More specifically, we add AN(N is the number 
operator for vacuum nucleons) to the original Hamiltonian (2-4) according to the standard techni- 
que of Bogoliubovy, and determine 4 by the condition (N) 4v=N, where N is given by 


OE, PE, 
aN =0, .and aNan <a); 


Obviously, A=0 at the weak coupling limit, and we neglec 


upon J for simplicity. 


t in this paper its possible dependence 


512 


Progress of Theoretical Physics, Vol. 24, No. 3, September 


Field Theoretical Interpretation of “B-Matter”. I 


Hiroshi YAMAMOTO 


Department of Physics, Osaka City University, Osaka 
(Received March 12, 1960) 


The property of “ B-matter” which was introduced in the Nagoya model is studied on 
the standpoint of the current field theory. First, a reasonable interaction Lagrangian is 
assumed between the “ B-particle” and leptons. Then, the following conditions are required: 
Through this interaction, the proton P, the neutron N and the lamda particle 4 should be 
constructed as bound states of the ‘‘ B-particle”’ and leptons, and further more the f-decay 
should occur through the same interaction. Results are summarized as follows: the “B-particle” 
must have a mass about 105~10® times electron mass in order that the above requirements 
may be fulfilled. It might be possible to describe the strong and weak interactions (exclud- 
ing the p-decay) by means of the above interaction in a unified way. 


§1. Whereabouts of the problem 


One of the main objects of the Nagoya model” recently presented by the 
Nagoya group is to construct all elementary particles except photon by introducing 
a new material (called “ B-matter”’) and to examine the applicability of the 
current field: theory on the basis of this model. At present, our knowledges about 
the B-matter are as follows: (1) B-matter obeys» bose-statistics and (2) composes 
P, N and A combined with v, e~ and p-, respectively. (3) It has, therefore, 
a positive charge and (4) a mass larger than those of P, Nand A, and (5) does 
not exist in free states. (6) The number of B-matters (which is counted by baryon 
number) is conserved by itself. 

Many people believe that the B-matter should not be quantized and is not 
described by the current field theory since it has never been found by experiments. 
The belief, however, has not been justified at all. It is, therefore, indispensable 
to study whether the current field theory is applicable to the B-matter or not. 
We examine this point in this article. Our standpoint is as follows: If the B- 
matter has the property neither to be quantized nor to be decribed by the current 
field theory, inconsistency would appear in the theory in which the B-matter is 
treated as a particle by the current field theory. We should like to make clear 
this inconsistency and to see to what extent the current field theory is applicable 
to the B-matter. 

The B-matter is assumed to have a particle-like property so as to be described 
by the current field theory. We shall call this the “ B-particle”’ hereafter. Then 
we assume a suitable interaction between the B-particle and leptons and require 
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that the strong and weak interactions should be deduced from the same interaction. 

| Let us begin with the determination of the interaction Lagrangian. Since 
the number of 5-particles and of leptons are conserved separately, the simplest 
one is 


’={91(Y v) +92(é e) +93(B #)} BXB. 
More complicated cases may be essentially the same as the above. We further 


assume a symmetry with respect to v, e and y, that is, 4=%.=9s=9, which will 
not change the essence of our task. 


L'=g9(¢; (;) B*B (1=», é, 4). (1) 


We require that the strong and weak interactions. are to be described by this in- 
teraction Lagrangian. 

Now, why is B-particle in free state not found by experiments? We consider 
the reason as follows: (a) The mass of B-particle is so large that it cannot be 
produced at low energies. (b) B-particle would easily make a stable bound state 
combined with a lepton. (c) B-particle in a free state is very unstable and decays 
into a proton and an anti-neutrino at once (i. Bop+yv) (Fig. 1). 


N 
B 
t 
I 
t 
| 
I 
} oe 
e\ Sf 
e 
P 4 g* o 
leg 
Fig. 1. Decay of B-particle. Fig. 2. B-decay. 


An interesting point is to know whether the above interaction is able to con 
struct P, N and A and to describe the weak interactions like /-decay, and what 
properties the B-particle and the coupling constant g must have in order to 
satisfy the above requirements. Since, in the case of f-decay, for example, a 
bare B-particle appears in the virtual state, the matrix element of the decay is 
considered to be small on account of the B-particle propagator, provided the mass 
of B-particle is large. This is, however, not necessarily the case, because the matrix 
element depends upon the value of the coupling constant and the amplitudes of 
the two-body wave function (P=B-+», N=B+e) which are closely related to the 


mass of B-particle. 
§2. Calculation and summary 


i) Wave function and mass of nucleon 
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In this subsection, we construct P, N and A as bound states of B-particle and 
leptons and examine the relation between the mass of B-particle M, and the 
coupling constant gy which must be satisfied in order that the masses of P, N and 
A may be given as the energies of the bound states. 

The wave functions of P, N and A defined by 


Pa, 2X2) =(0|T|B (21) $i (22) ]| 5 (,=P, s=N, s3=A) (2) 
satisfy 

V(r, 22) =ig\dr(x1— 2!) Se(x,— 2) Pia", 2") (dz!) (3) 
where we take a chain approximation. 4,(x) and S;(x) (i=1, 2, 3) are pro- 
pagators of B-particle and leptons, respectively. The solution of the equation are 
easily obtained as follows:” 


Yo, 24) == (x) Gms 


meer, Bi 7(OP=py— 7 ere P (0 4 
pare anys} (AP) [(aP + p)?+M,—#]| (6P—p)* +n? —i€] ~ Nailin 


L=11— Hy, X=ax,+ bx. a=M,/(M,+m), b=m/(M,+m), 


where we drop the lepton suffix 7. P and p denote the total and relative energy- 
momentum of the system and M,, and m are the masses of B-particle and leptons, 
respectively. %(0) is a constant spinor to be determined by the normalization of 
the wave function. 

If we put 2,=2,, Eq. (4) is an eigenvalue equation. We determine the 
coupling constant gy so that the masses of P, N and A are given as the energy 
eigenvalues of the equation. As thé equation, however, contains a divergent inte- 
gral, we make use of the cutoff method so as to make this convergent, by taking 
the mass of B-particle as the cutoff energy. It may be reasonable for us to con- 
sider that the B-particle has the largest mass among elementary particles in the 
world. It would thus be meaningless to argue about energy larger than the mass 
of B-particle. Both straight cut and Feynman cut may be suitable. Though the 
equation (4) contains an infrared divergence in the case where the lepton is 
neutrino (m,=0), we do not worry about it and avoid this divergence by assum- 
ing that neutrino has non-zero mass (40), since it is beside our interest. 

As the mass of B-particle is very large, masses of other particles are negli- 
gible compared with it. The equation therefore becomes very simple and leads 
to the following relation which must be fulfilled between M, and g in order that 
the equation has a constant energy eigenvalue (i.e. masses of P, N and A). 


gM,z~1 or g~1/M,. in Gop 
This shows that the larger the mass of B-particle, the smaller the coupling con- 


stant becomes. This situation is reasonable since the cutoff energy depends upon 
the mass of B-particle. 
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ii) Normalization of nucleon wave function 


Now let us consider the normalization of the above two-body wave function 
Y. If we notice the conservation of B-particle, the normalization in lowest order 
is written in the following form as is seen in the Appendix. 


: 04,( 2 —: t ; 
g\(dx)| ¥ (2%, 21) (Zo 0 Biss a (Zo, 1) Ar y=) | (a t1)=1/V, 

t OX O25 (6) 
where V is the normalization volume. Substituting the solution (4) in the above 
equation and looking at %(0), 7 and M, only, we see the left-hand side of Eq. 
(6) becomes ~g*|¥(0)|?. Therefore, 


|¥(0) ?~1/9°V. (7) 
iii) P-decay | 
Finally, we calculate the matrix element of §-decay which we feel most inter- 
esting. The expression of the matrix element is 


Sy=P Pv, 2) d,(1—2) # (1,1) Bs (1) F.(2) (dar) (dx), (8) 


where V5 (x) =(0|¢, (x) |?) and ¢,(x)=(0|¢-(a) |e). Substituting the solution 
(4) and using Eqs. (5) and (7), we see 


Sy~o!(P*— P?— pt p’)-1/M3 (9) 
where the unit volume is taken for the normalization volumes and the 0-function 
expresses the conservation of the total energy-momentum of the system. This 
means that the larger the mass of B-particle, the smaller the matrix element Sj, 
becomes, that is, the more scarcely the /?-decay occurs. If f is the coupling con- 
stant of the usual four fermi coupling of 9-decay, we have a relation between f 
and MM, as 

M?,~1/f. (10) 
Since f is about 107'/m’, (m,=meson mass), we see M;~10'm’, or Mz~ (10° 
~10*)m,. 


iv) Summary and discussion 

In the subsection iii) we have seen that if we describe the B-matter as a 
particle by making use of the current field theory, the B-particle must have a 
mass about 10°~10%™, (=electron mass) in order to explain the B-decay. It is 
consistent with the assumption (a) in section 1. 

If we assume that the matrix element of a reaction in which a bare B 
particle appears as a virtual state is small, then decay interactions which conserve 
respective numbers of leptons (the neutrino number 7,, the electron number 7, and 
the #-meson number 7,) are generally weak. The examples are -decay (i.e.N> 
P+e-+v) and K,,decay (.e. K*—-pt+v(v)). The interaction (1), however, 
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cannot explain the decays which do not conserve respective lepton numbers. The 
simplest and typical example is /-decay (i.e. #*-e*+v+¥). This means that 
another interaction 

L’=9' (pf, e) ¥, ») (11) 


is indispensable. Then all decay modes seem to be explained by both interactions 
(1) and (11). 

The remaining problems to be explained in future are as follows :* 

a) The B-particle makes bound states with the leptons and the anti-leptons 
in the same manner. The situation turns out that two kinds of the protons and 
doubly charged’ baryons are existent at the same time. 

b) The parity non-conservation in the weak interactions is not explained in 
this article. 

c) The strong interaction in the usual sense is not discussed at all. 

d) The decay of the K°-meson (K°—>y*+e*) occurs in the same order as 
the weak interaction. 

Among the above problems a)~c) will be solved in the next article. 

The author would like to express his gratitude to Dr. S. Tanaka and Dr. T. 
Murota for their interest shown in this work and for critical discussions. 


Appendix** 
Derivation of the normalization (6) 


The normalization of nucleon wave function is performed according to the 
method of Nishijima,” if we notice the conservation of the number of B-particles. 
First we hypothetically introduce an external field g, which interacts only with 
B-particle. 


(eC $) B*B—j, Qn» 
ina) =i(B(a) 8 OB* (x) ¥ OB) BY (2)), 
Ox Ons 


bh 


If we define a transformation function 


= T*{exp (| x) Lin (x) ) } 


we see 
0 
"Bay (0) 


On the other hand, the two-body Green function defined by 


—*_T[UABC.-Z]=T(Uj, (0) ABC:--Z]. 


* The author is indebted to Dr. Y. Ohnuki for pointing out these problems. 
** The notation of reference 3) is used throughout. 
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K(1, 2; 3, 4)=(0|B(1) ¢(2) B* (3) ¢(4) |0> 


satisfies 
RO 225, 4) 4-1 3) se) 
+ig\ (dis) (ds) 4p (1 —5).S7(2—6) 0(5—6) K (5, 63, 3, 4). 


Differentiating the above equation with respect to g,, putting g,=0 and substitu- 
ting (3,4) for (3,4), then we have 


v,(1, 2; 0) =ig\ (d2.)| a ay (te(1—8) Se2—8) hal, 8) 


SUC 5) S305) FIO: 0) | 


where 


P,(1, 2; 0)=(0|TIj,(0) B(1) ¢ (2) IIs). 


In the lowest order we see 


ee iid. 
ee Yale 1—5 Dy 2—5 qa0== 
3q,.(0) {4r( )Sr( )} 8a, (0) 


4,(1—5) -Sr(2—5) 


~i\ (das) (dx,) dp(1—3) D, (3, 45 0) 4p(4—5) Se(2—5), 


where 
D,(3,-4;\0) =00(3—0)/dz,’-0(4—0) —0(3—4) -00(4—0) /Oz,’. 


Then we have the equation for ¥, (1, 2; 0) 


PGs, 25340) =ig\ (des) de(1—5) Sx(2—5) Hs (55.9 5,0) 


—9\ (dx) (dts) (dts) Ip(1—8) Sr (2—5) D, (3, 4; 0) 4r(4—5) ¥G,5). 


The solution of the above equation is easily obtained if we consider the equation 
for the two-body Green function K(1, 2; 3, 4). 


(1, 2; 0) = —9\ (dz) (dx) (das) K (1, 2; 3, 5) D, (3, 4; 0) 4r(4—5) ¥'G, 5). 


If we substitute (1, 2)’ for (1, 2), V.(1,2;0) is rewritten as follows : 
Yu 250) >KOTIBA) G2) 1926917.) Is), 


where the summation s’ is taken over all bound states. Therefore we see 


(s]j,(0) |s)= —9\ (da) (dx,) (dae) ¥" (3, 5)D,(3, 4; 0) 4e(4—5) V6, 5) 
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=~ wi 2 
=9| (dae)| P* (0, 5) APO =9) _ OF 9) 4,(0—8) |¥(5, 5). 
Ox, OF, : 
As the right-hand side of the above equation is independent of z,’, it is equal 
to the inverse of the normalization volume V. 
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The Electric Polarizability of the Neutron 
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Electric polarizability of the neutron is calculated with the relativistic meson theory in 
the lowest order of perturbation method. A cutoff calculation is also examined. There 
are remarkable cancellations among the large contributions from the pion current so that those 
from the nucleon currents and from the K-meson interactions become important. The electric 
polarizability obtained amounts to a several times as large as 10~48cm% and is expected not to 
exceed 10742cm3. Further discussions are made in connection with the Foldy term, static theory 
and the problem of mass difference. 


§ 1. Introduction 


Recently, interest in the subject of the electric polarizability of the neutron 
has developed, and several experimental methods have been reported for determin- 
ing it.’ The electromagnetic property of a particle is characterized by its electric 
charge and then by its electric dipole moment, magnetic dipole moment, and so 
forth.. The electric charge of the neutron is confirmed to be zero with strict 
accuracy. The. electric dipole moment of the elementary particle has been discussed 
in connection with the invariance of the theory under the time reversal, ie. the 
presence of the intrinsic electric dipole moment implies the non-invariance of the 
theory under this transformation. Experimentally, only an upper limit is known 
for this quantity? d<e(5x10-")cm.** Since, however, the electron-nucleon 
scatterings in several hundred Mev region have revealed a finite extent of the 
nucleon of order of a few times its Compton wavelength—the root mean square 
radiUS Tns= 0-8 X10-“%cm—, it appears that the nucleon has some structure. Accord- 
ingly, an electric dipole moment may be induced, for example, in the neutron 
when it is placed in an external electric field. When the induced electric dipole 


moment is denoted by 
+ak, 


one obtains a perturbing Hamiltonian of non-linear type such as 


H==(1/2)-aE*. (1) 


* Present address: Department of Physics, Rikkyo University, Tokyo. 
** This value of the intrinsic moment predicts an electric polarizability of ~10 
seutron, a value which is extremely smaller than that of our present concern. 


-55em3 for the 
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The constant @ is called the electric polarizability of the system. If the charac- 
teristic dimension of the neutron structure is assumed to be 7;,, the electric 
polarizability of the neutron may be crudely estimated as 


~E? (Lrgs) =3.0 x L0-* cm’. 


We should also note that some of experiments have presented values of compara- 
tive order of magnitude to this for the electric polarizability of neutron, though 
most of them scatter over a wide range in magnitude.” 

Complying with these present situations we calculate the electric polarizability 
of the neutron in the perturbation method with current relativistic meson theory. 
A cutoff calculation is further applied to this problem, because the reality might 
be reflected rather in cutoff calculation than in non-cutoff one. Of course these 
straightforward calculations cannot always be expected to give reliable answers. 
It is however necessary to know what results are derived from these routine 
methods, in order to have an outlook on the future development. 


§ 2. Contributions from the pion-nucleon coupling 


We describe the interaction among three fields—the nucleon, the pion and the 
electromagnetic fields—by the following Hamiltonian : 


H=|(H,+H,+ lh)do, (2) 
ine 
H,=i9 $757 $s $, (2-1) 
H,= —ied-(1+7,) /2-7, PA,— (1/2) pboy, Fry , (2-2) 
H,=ie ($*0, 6—9, o*-¢) A, +e? 6* 6 A, A,, (2-3) 


in the conventional notation. 

With (2) the lowest order diagrams which contribute to the electric polari- 
zability are given in Fig. 1. It includes, besides g’ terms, terms of g‘ and higher 
order in the perturbational language, because the anomalous magnetic moment is 
phenomenologically included in (2). This:may probably be due to the effect of 
the meson-nucleon interactions. 

After conventional mathematical calculations there résults an effective Hamil- 
tonian for the one-nucleon system modified in an external electric field, arising 
from the graphs in Fig. 1: 


M= M+ Mg-+>:-+ Moni; (3) 
A 8e’ a,b, (in? /m*) -N 


xX Ez 2a 


+u(7sRo/m) u( — 1/2) ton 
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‘ } + ti (Ro/m)*u (1/4) Toss 
i a : +1(Q/m)*u{ — (3/4) Tom 
b gure : Ve “ 1 (1/2) Isi2— (3/8) Lao + Toes 
: wey (2/3) Iss3+ (1/2) Lass} Ih 
p p (3-1) 
A B M,,=—2ea,b,(in?/m*) -N 
x x [wa { —In} 
q 
: F + i(Q/m)*u{+ (1/6) Tou} }, 
Ps A ae (3 6 Dy 
e e(n) 1 kl a 2 +3 3 
k, t 1 kL Vn Meee — 2€ aa, (i?/m*) -N 
. eé pele) ee 
= . x (wu {+ Tiny — 2Dou.+ Loss} 
p p “ +u(Ro/m)*u {Tras} 
ee Con Cmum +2(7.R,/m) u {Ties — Tie} 
q a +2(Q/m)*u{ (1/2) Tose 
. s aa (29/12) Los2+ (3/2) Tose 
\ k \ l 
Behe ET ® — (1/3) foos+ (1/2) Jon} }, (3-3 
ps Ss Mema= Sear Qepabs (in? /m?) f N 
Pp Pp x [a(7sRo/m) C8 io ZT} 
D: te +2(Ri/m)*u {Tio} 
Fig. 1. Feynman diagrams considered for the + u(Q/m)*u 4 ee (5/6) lus 
electric polarizability of the neutron _(3 / 2) Tyo (1 j 6) ia | 
(3-4) 
Memm= a 2p? ahs (in’/m) : N 
x u(Q/m)*u { (3/2) To21 — (1/2) Tosi — (1/2) Tosa — Lax — Tiss} ? (3 -5) 
Ve se 4e*a,b, (ix*/m’*) v4 N 
x [a (7sRo/ m2) u{— Iya — Toss} 
+a(R)/m)?u{(A/2) ha— Tis} 
4+ u(Q/m)*u { — Tasa— Toss} i (3-6) 
M pmo 4epasb, (0? / m’) -N 
(3-7) 


x u(O/m)*u{— (1/2) Tou, + Ins} > 


where | 
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obs caves CL ae 
ae =|, ae: {q+ (mz, /m)?(1— x)he- 


ay =A. wR), b,=A,(), 


Wp? j= m (ee ag Oth Fle q)> 
do 2 . 


R=p+q, O=k+1. 
The notation used in the above expressions is: 
m and m,-:-masses of nucleon and pion respectively, — 
k and J -:-4-momenta of incident electromagnetic fields, 
p and q -:-4-momenta of initial and final nucleon respectively. 


=~ means that both sides are equal up to terms of order (&-7). The other terms 
which have béen dropped in (3) do not contribute to the electric polarizability. 
In (3) -we have written down all the expressions in their diagonal form or with 
even operators, by making use of the relations: 


(i7p+m)u=0, 
u(ivg+m) =0. (4) 


(3) contains several types of terms—ones which are proportional to (k-/) 
explicitly and the others which are not. In order to estimate the contributions 
to the electric polarizability from these terms one should proceed with the inter- 
pretation in the form of (1), in terms of the non-relativistic spinor wave functions. 
The reduction into this form is unambiguously made in the case of.the terms 
proportional to (&-7). The terms which do not involve (&-/) explicitly give different 
contributions according to the methods of reduction. The first way of reduction 
is the ‘use of Foldy-Tani-Wouthuysen transformation. The second is the simple 
omission of the small spinor components by making 7 >oo therein. The third 
consists in rewriting and transforming (3) into the “2x2” matrix form without 
neglecting the small components which are now expressed with the large com- 
ponents. In any case, however, the results are similar and the difference in the 
method of reduction is not of significance. Thus among alternatives the result 
obtained through the Foldy-Tani-Wouthuysen transformation alone is presented in 
Table I, in the 2nd and the 4th columns. Inthe 3rd and the 5th columns the 
contributions from (&-Z) terms are presented. All the numerical values are obtain- 
ed by taking 


=15. (5) 
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§ 3. Cutoff calculations 


The higher order contributions as well as some unknown internal effects might be 
considered to be embodied into the cutoff calculations. Though its exact form is 
not known, some measure of it may be tangible. 

In the process of leading to (3) of the last section we meet integrals over 
the 4-momentum space of the virtual particles, ¢, On introducing an auxiliary 
scalar integration variable, x in J,,, of (3), and averaging over the direction of 
the 4-vector t,, they take the form of 


2\ m—2 

|e" ae 
(t?+c)” 

Since all the integrals appearing in the present calculations are convergent, it is 


convenient to cut them off in the following way rather than to introduce a new 
form factor. Thus we proceed as follows. 


r 2\ m—2 A2 - 9 m—-1 
| 2" _dr=lim| SMe 
(2+c)" soe J0 (atk c)* 
A2 m—1 
=i i oar * 
Mis 0 (o+c)" . (6) 


The results are presented in brackets in Table I, on taking 
A= mM. ok?) 


Effects of cutoff differ from one diagram to another. Large terms (a4, @p, ne) 
are not drastically modified, while the small terms are strongly affected. Owing 
to the remarkable cancellations between large terms which remain unchanged in 
the cutoff calculations too, the total result considerably changes with cutoff used. 


§4. K-meson contributions 


The neutron can dissociate into A-meson and hyperons in virtual state, which 
gives further contributions to the neutron electric polarizability. Contrary to the 
pion-nucleon interaction, however, few are known about the K-meson-baryon in- 


teractions. 


* The cutoff method (6) is taken here for the sake of simplicity. That the behavior of this 
cutoff is similar to what is called straight cutoff®) would be shown by taking an example of the 
nucleon magnetic moment calculations. Applications of (6) and (7), and the straight cutoff method 


to it lead to: 


non-cutoff straight cutoff (6) & (7) experimental 

at m 
N —3.9 —1.9 —2.17 —1.9128 
Je 0.52 0.61 0.59 1.7962 
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Table I. Pion contributions to the electric polarizability of the nucleon 
K= (1/2?) ge? (1/m?) 
=1.3x10-“cm5; — g?/4az=10. 
The figures in brackets are the results of cutoff calculation. 


Neutron Proton 

Foldy transf. kl-term Foldy transf? | kl-term 

# +0.793K | +0.674K +0.793K | +0.674K 
as (+0.754K) (+0.649K) (+0.754K) (+0.649K) 

wi —1.283K —1.208K —1.283K —1.208K 
B (—1.274K) (—1.214K) (—1.274K) (—1.214K) 

in +0.030K +0.089K +0.015K +0.045K 
ee (+0.082K) (+0.135K) (+0.041K) (+0.068K) 

Ai +0.005K +0.038K +0.003K +0.019K 
Cem (+0.063K) (+0.092K) (+0.032K) (+0.046K) 

ae —0.039K —0.039K —0.041K —0.041K 
Omm (+0.050K) (+0.050K) (+0.052K) (+0.052K ) 

ap +0.477K +0.462K 0 0 
a (+0.436K) (+0.440K) (0) (0) 

aS +0.046K +0.046K +0.052K +0.052K 
m (+0.075K) (+0.075K) (+0.085K) (+0.085K) 

Total +0.029K +0.062K —0.461K —0.459K 
(+0.150K) (+0.227K) (—0.310K) (—0.314K) 

Foldy. @y —6.2 x 10744 —13x 10-4 
term cm? cm? 


Ax1=i9 ae \pysAK * + 77,AK? + AyspK ~ + AyonK 
xs =19 swx (pis2’K * —Tips3°K + y/2 tips K* +)/2p7,3*K° 
+ 3°). pK ~—S*enK+,/23-7nK-~ + V/ 22 7pK. 
(8) 
The choice of the pseudoscalar interactions is for the present matter of convention.* 
The structure of Hy is the same as (2) of the pion-nucleon interaction, so that 


the resulting contributions are estimated from (3) by substituting new parameters 
for g, 4, m’s. Numerical values are listed in Table II. 


* Sugano and Komatsuzawa®) conclude, from their analysis of the K-N scatterings with use 
of the dispersion relations, that the possible sets of K-N-Hyperon interactions are such that 


ANNES interactions. pseudoscalar 
DINE interactionevesasen either scalar or pseudoscalar 


with the coupling strength: 


gann/4n~5, Psnvn/4nr~0. 
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Table I]. A-meson contributions to the electric polarizability of the nucleon 
K’= (1/2?) @ yw ir €2(1/mm ys?) = (9? sy n/ 92) X 1.0 X 1074cm3, 
KY” (1/2?) Paw xe? (A/mm 4?) = (gan x/9?) X1.110-"cms; 


#4: anomalous magnetic moment of particle z, in unit of |e|/2m,. 


Neutron an Proton 

ANK SNK ANK SNK 
A 0 +.0.049K’ 0 +-0.025K/ 
B 0 —0.071K’ 0 —0.036K’ 
Ee 0 +0.024K’ 0 +-0.024K/ 
ex. 0 —0.026 2K’ 0 0.026 44. K? 

~0.013 42K’ : 

ae ~0.007n,2K” ia Poke —0.007 22K” —0.007 g2K? 
D, 0 4.0.159K’ 0 : 0 
D. 0 +0.005p_K/ 0 +.0.003492K/ 


§5. Summary and discussions 


In Table I, all the contributions calculated are presented separately. Large 
terms are A, B, and D,. Others are an order of magnitude smaller than these. 

It is remarkable that the strong cancellations are shown among the three 
large terms of a4, @, and a,,, so that the other contributions from the smaller 
terms become important each of which is less than 107“ cm’. Accordingly, the 
K-baryon effects, for example, will become notable. Since the K-baryon interac- 
tions as well as the electromagnetic properties of K and Hyperons, such as the 
magnetic moments, are not established, their effects cannot be estimated exactly. 
In Table II these are listed with movable parameters. Then it appears reasonable 
to state that the K-contributions are of 10-“cm® at: most. 

Turning to the cutoff calculations, the large terms are affected only slightly 
by the cutoff in contrast with the smaller terms which suffer drastic modifications. 
The situation of the strong cancellation among the large terms remains so unchanged 
that the total contribution is quite dependent on the cutoff. The results are 
tabulated in brackets in Table I. They give the figure of 10~-* cm’. 

Summarizing, we may expect that the straightforward calculation with the 


present meson theory will give an electric polarizability of the neutron which 
3 


amounts to the order of 10~“cm* but does not exceed 10~“cm’. 

In relation to the foregoing results we shall make some comments on the 
previous studies. The frst comment is concerned with the magnetic moment of 
the neutron. The mere existence of the magnetic moment / already predicts 
electric polarizability — (2/m) which we denote as ay. This is small and nega- 


* ay is called the Foldy term in Table 1. 
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tive, and «as first derived by Foldy from the one-particle Hamiltonian of the 
neutron in an external electric field in a manner analogous to the case of interpre- 
ting the electron-neutron interaction in terms of the Foldy term. Comparing this 
with ours we notice that generally the larger contributions are expected from the 
proper meson field effects than that which are predicted from the mere existence 
of the anomalous magnetic moment interaction, 

|a| > |ay|. 


The second comment is to be made on the relation between our results and 
those of the static meson theory.” Static cutoff meson theory with the coupling 
constant (2/47) =0.08 predicts, by taking account of graphs A and B,*” 


‘a=1.00X10-" cm® for cutoff function 1/ {1+ (¢/5.6)7} (9) 
or | 

a=1.13X10-" cm® for cutoff function exp{—7°/2(5.6)’}. 
These are to be compared with —0.510~* cm’ of the present relativistic calcula- 
tions. 


It is shown that if we separately consider the contributions from the intermediate 
states of positive energy and those from its negative energy states, and if we denote 
them with suffices (+) and (—). respectively, the contributions @,+a@, are re- 
written as 


a,=aGP+aS=0.8K (0.8K), 
a,=aG>+t+aS=—1.3K(—1.3K), 
a= —T8K(H11K) ay ey KR £2.54), (10) 
a =+2.1K(419K), aS=—4.0K(—3.8K), 
and 
af +aG=1.4K(1.4K). (11) 


(Figures in brackets are the cutoff results. K=1.3x10-"cm*) This figure is 
comparable to the static theoretical results, and it is several times as large as 
ours of the relativistic calculation with cutoff. 

Finally, we mention about the electric polarizability of the proton and about 
the mass correction due to it. It is obtained by evaluating graphs of similar kinds 


* Barashenkoy and Barvashov® give 


, a=1.6X107#cm3 for cutoff function 1/{1+ (¢/5.6) 2}, 
an 


a=1.8X10-"cm3 for cutoff function exp{—72/2 (5.6) 2}, 
instead of 1.00 10742 cm3 and 1.1310742cm3 of 5). 
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to those of Fig. 1 and is presented in the Tables (the 4th and the 5th columns), 
The value we get is 
@p=—0.461K for non-cutoff calculation, 
@p=—0.310K for cutoff at m. (12) 
The difference between electric polarizabilities of the proton and the neutron is 
Qy— Ap=9.36(e?/m*) for non-cutoff calculation, 


=8.79(e?/m*) for cutoff calculation, 
and 
e?/m>=6.8 X 10-* cm’. 

Then one can consider that this difference between the electromagnetic inter- 
actions of the proton and the neutron might cause a further mass difference be- 
tween them. If we temporarily assume as the effective interaction through the 
electric polarizability 


H==\P,, F,, i. do, (43) * 


notwithstanding the fact that there are no a priori implications that one may extend 
the. non-relativistic Hamiltonian (1) to the relativistic form (13), then some esti- 
mates of its effects on the problem in question would become attainable. The result 
will be shown to be highly divergent : P . 
AM=4My— 4Mp= (1/15.7) 4m, (A/m)*, 
where A is a cutoff parameter, ™, is electron mass and 4 is the difference between 
the polarizability of the proton and the neutron in units of e?/m'’. 
If we may cut the integral at the nucleon mass m, then we get - 

4M= + (1/15.7)Am,. 
If A should be twice the nucleon mass, 

AM= + (16/15.7)4m,. } 
This is large compared with the observed mass difference 2.53 m,, so if this were 
the case, the usual considerations on the small mass difference should be re-examin- 
ed and some of the results should be altered considerably.** ***” 


* This predicts the same magnitude for the electric and the magnetic polarizabilities, which 
does not necessarily seem to be the case. For the present experimental status see ref, 1). 
#* Tf we recall that the expansion in & and / was used to obtain a, the cut at 7 would be con- 
sidered to be practically the maximum. In case of the polarizability of the electron, it is at least 
~ (e2/4m8); (e?=1/137), 
which corresponds to the term ay in the text. Due to this, the electron mass may be shifted by 
Am,= (1/15.7) X de Me(A/me)4, 
where A, is the electric polarizability of the electron in units of e2/m,3. If we take A~m,, then this 
is very small in comparison with m,. If A were taken as m, for instance, then mass shift would 
become large and this cut would not be justifiable. 
#&* A ce onnection of a with the small mass difference among the elementary particles might be 
It is, however, not clear that this is reflected, for example, in the fact that 
Mj 6 —MN j= —3.9 Mev< 0, 
me —m= +4.59 Mev> 0. 


interesting. 
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The Theory of the Nucleon Level Structure 


in Terms of the Pion-Pion Resonance. I 
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and Gyo TAKEDA 
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(Received April 5, 1960) 


The existence of a sharp pion-pion resonance is assumed for the T=j=1 state at about 
600 Mev. This resonance state is approximately replaced by a real T=j=1 particle p+» and 
its interactions with the pion field and the electro-magnetic field are determined. The calculation 
of pion-nucleon scatterings through pN intermediate states shows in the Born approximation 
that very strong attractive forces seem to exist for both T=1/2, dsj. and T=1/2, S5/2, pion- 
nucleon states at about the p-production threshold energy. The former is identified as the 
second and the latter as the third resonance observed in the pion-nucleon scatterings. A similar 
calculation predicts the possible appearance of the second resonance and the suppression of 
the third one in the photo-pion productions. A tentative model for explaining the fourth 
maximum observed in the pion-nucleon scattering is proposed along the similar line. 


§ 1. Introduction 


Since the measurements of the total cross-section for the pion-nucleon scatter- 
ing were performed by Cool et al.” in the 1 Bev region, it has become known 


that the nucleon has several excited levels besides the well-known (3727 372) reso 
nance. Recently more detailed experiments on the pion-nucleon scattering and the 


photo-pion production by nucleons have been made” and some information about 
the resonance energies, the spin, the isotopic spin, the parity and some other pro- 


perties of the excited levels are obtained (Table I). 


Table I. Table of the excitation energy W, the isotopic spin T, the spin j, the orbital pion-nucleon 
angular momentum /, and the parity of the excited levels. 


W(Mey) T | 4 ; Parity 

0 1/2 1/2 “5 (N) 
~300 3/2 3/2 i 4: (M,) 
~580 1/2 3/2 Fort +(?) (Ny) 
~T740 
~940 


* Leave from the Department of Physics, Tohoku University. 
** Department of Physics, College of General Education, University of Tokyo, 
** Nippon Gakujutsu Shinkokai Foundation Fellow, 
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One of the authors” assumed the existence of the pion-pion resonance in the 
T=j=1 state and explained the large bump of the total pion-nucleon scattering 
cross-section in the 7'=1/2 state at about one Bev (At that time the second and 
third resonances were not separately observed). The predicted bump was too 
broad, because the impulse approximation was used for treating the collision bet- 
ween the incoming pion and the pion-cloud of the target nucleon. 

In this paper we follow along the line proposed then and try to explain the 
sharp second and third resonances. The main difference from the previous paper” 
is to avoid the impulse approximation. We shall proceed under the following 
assumption : 

(A) The assumed pion-pion resonance state can be approximately treated as an 
actual particle p*°. This is, of course, an isovector and ordinary vector particle 
(T=j7=1) and the mass is taken as about 600 Mev. 

After the phenomenological model of the pion-pion resonance in the J’ =j=1 state 
had been proposed by Takeda, Tamm et al.’’ predicted the resonance by calculat- 
ing the pion-pion scattering in the Tamm-Dancoff approximation, and recently 
Chew and Mandelstam” have also pointed out the possible existence of the reso- 
nance by a dispersion-like treatment of the pi-meson theory. Thus the sharp pion- 
pion resonance might be able to be justified based on the present field theory. 
Frazer and Fulco” analyzed the electro-magnetic structure of the nucleons intro- 
ducing the sharp pion-pion resonance and brought us a better agreement between 
the observed nucleon form factor and the theoretical one. Since the width of the 
assumed resonance is rather small (/”~0.3~0.5), we may be allowed to consider 
this state approximately as a particle. 

The effective interaction Hamiltonian between the pion field and the gp field 
is as follows: 


sian ammaale = Xi" 0; ¢ g® Capy: (I) 


The Greek suffices a, 9, and 7 are the suffices of the isotopic spin space and can 
take the value either 1, 2, or 3. The Latin suffix 7 is a suffix in the ordinary 
space and is either 1, 2, 3, or 4. €,, is the three-dimensional anti-symmetric unit 
tensor. % and ¢ are the ¢ and a field operators, respectively. 

Similarly, the effective interaction Hamiltonian among the p field, the pion 
field, and the electro-magnetic field is given by 


FA pny = 1 > Eis (0; te A;)9,, g°x;", ; (II) 


t,5,%,0 


where A, represents the electro-magnetic field operator and €;4 is the four-dimen- 
sional anti-symmetric unit tensor. 

The magnitude of the coupling constant, F or E, introduced above is estimated 
in § 2 and the large value of F(F?/4z~5) is responsible for the second and third 
resonances (N, and JN). 
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The paz interaction (I) together with the ordinary NNz interaction brings 
a pion-nucleon state into a g-nucleon state through one pion exchange (Fig. 6) 
and the iteration of this gives the pion-nucleon scattering in the Born approxi- 
mation (Fig. 5a). In §3 we evaluate the pion-nucleon potential in this Born 
approximation and find strong attractive potentials both for the T=1/2, dsj. and 
T=1/2, fs pion-nucleon states. Based on this calculation plausible arguments 
are given for assigning the 2nd and 3rd resonances as those in the T=1/2, dsj 
and T’=1/2, fs. states, respectively. 

The observed second resonance in the photo-pion production is due to excita- 
tion of the resonant p-N state through a p particle production by the incoming 
y ray in the pion field of the target nucleon. In § 4a calculation in the Born 
approximation is performed using the zy interaction (II) and the NWNz. interac- 
tion(Fig. 11). The results show that the second resonance is indeed excited, 
but not the third one. This is consistent with the experimental result for not 
finding the prominent third resonance in the photo-pion production in contrast with 
its finding in the pion-nucleon scattering. 

A tentative argument is given in § 5 for interpreting the broad fourth maximum 
observed in the 2*-p scattering cross-section as due to the effect of the pion-pion 
resonance. 


§2. The p field and the effective pzz and pz; interactions 


Following our assumption (A), we regard the pion-pion resonant state with 
T=j=1 as a vector and iso-vector particle ~*" whose mass m, is about 600 
Mey. The free particle wave equation for ¢ is taken as 


(ey 7, ) 4°=0, (1) 
and 
0;4:°=0. (2) 


Here a(=1, 2, or 3) is an isotopic spin component anded(=1, 2, 3,,0r 4) 1s “an 
ordinary spin component of the p field. 

The interactions of the p field with the pion and the electro-magnetic fields 
are given by H,,,.(1) and H,,,(1/). These are to be regarded as effective Hamil- 
tonians and should be defined as follows : 

The pion-pion scattering amplitude f(a’p’, ’q'; ap, fq) for two pions (ap, 


3q) going into two pions (@’ p', Bld’) is” 
| al! p!|jar\ — e ies lap) 


le ie 
2 
1 |>Xa'pLinr(—=) lnXalie ($) lap» 
(3) 


f(a'p!, Bq’, ap, $4) =| de exp[i 


= eda exp Ee 
Z 
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where jg(x) is the pion source current defined by 


ja(x) Rei Lame (4) 
0G g(x) 
Te, ¢ and n designates an intermediate state which 
\ / \ / is an eigen-state of the-total Hamiltonian of 
\ey Sl the system. We assume that the pion-pion 
Gre ‘Y Heel 2/2) scattering amplitude is appreciable because of 
the T=j=1 resonant state and replace the 

: summation over 2 by the intermediate single 
QZ isain ) Hie(z/2) — p particle state. Furthermore, the amplitude 
sanae: Mar (n\jg(x)\ap)> where n is a p particle state is 
tes a j ‘ approximated by the corresponding matrix ele- 

(1a) Gly) ari ment of the effective Hamiltonian (I) (Figs. 

Fig. 1. The diagrams for pion-pion 1). A similar assumption is involved in de- 

scatterings. fining the Hamiltonian (II) as effective 32-7 
interaction. 

Our assumption contains the following fact: If the pion-pion collision cross 
section can be measured in future, the cross section should be predominantly con- 
tributed by that in the 7= 7=1 state at least in the low energy region (<1 Bev). 

The forms of the effective Hamiltonians are chosen by the Lorentz invariance, 
the charge independence, the gauge invariance and the following condition: The 
energy-momentum four-vectors of ingoing or outgoing z and 7 particles into or 
from the vertices are small compared with the characteristic energy-momentum of 
the 42 and 327 vertices. The latter is the reciprocals of the space and time-like 
extension of the 47 and 377 vertices and are equal to about 2 Mc when we use 
the perturbation calculation for the vertices. In fact the form of the Hamiltonians 
can be obtained by calculating the lowest order Feynman graphs for the vertices 
(Figs. (2a) ~ (2c)), replacing the two outgoing pions in the T=j=1 state by p, 
and taking low energy-momentum limit of the outgoing and incoming particles. 


& 3 Te. ee 
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fs \ 7 Xe / « N 
/ / / ‘ 
Ul \ Vow \ 7 \ 
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(2a) (2b) (20) 


Fig. 2. The 47 vertices in the lowest order perturbation. 
The dashed lines represent pions and the full lines nucleons, 
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The magnitudes‘ of the pzz and pz; couplings, F and EF, are approximately 
determined by the energy W, and the width /’ of the assumed pion-pion resonance. 
We calculate the pion-pion scattering amplitude f(a’p’, 9’q'; ap, 8q) (8) first by 
employing H,,, in perturbation and then compare it with the one-level formula 
of Frazer and Fulco.” The imaginary part of the p-wave scattering amplitude 
fu(p) in the centre of mass system is given by (see Appendix I) 


2 3 
plmfa(p) =" 4. d(mi,—W), (6a) 


where p is the pion momentum and W the total energy in the centre of mass 
system. The one level formula employed by Frazer and Fulco gives (see Appendix I) 


(r/2)? 
(W—Ww)?+ 072)" sae 


pilm fu (p) = 


where 


8I"'p* 
Pw BE. , (5c) 


Since we assume the width J” is very small and the resonance state is approxt- 
mated by an actual particle ¢ with a definite mass, Eq. (5b) can be approxi: 


mated by 
pm fa(p) ~20'W,0(W2— W?) 


Sl Po (W2—W?). (5b) 


r 


Comparison between Eq. (5a) and Eq. (5b’) gives 


F? 
Ant 


w12I” and W,~m,. (6) 


The first equation of (6) can also be obtained by calculating the decay life of ¢ 
going into 2z. According to Frazer and Fulco we take here” 


[''~0.3~0.5 and W,~600Mev, (7) 
which gives 
F?/4a~5, (8) 
and 
m,~600 Mev. (9) 


Next we shall proceed to determination of the pz coupling constant E (See 
Appendix I). Let us evaluate first the zy—>2ma vertex in the 7=j=1 state corres- 
ponding to the lowest order Feynman graph (Figs. 3) and compare it with the 
similar lowest order 27->2z vertex. A straightforward calculation gives us 
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(3a) (3b) (3c) 


Fig. 3. The 3z-y vertices in the lowest order perturbation. 
The dashed lines, the full lines and the wave lines are 
pions, nucleons and y-rays, respectively. 


1 Ps 
Fae 9 = 240? Maar 23 26 aar€ igus AsO sO" 0,9°0,9" 


1 eg 
= —- —2— DoS lets, cial "O9" 2's 
A8n? M® aay > Br © ajkit! gPnKP FP P (10) 


and 


Gi» a ‘ ; 
62 Micdlen One Og@7—Sag1Opat) 9G" O:i9" 9p" Y*, (11) 


== 

where g is the pion-nucleon coupling constant (g?/4z7~15). The latter expression 
was calculated by Igi and Kawarabayashi” before. 

The 27 resonant state with J=j=1 which should be replaced by a , particle 


state can be composed of the pion field g except its normalization factor A: 
Wel = ATS ieanrd iG “9%. (12) 


H,,., is obtained from H,, (Eq. (11)) through substituting Eq. (12) and 
taking 
Ryton Ui ot 
3827 FM? 
Analogously we can obtain H,,, from H;,, (Eq. (10)) by employing Eqs. 
(12) and (13). The result gives the pay coupling constant E as 
eg* 3, ced’ 


2 oes (13) 


O= +875 eMA 8 gM ae 
Since g?/4z~15 and F?/42~5, we obtain 
E dea 

eC 5 Me oe 


The magnitude of the pzy coupling constant E evaluated above is less reliable 
than that of F. The enhancement of the resonance state excitation by Ny (Ny> 
Np) over that of the lowest perturbation calculation is taken as equal to the en- 
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hancing factor for the NN excitation. This has no real justification and we 
shall replace the nucleon mass M in Eqs. (14) and (14’) by the effective mass 
M*, hoping M* to be evaluated more reliably in future. 


§ 3. The second and third resonances in pion-nucleon scatterings 


In this section we discuss the high energy pion-nucleon scattering by using 


¢ 
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T. J. Devlin et al., preliminary data 
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1958 Annual International Conference on High Energy 
Physics at CERN, p. 148. The unit of the cross section is 10nd. 
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n+p 74+ K° 


The curves for the total and resonant T=} cross sections are taken from H. C. 
Burrowes et al., Phys. Rev. Letters 2 (1959) 119. 


Fig. 4. The total 2+-p cross sections and 2-+p—>4°+ K® cross section. 
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the effective paz interaction as well as the ordinary NNz interaction. The ex: 
perimental curves of the pion-nucleon scattering cross sections are shown in Fig. 
4. It will be shown that the strong pzz interaction H,,, gives rather strong at- 
tractive potential of the pion-nucleon system in the T=1/2 state for W~m, and 
the observed second and third resonances are identified as those in the T=1/2, 
dsp, and T=1/2, fs states, respectively. 

Since we are interested here in pion-nucleon scatterings of rather high energy 
region, the large observed cross sections can be expected only through a long- 
range pion-nucleon interaction. The longest range potential between a pion and 
a nucleon is 2-pion exchange potential and the corresponding lowest order Feynman 
graphs are shown in Figs. 5. Graphs containing nucleon loops are disregarded 
because such are assumed to be effectively represented by H,,,. 
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Fig. 5. The lowest order Feynman diagrams for the z-N scatterings 
through two pion exchange. 


The scattering amplitude corresponding to Fig. 5a becomes very large for 
Wwm,, because energies of intermediate oN states can be very near or identical 
with the initial energy W of the colliding system. Furthermore the nucleon-pion 
interaction becomes attractive, since most intermediate oN states have an energy 
larger than W (Appendix II). On the other hand, for Feynman graphs 5b and 
dc the energy differences between the intermediate states and the initial state are 
rather large for W~m, and at least of an order of W, resulting in rather small 
contributions to the z-N force from these graphs compared to that of 5a. So we 
disregard the graphs 5b and 5c hereafter, although they too give a 2-pion exchange 
attractive force between N and z. 

Since we expect a large attractive force at W~m, to come out from the graph 
da and particularly from that having those intermediate pN states with small 
relative momentum g, we can confine ourselves to evaluate such contributions of 
Fig. 5a. The isotopic spin dependence of the z-N potential is then given by 

(7, Vite ~~. > Capar Tar Cayy Ty = 20g, + 1/2 Lt, TyJ=4Pip+ Pay, (15) 


Y! 


The Theory of the Nucleon Level Structure 537 


where P,(T=1/2 or 3/2) is the projection operator on 
the isotopic spin 7 state. Equation (15) shows that the 
attractive z-N potential is 4 times larger in the T=1/2 
state than in the 7=3/2 state according to our lowest --- 
order perturbation calculation and the factor 4 is expected \ 
to become much larger in the scattering amplitudes 
obtained by a better approximation. Thus our result 
predicts resonance scatterings only for the T=1/2 
state, being consistent with the observed second and third 
resonances. 


\ 
m(R) 


Fig. 6. The lowest 
order Feynman dia- 
gram for the zN> 

Next we discuss in which states of the angular mo- oN transition. 


mentum and parity we obtain large attractive forces. This 

can be examined by evaluating the zN— N transition matrix element for pN 
states of small q (Fig. 6). Again we evaluate the matrix element in lowest order 
perturbation : 


a -k—q)(p: (2k—q) —(o(2ko—4) | 

,alT 7, k = >) fay Fond x Na = ) (16) 
{pe ) a, LG a ie p| (k—q)?— (kyo —-@)? +1" | 

where (p, ?%) is the unit polarization vector of p particle and (k, ko) and (q, Q) 
are the energy-momentum 4 vectors of the pion and p particle, respectively. The 
pion-nucleon coupling is taken as the pseudo-vector one 


Hoy =t Sit(o-)e% (f2/42~0.08), (III) 


because the recoil momenta of the target nucleon are still small compared with 
M and furthermore we are interested in the intermediate states with a positive 
energy nucleon. The part of the amplitude (16) independent of q corresponds 
to the zN>pN amplitude with the / orbital angular momentum /,=0 and is given 
except its isotopic spin dependence by 


opp OMe ®) At PEF (P(syq> Si) + Pda > Son) 17) 
Mm, L woe 

In deriving Eq. (17) we have made approximations =0 and ky)~m,, the former 
being the result of Eq. (2) and q=0. The projection operators P(S12Si) and 
P(dspS3a) are the unit amplitudes for tN in si2 and ds). states going into pN 
in Si and Sz). state, respectively. 

Similarly, the amplitude (16) linear in q and leading to the state with /,=1 
is given by 

Test | (o-q) (pk) 4 (o-k) (p-q) _» (o-k) (p-k) E-9_| 
p mM,” i, mM," 


hited Ga AO PGS PAY Re adhe Pe puye> Pal) 
Lopi+m 2 DP 
ol! 


Pp 
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= P(psj2> Pop) +5P (pin Pa) —= P(pipPip)], 18) 
—- 5 

thereby ~~1/m,-(q-p) and ky~m, are employed. P(f52>Ps2) is the unit am- 
plitude for +N in the fg» state going into pN in the /,=1, j=5/2 state. The 
small upper index 2 designates the magnitude of the sum of I, and the polariza- 
tion vector p. Other P’s are also defined in the same way. The explicit ex- 
pressions for those projection operators P are given in Appendix III. 

Since strong attraction can be obtained by transitions through pN intermediate 
states with small q, the possible angular momenta for resonance states near WS 
, should be either in the expression (17) or in (18). The strength of the attrac- 
tive z-N potential in our perturbation computation is same for s:,.2 and dy). states 
and 10: (5/8+25/8): (25+25/2) =8/3: 1: 10 for fs, ps2 and pij2 states. 

The attractive potential (zg|V|z,)> for 2,=0 would become largest for W 
being nearly equal to but a little smaller than m,, because then all the intermediate 
states give positive contributions to the attractive potential. On the other hand, 
the <zg|V|z,)> for 1,=1 should be largest at a W larger than that for 7,=0, 
because the ~N-eN matrix element (18) is proportional to g and it requires 
the eN intermediate states with appreciable g to be effective. Therefore, if any 
resonance should occur by the attractive potential, a resonance through WN states 
with /,=0 should be at W<m, and one through @WN states with /,=1 is likely 
to be at W2m,. 

Experimentally the second resonance (N,) at W.~ 
580 Mev (<m,) requires j=3/2 and the third one (N,) 
at W3~740 Mev (2 m,) requires 7-5/2. Therefore it 
is quite consistent from our results to identify N, as the 
dsj. resonance and N; as the fs). one.” Our simple pertur- 
bation calculation has also predicted equally strong or 
stronger attractive force for 51.2 and pi. states compared 
to those in dz, and fs). states. Here we can only make 
plausible arguments for not actually having those as 
resonance states: Besides the 2-pion exchange potential 
(Figs. 5) there are many other zN potentials with a 
shorter range and they are of course not negligible for 
scatterings with a small 7N angular momentum and so 
particularly for 7,=0 and 1. Furthermore, the zN scat- 
tering graphs (Fig. 7) beyond the lowest perturbation Fig. 7. A Feynman 
ones contain 37N and 2zpN loops and the 2zpN loop gives diagram for the z- 
us a divergent expression for 7,=0 (not for J,=1). N’ scattering beyond 
Therefore it would be of little meaning to discuss strength BEC 


of the zN potential for s and p states based on our effective Hamiltonian H 


prr- 


We shall make several remarks here. The first remark is on a possible 
presence of a J’=1/2 and ij: resonance. Since the attractive potential (see Eq. 


m 
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(18)) in the fi state is exceedingly large, there would be a chance for having 
a pi resonance at a nearly same energy with the fj). resonance in spite of the 
above arguments against it. A slightly favourable but rather weak evidence for 
this resonance is as follows: If the third resonance is an fj). resonance, we can 
compute the elasticity of the pion-nucleon scattering in that particlular state /;,2 


11) 
by 
; 
Ogi — Cin 


of, 2(4j+1) ak? 


(j=5/2). (19) 


Here o,/, and o,/ are the total and elastic scattering cross sections for the fs). state 
at the resonance energy W,. The #, is the pion wavelength at W=W,. A rough 
estimation for the experimental value of o,j, is about 36 mb and this together 
with 127%,2~42 mb gives o,)/0,,~6/7. This leads to a small inelastic cross section 
o (~~ (1/7)0,4,) for this resonant state which should be compared with ine:/Gt1 
~1/2 measured at about W~W;.” If we assume the coincidence of the two 
resonating states fs. and pi, then we obtain a more satisfactory value Of Ger Tier 
= 36mb/162%7~9/14 leading to Oine/F1n~5/14. 

The second remark is about the location of the resonance energies. We have 
argued for W, being smaller than m, and W; being likely to be larger than ™,. 
A different way to lead to this prediction may be along the similar line with 
Baz although he interpreted the third resonance as due to a strong A-K_ attrac- 
tive potential. According to our model the second and third resonances are due 
to the z-N scatterings through the y-N intermediate states with /,=0 and /,=1, 
respectively. This might be interpreted as follows : The p particle is trapped 
in a strong attractive potential due to the nucleon for a time period of an order 
of #/I', T’ being the width of the z-N resonance. Since there is no centrifugal 
barrier for a p in the Z,=0 state, the energy of this metastable intermediate state 
should be less than m, and we should expect W.<m,. On the other hand, there 
is a centrifugal barrier for a p in /,=1 state, which is rather strong for a low 
momentum p particle. Therefore W, could be and likely to be W;2m, (see 
Figs. 8). The width of these resonant state comes from pN->7N, 22N---decays 
as well as from emission of a free / particle subsequently decaying into 2 pions 
for the J,=1 case. We show in Fig. 9 the relation between the resonance energies 
and the free ¢ particle production thresholds. Our model predicts W, and W; 
being rather near to the pN threshold energy. The close correlation between WwW, 
and the pN, threshold energy will be discussed in § 5. 

The final remark is about the observed resonance in AK® production by pion- 
nucleon collisions. As shown in Fig. 4 this resonance occurs at just the same 
energy with W, and furthermore AK® production requires T=1/2 state.” There- 
fore it would be natural to identify them with the same resonance in the fs). state. 
Although the centrifugal barrier for AK® in the f state is large, the centre of 
mass momentum of K° is already appreciable at W~W,(k~1.7). Therefore the 
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Fig. 8. Metastable p-N states corresponding to the second (Fig. 8a) and 
third (Fig. 8b) resonances. 
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Fig. 9. The excitation energies of the various levels and the threshold 
energies for oN and oN, productions. 


experimental ratio of the partial widths [,yy4%0/T,nsnev, Which is about 
equal tO 0,-»»54"0/0¢*,7~1/40, is not unreasonably large for the fs). assignment. 
The observed angular distribution of produced 4 and particularly its backward 
peak are consistent with the /;,. resonance together with some 1K° production in 
the s12 state. The observed polarization of A seems to require further mixture 
of either fi. and (or) py. states. In any case the f. resonance together with 
small s and p wave productions of AK° is quite consistent with the existing data 
of AK® production by z-p collision near W~ W3. 


§4. The second and third resonances in photo-pion productions 


The measured cross sections of the photo-pion production by nucleons show 
also the resonant structures at Wx W, and WxW, which are identified with 
the same resonance levels observed in the pion-nucleon scatterings (Fig. 10). 
Experimental evidence for the presence of the 3rd resonance in photo-pion produc- 
tions is not conclusive at present and even if it exists the present experimental 


data exclude the possibility of it being a very pronounced maximum such as ob- 
served in the pion-nucleon scatterings. 
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(Reported by G. Bernaldini at The 9th Conf. on High Energy Nuclear Physics) 
Fig. 10. The total cross sections for y+P—2*+n and y+ pon+p. 


The excitation of the pN intermediate states by one 0*(q) 
pion exchange between the incident 7 and the target 
nucleoncan be. done by H,,7.and,\the corresponding = = = }---*--- 
Feynman graph is shown in Fig. 11. The transition 


amplitude corresponding to this graph is N re) 
idee (o-q—k) Fig. 11. The lowest 
{pss qT \e;, k)= pv (q—k)?+2— (@—k)? order Feynman graph 

for yN> oN. 


XTe DS € i jicd pi e; ky (ga k) l> (20) 


where p, and e,; are the unit polarization vectors of the p and 7, respectively. 
The isotopic spin dependence of T’ clearly shows that only the T=1/2 pN 
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The lowest order 
Feynman graphs of the N ae : Re i : 
photo-pion productions 
by a long range force 
up to two pion exchange 


are shown in Figs. 12. 
Fig. 12a corresponds to the photo-pion production through the pN excitation by 


one pion exchange described above and, therefore, occurs only in the 7’=1/2 
state. Figs. 12b and 12c give us also the photo-pion productions only in the T= 
1/2 state, but production amplitudes of them are small compared with that of 
Fig. 12a by similar reasons as those for neglecting Figs. (5b) and (5c) of the 
pion-nucleon scatterings. Fig. 12d is of one pion exchange type through the 
ordinary zy interaction and as important as Fig. 12a. Since the photo-pion 
production amplitude due to Fig. 12d is not sensitive on photon energy near 
Wwxm,, it gives one of the main contributions for the non-resonant part of the 
cross sections but not very important for the resonance (The isotopic spin de- 
pendence of this amplitude is 1: ,/2 in favour of the T=3/2 state.). 

Next we shall examine whether the same resonance states identified as T= 
1/2, ds and T=1/2, fo. in §3 can be excited with a relatively large width by 
the photo-nucleon collisions. The parts of the yN-eN amplitude (17) independ. 
ent of g and linear in gq are 


~ (12a) (12b) (12c) (12d) 


Fig. 12. The lowest order Feynman diagrams for photo-pion 
productions by one or two pion exchange. 
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kqp 


where similar approximations as those used in obtaining Eqs. (15) and (16) are 
employed. 

If we use the projection operator E,(Z?) or M,(Z;) for bringing a nucleon 
into a p+ N state with the total angular momentum j, orbital angular momentum 
Z, and the sum of J and p equal to n by electric or magnetic 2’-pole radiation, 
Eqs. (21) and (22) become as follows: 


. Efm = , or Bhs 
21 a [v2 M2(S3/2) + | ES yee Si, (21’) 


and 
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ae 


E . , - eye 
3 Ns 2 M,C P12) —V5 M,(Ps3) +3 Ex( Psa). (22) 


Explicit expressions for £,(/3) and M,(/}) are given in Appendix II. 

The second ds), resonance which corresponds to the S,,2 9N state is indeed 
excited both by the electric dipole and magnetic quadrupole radiation (Eq. (21’)). 
On the other hand, the third f,. resonance corresponding to the P52 eN state is 
unexcited contrary to its excitation by the pion-nucleon scatterings. . Thus our 
model explains the presence of observed (T=1/2, ds) second resonance and also 
the suppression of the third (T=1/2, fs) resonance in the photo-pion productions. 


§5. The fourth maximum of the pion-nucleon scattering cross sections 


The broad bump of the total z*-p collision cross section observed at W~940 
Mev has not so far been experimentally examined in datail. In §3 we have 
mentioned the coincidence of the location of this bump with the ”-M threshold 
energy (Fig. 9), which suggests us a model to interpret the bump as a maximum 
of the inelastic scattering cross sections =N->pN,37N due to final state interac- 
tions among the produced pions and the nucleon. 

The zN-pN, transition by one pion exchange potential is illustrated in the 
Feynman graph of Fig. 13, where an appropriate effective Hamiltonian Hwy,x 
should be used for the NN,z vertex. The’ isotopic spin dependence of tN>0N, 
transition amplitudes is independent of any details of the choice of Hyy,, and 
the relative magnitudes of various zN>pN, amplitudes are 


fla* p> p* Nt) fe" pre NE): f@-p>r Ni) fp NY) 
=/ 27811: 2/3: V1. (28) 


From this the inelastic scattering cross section for «N-> 
oN, in the T=3/2 state is larger than that in the T=1/2 


M 
state by factor 5/2, thus indicating that the maximum ve 
shows up only in the z*-p collisions. ah 
Since the observed bump is broad and the and N; ne 


are both unstable resonance states, it is unlikely to ascribe 
the bump to a resonance in a particular y-N, state. In- 
stead it would be more natural to assume it being con- 
tributed by inelastic cross sections in many different states. PARSE ieee 
In fact, even if we limit the relative o-N, orbital angular e rion me 
momentum /, to 0 or 1, many 7-N states with different change. 
angular momentum up to fz. can contribute. 

We calculate the energy dependence of the inelastic cross section 7N>pN, 
_33aN based on the statistical model, thereby taking into account final state inter- 
actions. These are interactions hetween any two of the three pions in the T=/=1 


xX 
b 
N =a 


Fig. 13. The lowest 
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state and those between the remaining pion and the nucleon in the T=j=3/2 
state. According to Belenkii® a statistical weight S(W, 3z) for producing 3z 
through oN, intermediate state is 


QV i+ 1 RG one Axl 
S(W, 3m) 0c aft = | dp’ dp’ of api d(W—W'—W"_—W,), 


(24) 
where //=//=1. 

W’ and p’ are the centre of mass total energy and momentum of the two 
pions decaying from the virtual » particle. W” and p” are those of the third 
pion and nucleon resulting from decay of the N, in the virtual state. The 7’ and 
7’ are the scattering phase shifts between the two pions and between the pion and 
nucleon, respectively. W, is the relative kinetic energy between the two pion 
system and the pion-nucleon system. Eq. (24) can be considered as the statistical 
weight for producing the » and N, particles whose masses are variable. 

If we use one level formula for the phase shifts, then we obtain 


Ox! UB! 


aw r+ (W'—W,)?’ 


and 
Oy! rr 
aw” al P24 (W"—W,)? . (25) 


Here I” and I” are the width of p and WN, respectively. The resonance energies 
W, and W, are given by W,~600 Mev and W,~300 Mev. 

Since important contributions come from W’~W, and W’~W,, W, is the 
relative kinetic energy between relatively heavy p(~m,) and N,(~M-+ W,) par- 
ticles and may be neglected against W’ and W”. 

Under these simplifications and making approximations W’~/’ and W” ~p", 
the energy dependence of S(W, 3z) near W~W,, is given by 


wW Ww-w 
An! = Ay!" 
S W, 3 jaw” WwW’ 2WYII2 G9 ie + hee 11 eee 
( #2 | NYE WS a eka 
ut r’ 


W 
= \ dw” (Ws WwW") 22 (26) 
0 


pire (Wie W,)? Pra. (Ww wr" W,)? $ 
Although the details of the shape of S(W, 3x) depend on values of I’ and Er. 
it has a maximum around W~W,+W, with a broad width S>/7’4+7"”. Let 
us illustrate the actual shape of S(W, 3) for an extreme case, where one 
of 2 and 1” is negligibly small” “Tf /¢27-e 072 yr yi W,)’ can be 
approximately replaced by 70(W— W” —W,) and we obtain 


‘ at yd rr” 
Soo (W—W,)?W, Ps (WWW? (27) 
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confirming the above statement. The S(W, 37) (Eq. (24)) is only a part of the 
inelastic cross sections and there are many other processes contributing. But what 
we are looking for is a special reason for giving a maximum at Wx W, and 
other processes would be supposed to give energy insensitive contributions to the 
cross section. The main reason for this is due to the fact that the measured 
total cross sections both for z*-p and z-p are nearly constant around and 
beyond W=W, except the fourth bump in z*-p collisions. 

Our tentative model for the fourth maximum requires that the ~N—32N 
inelastic process is mainly responsible for the maximum. This would be subject 
to direct experimental test in future. 


§6. Concluding remarks 


We have thus proposed a model to interpret the second and third resonances 
of the pion-nucleon scatterings in terms of the assumed 7'=/=1 pion-pion resonance. 
The p particle is only introduced as an effective substitute for this resonance and 
should not be taken as introduced arbitrarily. Since the pion-pion p-wave resonance 
has a possibility to be justified by more thorough treatment of the pion-pion scat- 
tering in the pi-meson theory, our model is more or less faithful to the present 
meson theory. 

The mass and width of p particle are taken from those values obtained by 
the analysis of nucleon electro-magnetic structure.” Also the type of the effective 
Hamiltonian H,,, and H,,,, are based on the perturbation treatment of the meson 
theory and the coupling constants F and E are determined by the pion-nucleon 
coupling constant f and the width of the pion-pion resonance. Therefore, there 
would be little ambiguity in our choice of the properties of particle and its in- 
teraction with other particles. 

According to our model, very strong attractive potentials are obtained for the 
T=1/2, ds, and T=1/2, fsj2 7-N states at Wexm,. And the former is identified 
as the second resonance state and the latter as the third one. The same T=1/2, 
dz, state is shown to be excited by the photo-pion production at W~m,. On 
the other hand, the T=1/2, fs state is shown to be unexcited in conformity 
with. the experimental results. 

We have neglected the effects of strange particle interactions, assuming them 
rather unimportant as a cause of the resonances. Although third resonance is very 
near to the AK° threshold energy, strong AK® interactions would ordinarily imply 
an s or p wave resonance contrary to Fsj2 Tesonance. The experiments seem to 
require 7-5/2 and are. against the possibility of the AK attractions being respon- 
sible for the resonance. 

Our model for the fourth maximum is also based on the presence of the pion- 
pion resonance, but it should be regarded as one of various different possibilities. 
No detailed information on this maximum is yet given by experiments. 
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In our next paper we shall discuss the resonant pion-nucleon scatterings 
beyond the Born approximation. Thereby the competition between the pion pro- 
duction and the elastic scattering and the effect of the finite width of the pion- 
pion resonance will be taken into account. 
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Appendix I 
Determination of the effective coupling constants F and E 
(1) Effective coupling constant F for paz interaction 
Let us consider the 2-7 scattering (ap, 8g)—>(a’p’, 9’q’), where p’s and q’s 


are the four-momenta of the pions, and a@’s and #’s designate their charge states. 
S-matrix element for this process can be written as 


S=1—i(22)*0 (ptq—p'—q) (22) *(16 pogo po’ w') —" T (a p’, 8’ q's ap, fq). 
(A-1) 
In the center of mass system, the invariant amplitude T is decomposed into the 
sum of partial amplitudes : 


T (p' a’ 8’ ; paB) = —162W (4z) >i (P) > Y?"(p'’) Y"(p)* Pr,  (A-2) 


where p, p’ and W are respectively the initial and final momenta of single pions 
and the total energy of the system. P, and S} Y7"(p’) Y7"(p)* are the isotopic 
spin (T) and angular momentum (J) projection operators, respectively. For 
example, 


P(T= 1) =) ORE Oper — One Opar) ’ 


PU=1) =) ¥i"(p) Vin(p)* = 2 PD (A-3) 
m Ar p 


The unitarity condition for the S-matrix implies the partial amplitude for the state 
(l,T) to be of the form 


fir) a exp[dn(p)] sin[dn(p)], (A-4) 
provided that the inelastic processes can be disregarded. 


According to the analysis of Frazer and Fulco,” the z-m scattering resonance 
formula is approximately as follows ; 
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y+ we ih a ety Sy ype 
(25 exp (20,,) sind ~- eit" os By / (A-5) 


where, in our notation, »=/’ and », is the value of » at the resonance peak. They 
have also shown that the electromagnetic structure of the nucleon can be explained 
by introducing such a resonance at »v,~3.5" with the width /”~0.3~0.5. Return- 
ing to our original notation, (A-5) reduces to 


ehelae aio se 
with 
W,.=2(v,+ 2)? = (18 »*)*? ~ 600 Mev 
and 


r=16p1"/W(W,+ Ww). 
W is the centre of mass total energy and thus W,. corresponds to the rest mass of 
our p-particle (§ 2. Eq. (6)). It is natural for evaluation of J” to take its value 
at resonance peak, and thus we obtain Eq. (Sc) of the text: 
P=8pl'/wy: 


Next, we consider the z-7 scattering via the intermediate o-particle with 
effective interaction H,,,. The S-matrix element for this process can be obtained 
by standard perturbation method (§ 2. Fig. (1b)) and resultant amplitude 7" is 


Let COD ION a 12S (ped) p=) AT 
T(a@ p> B qd ; &p, Pq) F 2 Earp ©apr (ptg?tmp+ié ? ( ) 


and accordingly, in the center of mass system, 
/ 


T (p' a’ 2 paps) =4F’ a gms 2 Earprn © apr: (A-8) 
P 


Combining (A-3), (A-8) and 
>) €arpn €aern= Paar Ope —Oa~1% pats 
» 


we obtain 


2 42 x 
Dias Base De ge area gag poh) CB)” Pens END 
P 


This gives, by (A-2), 


singatiee ts a } A-10) 
fa) =e m2 Wie : 


Eg. (5a) of the text is only a direct consequence of (A. 10). 
With these results ((A-6) and (A-10) or (5a) and (5b) of the text), the 
determination of the effective coupling constant F is straightforward, and by the 
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method explained in the text, we finally obtain, 


F?/4a~5 and m,~ 600 Mev. (A-11) 

(2) Effective coupling constant E for pay interac- 

tion m ees Je 

Unfortunately we have not any direct infor- a8 ¥, a5 v 
mation about the 32-7 interaction, in contrast ees : 
with the case of z-< scattering. So, we assume (//)) (p+ 
tentatively that the rate of enhancement of the 55. a a ir 
T=/=1 27 state produced by 7-z is equal to eee pee’ 
that of the T’=/=1 resonance state of 2-7 colli- ga Y, 
sion, as being illustrated by Fig. (A-1). Under we Sc iw 
this tentative assumption, we proceed as follows. i * we T 

First, consider the correspondence between /- Fig. A-1. The diagrams used 


particle and the two-pion system in the state for evaluation.of E.. /Thedow, 


eet att. The normalized isotopic-spin eigen- ioktis teed folteualiioe baie 
functions 7,9 of the two-pion system in the state the small vertices. 
T=1 are given by 


est order perturbation calcula- 


= 52 (—asfotaos), Hw= J (— a,P_+a_f,), (A-12) 
V2 
Z v2 


where a9 and #9 are the normalized isotopic-spin eigenfunctions of the single 
pions, the suffix (+, —, 0) representing their charge values. Transformation to 
the usual representation (j=1, 2, 3) by 


it : ; 
ae ee (@,+1a2), &H=As, A =e (a,—1a,), etc., (A-13) 
reduces (A-12) to a compact form 


1 hs (ax 8);= — > € x15 Ux P15 (A-14) 


where @ is a vector in the isotopic-spin space whose components are (aj, a2, as), 
and €,,; is a three-dimensional antisymmetric unit tensor. Similarly, the normalized 
angular-momentum eigenfunctions ¢,.) of the two-pion system in the state 71 are 
given by 


&.= Y,"*(q)= + nisi (Gre 20, 7G, 
(A -15) 


£= vig) =,/ 3 


where q is the relative momentum between two pions and z denotes the direction 


of the quantization axis. Thus the transformation analogous to (A-138) brings 
(A-15) into 


q-/4; 
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*o4 
ees fad _ Me . 
retee. (A-16) 
Referring to (A-14) and (A-16), we obtain the following correspondence between 
p-particle and the two-pion system : 


17= +5 Aha): >) €aay O* (1) 9" (qe) =A D1 eae A P*y®. (A-17) 
2 a,B V Oy a, 

(+sign when p is annihilated and —sign when p is created.) 
In (A-17), each of a, 8 and 7 runs over 1, 2, 3, and represents the charge state 
of the relevant particle, while 7 runs from 1 to 4, representing a four-vector charac- 
ter in the ordinary space-time. A in Eq. (A-17) is the unknown normalization 
factor and contains the effect of the enhancement of the T=/=1 state by az 
resonance. 

Now, in the center of mass system of the reaction 27-9, our effective Hamil- 
tonian H,,, reduces to 


Fazs5 a “iF Daf apy Ge P) g (p) gy? ( —p) ’ 
where p is the momentum of one of the pions in the center of mass system. 
Thus, by (A. 17), we obtain 
Hi-=2V/2 AFD) 3S) DS éxey Eatery (Gs Pe" (qe? (—O ep) e*(—P) 


a,B al, pt 
=:4/2 AF >) >) Proa(a’ fs a8) (q-p) eo" qe" (—a) 9" (Pp) 9" (—P)- 
(A-18) 


On the other hand, Igi and Kawarabayashi” have computed the effective 27-27 
Hamiltonian based on the diagrams shown in Fig. (2), and obtained 


ra (LY Cap) BS Pela’ Bs af) 0" D9" (—a 0") 9°(—P) 
(A-19) 


for the T=/=1 state. Comparing (A. 19) with (A. 18), we obtain Eq. (13) 
of the text, as the correspondence between F and PS(PS) coupling constant 9: 


Al ge) 
A=- — , (A-20) 
3/27 M? F 
The perturbation calculation of the 7<—>27 reaction, which is based on the 


diagrams shown in Fig. (3) (analogously to the calculation of 22-27 by Igi and 
Kawarabayashi), gives as a matrix element of an effective Hamiltonian 


3 : 
Reta ava Pa fae, > Feat €: Pj DRIUL G1" 0,", (A-21) 
a Wh 45,2, 


where g=¢(p) 1s an initial pion field operator and and gy, are those of the 
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final two pions (momenta g; and q). @; is a polarization vector of the incident 
photon. On the other hand, our effective Hamiltonian can be written as 
Fy n5p=2iE D>) sje es Ry Paki” P*; 
which, owing to the replacement (A. 17), reduces to 
H=t+vV/2 AES) €cpy €ajn1 €s Ry Pe (Qu Qa) 9 Pr” Ga" 
=+2/2 AE D1 Cap Cages Cs Py Ve QP 21" 2". (A-22) 


In order to obtain the last version of (A. 22), we employ the conservation law 


of energy momentum. 
Comparison between (A. 21) and (A. 22) yields that 


(A - 23) 


Thus, under our tentative assumption explained in the beginning of this subsection 
(which means that we take A in (A. 23) as to be equal to (A. 20)), 


ie aoa (A-24) 
e 8M g 

With the values g?/4z7~15 and F?/4z7~5, we finally obtain. 
Eb6g, Iv) yh ait 
e 5 M 


Appendix II 


Sign of the pion-nucleon potential in perturbation calculation 
The pion-nucleon potential V in the lowest order perturbation is given by 


— sy S/n) (ml Ali? ; 
V= > WW, : (A- 26) 

where 7, , and f are the initial, intermediate, and final states and W,(W.= W,) 
and W,, are the initial and intermediate energies. The (n|H|i) is (n|Hyy,|2) in 
the low energy pion-nucleon scatterings and (eN|T|zN) in the case of our text 
(Fig. 5a). 

Since we can take i=f for discussing the sign of V of the pion-nucleon elastic 
scatterings, Eq. (A. 26) can be written as 


aN 
Vv |<] A|2>| ; A-27 
> Ww, ( ) 
and the sign of W,—W,, determines the sign of V. 
In the -wave pion-nucleon scatterings (Fig. A2) W,<W,, for m*-p scatter- 
ings and W;>W,, for z~-p scatterings. Therefore we get an attractive potential 
for the former and a repulsive one for the latter. 
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P 7 p ; 
"Ne p Cr ym 
se ' ' 
mt \ ' 
se x ! 1 
ae n N N ! ! 
N N =: 
\ NS 4 ()N nw 
‘ x 
®: ‘ ~ { ' 
NS Me ce 
i ee \ it iat 
Pp \T (A8a) (A3b) (A8c) 
Fig. A-2. The diagrams of the p-wave Fig. A-3. The diagrams of the s-wave 
pion-nucleon scatterings. z*-nucleon scatterings. 


Similarly, the pion-nucleon force through p-N intermediate states (Fig. 5a 
of the text) is attractive for W;<m,, since always W,=m,>W;. Even when 
W,>m, as in our case of the third resonance, the potential is attractive since 
most of intermediate p-N states have W,, larger than W; when W/; is near ™m,. 
This is the case with our third resonance. 

An exceptional case appears in scatterings through formation of a virtual 
nucleon pair such as in the lowest order s-wave pion-nucleon scatterings (Fig. 
A3a). Here the two nucleons are in the identical state when i=f and the transi- 
tion is prohibited by the Pauli principle. The non-vanishing contribution to the 
potential comes from the process of the initial pion going into itself through a 
virtual nucleon pair (NN) production in the presence of the initial nucleon (Fig. 
A3b). This transition should be measured relative to the transition of the pion 
(z;) going into itself in absence of the nucleon (Fig. A3c) and the resulting con 
tribution is entirely due to such process of Fig. A3b having the virtual nucleon 
identical with the initial nucleon (p;). Therefore we obtain 


i (n|H\p:N)(p: Ni Alm) _ \(z.|Hlp. NP >0, (A-27) 
E,,—Ewwx W.-W, 


leading to a repulsive potential in spite of W,> Wi. 


Appendix III 


Tables of projection operators 


(a) Projection operators PULL) for zN>eN 
~~ Notation 
J: Total angular momentum 
land L: a-N and p-N relative orbital angular momenta 
j: sum of the intrinsic p-spin and the p-N relative orbital angular mo- 
mentum , 
k and q: momenta of = and p in the center of mass system 
p: polarization vector of p 
co: nucleon Pauli spin matrix 
By P(L->L/), we denote the projection operator for production of ¢ in the 
state (J, L, 7) by absorption of z in the state (J, J). 
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P(s12 —> S12) = -p) 


“evs 
Pde Se nae 7 ~[3(@-h) (p-h)/B—(o- p)] 


P(pin—> Pf) = 7 (o-k) (p-q)/kq 


Pl pin > Pid) = (o-[qX p]) (ok) /kg 

= sage [(o-p) (q-k) — (o-q) (p-k) —i(k-[qX p]) \/kg 
Ppa Py) = Fe [(o-p) (q-k) —(o-q) (p-k) + 21(k-|qX p]) |/kq 
Plpan > Pad) =— 2 [3{(o-4) (0) + (-p) (Q-#)} 


—2(0-k) (q-p)V/kg 
PUsn Pad) = 2 9 2 [Ce 0) (4-8) + (ob) (4p) + (0-4) (p-B)} /kg 


—5 (ok) oe (q:k) /R'q]. (A- 28) 


These projection operators satisfy the orthonormality condition 
Tr| d0, PULA)" Vel (ied sl = CAE Sin Perey Pc heeds Cv) 
7 


where the symbol Tr means the sum over the three independent orientations of 
the -polarization vector p and the trace with respect to the two-dimensional 
Pauli spin space. 
(b) Projection operators for yN>eN 

Notation 

k and e: momentum and polarization vector of the photon 

q and p: momentum and polarization vector of p 

E,(L?) and M,(L/) are the projection operators for production of p in the 
state (J, L, 7) by absorption of electric and magnetic 2/-pole radiation, res- 
pectively. The meaning of J, L and j is same as in Subsection (ays 


eh bat eae alle 


Ex(Sy3) = 3 -[2(e-p) +i(c- lex p}) ] 


M{S.)) = -— OF —[2(o-k) (p-[ex k]) /F+ (6 -[ex p])] 
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a il (i 
M, (P12) ves vee (o-[eXk]) (q-p)/kq 


1 il i 

M, (Py) = Ui (p-€) (qf) — (p-&) (e-4)} +i{(@-4) (p-[exB)) 
—(o-p) (q:[ex k])} ]/kq 
= ig ge | 

Maleate jrang toa prey harkey cpr ey (erq)ynaral (o-4)Cpcle x bl) 
—(o-p)(q-[exk])} ]/kq 


sie Cea 0 
Ethan) oe gl (o-k) (e-[pXq]) + (o-e) (k-[pX q]) |/ka 


M, (Px) = srg 2(4- 0) (@ [eX k]) +3(0-4) (e-[px ke) 
+3(a-p) (e-[qxk]) ]/kg 
BPs) = 2 of 3 [21(0-6) (4-8) + (PB) (e-)} —AG- Lex PD 
+ (p-e) (o[kX q]) + (p-&) (@-[exq]) + (e-@) (@ [kX p])} I/ka 
BP) = 2 gf (349-0) (4-8) + (-#) (o-@)} +14-® C LeXe) 
+ (p-e) (o-[kx q]) + (p-#) (o-[ex ql) + (e-4) (ofkx pl) }/A9 
Ma(Psi) = yf 5 (5( (ob) (4-8) (p-[XeD + (@-¥) (PH (q-LBXE) 
+ (q-h) (p-k) (o- [kX el)} /Ha— {(o-4) (p-[kxe) 
+ (o-p)(q-(kXe]) + (q-p) (olkxel)} /Ral (A-30) 


These projection operators satisfy the orthonormality condition 


\ hee E; be) i En C5 = 7 (2J+ 1) On7 On Onn O53 > (A ‘ 31) 
| d2,TrM,(L;*)' Mi (Ly") = as (2D +1) O51 Ow Or1 Osy 5 (A-32) 


| 42,00 M, (Lf)! Ev Li") = {42,7 E,(L2)* My (Li") =0.  (A-33) 


In the above equations, the symbol Tr means the summation over the independent 
directions of the polarization vectors e and p of the photon and p, and the trace 
with respect to the Pauli spin space. 
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We assume that there is a quantum mechanical system at each point of the space-time, 
and on this assumption we can precisely construct the quantum theory of free fields. This 
theory is mathematically meaningful, and contains a theory which is completely equivalent to 
the usual one from the physical standpoint. Especially the physical meaning and the 
mathematical contents of field operators are clarified. 


§1. Introduction 


Though it is believed in general that the present quantum theory of free 
fields is a closed one, we cannot agree to such an opinion, because the meanings 
and roles of field operators are not yet completely clarified. Of course, we can 
treat the problem consistently in outline, considering the field operators to be 
purely formal.” But, we think that the role of field operators is very important 
physically and mathematically, and that a closer study of this problem is necessary. 
In this paper we shall show how we can treat the field operators consistently not 
only from a physical point of view but also from a mathematical point of view. 

We begin our study by considering the physical import of field operators. 
Any field operator q(x) should be regarded as an “idealized” operator. For ex- 
ample, if it is a creation operator, it creates a particle which is at only one point. 
Of course, there will be no such particles in real nature, but it is very useful to 
utilize these idealized particles. In fact, if we do not use such idealized notions 
in quantum mechanics, it will be very difficult to understand the theory physically. 
On the other hand, if q(2) represents an observable quantity, it represents the 
density of a physical quantity. The density is of an “ idealized” character, too, 
but it is obvious that, if we have no such notion as density, it is difficult to 
understand the character of the field quantity |[ref. 2), II, § 4]. 

In order that we can treat the idealized operators consistently, it is necessary 
to introduce an “ idealized” system. Namely it is necessary to assume that there 
is an idealized system at each point x of the space-time, and that the whole 
system can be constructed by these idealized ones. In the following, such an idea- 
lized system is called a “primary system, » and we assume that each primary 
system is composed of the “primary states” and the “ primary operators.” On 
the other hand, the system which is composed of the states and the operators in 
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the proper sense is called a “ proper system.” The proper system has the physical 
reality in contrast to the primary system. As each primary system should be 
an idealized system of the usual quantum mechanical one, it will have the well- 
known quantum mechanical character. In these respects we may say that our 
theory is nothing but a faithful and mathematically meaningful realization of the 
second quantization following the program of Heisenberg and Pauli.” 

Though our theory is mathematically meaningful, our argument here is not 
necessarily mathematically rigorous in order to avoid physically meaningless 
confusions. 


§ 2. Primary system 


As stated in §1, we assume that at each point r=(x, t) of the space-time 
there is a quantum mechanical system which is called a “primary system. ” 
Namely we assume that there is such a separable Hilbert space }(x) that any 
“primary state” is a normalized vector of )(2) and any “ primary operator” is an 
operator in h(a). Furthermore we assume that the set of these primary operators 
forms a *-algebra a(x).” The expectation value of a primary operator g(x) for 
a primary state w(2)eh(a2) is given by the inner product 


(w(x), g(x) o(2))p. (2-1) 


As the space-time is homogeneous, all primary systems should be equivalent to 
each other. 

It is well known that the quantum theory of fields is nothing but the theory 
of a system of particles, and we assume that this feature is preserved also in the 
primary system. That is, we assume that there is a set of primary operators 
{da ; @=1, 2, ---, N} which satisfies the following conditions : 

i) Every primary operator can be generated by these q,’s. 

ii) Under a Lorentz transformation L, g, is transformed according to the 

well-known equation 


a= LapQa,' (2-2) 
where Log is determined by the spin of the field under consideration. 
iii) The commutation relations are 
Lda; da" |z=Pag; (2-3) 
where subscripts — and + correspond to the integer and the half-integer spins 


respectively. Eq. (2-3) shows that g, and g;* are the annihilation and the creation 
operators, and there is a vacuum «(2)¢€h(2x) such that 


da(X)wo(x) =0, a=1, Sia N. (2-4) 


It should be noted that Eq. (2:3) is not necessarily Lorentz invariant. This 
means that, though the theory as a whole is Lorentz invariant, the set {g,} which 


+ In the case of the electromagnetic field, g;, 7=1, 2, 3, and gg* are mixed under some Lorentz 
transformations, but there is no need to enter into this problem in this paper.” 
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satisfies the above conditions is not Lorentz invariant, namely, the set {/gq.} is not 
necessarily such a set after a Lorentz transformation is performed. The situation 
will be clarified in the example c) in § 5. 

Next we consider the system on a flat space-like surface o, namely at a time 
t in some Lorentz frame S. In order to describe the system on o, we construct 
a direct product of all primary systems on o |ref. 2), IL]. Let 


h°°(o) = Wreeh (x), (2-5) 
where the right-hand side is the incomplete direct product” of {h(x) ; reo} which 
contains the element 

2Q,(c) => we seni A Cea ene (2-6) 


It is obvious that §°°(c) is not separable. The physical meaning of the space 
h°(c) is the following. (o) is a vacuum, that is, a state of no particle on o. 
If there is a particle at a point aeo, then the state is given by a vector 


2(o) =X xeo(X), (2-7) 

where 

w(x)=a,(a), x=a, 

wo(r)=a(2), va, 
and w,(a) is a state with one particle. When there is two or more particles, the 
state can be represented in a way analogous to Eq. (2-7). §°(c) is nothing but 
a Hilbert space which is spanned by these states Q(c). In some cases, there may 
be another set of primary operators {qu} and a vacuum w, which is not equal to 
W. In these cases §°°(c) and §*’(o) are not equal to each other. The most 
typical example is given by the two kinds of vacuums for the Dirac electron field. 

Let a(o) be the direct product of a(x) [ref. 2), IL], 


A= CO... 067), (2-8) 
That is, a(o) is an algebra generated by such elements as 
i i) q(x)ea(x), 


where g(x) is the unit element e(2x) except for only a finite number of q(x). 
For each element of a(o), an operator is defined in h°°(«), but it is to be remarked 
that a(o) does not depend on ) contrary to h°°(c). This fact seems to us to 
show that a(o) 1s more essential than §°°(o) in the quantum theory of fields. 
Corresponding to a primary operator g(a), an element of a(o) is defined 


x Pie) > 


where 
q(x) =q(a), r=4, 


q(z)=e(z), rsa. 
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We denote it by the same symbol g(a), too, there being no danger of confusion. 
In the following the operators g.(x)ea(o), a=1, 2, --, N, corresponding to the 
primary operator ga(x)«€a(x) are especially important. In the case of the half- 
integer spin, it is well known that a slight modification is necessary in order to 
preserve the anti-commutation relation 

[qa(x), Ye(2')],=0, 2&2", 
and we assume that this modification is already performed for these ga(x). 

The vector 2(c) correctly represents an idealized state, in which each particle 
is at exactly one point, but does not represent a proper physical state. Therefore 
we may say that the system composed of §°(c) and a(o) is also a kind of pri- 
mary system, and we call it a primary o-system. 


§ 3. Proper system 


We are now in a position to consider the “proper system.” In quantum 
mechanics a state which is represented by a wave function ¢/(x) can be considered 
as a superposition with coefficients ¢(x) of idealized states, in which the particle 
is at x. The relation between the proper state vector Y(c) and the state vectors 
Q2(c) of the primary o-system is the same as that between ¢(x) and idealized 
states. Such a vector /(o) can be defined precisely as follows. Let ¥(o) be an 
antilinear functional on °°(o), and denote the value at 2(c)eh°°(c) by 


(Q(o), P(e)). 
P(o;0)=(2(o), P(o)), 
Po sa, e)=(O//1)) (gE (#) Qo), Y(o)), (3-1) 
Plo 5a, *33,¥)=O//21) (aa (y) ae (*) 2(o), Y(o)), 


Put 


Then it is obvious that each of them corresponds to the vacuum, the state with one 
particle, etc., and we call them the components of ¥(o). It is easy to show that 
the components of /(c) are symmetric or, antisymmetric functions according to 
whether the field is of the integer spin or the half-integer. 

At first, we assume that all components of (oc) belong to G, and that only 
a finite number of them are not equal to zero.’ Put the set of all these Y(o) be 
He(c), and He(c) is a vector space. If O(«) is a positive definite distribution, 
then we can define an inner product in De(o) as follows: 


CAGE Pio) 5 
=F,(0 5 0) Pio 5 0) + Wa Filo; a, x) +P (0 ; a, x)) (3-2) 
+3}G2x Oy) (Pi(o 3a, «; 8, y)*Pi(o;a, «38, ¥)) +o, 


+ Mathematical symbols and terms are explained in the Appendix. 
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or symbolically 
(¥2(c), V(o)) 5 =0(Pa(o)*¥,(o)), (3-2) 
and the norm of ¥(c) is defined by 
|P(o) P=(P(c), P(o)) 5: 


Let the completion of S¢(o) be $(c), and O(c) is the Hilbert space which is 
spanned by the proper state vectors. We can show that (0) is separable in all 
physically meaningful cases [see the Appendix]. A vector /(o), whose components 
are all zero except for the component 


P(o;0)=1, 


is the vacuum corresponding to 2)(), and we denote it by ¥%%(c). 
If F(x) is a square integrable function in the sense of Eq. (A-4), then we 
can define an operator q*(F) in $(c) as follows : 


qi(F) is such a creation operator that 
(qi (x) 2o(o), GE(F)%0(o)) = Peek (*); 
(qk (vat (x) Qo(o), G3 (Fa) a2 (Fx) Po(7)) 
= 0520 yal o(y) Fi(*) + Osa0ypFo(%) Fily)s 


(3-3) 


7 


where -- and — correspond to the integer and half-integer spins respectively. 
It is obvious that every vector in $(c) can be constructed from Y%(o) by op- 
erating an appropriate number of operators qz(F), and that 


(qi Fy) Palo), a8 Fi) Yolo) 9 =F 20 FFs), 
(qx (F.) 47 (Fs) Pi(o), qi (F2) qi (Fi) ¥0(7)) 5 (3-4) 
=D 500 yal (Fee F2) O( Bye Fy) + Osay0 (FxF,) -6(Fs*F 9), 


q«(F), defined as the Hermitian conjugate of qz(/), is an annihilation operator, 
and 

qa( Fx) 42 (Fy) Po) =O pq0 (Fo* Fi) Poo), 

qy (Fs) 48 (Fs) qa (Fy) Py(o) 


oP. gh (3-5) 
=), 90 (Fy Fs) qi (Fx) Poo) + 3,0 (Fy F:) qi (Fs) Yo(o), 


The commutation relations are given by 


[qt (Fi), 92 (Fa) ]-=0, 
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[qa(F1), qa (F2) |-=9, (3-6) 
[qe(F:), 9% (F2) Jz =Sae (PtP). 


§ 4. Field operator 


In order to define various field operators, which are not operators in D(o), 
it is necessary to introduce a dual space HZ(o) to He(o). It is obvious that, if 
W.(c)€He(c), then the inner product defined by Eq. (3-2) has a precise meaning 
on condition that every component of %,(«) belongs to ©/. Therefore, we define 
an extension of ¢(o) as follows. Let ‘’*(o) be an antilinear functional on h*°(o) 
whose components belong to ©/, and the set of these ¥*(c) be O¢(o). For 
any elements ¥(c)eOe(o) and ¥*(o)eHF(o), a complex value is defined by Eq. 

(B(o), P*(o)) 5. 
It is easy to show that, for any FeO;, we can define an operator q.(F) in De(o) 
and qz(F) in $€(c) in the same way as in § 3, and that they satisfy the same 
equations as (3-3) and (3-4). Furthermore, these operators are adjoint to each 
other, that is, for any P(o)eHe(o), P*(o) eDE(e), 

(P(o), qa(F)P*(o)) 5=(qal(F) P(e), F*(o)) 5. (4-1) 
qa(F) is an operator in D¢(o), and qi(F) is in H€(e), therefore we cannot 
define the product of these operators in general, and the commutation relations of 
them have no mathematically precise meaning. 

The most typical examples of field operators are given by 

qa(a@) =4qza(0(x—a)), 
qz (a) =qz(0(x—a)) 


and, if we formally calculate the commutator, we get 


Lqa(a), qi (b) |z=0.,0(a—b). ‘ (4-2) 


This shows that q.(a@) and qx(a) are nothing but the field operators in the usual 
theory, and we have succeeded to give them precise mathematical meanings. It is 
remarkable that, though the commutation relation (4-2) has no precise meaning, our 
theory contains in Eqs. (2-3) and (3-2) mathematically meaningful contents which 
are completely equivalent to Eq. (4-2). Eg. (4-2) is very useful in practice, 
because it can be considered as a formal representative of Eq. (3-6). 

Let F(x, a)eO; contain a real parameter a, then we can define the differen- 
tiation and the integration by 


(0/0a) qa( F(x, a)) =qa((8/a) F(x, a)), 
(3/9a)q#(F(x, a)) =93((8/9a) F(x, a)), | 
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[quCF(x, a))9(a) da=qa(| F(x, a)9(a)da), (4-3) 


\aecr (x, a))9(a)da=q%(| F(x, a)9(a)da)). 


Of course, it is necessary that the differentiation and the integration in the right- 
hand side are well-defined in ©/. It is obvious that q.(a@) and qx(a) are in- 
definitely differentiable with respect to a;, 7=1, 2, 3, and if FeO,, 


ge(P) =|qe(a) Fada, 
(4-4) 


qt (F) =|q2(a)F(a)da 


in the precise sense. 

It is worthy of notice that, though the Fourier transformation has a precise 
meaning in 6’, the field operators in the so-called momentum representation lose 
their mathematical meanings in some cases. Formally we can define the Fourier 
transformation of field operators by the following equations : 


(1/(22)") \qa(F(#—a)) exp (—ik-a)da=q.(F(k) exp (ik-*)), 
(4-5) 


(1/(22)°)|q(F(@—a)) exp (ik-a)da=qi(F(k) exp (ik-x)), 
where 


F(x) =|FU) ee GR aN 


If 6(x) belongs to ©/, we can easily show that Eq. (4-5) determines mathemati- 
cally meaningful operators, and they are the field operators in the momentum 
representation. On the contrary, if @(x) does not belong to 2/, Eq. (4-5) loses 
its mathematical meaning in general. For example, the distribution 0(x) of the 
electromagnetic field does not belong to D/, so, in this case, the field operators 


in the momentum representation have no precise meaning. 


§5. Equation of motion 


In this secuon we consider the relations between the systems at different times. 
From the principle of causality, a state @(o) on a surface o should completely 
determine the other states 7(o) on any surface o. This means that there should 
be a one-to-one correspondence between {}(0) and $(o), and it is very likely 
that, by this correspondence, Helo) is transformed onto H¢(c) and HF(e%) onto 


DEC) simultaneously. If these conditions are satisSed, we can consider that all 


spaces He(o), H(o), and ¢ (ce) do not vary with o, and we can denote them by 


He, H, and HE respectively. Namely, we can ado»t the Heisenberg representation 
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As the differentiation of field operators is mathemetically meaningful, the well- 
known equation of motion has a mathematical meaning, too, and there will be no 
need to discuss it in detail. For our purpose, it is more convenient to introduce 
a Green function. It is obvious that all field operators must be represented by 
those at the time ¢. Furthermore, as we are dealine with free fields, the number 
of particles must be conserved. All these conditions are satisfied if and only if 


there is a kernel function G.,(x, t)€, such that 
qa(*, t) =Gap(%, t—to) *qa(%, to), (5-1) 
qz (x, t) =Gap(%, t—t) *qa (x, to). 
It is easy to show that 
GaP, 1) =qa(Cualt—H)*F, 4), | ah 
qa (F, t) =q5 (Gap (t—to) *F, to). 


As G(t) €O/, Eq. (5-2) secures the above-mentioned correspondences between 
Helo) and He(c), and between HF(o) and HE(c). From Eq. (5-1), it can 
be shown that G,,(x, ¢) should satisfy the equation 

33|Gur(%, 6) Gyo (x, t:)| =Guolx, +h). (5-3) 


Furthermore, in every physically meaningful case, we can show that 
Gas(—t) =Gea(t), (5-4) 
and this secures the invariance of Eq. (3-6). In fact, from Eqs. (4:2), (5-1), 
(623)5 and (5-4), 
[aa t), G5 (¥, le =D Gay (0) *Co (0) 0} (wy) =O apf (a), 


that is, the formal equation (4-2) is valid at any time ¢, and this means the 


invariance of Eq. (3-6). Hence, Eq. (5:1) determines a unitary transformation 
Ineo. Put 


Aap (x, t) =Gap(x, t)*9(x), (5-5) 


and 0.¢(x, t) belongs to G’. We can rewrite the theory symmetrically with re- 
spect to x and ¢. For example, 


(q2 (Fs, tz) Po, da (Fi, 41) Yo) ae 6 2a (t.—t1) (FyxF,), (5-6) 


[qa(x, ty) qd (y, ty) |e =9ag(x—y, t:—t2), (5-7) 
and the others will be obvious. 

Thus we have succeeded in giving a precise mathematical meaning to the 
quantum theory of free fields. In order to justify our theory, it is only necessary 
to confirm the following in each case: 

There are two distributions, (x) and G(x, £), and they satisfy the following 
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conditions. 
i) 4(x) is positive definite and belongs to ©’. 
ii) Gug(x, t) belongs to ©,, and satisfies the usual equation of motion, Eq. 
(5-3), and Eq. (5-4). 
iii) Defining 9,4(x, ¢) by Eq. (5-5), we can show that Eq. (5-7) coincides 
with the usual commutation relation. 
Here we add a brief sketch of some examples. 
a) Scalar field U(x) 
Divide U(x) into positive and negative frequency parts U*t(x) and U-(x),; 
and 
[U* (a2), U**(2')J=id* (x-2'), 
Vers ear U-(2')J=—1d4- (2-2). 
The two distributions 74* (x, 0) and —id~(x, 0) are positive definite, because [see 
the Appendix] 
id* (x, 0) =—id (x, 0) 


=(1/(2n)*)| 1/2Ks) exp (ik-x) dk, 


where 
Ky=V B+e’- 
If we put 
G*(x, t) = (1/(2)°) \exp (ik-x) exp (#iKet) dk, 
then 


U*(x,t) ae (x—y, t) U*(y, 0) dy. 


Thus, putting U*=a, Uat=q@, we get 
C(x) =a (x, id- (x, 0) eS’, 
Gi (x, t) =Gn(x, £) = (x be Es 
4,(x, t) =92(%, t) =id* (x, t)=—id (—*, —t). 
b) Electromagnetic field A,(2) 


When we put 
A,(z) =A," (2) +A, (2), 


then 
[A,* (2), Av (2) ]=18,»D" (2—x'); 


and 
A,2 (x, t) = |G (x—y, NAA(y. dy, 
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where 
G(x, ty =G"Ges, 2) 20: 
Putting 
Aue Onsen that 3G, 3 Ay 24 op 
we get 


6 (x) =iD* (0) = —=1D_ (x; OES, 
Gale, DG, (eee, 
Gils, D=H=Gy a) 02, 
6) CR) S51 (oe et) 
O Ait et (aes 
c) Spinor field a(x) (#0) 
It is well known that 


[Pa (x, a) fb, (a9 Hs =0490(x—X’), 


re 


d(x, 1) = —\iSce —y, 7h (y, 0) ay, 


where 
S(xr)=(7,9,—«) 4(z). 
It is obvious that 
(x) =8(x) €C’, 
G(x, t) =iS(x, 71D," 
O(x, 2) =—iS(«, t)74. 
Eq. (5-4) is satisfied on condition that 7;, 7=1, 2, 3, and 7, are Hermitian matrices. 
For the primary operators, a commutation relation 
(pus ba* ls =p 
is not Lorentz invariant. A covariant commutation relation is given by an equation 


[Y, $].=—=27 4m, 
where 


P=P"r4 


and n, is a time-like unit vector. Physical meaning of this commutation relation 
is the following. 


t If «=0, G(x, 2) does not belong to ©,’, and our theory is not applicable without any 
modification. 
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In order to specify the physical meaning of a primary operator ¢/,, it is. ne 
cessary to appoint not only the Lorentz frame S) but also the forms of matrices 
ry, After a Lorentz transformation L is performed, we get a new Lorentz frame, 


S — Sy 
and new primary operators, 
‘ba=LapY ep. 


But the physical meaning of ’%, cannot be specified without the knowledge of 7, 
and S>. Thus the appearance of a specified vector in the commutation relation 
can be understood, and , is nothing but the unit vector in the direction of the 
time axis of S). 


§ 6. Concluding remarks 


We have stated the theory using a space-like surface t=const., but it will be 
obvious that we can use any space-like surface « on condition that there is a 
uniquely defined vacuum €h.' For physicists, it is customary to use any space- 
like surface o, and our theory affords a mathematical foundation to it. This fact 
is very important from the viewpoint of general relativity, because, in this case, 
there is no flat surface in general. Therefore most physicists will be able to 
accept our theory intuitively also in this respect. 

Now, we summarize the chief contents of this paper. At first, we have in- 
troduced a primary system at each point, and have constructed a direct product 
of them on a space-like surface ¢, that is, we have constructed a primary o-system. 
As the meanings of Eqs. (2-2) and (2-3) are well known, there is no room for 
ambiguity as to these systems. Next, we have introduced the space Se(o), whose 
elements are well-defined functionals on *°(«), and have explicitly defined an inner 
product in H¢(¢). Thus we have defined the Hilbert space §(o) concretely, and 
this enables us to define and to treat various field operators correctly. 

It is, however, worthy of notice that our theory can contain essentially new 
contents. jIt.is .easy to ysee “that, in the above theory, such a state vector as 
gi (x) (x) 2) makes no Jontribution to <.— But, 11 we-add such terms as 


S10,( Bylo 3 a, «58, x)*Fi(o 5a, *3 8, ¥)) 
a,B 


to the right-hand side of Eq. (3-2), the above vector becomes meaningful, and 
there appears a completely new feature. In this case § consists of two parts Di, 
2, where 1 is the original one and is orthogonal to :. 2 is a space cor- 


responding to a new kind of particles, and it is an open question what physical 


meaning , has. . 
If there are two or more fields, the primary system of the composite system 


+ It may happen that there is no 
transformation,” but we do not consider this problem in this paper. 


vacuum which belongs to 5 and is invariant under the Lorentz 
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is given by the direct product of primary systems of the original fields, and the 
theory is unchanged except for the interactions of these fields. As to the inter- 
actions, we can introduce an essentially new type of them which is characterized 
by primary operators such as gagg. The field operator corresponding to the above 
primary operator can be represented as (qaqa) (x) and not~as qa(x)qa(x). All 
these problems will be discussed in detail on another occasion. 


Appendix 


Mathematical terms and symbols which are used in this paper are briefly 
explained in this Appendix. A detailed account of these matters will be found 
out in reference 6). 

®: This is the space of complex-valued functions of N real variables, each 
of which is indefinitely differentiable and has a compact carrier. There is defined 
a topology in , and D is a topological vector space. 

®’: (The space of distributions) This is the adjoint space of 9, that is, a 
space of continuous linear functionals on ®D. 

For any Te’ and geD, we can write 


T(¢)= \T (a, ies awn) 9 (a, 35 ay) da, :::day 


=|T(a)¢(a)da 
in a symbolical sense. Under some appropriate conditions, three kinds of products 
are defined : 


i) Product ; 
T,-Tx(¢) =|\T.(a) T(a)¢(a)da. 
ii) Direct product ; 
TeX To(GaX ¥s) =Ta(Ga) -Ts(¢r)- (A-1) 
iii) Convolution ; 
T.*Ts(¢) =|Ts(a—b)T (6) ¢(a)dadb 
=|T\(a) T:(d) ¢(a +6) dads. 


For physical purposes, D and D/ are not appropriate, but the following 
spaces are very useful. 
) ©: This is the topological vector space of functions, each of which is in- 
definitely differentiable and rapidly decreasing. 
©’: (The space of slowly increasing distributions) This is the adjoint space 


of S. 
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©,,: This is the space of indefinitely differentiable and slowly increasing 
functions. 


Cah 


©! (The space of rapidly decreasing distributions) This is the space of 
rapidly decreasing distributions, and a distribution T belongs to ©; if and only 
if T*geS for every geD. 

These spaces satisfy the relations 


eo oS), 
a} a} 
D/ co’ aD’; 
and the following products can be defined : 
T,:-T:«S(S6’), T1€0 ms T.<S(6’), 
T,*T,.<6(6’), Tie, T.<S(6’). 


(A-2) 


In ©’, Fourier transforms of all distributions can be defined, and this transformation 
determines one-to-one correspondences as follows : 


SHS, 0,00, Soe’. 
It is well-known that 
4(x)=4* (x) +4 (zx), 
d* (2) =— (i/(2n)*) | (1/2Ks) exp (ik-x) exp (—iKi) dk, | (4.3) 


d- (x) =(i/ (22)) | (1/2K,) exp (ik-x) exp (iKet)dk, 


v 


where 

Ko=) iar « 
This shows that J*, 4-, and 4 belong to S’ for any time ¢, and if «<0, they belong 
to O,. 


Let G(a) be the conjugate complex of g(a), and 
~(a)=9(—a), $(a)=9(—a@). 
Then we can define T, T, and T by the following equations, 
T@)=T@), TA=TY), TH=TH). 
If 7'e@’ satisfies the relation , 
F(G+9) =|T(a-0)G(a)¢(b)dadb>0 (A-4) 


for any ve, T is said to be positive definite. TJ’ is positive definite if and only 
if the Fourier transform of T is a slowly increasing positive measure. If ¢,(a), 


¢,(a)€S, and if 
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g(a) =\¢.(p) exp (1pa)dp, 1=1, he 


T (a) 


I 


\T) exp (ipa) dp, 
then 


O05 \7(a- AYA Canta eae: 
i (A-5) 
= (22) |T (py@(p) ¢2(p) dp. | 


If T«G’ is a given positve definite distribution, then (A-4) defines an inner pro- 
duct in G, and © becomes a pre-Hilbert space. The completion © of © is a Hilbert 
space. (A-5) shows that, if the measure T(p) is absolutely continuous, @g is 
separable. From (A-3), it is easy to show that the Fourier transforms of d* (x, 0), 
—id-(x,0), and 0(x) give absolutely continuous positive measures, that is, they 
are positive definite, and the corresponding © @ are separable. 
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On the basis of the symmetry theory of Sakata’s model we study some properties con- 
cerning various weak interactions. For baryon-meson systems, a scheme is proposed in which 
a decay can be described by the transitions between various configurations. In this scheme, 
the conventional selection rule concerning isospin can be understood quite naturally. It is 
also investigated how the symmetry property possessed by the basic particles is reflected in 
the B-decay of hyperons and in the K,5-decay. 


§ 1. Introduction 


Through the recent studies both theoretical and experimental, we have ac- 
cumulated a considerable amount of knowledge about the weak interactions. Now 
we ccnsider that the main characteristics of the weak interactions can be sum- 
marized in the following three facts. 

(1) Parity violation:” It is found in both the leptonic and the baryon-meson 
systems. 

(2) Universality :?® For all the weak decay processes the effective coupling 
constants are almost of the same order of magnitude, i.e. ~107 in the unit 
heer a0) 1 

(3) Charge exchange” and V-A type: The interactions are of charge exchange 
type in all the leptonic decay processes. From the universality of the weak in- 
teractions we expect this type also for the baryon-meson systems, although it has 
not necessarily been established. The V-A type interactions are confirmed or 
shown to be favourable in all the leptonic decay processes except K,;, where some 
doubt is still left unsettled. There is no definite evidence against the V-A type 
in the decay processes in the baryon-meson systems. 

These characteristic features are possessed in common by the phenomena of 
a fairly wide range. Yet one may have some objections to the arrangement men- 
tioned above, particularly to the third. In fact, we know some phenomena which, 
at {rst sight, do not show the characteristics of the weak interactions. Of those 
phenomena we give three in the following. 

(a) The so-called |4J|=1/2 rule,” which is fairly successful in the baryon-meson 
systems. 
(b) The problem of the electron energy spectrum in the KK cecay, "and OL 
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the ?-decay of hyperons,” although further experimental data are necessary. 

(c) Asymmetry due to the parity violation in hyperon decays and the problem 
of branching ratios of hyperons and K-mesons into separate decay channels’””**” 
(excluding those due to the |4/|=1/2 rule). 

It seems of much interest whether these mean a deviation from the common 
features of the weak interactions or they are due to some other fundamental origin. 
On this question a new light may be thrown by the symmetry theory of Sakata’s 
model,” which we are going to outline in the next paragraph. 

In this theory, proton p, neutron 7, and A-particle 1 are the basic particles 
which compose other baryons and mesons in the sense of Fermi and Yang.” 
These three particles have similar properties (spin, baryon number, strong inter- 
action), and cannot be distinguished in the approximation that the mass difference 
is neglected and that the electromagnetic interactions are switched off. Therefore 
we may expect a certain symmetry” to exist among the basic particles and to 
be realized in mutual interactions among baryons and mesons. This view has 
recently been formulated mathematically by Ikeda, Ogawa and Ohnuki™ on the 
basis of the unitary group U(3) of degree three. We shall hereafter call this 
the theory of full symmetry for the sake of simplicity. There the composite 
systems, classified into the irreducible representations of U(3), have a good cor- 
respondence to the resonance states established in scattering experiments. We can 
see this from the mass formula which has been found by Sawada and Yonezawa” 
on the analogy of the case of atomic nuclei. Under this circumstance it seems 
that the theory of full symmetry involves very important suggestions as to the 
possible direction of the theory. 

Now, in this paper, we shall make a concrete inquiry into the problems (a) 
and (b), considering them as reflections of the full symmetry possessed by the 
strong interactions that participate in the reactions. We expect that the problem 
(c) will be settled to a large extent when the dynamics of the strong interactions 
is made clear. In § 2 we shall discuss the weak interactions from the viewpoint 
of the full symmetry and propose a non-leptonic decay scheme, which will be 
analysed in § 3. Because of our poor knowledge about higher configurations, we 
are obliged to limit the K-meson decays to those into two pions. In § 4 we shall 
examine the isospin selection rule on the basis of the above results. It is a re- 
markable result that from the only one assumption |4S|=1 we can quite naturally 
deduce the results equivalent to the |4J|=1/2 rule. In §5 we shall investigate 
the problem of K,;->7°+e-+»v and the §-decay of hyperons. The concluding sec- 
tion will be devoted to the discussions on the direction of our future studies. 


§ 2. Full symmetry and weak interactions 


In the theory of full symmetry,” we assume a certain symmetry (full sym- 
metry) to exist among /p, m and A, which are the basic particles in Sakata’s model. 
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This symmetry is mathematically expressed as the invariance of the theory for 
the unitary group U(3) of degree three. On this assumption a state is associated 
with the six quantum numbers (73, 5,%:5, 1, 2). Here m,, 5, f and J, are 
familiar in the conventional theory, i.e. baryon number, strangeness, isospin and 
its third component respectively. s) and %, characteristic of the full symmetry 
theory, define together with , the irreducible representation of U(3) to which 
the state under consideration belongs. s) is the maximum strangeness value for 
the states belonging to the representation, and i is the maximum isospin value 
for those states with S=s They cannot be ignored in order that the charac- 
teristic features of the full symmetry theory may be fully reflected. 

There exist many composite states which have the same quantum numbers 
(np, So 0; 8, I, I;). Having the same transformation character for U(3), those 
states cannot be distinguished from the standpoint of the representation of U(3). 
We shall interpret them as the various states of the same particle. Such an in- 
terpretation is closely connected with the concept of physical particles in the ordi- 
nary field theory. In fact, a physical particle is usually considered, from the 
viewpoint of perturbation, as a superposition of the bare particle states and the 
various clothed particle states. In accordance with such a picture in current 
physics, it is very natural in the present case to consider that one of the states 
with the same quantum numbers (e.g. the lowest configuration) corresponds to a 
bare particle and the others to the particle surrounded by various clouds. Thus 
we are led to the following important conclusion: In Sakata’s model, a “ physical 
particle” is represented by the totality of the composite states which have the 
same quantum numbers (72,, So, to ; Oo, J del 

Now it has been shown by the previous analyses” that the concept of 
symmetry among the basic particles p,” and A is rather successful as regards 
the strong interactions. Here, we should like to note that, in the non-leptonic 
decays of hyperons and K-mesons, too, all participating particles are the strongly 
interacting particles only. Therefore, from the viewpoint of the full symmetry, 
the initial and final states of such decays should be classified according to the 
representations of U(3) (i.e. in terms of 7», So and i), and the decays themselves 
may be regarded as the transformations between the representative vectors. We 
may expect that the symmetry existing among the basic particles is reflected fairly 
well in decay processes as well as in the phenomena induced by the strong in- 
teractions. Here we hit upon the ‘dea that the weak decays conserve the full 
symmetry among the basic particles ; to be more precise, they satisfy the selection 


rule 
Anp= 4s)= 4in =. (A) 


In this case a decay reaction can be attributed to a change of a vector in the same 
irreducible representation space of U(3) (Fig. 1). It will be made clear that this 
assumption takes the place of the |4I|=1/2 rule, which is known to be fairly 
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valid in the weak decay processes. One should notice that the new selection rule 
is a conservation law, which we believe is a salient feature of our theory. In the 
usual theory, the weak interactions are characterized by a non-conser\ ation law 
such as |4I|40 or |4S|40, and a decay process gives rise to a transition between 
states which belong to the different (inequivalent) representation of isospin (Fig. 2). 

Let us next study the form of 
the weak interactions that induce the 
non-leptonic decays of hyperons and 
K-mesons. As was previously made 
clear, the mutual transitions between 


ta pis 


the basic particles are caused by the Zhen Pease 
infinitesimal operators of the group mB, So, 10 
U(38). We presume that this fact Fig. 1. Fig. 2. 


will be also valid for higher configu- 

rations and that the changes of the representative vectors for decays will be 
expressed by the operators of the group U(3). We remember, in this connec- 
tion, the infinitesimal operators of the group, which are J/,, J_, Js, N,, Q, S and 
N,; (47 =13, 23, 31, 32). The first three are the isospin operators, and the next three 
are baryon number, charge and strangeness respectively. J;, N,, Q and JS are 
not linearly independent of each other but subject to the well-known relation 
Q=1;-+3(N,+S8). The operators J,, 7. and N;; change the eigenvalues of S, Q 
and J; as in Table I, where we see that the strangeness undergoes a change only 
through N;,,. We know from experiments that the weak decay is subject to the 
rule |4S|=1 and |4Q|=0, so the decay interaction (which we hereafter denote 
by O) must be expressed as an operator which satisfies this condition. No; and Ng 
obviously fulfill such a requirement, while Nj; and N;, do not. In order to make 


Table I. Changes of eigenvalues 


Iz 0 0 1 il n>p, po-an 
Ie 0 0 —la —1 pon, ni->-p 
Nis e 1 1 3 A>p, po-A 
Nog 0 il 0 —} A=) jie 
No, 0 —1 a —} proA, A>-p 
N32 0 =I) 3 nA, A>-A 


a sree ar st eee  tlerle meeabe eel onee iE tlt es eee ean 
a proper operator of N,; or Nj, we must multiply them by J_ or J, respectively, 
Thus we have the following possibilities for O: 


For 4S=+1, 
i) Nas, (2-1) 
ii) Nig le and [NG (2-2) 
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For 4S=—1, 


iii) Ns, | (2-3) 
iv) Nev L and T, IN; (2-4) 


This exhausts all the cases in which O is linear with respect to N,;. Of course, 
it is equally possible to consider operators which are of higher degree in ‘Nj. 
They will, however, be reducible to the combinations of i) to iv) and operators 
with dS=4O=0, hence we may consider that the operators i) to iv) play a 
fundamental role as the primary interaction in the weak decay processes in ques- 
tion. 

In concluding this section we shall summarize our view on the weak inter- 
actions which has been explained above: In the theory of full symmetry, ‘a 
physical particle consists of all the states with the same quantum numbers 
(nx, So in; S, I, Is). In the non-leptonic decays of the particle, these states play 
the role of the initial states and undergo the transitions through the primary inter- 
actions (2-1) to (2-4). In this case the full symmetry is conserved, that is, 
An, = 45,—= 44,=0. 

In the next section, we shall analyse the decay processes from this point of 


view. 


§ 3. Analysis of decay process 


In order to carry our scheme forward, we must first assign the quantum 
numbers to each particle. No objection will be made to adopting the conventional 
values for the familiar quantum numbers 7,, 5, / and J;,.. As regards the new 
ones s) and ip, a clue is provided by the aid of the empirical mass formula’? 
which has been found recently. This formula predicts energy levels of various 
configurations for the baryon-meson systems and shows that there is a good cor- 
respondence between the theoretical levels and the experimental’ data on the mass 
of particles and on the resonance levels in scatterings. Taking this result into 
account, we shall assign the quantum numbers to each particle as in Tables I and 
III together with the corresponding configurations in the last column. There the 
symbols are the same as those in a previous paper: Fj(S, I) (Bi(S, Dy) stands 
for a fermion (boson) in a state with strangeness S and isospin J; the index 7 is 
the number of constituent basic particles plus antiparticles, and 7 designates the 
class to which the (compound) particle belongs. The concrete expression for each 
configuration is given in the previous paper.” 

@ As is seen in Table II, 4 has two configurations Fe(-1,0) ana /, (— 2;.0) 
in the three-body system. They are assigned the same quantum numbers 
CSET he OF but differ in the symmetry character of the constituent parti- 
cles. These two states may or may not have the same spin, parity, etc., but we 
cannot say so much at present because we know nothing about the dynamics of 
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Table II. Quantum numbers and configurations for baryons 
ne So Zo Ss v I, Hist (S, I) 
1 oe i} F32(0, 3) 5 F53(0, 3), F°(0, 3), F580, 3) 


3 
ra 
So 
ie 
i=) 
toe 
| 


F54(0, 4) 5 F516 (0, 3), F5!9(0, 3), Fs?1(0, 4) 


F,2(—1, 0) ; F;?(—1, 0), FS (—1, 0), F;8(—1, 0) 
A 1 0 —1 0 0 es : 
4 3 F714, 5 4(<1, 0) ; Fyl0(—1, 0), Fy9(—1, 0), F,21(—1, 0) 


FP <1, Dx (LD Gl, 


— Ey Ge . 
SORES \sihacione, Maan al Sa an FEM rede Dn (dd), Beilante ty 


a a ey ae Aye 9 _FS§(-1,), Fs2(-1, 1), F8(-1, 1) 
Pie Ne RE OR wee Sis’ Tripod. Wok Ge, 12 

reed te is Oded ot 

= — 2 Op 5(=2: & Wed 
reli Seenbirt ondals i sieieadiy 2 pany sn Sata“ OCS Bee Geta 

= pe ee ee eee Pi | Bh ( — 2, dt) , Hgl4(—2,. 4), 2572, 4) 


Table III. Quantum numbers and configurations for bosons 


Ts B;t(S, 1) 


D 
Kidy 0 yeldpelia oat od : 
= By(1, 4); BA, 4), BEd, 4), BI, 4), Bad, 4 
xvelo 1 4 1 4-4 | BPO Ds BAG dD, BSG, d, BIG, H, B&G, » 
ee || @ il Oh el 
Tv 79 Dim a OF OF Be (Osa) ,2( ON 1) ese (Onl aes gO ye B§(0, 1) 
1 


0 0 0 | B10, 0); BP, 0), BO, 0), Bi (0, 0), B80, 0) 


al 


B,1(—1, 3) ; Be(-1, 4), BS(—1, }), Bs (-1, }), BA(—-1, ) 


+i 
i=) 
b 
a ool So Oo a a 
Oo 


| 
H 
Oo | MH be 
| 
i=) NH bet 


the constituent particles. For this reason, we assume here that both configurations 
are equally possible for the initial state of the decays. A similar case occurs also 
in the four-body configurations of K-mesons or other higher configurations. 

We have not given the unique quantum numbers s) and i to 2-particle on 
purpose. Correspondingly, there are two different (inequivalent) configurations in 
the three-body system, ie. F,*(—1, 1) and Fj\(—1, 1). We have once presumed?” 
that the former is ¥' and the latter is of spin 3/2, because F;'(—1, 1) belongs to 
the same class as the well-known (3/2, 3/2) resonance state in 2z-N scattering. 
But there is some room o doubt in this conclusion, as pointed out by Sawada 
and Yonezawa” on the basis of their mass formula. Further, the formula tells 
us that both configurations have the equal mass. Thus it seems impossible 
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at present to decide between the two possibilities, hence we shall examine them 
separately. It is to be noted that, within the framework of the full symmetry 
theory, Y can take only one of the states F;°(—1, 1) and F;'(—1, 1) but not both, 
since they have different quantum numbers s, and 7. This is contrary to the 
case of A, which may have the both states F;’(—1, 0) and F,'(—1, 0). 

It follows from the above that there are many configurations capable of initial 
states for decays of a particle. But the higher configurations may correspond to 
the particle surrounded by complicated clouds and will possibly have little effect 
on decays. Accordingly, in this section, we shall discuss the non-leptonic decays 
of hyperons through three-body systems and the K->2z decays through four-body 
systems. In order to treat the K->3z decays we have to consider the six-body 
configurations. This problem will be discussed in the near future. 

When the decay interactions (2-1) to (2-4) are switched on, the particle 
makes transitions from the above initial states to some final states. Tables IV and 
V show the final states through each interaction, where we have given only the 
results with 4JS=-+1 for hyperons and those with 4S=—1 for K-mesons. As is 
well known, in the case of a neutral K-meson decay, we should deal with the 
eigenstates of CP (ie. K; and K,’), and not with those of S (.e,.K° and K’). 
On account of CP invariance the K,’—>2z decay is forbidden and only K,—2z is 
possible. Since 


|K> =(|K°> +|K°>)/V2, 


the K,°->2m decay is a mixture of the 4S=—1 transition from K° and the 4S=1 
transition from K*. As the decay interaction is to be Hermitian, the final state 


must be of the form, 
(O|K°> +0*|K°>)/V/2, 


where O is the weak interaction with AS=—1 and O* is its Hermite conjugate 
with 4JS=1.* Therefore, if O is Ne or I +Nu or Nal., the corresponding O* is 
Ny; or Nl or IMs, respectively. O|K*°> and G*|K°> are given respectively 
in Tables V and VI. 

We are now in a position to express the final states in terms of the decay 
products. For this purpose we must expand a state consisting of several particles 
in the linear combination of the eigenstates of the quantum numbers (7, So) 103 
S, Ludgi put the coefficients** thereof are very complicated in general. Fortunately, 


* The relative phases of the states are chosen so that CP|K°>=|K°> and CP|K*>=|K°*>. 
It follows from the configurations embodied in the previous paper that under the operation CP 
B2(KY) o BY(K), BS(K) > BY(K), 
BS(K®) 2 Bw(K). B&(K) > BS (K%), 
Thus the configurations of K,° should be such combinations of K® and K 


> 


0 that are compatible with 


these relations. ee 
** This corresponds to the Clebsch-Gordan coefficients for the case of isospin or angular momentum. 
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in simple cases, we can calculate them directly by means of the concrete configu- 
rations in the previous paper.”” In the Appendix we show the results which will 
be of use in what follows. 

The decays of a particle take place through various chainels, which may be 
specified by the indices 7 and j, and the values of S and J and, if necessary, the 
value of the angular momentum. Each decay reaction can be described in terms 
of the decay amplitudes ai(S, J) corresponding to the possible channels. We shall 
next analyse each reaction on the basis of Tables IV, V and VI and the Appendix. 
1) The decay J>z+N 

We at once see the following: 

i) The interaction N,,J_ does not induce the decay of /. 

ii) The interactions N,, and J_N,, bring the same result. If A_ and A, 

denote the decay amplitude to (pz~) and (n=") respectively, we have 


A_= (V2 /4)a;*(0, 3) —3aa;'(0, 3), 
Ap= — (1/4) a;’(0, 3) + G/ 2 /4)aa;‘(0, 3), 


Table IV. AS=1 transitions for hyperons 


initial state final states 
ti- , 
Foie Mh HHS BL, I) Mz IN | NI 
F(-1;0,0) | Fe(o; >, -> F2(0;5,-5) 0 
5; 2 2 2 2 
1 i | 1 
Fe4(—1; 0,0 ~Fs(0;5 = —F#( e ->) 
34 ( ) 3 > 9 ’ 9 3 OE 2 > 2 0 
2 it Pot 2 lonad 
Forele:3. 3) peed 
Vows DAD Vera we gl V3 es 
23° F31(—1; 1, 1) y) 3 ‘| 6 FP, Ge =) 
saat os 2 eke Here ee 
V Cee Ore Vv € a*( Osertys 
v6 6 | 6 
ed -9) |G eae to 
30 estes 1, 0) z . ; : Wid aoa 
1 2 3 ol 
eel : — aS Ml (eS a ja = 
73 (055, . +7 q POD. a) Erin Cone 
A st 3 3 a 3 3 
3 | Fed 4 VERH(05 5 st Ye |p Fyi( ns —>) 
1 31( ) 3 5? 9 2 F51( 0; 2° 3 0 
e728) @aa be VY 2F.3 aie ay - 
Py 3° ( IES Slab) 2 Fs 0; > 0 = Daftes 0S — 
no, TAREE GO 
1 ip 
5,0 meas F305 > ie di pelt aches opis ped aud 
2 3° 1, 0) 3 Se oD Fe(0; >, —2F 3 OR arate tat 
Se (151, a) 0. 0 0 
Bolin et eminghayendedl 2 Teale 050) 2F31(—1; 1, 0) TV 2F(—1; 0, 0) 
+Fs(-1; 1,0) +F51(—1; 1, 0) 
Brey Fl = 25 9, 8) V2 PM 1 5 1, =1) V2 F3'(-1; 1, -1) 0 


a a 


Symmetry in Sakata’s Model and Weak Interactions. I 


Table V. 4S=—1 transitions for K-mesons 


initial state 
B;i (S; JE Iz) 


final states 


Kt Noe I, Ng, N3; 1. 
B2(1; 3,4 B20; 1, 1) —B2(0;1,1) 0 
BJ(1; 4, 3) BS(;1, 1) —B (0; 1,1) 0 
Bs; 4,4) B/(0;1, 1) saat (Oss A) 0 
B&(1; 3, 3) BS; 1, 1) = Be (Oss 1) 0 

Ko 


BS; 3, = 


B13 4, —4) 


B&(1; 3, —3) 


VS B20 ; 0, 0) 


+ B20; 1, 0) 
Vo B80:0, 0) 

GZ B£(0; 1, 0) 
Vv B20; 0, 0) 


7 B80; 0, 0) 


+O? B80: 1, 0) 


=¥ 2B2 (0: 1,.0) 


=7 21/8/5150) 


—vV 2B (0:1, 0) 


=v 20B (0 1n0) 


ay (0 ; 0,0) 


-Y 320; 1, 0) 


SE 
— “B60; 1, 0) 


vs BO; 0. 0) 


= B§(;1, 0) 


Table VI. 4S=1 transitions for K®-mesons 
Meee final states 
initial state 
B;t (S; J, Js) Nog IN Nj I 


B#(—1; 3, 4) 


By (-1; 3, ») 


B&(—1; 4, 3) 


a Oe 


VE Bae : 0, 0) 
+2 B2(0; 1, 0) 
A} BY; 0, 0) 
+2 B&(0; 1, 0) 
VS Beco : 0, 0) 
+ By (0; 1, 0) 
VE Bae ; 0, 0) 


ae B80; 1, 0) 


v2 B20; 1, 0) 


VY 2 BPO; 1,0) 


Vv 2 B,(0; 1, 0) 


Vv 2B8(0; 1,0) 


-YS 820; 0,0) 
ite B20; 1, 0) 
-YS Bee :0 0) 


a BO; 1,0) 


2 B,i(0; 1, 0) 
.“ B,8(0 ; 0, 0) 
2 B(0; 1,0) 
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where a@ is the complex amplitude of F;' in / relative to F;°, hence we have the 


following relation irrespective of the value of a: 
Al=—V2 A). 


This coincides with the consequence of the |4/|=1/2 rule in the ordinary:theory, 
and the fraction f_ of charged decays to all pionic decays is 2/3.* 
2) The decay S>7+N 

In this case, the two configurations F;'(—1,1) and F;°(—1, 1). do not cor- 
respond to the same particle, because they are associated with the different values 
of sy) and %. We tentatively call them 3, and ¥, respectively. They are of the 
equal mass, but 3,~ is forbidden to decay through the interactions (2-1) and 
(222): ee if we try to Saige the peta! experiments on +'in terms of 
either 3; or 2, we must identify 3, with ¥. Then, from Table IV and the Ap- 


pendix, we can write the decay amplitudes as follows: 


| Nos LN | Nj I 
ily 1 2 "3 ) 
Aj(J*t>p4+7°) Faso, ae a31(0, | 2a;1(0, 8) | Ae on(0 ae az} 43 3) 
wD S\S ee 3 a 3 
As(St ont at) | aat(0, wie ast(0, 5) |W 2ast(0, 3-4 a0 aera (as) 
A_(E->n+n7) Vaso, =) VW 2a,) (0. ) 0 


For the interaction Nj; we have the identity 
V2: A si re = AS > 


as in the ordinary theory based on the |4/J|=1/2 rule. This is consistent with 
|Ao|~|A,|~|A_| and with the behaviour of the asymmetry factor in the 3’ decay.” 
The interaction J_Njs gives |A,|?: |A,|?: |A_|?=2:1:1 and Ngl_ forbids the ¥- 
decay contrary to experiments. But their coexistence is not excluded because of 
the identity N,f.—I_N3= Ns. 
3) The decay Z>A+z 

As far as we consider the configurations of at most three bodies, there exists 
only one state F;'(—2, 3) that can be identified with Z. Since the decay products 
have the J=1 state alone, we obtain 


(E> Ata) ie for the interaction Nz, 
P(E->At+n-) 12 for the interaction J_ N,3, 


and the =~ decay is forbidden for the interaction N,3J_. 


* The decays other than WSEN (e. g. r/% +n, x%-+n, etc.) are energetically impossible, if we 
take m,or=615 Mev, m,011=377 Mey.” 
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That is, the interaction N,; produces the same result as the ordinary |4J|=1/2 
rule, while J_N,; does the reciprocal result. In this case our scheme is less re- 
strictive than the |d/|=2 rule. 

4) The decay K->2z 


The decays of K* are the 4S=—1 transitions induced by the interactions 
New, I..Ng, and Nul,. The K,° decay is a mixture of the 4S=—1 transition from 
K® and the 4S=1 transition from K°. If the spin of the K-meson is zero, the 
system of two pions is in the S-state and its configuration should be symmetric, 
because the total wave function is symmetric for the system of two bosons. From 
the table in the Appendix it is easy to obtain the symmetrized configurations of 
two pions. These states are of J=0 or 2, which leads to the following conclusions. 

i) The decay K*—>2z is forbidden, as Table V shows that the final states 
are always of isospin one. (The /=1 final states may be 7* +2", attr”, K+K, 
etc. but they are all forbidden by the energy conservation.) 

ii) Only the [=O configurations contribute to the decay Ky'>2z. We here 
give the decay amplitudes to 7*+77 and to 27. 


est | Noe I, Na Noy 14, 
Foo ere Gf mae oe Vt, V5 
Veo {> a2, 0) 2 {= a,(0, 0) pont {Fp a8, 0) 
K>27° 7 P 
+£as¢0, 0)| +£ a8, 0)| + 48(0, 0) 
i* Bw V5 
2 jake a,2(0, 0) ae a,2(0, 0) Fp 280 0) 
Ko 7* +77 
+ a,8(0, 0) + a8(0, 0) -£ a,8(0, 0) 


ee (en [ee 


Here £ is the complex amplitude of B,° in K,° relative to BZ, hence the branching 
ratio of the K,° decays is given by 
1B (Ki 2x") 


meee 
(Ki >2* +77) 


which is independent of the decay interactions and of the relative probability 
amplitudes for the classes two and eight. This result is also the same as in the 
ordinary theory based on the |4/ pa= 1/2. rule, 

It will be worthy of special mention that the configurations B,° and B,’ make 
no contribution to the decay K,">2z. In the lowest configuration B,' for bosons, 
the charge conjugate of a state also belongs to B,', whereas the case is different 
from B, and B,. This behaviour in B, or B,' is due to the difference between 
the symmetry character of the particles and that of the antiparticles. 

Through the above analyses, we find that our selection rule (A) gives an 
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equivalent result to those obtained by the conventional |4d7|=1/2 rule. In the next 
section we shall give a general consideration concerning the isospin selection rule. 


$4, Isospin selection rules 


From the analysis in the preceding section, we see that our decay scheme is 
rather successful and that the |4/|—1/2 rule in the conventional theory of weak 
interactions can be interpreted very naturally as the changes of states caused by 
the selection rule (A). Thus we may regard the |4/|=1/2 rule as a reflection 
in the weak interactions of the full symmetry that exists among the basic parti- 
cles. Some of the readers may raise an objection that our scheme is not so real- 
istic and has little bearing upon those in the usual 
theory. In Sakata’s model, for instance, we may 
understand the common features of weak interactions 
by Fig. 3. Our next task will be to study the re 
lation between our interactions and Fig. 3. This problem 
has, in the opinion of the present writers, a close 
connection with the quantization of composite systems. 
We have at present no definite answer, but we here 


emphasize that our scheme is far more satisfactory 
than the conventional one (e.g. the spurion theory) in understanding weak decays. 

As is well known, the |47|=1/2 rule is consistent with experimental results 
on hyperons, but not necessarily with those on K-mesons. Some authors” have 
tried to avoid this difficulty by introducing |47|=3/2 or 5/2 transitions as a cor 
rection to |4/|=1/2. If such transitions exist at all, how they should be treated 
in the framework of our theory? It may seem ata glance that the |4/|=3/2 or 
5/2 transitions will be possible if we take account of other types of the inter- 
actions. But that is not the case, as far as K is assigned the quantum numbers as 
in Table III, which seems to be very reasonable from the investigations about the 
strong interactions. The reason is as follows: The final states belong to the 
same representation as the initial ones because of the conservation law 4dn,=ds,= 
4iy=0. In the representation to which K-meson belongs, the states with S—=0 
consists of those with J=0 and J=1. Therefore, under the |4S|=1 transitions 
of K-meson, possible final states can be expressed by combinations of those with 
I=0 or 1. Note that this is true independently of the order of the configuration 
considered, particularly in the case of K->3z decay. Thus, for the introduction 
of |4/|=3/2 or 5/2 transitions we must deal with the interaction which changes 
K-meson into the states of other (inequivalent) representations involving states 
with J=2 or 3. Such interactions cannot be expressed in terms of the infinitesimal 
operators of U(3). Thus a new approach is required to introduce the |JJ 2 
or 5/2 transitions in the scheme of our theory. In this sense there seems to be 


an intrinsic difference between the transitions with |4//=1/2 and thos i 
eee t 
|47|=3/2 or 5/2. é sah 
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From these circumstances, we are strongly inclined to consider that the 
|47|=1/2 rule is strictly valid, but then the question may arise by what mechanism 
the K*->2*+72° decay occurs. Good and Holladay” have recently suggested an 
interesting possibility for a natural resolution of this problem. Together with a 
strict |47|=1/2 weak interaction, the electromagnetic effects which permit |4/|=1 
will allow processes with |4/|=3/2. Of course, they are still of insufficient 
strength to provide a required amount of |47|=3/2. The point is that the exist- 
ence of a strong interaction between two pions in the J=2, J=0 state would 
enhance the decay rate of K*—>z*+2°.- Thus it may not be necessary to introduce 
a |4I|=3/2 weak interaction explicitly to account for the K*—>27 decay. We 
emphasize here that the existence of such a strong interaction between two pions 
has already been predicted in the full symmetry theory of Sakata’s model.” 
Although this explanation seems to be attractive, we should not disregard another 
possibility. That is, |47|=3/2 or 5/2 is also possible in the case where the sym- 
metry among the basic particles is violated by m ym, or by some origin charac- 
teristic of the weak interactions. On account of the kinematical character of our 
theory at the present stage, we do not go into detail, but point out the essential 
difference between the |4//=1/2 and 3/2, 5/2, --- interactions mentioned in the 
last paragraph. 


§5. The K,3-decay and the A-decay of hyperons 


So far we have confined ourselves to the non-leptonic decays of hyperons and 
K-mesons and studied how the symmetry character of the basic particles are 
reflected in these decay processes. We may expect that the case is similar in 
their leptonic decays, too. Since the treatment of leptons in our scheme is not 
so definite,’ we are obliged to make a different approach, which will be given 


in what follows. 
As is well known, the V-A type interactions are successful in the leptonic 


decay processes of wide range. But the electron spectrum in K,,97"°+e+y 
deviates to a certain degree from the result of such interactions, although it is 
not so definite on account of poor experimental data. In order to avoid this difh- 
culty in the framework of V-A type interactions, there has been propounded” the 
possibility that in the K., decays Keaonm+e+y coexists with a decay into a 
pseudoscalar neutral boson x’ which is somewhat heavier than 2°: 


Kg2n +e+y. 


In the following we show that this possibility can be deduced from thr symmetry 
theory of Sakata’s model. 

First of all, we pay attention to the similarity between the vector type weak 
interaction proposed by Gell-Mann” and the current type interaction of the electro: 
magnetic field and charged particles. We expect from this the following ex- 
pression for the vector type interactions of leptons and baryon-meson system : 
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ie (P27) Onin y—iV 2 (k* 0, 2° —z'0,77~) se (K* 0, Kira K* KK") ao Sa +H. 
(5-1) 


We notice that we obtain from this the relation of the decays n>p+e+ty and 
wn -Le7-+y. 

Now, A is given special treatment in (5-1). On the other hand, we cannot 
find any difference between » and / in the approximation of equal mass for 4 
and nucleon. Therefore we may expect that the interaction obtained from (5-1) 
by the interchange of » and J is also a possible one. Under this interchange 
each particle is subject to the following transformation : 


Pop, ga, A? Tt, 


+ 


nt =— pn — plA=—K*, K*=pA> pa=—7", 
eonlf wren sary sede ut dhlines eataaifS Yoyret Cathy iak jal gl 
n= =. (pp —nil) > (bb AM) =| 5 (OB 2) oe (pp +nn—2A 


a 
Fe 


) 


as 


: (n° 1/32"), 


t=7A>An=—K. 
Substituting this into (5-1), we have as the result of the interchange of m and J, 
Ff! Dat.) Gor, Pati’ 2 (Kt 9, [2/23 2""/2)—[a"/2—V/3.2""/2)9,K) 
+ (#*8,K°—0,z*-K)+--} + HC. (5-2) 

This expression makes us expect that, in the limit 72,=my, if there exists 

Kgrmt+et+y, 
then the reaction 

3 oa’ tetty 

may be anticipated with the probability three times as large as that of K.y. 
Practically, z° and z” are not of equal mass because of 2,4 m,, and the ratio of 
coupling constants will deviate from ,/3. The problem of K,, should ultimately 


be settled by experiments, but here we have been able to give a support to the possible 
existence of K,». 


We further remark the following: In the limit m,=my, if we express the 
interaction between baryons and mesons in the form of the Yukawa type (the 
notation being that in ref. 16)) 


Gl ie 


the ratio between the couplings of z° and of x” reduces to 1/3: 1. In other words, 
by the perturbation calculation, the probability ratio will be 3:1 between process- 
es in which 2° participates and the corresponding processes for 2” , hence 2” 
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becomes less contributive. Thus we should like to stress that the contribution of 
x” to K,, is not necessarily small, even if it is small in the phenomena (eo 
nuclear force) in the region where the perturbation treatment is valid to some 
extent. 

From (5-2) we can also obtain the relation between KA—>7°+e*+v and 
A-+pt+e +yv. If we assume that the observed K,; processes are all due to 
Ky +e+yv, we know the decay probability of A>p+e7+v™ from that of K.s. 
The result is given by 


PAS pres vy) 
f(A Sp 225" Y500" 


which is about four percent of the magnitude when compared with that antici- 
pated from the ?-decay of m. Of course, we cannot ignore the violation of the 
symmetry caused by ,#7y. 

Finally, we make the following remark. If we obtain the experimental ratio 
of relative decay probabilities for 


N> pert, Koa petty, Ky oa! per +p, Ky>a* +e7 +», 


we shall be given a criterion of the validity of our symmetry in the weak inter- 
actions. In particular, the phase volume being equal for K; and for K»,, their 
ratio is 


i om re" +») me 
(Kat +e7 +7) 


The. above results are applicable only to the vector type interactions. In 
reality we should take account of the contributions of the axial vector type inter- 
actions. In this sense, the above results are to be appreciated in their qualitative 
aspect rather than in their quantitative one. 


§6. Concluding remarks 


It is known that the full symmetry theory of Sakata’s model is fairly success- 
ful in the strong interactions. The purpose of this paper is to examine how this 
symmetry is reflected in the decay processes induced by the weak interactions. 
We have proposed that, in Sakata’s model, the decay processes should be regarded 
as those transitions between configurations that conserve the full symmetry in the 
Senses dng =dij=0. Under this scheme we have obtained various favourable 
results, which are equivalent to those following from the so-called |47|=1/2 rule. 
There exists an essential difference between |4J|=1/2 and |41|=3/2, 5/2, ete. 
This is a salient feature of our theory compared with the ordinary one, where 
|4I|=3/2 is not generally forbidden in various decay processes when we proceed’ 
directly from the Fermi snteraction with the scheme of Fig. 3.% We have given 


some reasoning, from the standpoint of full symmetry, concerning the possible 
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decay K,j->2"”-+e-+yv and the small probability of hyperon (3-decay. 

In concluding this paper we shall make some supplementary remarks. 
1) In this paper the characteristics of weak interactions are not explicitly taken 
into account except |4S|=1. The reader will find that the r-sults do not depend 
on particular (3- or 4-body) configurations. 
2) There is the possibility that the full symmetry underlying our theory is vio- 
lated to some extent because of ,41y or some other reason. In fact, although 
the configurations F,°(0, 3/2), Fs°(0, 3/2), Fs'(0, 3/2) and F;'(0, 3/2) are previ 
ously” identified with resonance states in <*-p scatterings, they cannot be con- 
sidered as x*-p systems provided we adhere to the selection rule ds,=/,=0. 
Similarly, this rule may possibly be violated in the weak interactions, too. But 
the case may be different in decays, because i) the reactions are far slower 
than those induced by the strong interactions and ii) the weak decays are phe- 
nomena of low energies. The possible violation of Ji)=4i=0 in decays is of 
interest in connection with the isospin selection rule discussed in § 4. 
3) From the universality of the weak interactions stated in § i, we hardly under- 
stand the smallness of the probability of the hyperon ;?-decays. If this smallness 
is really true, it follows that 4 and » differ not only in mass but in behaviours 
for the weak interactions. This is in marked contrast to the fact that -meson 
and electron, in spite of their large mass difference, bear striking similarities to 
each other with respect to the weak interactions. 
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Appendix 


Product of two configurations 
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i) 2-N systems 
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D) 2 
1 V2 1 1 i! 1 1 
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( sy 2 3 9 D) D 3 ’ 9 Py 9 
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2 2 2 
Bi(0;1, DF; tree = 4) sana¥3 ry (o; 4, A.) 
2 2 3 ST > 
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ii) z-/ systems 
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A method employed by Morita for the approximate calculation of the free energy and 
pair distribution function of classical fluids is seen to be identical with the nodal expansion 
method. The limit of the nodal expansion sequence results in an approximate integral equation 
for the potential of average force. This convolution approximation is seen to be consistent 
with the Ornstein-Zernike theory of fluids, and thus provides a convenient means for investi- 
gating the behavior of fluids near the critical point. The convolution approximation results 
also from neglecting the non-convolutory terms in an exact integral equation for the pair 
distribution function. 


Recently, several papers dealing with an approximate method for the calcula- 
tion of the free energy and pair distribution function of fluids have been published 
by Morita.”~® In footnotes to the first two of these papers* Morita indicated a 
relationship between his methods and some of our own. It is the purpose of this 
note to clarify this relationship between the two developments, with particular 
reference to the nodal expansion method reported in several previous publica- 
ions 22 

In his first two papers”? Morita started from the Mayer cluster expansions 
of the free energy, distribution functions and potentials of average force in powers 
of particle number density, ». As is well known, the coefficients of p” in these 
expansions are integrals of sums of products of Ursell-Mayer f-bonds, f;;= 
exp[— U(r) /kT ]|—1, where U(r) is the direct potential of interaction of particles 
z and j separated by r. These products are represented by graphs in which each 
vertex denotes a particle, and each line connecting two vertices i and j represents 
the corresponding factor fi; The coefficient of e” involves integration over the 
coordinates of particles. Morita noted that certain products in each coefficient 
contain only vertices connected either by direct f-bonds, by chains of fbonds (that 
is, by rows of vertices each of which is connected only to the preceding one and 
to the following one by direct f-bonds), and by any number of jf-bond chains 
between two vertices. Integrals of (bond chains are readily evaluated by the 7 


* Reference 1), p. 932, and reference 2), p. 380. 
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fold convolution theorem for Fourier transforms.” Morita then defnes any number 
of chains connecting two vertices as “identifiable lines’? which can be replaced 
by a single line. The new lines again can form chains between any two vertices 
which themselves are not intermediate points in a chain, and any number of such 
chains is again replaced by a single line connecting the two vertices (“identified ”’). 
This process is repeated over and over, each step resulting in an m-th order ap- 
proximation to the free energy, pair distribution function and potential of average 
force. Such an approximation is denoted by Morita as one obtained by “2 times 
of identification”. Morita then proceeds to give formulas for free energy, pair 
distribution function and potential of average force obtained in the limit noo. 
This procedure, however, involves complicated additions and substractions of graphs 
and, as has been noted by Morita,® results in omitting an entire class of graphs 
which should have been included in his approximation. Therefore comparison 
with the exact nodal expansion method*?~” is possible only in view of Morita’s 
recently published correction.” 

The nodal expansion method in its most general form®~” likewise starts with 
the Mayer cluster expansion, using certain elementary concepts from graph theory. 
A vertex connected directly to other vertices is known in topology as a node 
of n-th order. Thus an f-bond chain is simply a row of second-order nodes. Any 
number of f-bond chains between any two branch points (nodes of third or higher 
order) can be summed to give a single bond; this procedure can be carried out 
also with graphs which are not considered by Morita. We thus obtain exact 
expansions for the distribution function and potential of average force. These 
expansions involve two kinds of bonds: the summed multiple chains between any 
two branch points (Fi-bonds), and the summed single chains (,-bonds). This is 
the exact first-order nodal expansion for the distribution function, in which the 
“seroth order” term is the corresponding first-order nodal approximation. In 
this expansion we again have chains, this time involving F,-bonds and &,-bonds. 
Using standard formulas of combinatory analysis” we are able to sum over such 
chains of two kinds of bonds, thus obtaining the exact second-order nodal expansion. 
A repetition of this procedure yields the exact general nodal expansion of m-th 
order; in each such expansion the “ zeroth order” term is the 2-th order nodal 
approximation to the potential of average force and the distribution function. 
This exact formal procedure automatically precludes any possibility of omitting 
significant graphs, thus assuring the correctness of all results. Since Morita’s 
‘nitial treatment,” in which entire classes of convolutory (‘‘ hyper-netted chain ”’) 
graphs were omitted, did not yield results identical with those of reference 7) 
beyond the first order, it was clear that the treatment was incorrect. When 
Morita’s recent correction® is taken into account it becomes evident that, except 
for notation and terminology, not only his results but also his methods are 7den- 
tical with ours. @lhus it is sufficient to note that dh (r)=5,(r) and 


h?-(r) =31s,(r) =—«,(r) /kT, where symtols on the left side of each equation 
m=1 
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Table I. (Functions of t or k denote Fourier transforms of coordinate space functions 


in the same rectangle) 


Nodal Expansions 


Hyper-netted Chain Approximation 


1. s,(r) =—w,,(r) [kT , S,() 


Ah&@-) (r) 2 AH ™-)) (k) 


2. on(t)=—on (HAT = BSC) 5 Pall) 


Aia-D (r) s Ha-p (k) 


3. F,,(r); Gn (t) 


| S@ (r) +h) (r) ; FO) (k) + H@-) (k) 


4. Ry (r) = er (r) —Wy (r) =) (r) +5), (r) 
Kn (t) =n (t) + Sn () 


5. Srat ()= 


Len (ft) +n (t) +0kn (ont) (en) — kn) 
=v) [en(t) Thy (t)] —p? kn (t) [en @ =r, (t)] 


No equivalent 


No equivalent 


or9)—12) 
fe, 0 Len (t) — Pn(t) ]? (n) = oF (k)? 
Ne ORY ACT HO) =~ GF (h) 
with with 


Fi(r) =e€xp [-—U(r) [kT +o, (r)]—-1 


fo (r) =[f (F) +1] exp h™ (rF) —1—A™ (r) 


i. o@)=limo,(@), £G)= lim 7, (7) 
nyo n>o 


9o(r) =1+ F(r) 


h(r) = lim h& (r), no equivalent 


n>o 


[g(r) Juno= +f (r)] exp h(r) 


8. o,(r) =—o,(r) /kT 


Identifiable lines with n times of identification 


denote Morita’s corrected functions, and those on the right are the chain sums 
and sheaf potentials of reference 7), respectively. Detailed comparisons are given 
in Table I. It should be noted that Morita’s work contains no equivalent to our 
recursion formula (Eq. (5) of Table I). However, Morita’s recursion formula, 
equivalent to our Eq. (6), is readily obtained from (5) by induction, and has 
been reported elsewhere.”- The recurrence formula (5) has been used to obtain 
an exact integral equation from which higher order approximations (in a topological 
sense) to the exact pair distribution function®can be derived. 

As has been noted already in the discussion section of reference 7), the limit 
of the nodal expansion sequence takes the form of an integral equation which 
yields all terms in the exact potential of average force (and the distribution func. 
tion) which conform rigorously to the Kirkwood superposition principle. Alterna 
tively, these terms can be defined as corresponding to graphs whose sub-duals are 
Cayley trees.” However, the significant property, which enables us to evaluate 
the sum of these terms exactly in the form of an integral equation, consists of 
the fact that each of these terms can be wholly evaluated by repeated convolu- 
tions. Therefore the limiting integral equation is called the convolution approxi- 
mation. In coordinate space it takes the form?-™ 
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3 o(R) =| F(R=r)C(r)dr=p | F(R—)[ FO) —a(r)|dr. (1) 


Here F(x) =exp [— U(x) /kT +o(x)]—1 is the convolution approximation to the 
total correlation function, h(x) =g(x)—1 (which correlates fluctuations in density 
at the two points separated by «), and C(x)=F(x)—oc(x) is the convolution 
approximation to the Ornstein-Zernike direct correlation function. Of course, (+) 
is simply —w(x)/kT, where w(x) is the limiting sheaf potential of reference 7). 
The convolution approximation has been derived also for multicomponent  sys- 
tems.:™-™ The corresponding exact expressions for distribution functions and 
potentials of average force, in terms of cluster integrals involving only branch 
points and F-bonds, are readily obtained from the general n-th order nodal ex. 
pansion on letting n>, as well as by topological analysis.”~™ The convolution ap- 
proximation to the free energy and equation of state is likewise rea“i!7 obtained from 
the first-order nodal expansion for pressure,” on applying the repeate.. sumraaticn 
procedure of reference 7); furthermore, we also immediately obtain the corre- 
sponding exact expressions in which the convolution approximation is, formally, 
the “zeroth order ” term2”-” As should be expected, Morita’s corrected formula 
for the free energy” is identical with that of the convolution approximation.* 

The convolution approximation, Eq. (I), is formally identical with the exact 
Ornstein-Zernike relation defining the direct correlation functicn. In fact, the nodal 
expansion sequence is merely a method for solving Eq. (I) by repeated substitu- 
tions, and other methods are readily devised.- As is well known, the singu- 
larities of the Ornstein-Zernike integral equation yield important information con 
cerning the critical points of fluids, while its properties in the non-singular regions 
of density provide some insight into the nature of the structure factors of liquids 
as determined experimentally by light, x-ray, and electron scattering.” Thus the 
convolution approximation provides a convenient means for further development 
in this direction, and has been discussed from this standpoint.” 

The interpretation of the function F’ (r)—o(r) as the Ornstein-Zernike direct 
correlation function yields an alternative formula for the free energy of interaction 


in the convolution approximation 


_F/kTV= | ae \ dol! \ [F(r) —o(r) |dr (V=volume). (II) 


The comparison of the value of F/kTV as calculated from Eq. (II) with that 
found as the limit of the nodal expansion sequence?” would yield a measure 


* In this connection it is of interest to note that the “watermelon approximation” of R. Abe 


(J. Phys. Soc. Japan, Jan. 1959), on which Morita’s initial development is based,) is identical with 
the second term of the exact first-order nodal expansion of the free energy (Eq...(3), referer.ce 6), 
errata). Abe’s approximation for Coulombic potentials is likewise identical with our previously 


published results”. 
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of the internal consistency of the convolution approximation. Hoy cver, the range 
of p for which the convolution approximation is valid has not yet been determined. 
Work in this direction has delayed the publication of the formal results for over 
one year. Papers dealing with this question are now in preparation. 

Finally, we should like to note that the convolution approximation, Eq. (I), 
is also obtained from an exact integral equation for the~pair distribution func- 


tion” »11),18),14) 


7(R) =p | h(R—r)[h(r) —=(r) Jar (IID) 


with h(x) =9(«)—1, 9(x) =exp[— U(x) /kT +7(x) +¢(x)], and ¢(x) the sum of 
cluster integrals defined in the same way as the integrals of the density expansions 
of potentials of average force, except that each line corresponds to a density 
dependent function A(x) (instead of the density independent Ursell-Mayer /-bond), 
and no graphs containing cutting points and bifocal points* are included.”~-“’ On 
putting ¢(«)=0 in Eq. (III) we obtain Eq. (1), the convolution approximation. 
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An attempt is made to develop a theory of regraduation of scales and clocks in the general 
theory of relativity as one of methodological approaches to examine the interrelationship 
between space-time and gravitation. The relation between the orthodox formalism of general 
relativity and its reinterpretations based on the flat space-time is made clear, and the problem 
of a particular (“conformal”) regraduation is investigated in detail. 


§ 1. Introduction 


It is well known that the principle of regraduation of clocks and scales pro- 
vides us with far-reaching consequences in kinematic relativity.” On the other 
hand, Robertson” and Walker® independently showed that the concept of Riemannian 
space-time is suitable for a kinematical basis of world models satisfying the so- 
called cosmological principle not only in the general relativistic cosmology but 
also in the kinematic cosmology. In addition to this, their researches offer, though 
implicitly, a clue to introducing the concept of regraduation mentioned above into 
any cosmological theory based on the concept of Riemannian space-time.” 

But it seems to us that Walker” and McVittie” were the first to introduce con- 
sciously the concept of regraduation into the general theory of relativity, though 
their ultimate conclusions with respect to it were opposed to each other. Namely, 
in contrast with McVittie’s opinion that the procedure of regraduation is ultimately 
reduced to a kind of coordinate transformation, Walker emphasized that it is not 
the case in the sense that the procedure of regraduation makes the structure of 
space-time alter entirely from the original one. Such a situation is of course due 
to the discrepancy in opinions as to how many postulates (of the general theory 
of relativity) should be preserved under the procedure of regraduation. 

On the other hand, in contrast with the general theory of relativity in its 
orthodox form, not only there are various gravitational theories” based on the 
flat space-time, but also there exist several attempts” to reinterpret the general 
theory of relativity itself from the standpoint of the flat space-time. Moreover, 
in the aspect of observational tests, there is nothing at present to choose between 
these alternative theories including reinterpretations of general relativity.” Ac- 
cordingly, it seems to be a hasty task to decide if we can observationally test the 
curvedness of a space-time in the presence of matter, i.e. there is a question 
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whether the concept of curved space-time is inevitable in stipulating the interre- 
lationship between space-time and gravitation. In this respect, reference should be 
made to the following words of Carnap:” “In physical geometry, there are 
two possible procedures for establishing a theory of physical space. First, the 
physicist may freely choose the rules for measuring length. After this choice 
is made, the question of the geometrical structure of physical space become 
empirical; it is to be answered on the basis of the results of experiments. 
Alternatively, the physicist may freely choose the structure of physical space, 
but then he must adjust the rules of measurement in view of the observational 
facts-aa 

In order to examine the above question, the concept of regraduation in the 
style of Walker seems to serve as a powerful tool, since, according to him, re- 
graduation is a kind of operation altering the structure of space-time, though his 
procedure is not necessarily the only permissible one. In this paper, we shall 
deal with the problem of regraduation in the general theory of relativity in a 
different manner from Walker’s, showing the usefulness of such a methodological 
consideration in the examination of the interconnection between space-time and 
gravitation. In §2 the essential points in Walker’s” theory of regraduation is 
summarized, together with the enumeration of postulates in general relativity. In § 3 
we discuss the problem of regraduation such that a given Riemannian space-time 
is changed into a flat one. Though the discussions in this section are not complete 
in that the gravitational field equations are not concretely taken into consideration, 
they may serve as a preliminary knowledge when we examine to what extent the 
concept of curved space-time is inevitable in the theory of gravitation. We con- 
sider in § 4 a special kind of regraduation such that a given Riemannian space- 
time is changed into another one whose metric tensor is conformal to the original 
one (hereafter we shall call this the conformal regraduation). Namely, we shall 
search for the regraduation properties of various field equations, the equations of 
motion for a test particle, and various physical constants including the natural 
constants such as A and c. 


§2. Walker’s theory of regraduation 


Before proceeding to Walker’s paper, we shall refer to McVittie’s” study 
concerning the regraduation of clocks in a particular space-time. According to him, 
the basic postulates of general relativity can be enumerated as follows: “ (a) The 
equations of mechanics, and of mathematical physics generally, are expressible in 


tensor form.--- (b) Events are represented by points in a 4-dimensional space- 
time with metric 


ds'=9,,dx"dx’, (4, v=0, 1, 2, 3), (2-1) 


9,. being functions of the (2“)---. (c) Material particles (and observers) trace 
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out the non-null geodesics of space-time. The integrated interval along the geodesic 
renee is called his proper-time. (d) The paths of light-rays are the null-geodesics 
of space-time. (e) The dynamical properties of the material content of space- 
time are reflected in the geometrical properties of space-time,::-. The energy- 
tensor (T7',,) of the material---by Einstein’s gravitational equations 


eT bee Ge (1/2) Raz 2A) pun (2-2) 


veeees . Then, demanding that all of the above five postulates should be preserved 
under the procedure of regraduation, he arrived at the conclusion that it is simply 
a kind of coordinate transformation in general. 

Now, as is well known, at any point E(2) in a Riemannian space-time with 
metric (2-1) we can introduce a set of local coordinates X“ such that 

dt =S gg XOX, (2-3) 

where 0,2 is the proper fundamental tensor specified by One Lh CaS te late 
(a), c being the velocity of light. Then the relation between X™ and the 
differential of basic coordinates x* can be written as 


dz*=Aty(x)X™, (det|Aw| #9), (2-4) 

where A2)(x) stands for an orthogonal enupple such that 
Iuv=SapAe (x) A(x), 
Oap=I wv Ale (x) Aw (2); 


(2-5) 


in which the matrix (A) is the reciprocal of (Aj). 

After the above preparation, we shall summarize the essential points of 
Walker’s paper. According to him, the procedure of regraduation should first of 
all be regarded as a local affair.* Thus the regraduation of scales and clocks 
together with that of mass at an event E is defined by 


XO=yX, XP=VX, m=wm, (i=, 2, 3), (2-6) 


for some positive numbers uw, v, w and all X and m. If we denote the re- 
graduated value of any quantity due to (2-6) by the bar-symbol, we have c=c v uw, 
Ags Ain: Agy=v Ag®,etc., From these relations and (2:5) we obtain 
GweFU Gp inva similar manner, we have Digs ale Now let us assume 
that a regraduation of the type (2-6) is carried out at each point of space-time. 
Then w, v and w in (2-6) are functions of «* and we obtain 


Gn0=O'Gun THT a» (2-7) 


* Such a standpoint is plausible, if we take it into consideration that the concept of scale and 
clock in general relativity is stipulated from the first in the local space-time with metric (2:3) at 


the event in question. 
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= c x . ; 
where o and ¢ are functions (constructed from (w, v, w)) of 2*. The space-time 
whose metric tensor is given by the first expression of (2-7), i.e. 


as=2G da dt", (2-8) 


is conformal to the original one specified by the metric (2-1). 

It is easily seen that the postulates (b) and (d) mentioned above are pre- 
served under the conformal regraduation specified by the first expression of (2-7) ; 
there is also no obstacle with respect to the postulate (a). If we demand that 
the postulate (e) should also be preserved under the conformal regraduation (2-7), 
then we must have 


—kT,,=R,,— (1/2) (R—249,, for Fas» (2-9) 


where & and 2 are constants* corresponding to « and 2% respectively. Then the 
problem of regraduation is reduced to whether or not there exist functions o and 
¢ satisfying (2-9) with (2-8) and (2-7), when (2-2) with (2-1) is given. 
Walker verified that (1), if the postulate (c) is preserved under the conformal 
regraduation, the regraduation itself is reduced to the uniform regraduation** speci- 
fied by «=const. and ¢’=const. and that (2) there exist some kinds of non-uniform 
regraduation if the postulate (c) is discarded. 

Since the postulate (c) is generally violated under the conformal regraduation 
(2-7), it is not necessarily impossible to say that the regraduated version (based 
on the metric (2-8)) of general relativity is already different from general rela- 
tivity itself. But it seems to us that such an opinion is rather narrow-minded, 
because a similar situation appears also in Rosen’s® interpretation of general rela- 
tivity with respect to the postulate (c), in addition to the fact that the second 
metric corresponding to the flat space-time is introduced together with the metric 
(2-1) in his treatment. 

Now it must be remarked that the first expression of (2-7) is deduced ‘without 
recourse to the regraduation of mass, i.e. the third expression of (2-6), though 
it is not the case with the second of (2-7) ; the regraduation of mass in (2-6) 
is entirely formal and artificial. Moreover, in his paper, Walker has exclusively 
treated Einstein’s field equations, in spite of the situation that the Maxwell and 
Dirac equations can be treated in a covariant manner as well (cf. the postulate 
(a)) and that various physical constants such as Planck’s constant A, and charge 
e and mass » of elementary particles are included in these field equations ; c and 
« have already appeared in (2-1) and (2-2). It is suggested in this connection 


* Remark that this is the opinion due to Walker. 


** The uniform regraduation is substantially equivalent to the case arrived at by McVittie. 
Moreover, the problem of uniform regraduation has been investigated also by Hoffmann, though 


his main concern is to establish a unified field theory from the standpoint of “ similarity ” invariance 
of physical laws. 
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that we can tackle the problem ‘of conformal regraduation in a different manner 
from Walker’s. 


§ 3. Theories of gravitation based on the flat space-time 
and the concept of reeraduation 


It is clear that the conformal regraduation as specified by the first two ex- 
pressions of (2-6) is incompetent to examine Rosen-Kohler’s and Gupta’s reinter- 
pretations” of general relativity from the standpoint of regraduation, because, say, 
the Schwarzschild space-time is not conformal to the flat one. In this respect, let 
us for example consider such a regraduation that 


X%=uX, X®=v,X (a is non-dummy), (3-1) 


in place of (2-6), where uw and v,(a=1, 2, 3) are functions of x*. The first two 
expressions of (2-6) are, however, set up from the first with due regard to the 
postulate (d). If we use the local coordinates X’s, this postulate can be represented 
as follows: (d’) A null curve specified by 0.,X‘X“=0 is transformed into 
another one specified by d,,.X‘X =O under a regraduation. 

Then, is the regraduation (3-1) consistent with the above postulate (d’) ? 
As is easily seen, for (3-1) we obtain 


ds°= 9. (4@, dz) dz" ax}, (3-2) 
with 
2 
GeeulA, AY —ce) (7, dz) > CLAS AP}, (3-3) 
a=1 
where 
3 
ie Vale Nelo he eit Bo Ss 
J=| = CeeCoeue (3-4) 


= 
S1C2A® A@da"dx’ 
a=1 


Since g,, given by (3-3) is homogeneous of zeroth degree with respect to dz’s, 
the metric (3-2) corresponds to a Finslerian 4-space, but not to a Riemannian 
space-time. Thus we can see that, so far as the postulate (b) is demanded, the 
postulate (d’) cannot be preserved under the regraduation (3-1). Such a situation 
should be taken into consideration, when we examine from the standpoint of 
regraduation any theory of gravitation based on the flat space-time. 

(A) A regraduation of an arbitrary space-time into the flat one. 

Now let us assume that a Riemannian space-time with metric (2-1) is given. 
Then, can we regraduate scales and clocks so that it may be converted into the 
flat space-time specified by 


ds*=9,,dx" dz’, (3-5) 
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with 

Ree 0; (3-6) 
where Rone is the Riemann-Christoffel tensor for Y,,? To answer this question, 
we shall consider at each point of space-time a regraduation specified by 


— Ria) ye 
X= BOX, (3-7) 
where B(3) are functions of z’s. As is easily seen, a special case such that 
9 J CAN ees 
Dap Beh Bian =O apr (3-8) 
corresponds simply to a Lorentz transformation at an event //(2), i.e. such a 


degree of freedom is always included in the regraduation (3-7). 
Now we shall introduce a new metric 


d5*=84, XX), (3-9) 


where dy, is given by 0»=1, Ou=—(€)~, Oae=0(a4), ¢ being a counterpart 
of c in (2-3). Then, by virtue of (3-7) and (2-4), (3-9) is reduced to 


as,=9,4 dz azt, (3-10) 

with 
J —=b.A" A, (3-11) 
bap Sang Bey BEY. (3-12). 


Contracting (3-11) by the use of A&nA%en, we obtain 
bap =I uy Ato Aves (3 os 13) 


which should be identified with the left-hand side of (3-12). 

If we assume that g,, given by (3-11) satisfies (3-6), then the left-hand side 
of (3-12) can be calculated by using (3-13), where A’s are known functions of 
x’s. To solve (3-12) with respect to B’s is, however, similar asto solve the first 
equation of (2-5) with respect to A’s. Accordingly, the general solution of B’s 
can be written as : 


Bey =REy BY, (3-14) 


where (B’s) is a solution of (3-12) and (R’s) is the coefficient of a Lorentz trans- 
formation at E(x) in the space-time with metric d5, ice. 


Daa RUS REG!) = Dare. (3-15) 


Substituting (3-14) in (3-7), we can absorb the above R’s into X’s by a suitable 
Lorentz transformation in such a way that 


Ae Ba. (3-16) 


Thus it is verified that there exists a regraduation in terms of which a given 


s 2 te | 
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space-time is converted into a flat one, up to any Lorentz transformation at each 
event. 

There is however one important point to be remarked with respect to the 
above procedure. The required regraduation (3-16) is originally defined at an 
event E(x) of the space-time with metric (2-1), x’s being the basic coordinates 
fixed in some manner. But the system of coordinates employed cannot cover all 
the space-time region in general, so that the applicability of (3-16) is confined to a 
part of the region such that the coordinates in question are valid. Accordingly, 
we must stipulate that, for an event outside the region in which the basic co- 
ordinates is defined, a suitable transformation of coordinates (2*—/z*) should be 
carried out prior to the procedure of regraduation. Such a situation is particularly 
conspicuous when the original space-time has a topologically different structure from 
that of the Minkowski space-time. 

(B) The problem concerning the physical meaning of coordinates. 

Though our discussion in (A) has been made with the basic coordinates 
x’s fixed, it is clear that the formalism in (A) is covariant with respect to an 
arbitrary transformation of coordinates. We have, however, another point to be 
examined, i.e. what form of 9,,(x) should be adopted as a solution of (3-6). 
For example, we shall assume that the metric (2-1) corresponds to the Schwarz- 
schild space-time. Then, the concrete form of (2-1) is, for example, 


d= (€—2m/r)dP— (1/c) lmmoaees 3(d6°-+ sin? ade’) | 


(z*) = (t, YT, UP ’); (3 F 17) 
or 


d= Ce he (1-+-m/2r*)*(1/e)[dr? +r (d+ sin’ ddg*) ]; 
+m/2r 


(y= 7%7, 9); (3-18) 


where r=r*(1-+m/2r*)?. Now we shall assume that the procedure of regra- 
duation elucidated in (A) is applied to the metric (3-17). Then we have 


dst=d?— (1/)[dr? +r (d+ sin? dd¢’) |, (3-19) 
which is transformed into 


e\2 om 2 
di=de— (1+-m/2r*) ajay (254) dr? p9(db"-+ sin? Odo )| 
(3-20) 


+f we use the relation between 7 and r*. On the other hand, applying the pro- 
cedure in (A) to the metric (3-18), we obtain 


de=dt—(1/e)[dr@ +r? (dP + sin’ Od¢") |. oy) 


Since the concept of regraduation is originally introduced without recourse to 
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the transformation of basic coordinates, each coordinate in (3-20) might be identi- 
fied with the same symbol in (3-21). But, in spite of their different forms, these 
two metrics correspond equally to the flat space-time, so that one is obtained from 
the other by means of a suitable transformation of coordinates. Such an apparent- 
ly contradictory situation is of course due to the fact that there exists a variety 
of arbitrariness for the functional form of ,,(a) satisfying (3-6), even when the 
basic coordinates x’s are fixed. At first sight, the metric (3-21) is superior to 
(3-20) as the regraduated form of the original metric (3-18), because the former 
is of the usual form for the Minkowski space-time (if we regard r* as the radial 
coordinate). But it is not the case, if we take it into consideration that the ori- 
ginal form (3-19), from which (3-20) is deduced, is also of such a type. A 
similar situation appears in Rosen-Kohler’s reinterpretation of general relativity 
too, in spite of the device of the second metric introduced for stipulating the 
physical meaning of coordinates clearly. 

Can we affirm, then, that in general relativity the system of coordinates is 
simply a set of mathematical labels specifying events? Such an opinion is not 
necessarily erroneous, if we take account of the following situations : 

(1) At each point of a Riemannian space-time we can consider locally a set 
of flat ones, in each of which the local coordinates in the sense of special relativity 
are introduced. 

(2) Strictly speaking, it is the so-called ‘physical component,* which is a 
scalar constructed from the tensorial component of any physical quantity, that 
should be compared with the experimental data. 

It must however be remarked that an important proviso should be added to 
the above consideration. For example, we shall take up the angular coordinates 
(8, ¢) in (3-17) and (3-18). These coordinates clearly have a direct physical 
meaning in that they characterize the spherical symmetry of the Schwarzschild 
space-time, in contrast to the other two coordinates. 

In short, with respect to the problem of physical meaning of coordinates in 
general relativity, a much more detailed study is needed.** 

(C) Theories of gravitation based on the flat space-time. 

The last sub-sections have been devoted to show that there always exists such 
a regraduation that a given Riemannian space-time is converted into the flat one, 
together with an examination of the matter concerning the system of coordinates. 
But this is only the first step to establish the following scheme: 


(The general theory (Translation) a (Theory of gravitation based 
of relativity) on the flat space-time), 


though it is not necessarily self-evident that the above scheme is possible. In 


* In this respect, the problem of spatial distance provides us with a typical example.1» 
** Tn kinematic relativity the situation is rather different, irrespective of the introduction of the 
concept of Riemannian space-time. 
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order to examine the degree of validity of the above scheme, we shall adopt as 
the basic postulates of general relativity the ones (a)—(e) enumerated in § 2. 

However, we have already known various theories of gravitation (together 
with several reinterpretations of general relativity) based on the flat space-time. 
Accordingly, we shall consider in the following the problem with respect to these 
theories and reinterpretations. 

(i) Theory of Birkhoff and of Whitehead: The scheme in question is not 
satisfied by these theories, because the equations of motion for a test particle in 
Birkhoff’s theory cannot be a geodesic in a Riemannian space-time and there are 
no field equations in Whitehead’s theory. | 

(ii) Dicke’s theory: His theory might be in principle one of the required 
type in that the correspondence of a curved space-time to the flat one is considered 
from the standpoint of altering “units of measurements”. It seems to us, how- 
ever, that there remains as yet a certain. ambiguity in his concept of “local 
Lorentz covariance ’’.* 

(iii) Rosen-Kohler’s reinterpretation: In their formalism, the second metric 
corresponding to the flat space-time is introduced in addition to the metric (2-1), 
so that the concept of regraduation is not included in it. But we may say that 
their formalism too is one of the required type, because we can regard the tensor 
Ju(x) as the gravitational potential defined covariantly in the flat space-time speci- 
fied by the second metric. 

(iv) Gupta’s reinterpretation: In contrast with the above (iii), in which 
the postulate (a) in §2 is preserved, Gupta showed that Einstein’s field equations 
can be reformulated in a Lorentz covariant manner. Moreover, the postulates (c) 
and (d) in §2 are no longer preserved, but we can still obtain the same (though 
practically) results as those of general relativity in the usual sense as for the 
equations of motion for particles and light rays. Accordingly, we see that Gupta’s 
formalism is also one of the required type. 

Summarizing (ii)—(iv), we may say that there are different manners for estab- 
lishing the scheme** indicated at the top of this section, though the relation 
between (ii) and (iii) is not yet clear. There remains, however, one important 
point to be emphasized : Each theory of gravitation based on the flat space-time, 
even if it satisfies such a scheme, does not in principle predict the completely same 
result as that obtained from the orthodox formalism of general relativity for one 
and the same physical phenomenon. Because, even if the field equations and 
equations of motion for particles in the former are simply a different representation 
of those in the latter, the numerical value of a physical component (to be com- 


* Though his actual formalism is developed on the assumption that gravitation is tentatively 
described by a scalar field, it seems to us that he has implicitly introduced a tensor field of the 


second rank which is obscured by this concept. . 
** Whether such a scheme can be extended to the realm of cosmology is another preblem to 


be iavestigated in future. 
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pared with the experimental result) depends upon the method of stipulation of 


the metric tensor. 


§4. Theory of conformal regraduation 


In § 2 we have summarized the essential points of Walker’s paper and pointed 
out another possibility of approaching the problem of conformal regraduation. We 
shall in the following look into this problem in detail. Prior to the discussion, 
it should be emphasized once more that the conformal relation specified by the 
first expression of (2-7) is deduced without appealing to the regraduation of mass 
such as the third expression of (2-6). Moreover, so far as the conformal regra- 
duation is concerned, we may regard 9,,, instead of g,,, as the original metric 


tensor, so that we shall here modify the symbol “bar” in § 2 by “°” for con- 
venience’s sake. .Then (2-8) is reduced to 
as =.,0a002 (4-1) 


Similarly we have (cf. (2-7)) 
Ga Lowe 9 ila sale (—9)”"=7(-9)™, (4-2) 
ENS 


where 9?G.=9"'9.=07, g=det |g,,|, and Y=e’, from which we obtain 


telat Oe" boo + 85" loa Ian's”), (4-3) 


where /”s and I’’s are the Christoffel symbols for g,, and g,, respectively, and 
X7=9""X,.. Then we can stipulate the conformal regraduation as follows: “a 
regraduation in terms of which a space-time with metric (4-1) is converted into 
another one with metric (2-1) in conformity to (a=2y 

(A) Einstein’s field equations 

Einstein’s field equations in ds* can be written as 


= 6 T = Rus— (1/2) GR, for Foss (A-1) 


where the cosmic term is neglected. Now let us assume that the postulate (e) 
in §2 is preserved under the conformal regraduation (abbreviated as CR from 
now on). Then we must have 


HL peter La Oe IS, EOL Oy, (A-2) 


where we can regard « as not only generally different from , but also a function 
of x’s, because « is a factor of T,, in (A-2). Contracting (A-1) and (A-2) 
with respect to g”” and g“” respectively, we obtain 


R=mT' 3 R=cT. (A-3),(A-4) 


* We shall hereafter abbreviate the term “in the space-time with metric (4-1) (or (2-1)) ” as 
“in ds (or ds)”. 
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On the other hand, from (4-2) we have 


Q = = rphAoy 4 j 
R= Ru t2| 2 7 2/2) 9.0% |+9,| | (A.5) 
R=717[R+6474,%], (A-6) 
with 
4, x =9** Noe PGi 


1 (AYO) 


A= 9 UL, op =I" (Lraa— bor! de) =—— ag (9) 0} a 
(Cee 
From (A-3) and (A-6), we obtain 
AX= (1/6)[eoT 0 — Rt. (A-8) 
Substituting (A-5) and (A-6) into (A-1) and taking account of (A-2), we get 
— Ko T= — Sod oy a 2779 (BO GG, 4%) = Ne hast Gh eM 4,2], (A:9) 
whose contraction by j””=%~9"" leads us to (A-8), by virtue of (A-4). 

Thus, in order that Einstein’s field equations (A-1) for g,, can be converted 
into the corresponding ones (A-2) for 9,,, the scalar 7 appearing in (4-2) should 
obey the “field equation » (A-8), in addition to the occurrence of the relation 
(A-9) between T,,, and T,,. If we take into consideration these situations, our 
CR should be consistent with the following procedure : Now let both the metric 
tensor Y,,(x) in ds and the spur of the energy tensor, T, in ds be given. Then 
(A-8) is the field equation for 7 in ds, so that it can be solved under suitable 
‘nitial and boundary conditions. On the other hand, «T',, can be calculated by 
making use of (A-2). Substituting % and «T',, thus calculated in the right-hand 
side of (A-9), we obtain T’,,. 

(B) Lagrangian formalism in ds 

It is suggested from the preceding paragraph that various relations deduced 


in (A) could be revived from the standpoint of a Lagrangian formalism for % in 
ds. Since g,,(x) is already known, the Lagrangian density for should generally 


be of the form 
San, 1:0: Xsag 3 oo (B-1) 


where the arguments %,.e=04/ Ax*dx* are inserted for our subsequent discussion 
of (A-9) in which the second derivatives of % are included. Then the action 


integral to be variated is 
r= (8, ‘0 3 e) dx. (B-2) 


Now let an infinitesimal transformation of coordinates be 


gt ata art t+F* (x). (B-3) 
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Then the transformation properties of % and 7,, under (B-3) can be represented by 
6L=0 3; 9(L,a) = Lope re (B-4) 
so that, for the usual variation specified by the symbol 0*, we have 
OY =0=0*%4+74,0§", ete., (B-5) 


where 0*(%.4) =(0*%),4. Taking account of (B-3), (B-4) and (B-5), we obtain 
from (B-2) 


0=01=|d‘x[[8]o*2+ Ue} (B-6) 
with 
[2] =98/ax—p%., Bet) 
Of as — 1,8 CPL OF SEP phy £7 g, (B-8) 
where 
fp" ==ep thay Pp “Oe &> (B-9) 
2=Lep* +, ay pr’ — Oe", (B-10) 
PO re ne eee (B-11) 
p OX sa p ENS) p ers 


in which »* and p** are contravariant vector and tensor (of the second rank) 
densities respectively. 

The expression (B-6) leads us to the following field equation for 7: 

[@]=a8/ax—p%,=0. (B-12) 

As is easily seen, in contrast with tf, 7 is a tensor density such that 7 », in tg 
is replaced by Y,,,. We have no a priori reason to assert that 7 ¢ is superior to the 
pseudo-tensor density t# as the quantity specifying the content of energy and 
momentum for the 7-field; this is analogous to the situation in the problem 
concerning the energy-momentum of the gravitational field. We shall however 
adopt as the required one the expression 7, which is in conformity with the 
postulate (a) in § 2. Moreover, it should be remarked that the covariant divergence 
of J¥ does not vanish on account of the arguments 2’s in &. 

After the above general consideration, let us put 


@=(1/6)(-9) | (t= 240) + wie—2ryr, (B-13) 


which is clearly of the type (B-1). Inserting this into (B-11), we optain 
p*= (2/3) (—9) Ede 5 P= (NB — 9) 9" 7, (B-14) 
so that 


p*+2p** »=0. (B-15) 
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Substituting (B-13) and (B-14) in (B-7), we get 
[Q]=— (—g) [4 — (1/6) (eT? — R) YX], (B-16) 
so that the field equation (A-8) is deduced as Euler’s equation (B-12) for & given 
by (B-13). 
Now let Tg be a tensor corresponding to the tensor density defined by (B-10), 
i.e. 


Beet g ye Te Teg 68 (B-17) 
Then, from (B-14) and (B-10), we have 
Te (1/3) hal) ole LL 8) C9)" ). (B-18) 


Substituting (B-13) in the above expression, we obtain 


T= — (1/3) [% eyo —J pv 4oh) — 24 Lot 1/2) G0 4%] 
OLE COM eccAy 2 (B-19) 
If we take (A-2) into consideration, a comparison of the above expression with 
(A-9) enables us to deduce 
T jo= (1/6) 2°[Ko( To (1/4) FG nn) + Roh (B-20) 
which is the relation between the energy-tensor T,,, for 7, defined by (B-17) with 
(B-10) from the Lagrangian density 2 given by (B-13), and the energy-tensor 
Toa stsespur’ 7) in Einstein’s field equations (A-1) for gy. Multiplying 
(B-20) by g*’=7g” and contracting, we have 
T=9" T },= (1/6) RF, (B-21) 
so that T does not vanish, except when R=0. 
Next, we shall look into the covariant divergence of J. From (B-19) and 
(B-17), we obtain 
cect hid Wee 
= (1/3) (—9) [At Ry 1/8) WP) w-2Rh A] (B-22) 
by virtue of (B-12), so that J ?.,#0 as mentioned previously. To what expression 
in ds does the above (B-22) correspond, then? If we make use of (B-20), the 
above expression is written as 
(rep GCP 0/4) T8,)],= — 0/4) (9) CP). (B28) 
On the other hand, we have from (4-3) 
0=(—g/)it=(—G) 2-40 *) .(-™, (B-24) 


so that (B-23) is reduced to 


° 
* Hereafter we shall use the symbol “|” for the covariant differentiation with respect to Sy». 
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T?,, =T', +4(n X),,(T,’— (1/4) T3,’) =0, (B-25) 


where we have omitted the factor « (=const., by our prescription). Since the 
above expression is nothing but the conservation law of general relativity due to 
the contracted Bianchi identities, it may be said that (B-22) is a regraduated 
version in ds of the conservation law (B-25) in ds. 

Summarizing the above, we may say that various relations in (A) are revived 
from the standpoint of a Lagrangian formalism in ds based on % given by (B-13). 
It is remarkable that the constancy of « is not assumed, though it is not the case 


with respect to Xp. 


(C) Equations of motion for a test particle 
~ Tt is well known that a null geodesic in ds corresponds to a null geodesic in 
ds, so far as the conformal relation (4-2) is satisfied. Accordingly, the postulate 
(d) in § 2 is preserved under our CR. What is the matter with the postulate 
(c), then ? 
In order to attack this problem, we shall start with the geodesic equations 
of motion for a test particle in ds, i.e. 


Di*/D§= di*/ds+ 3, 4°27 =0, (C-1) 
whose first integral is (cf. (4-1)) 
1L=Gapith®, (A¢=dx*/ds). (C-2) 
On the other hand, from (4-1), (2-1) and (4-2), we have 
ds=Yds. (C-3) 
If we make use of (C-3) and (4-3), (C-1) is reduced to 
04¢/Os==di*/ds+T's, PN =F*, (C-4) 
with 
Rte (ge? Sy" 2") Un 2) (C-5) 
where 
L=9 et A", (A dz" fds). (C-6) 
Contraction of (C-5) by Ag(=Gagd*) leads us to 
A,“ =0, (C-7) 


so that the 4-vector F% in ds is orthogonal to the unit tangential vector 7“ to the 
curve in ds corresponding to the geodesic curve in ds. Since the left-hand side 
of (C-4) denotes a covariant definition of acceleration, (C-4) can be regarded as 
a relativistic version of Newtonian equations of motion, if we interpret F* as 
the 4-force (due to the scalar field %) divided by mass 7m), say, of the test particle. 
At any rate, except in the case Y=const., the postulate (c) in § 2 is not preserved 
under the CR, similar to the situation in Rosen’s reinterpretation of general 
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relativity. 
(D) Mazwell’s equations and the equations of motion for a charged 
particle 
In the remaining sections, we shall show first how the behaviors of various 
physical constants under our CR are intimately connected with those of the field 
equations in which these constants are included, and then that our CR is ultimate- 
ly stipulated by the behaviors of these physical constants. 
Now we shall begin with Maxwell’s equations in ds, i.e. 
Pyathat Pips=9, (D-1) 
pes (D-2) 


using the usual notation. As is well known, (D-1) is equivalent to the existence 
of a 4-vector A, (determined up to the gauge-transformation) such that 


ee er ee ee (D-3) 
If we use (4-3), (D-2) is reduced to 
Fe 44nd), Fe=—J*. (D-4) 


Moreover, the energy-tensor of the electromagnetic field is of the form 
B= — Piel 1/4) Gol ook, (D-5) 


so that E=g”’E,,=0. 
In the next, we shall consider a charged particle with charge e¢ and mass 
mp. The equations of motion for it in ds are 


Dit /Ds— (e/m)oF%sk" =0, (D-6) 
where (e/m) is an abbreviation of e,/m, and other symbols are of the same 
meaning as those in (C). By means of the procedures in (C), the above equations 
are transformed into 

81%/8s— (e/m)o(LF%) A = F*, (D-7) 
where F* is given by (C-5). Since the origin of F% is independent of whether 
the particle in question is charged or not, in contrast to the Lorentz force, it seems 
natural that we can regard (D-7) as the regraduated version in ds of (D-6) by 
rewriting it as follows: 

OM /Os— (e/m) FSM =F*, (D-8) 
where e and m stand for the regraduated values of é and m, respectively, and 
F«, is the mixed tensor in ds specifying the strength of the electromagnetic field. 
However, such a rewriting should hold for any 4°. Then we must have 


(e/m) F%,= (e/m)o(1F*%2)- (D-9) 
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On account of the physical meaning of F% given above, F,,=9 alo should 
satisfy the same equation as (D-1) for ne i.e. at least we must have* 


F,=F ys (A,=A,+grad. term). (D-10) 
‘Then, by virtue of (4-2), we have 

Part Pi EY atk, : (D-11) 
so that (D-9) is reduced to 

(e/m)= (e/m) o%, (D-12) 

which is the relation between (e/7), and its regraduated value (e/m). The above 
expression shows that there is no CR under which both charge and mass are 
preserved. Moreover, (D-10) is the regraduation law of the field strength under our 


Che 
Substituting the second expression of (D-11) in (D-4), we have 


FF. ,=—J*, (D-13) 
with 
J*=7'J*, (D-14) 


which is interpreted as the regraduation of current density. Both J* and Y hee 
however, are put phenomenologically as follows : 


J*= pit; Jt=pit, (D-15) 
where ¢ and / are proper densities of charge in ds and in ds respectively. Then 
(D-14) is reduced to 

. p=pxt, (D-16) 
sinee Grj— 74" (ct. (C)). 
From the definition of » and », we must have 
dey=p(—g)*"(dt/ds) d°x ; de=p(—g)""(dt/ds) d®z, (D-17) 


from which, together with (4-2), (C-3) se (D-16), we obtain de,=de. Accor- 
dingly, we have 


€=), (D-18) 
which is essentially due to (D-10) and our interpretation of (D-14) mentioned 
before. Inserting (D-18) into (D-12), we obtain 

mM=mMoiX, (D-19) 
which is the regraduation of mass for a charged particle. 

As is immediately seen, (D-13) with (D-10) are not only the regraduated 


* More generally, we can consider the case F,,=const.X Fys, but (D-10) is adopted for 
simplicity’s sake. 
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version in ds of the original Maxwell equations in ds, but also Maxwell equations 
themselves in ds; this is nothing but the conformal invariancy of Maxwell’s 
equations. Moreover, from (D-5), (D-10) and (4:2), we have 


Ep =LE ws (D -20) 


where £,, is the energy-tensor constructed from F’,, and g,,. It is to be remarked 
that the discussion in (A) is valid even when ED, and E,, satisfying (D-20) are 
inserted into the left-hand side of (A-1) and (A-2) respectively, though T=T=0 
in such a case. 


(E) Dirac’s equations in a curved space-time 


For a system consisting of the electromagnetic and electron, say, fields in ds, 
the right-hand side of (D-2), J“, is described by a spinor field ds. Accordingly, it 
is suggested that the regraduation law (D-14) of current density enables us to 
deduce the regraduation of db. 

Dirac’s equations for the spinor field b in ds can be written as 


{— if + (mc/h)ok $=0 : (Eady) 
with 
P p= 3h/axt—L" gh, (E-2) 


where I” , is, within a freedom of an arbitrary multiple of the unit matrix J, given 


by a solution of Pe =). 14, 


37,/92r=P n+l Ph» (E-3) 
and }, is a 4~4-matrix such that 
Fake tbh p= 2G wl. (E-4) 
Similarly, we have for the adjoint of d, A 
SLi ,f" + (mc/N)o]=0. (E-5) 
If we introduce a 4~4-matrix such that 
Tot p= 29 (E-6) 
then (4-2) leads us to 
Fah git Sher: (E-7) 


within a freedom of spin-transformation ; we shall neglect such a freedom here, 
since it is not essential to our discussion. Similarly, we introduce a matrix 1’, 


such that 
07/9! =F itl sift « (E-8) 


Then, by virtue of oe 3), (E-7) and (E-8), (E-3) can be rewritten as 


* The suffix “0” is attached to (m, c, h), in order to emphasize that (E.1) is described in ds, 
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A,7,—-7A,+[0,7(n 2) »—IF (Un 2) ,“|ra=9, ORD) 
where ( 
Aree I" (E-10) 


Solving (E-9) with respect to A,, we obtain : 
t= (ty/ 2). Yee Pibatiere (E-11) 
where jai’1= (al'e—Teva)/2, and a freedom of the unit matrix J is absorbed by 
[’,. Substituting (E-7), (E-10) and (E-11) in (E-1), we have 
{-7"0,—A,) + (me/h) ot} $=, (E-12) 
where V,,=90/d0x"—T,,. 
On the other hand, (E-1), (E-5) and (E-3) lead us to 
{(—§) "67" b} .=0, (E-13) 


i.e. (Ph) is a contravariant vector in ds whose covariant divergence vanishes 
automatically, in a way similar to the current density J” in (D-2). Accordingly, 
we can put 


Seen Sp). (E-14) 
If we rewrite (D-14) by using (D-18), (E-7) and (E-14), it becomes 
J*=e(¢7* 9), (E-15) 
with 
Geared, (E-16) 
which, if we regard # as the spinor field in ds, is the regraduation of spinor in 


question ; it is easy to verify that the covariant divergence of J* vanishes automatic- 
ally. Inserting (E-16) into (E-12), we get after some reductions 


[—i7*V + (mc/h) 9%] ¢=0. (E-17) 
Similarly, (E-5) is reduced to 
PW "+ (me/h) | =0, (E-18) 


where 7 ,=0/d2"-+T,. 

(E-17) is of course mathematically equivalent to the original one (E-1),, but 
it is described by the quantities in ds, except in the factor (mc/N) . We may 
regard this as Dirac’s equations (in ds) for ¢ interacting with y. In the following 
we shall, however, interpret the factor Y in the mass term from the standpoint 
of regraduation. Rewriting (E-17) as 


[—i7"V + (mc/h) |o=0, (E-19) 
with 
(mc/Nh) = (mc/N) o%, (E-20) 
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then we can regard (E-20) as the regraduation law of the Compton wavelength, 
where (fi, c, m) stand for the regraduated values of (fo, co, 70). However, we 
have (D-19) as the regraduation law of mass for a charged particle, so that 
(E-20) leads us to 


(h/c) = (R/c)o. (E+ 20) 


Moreover, for a system consisting of the spinor field interacting with the 
electromagnetic field specified by the 4-vector A,, the operator r in (E-1) should 
be replaced by [V,—i(e/fc).A,]. In order that the regraduated version of these 
equations can be of the form (E-19) with [V,—i(e/fic)A,] in place of V,, we 
must have (cf. (D-10) and (D-18)) 


(fic) = (fic) o. (E-22) 
From (E-21) and (E-22), we obtain 
R=fi, ANG) =—Cy (E- 23) 


which means that both % and c, should preserve their numerical values under 
our CR. 

Remarks. To sum up the above, it may be said that Dirac’s equations are 
formally “invariant” (cf. (E-1) and (E-19)) under our CR, in which (E-23), 
(D-18) and (D-19) are demanded. As is easily seen, however, even such a formal 
invariancy is not valid for other field eqautions such as the one for a neutral 
scalar field. This is because (D-19) should be applied to the mass of a neutral 
particle too, on account of its intimate connection with the demand (E-23) which 
is very desirable in view of the universal character of Zip and c. 


(F) Natural constants, charge and mass 

According to the discussions hitherto developed, the behaviors of various 
physical constants under our CR are as follows: 

(i) The natural constants c and fy», characteristic of the relativistic and 
quantum theories respectively, preserve their numerical values ((E-23)). 

(ii) This is also the case with respect to the coupling constant, @, for the 
electromagnetic field ((D-18)). 

(iii) The regraduation of mass for a charged particle is stipulated by (D-19) 
and it should also be applied to a neutral particle in view of the situation mentioned 
in the remark of (E). 

(iv) We have not yet any decisive statement as for the gravitation constant 
&, though the assumption «=const. is not used in (A) and (B). Though the 
first three items are set up independently of the last one, there would be an in- 
timate connection between them, because we have only three physical dimensions 
independent of each other. 

In order to examine this problem, we shall come back to the original de- 
finition of regraduation, from which the relation (4-2) is deduced. In our notation, 
the regraduation in question can be represented by (cf. (2-6)) 
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X%=1X, X=7XY, (F-1) 


since the universal validity of (i) is accepted. On the other hand, as quantities 
(constructed from physical constants) whose physical dimensions are [length], we 
have the Compton wavelength of an elementary particle, (/mc)o, and the classical 
electron radius, (e?/mc")), etc. So far as both () and (ii) are accepted, these 
quantities can suffer from the procedure of regraduation only. through the factor 


4 (4) 21/ Ss! i / 
(m)7. In this respect, we shall adopt as the values of DC See a and [x i Saat ee 


i= 


respectively in (F-1) the following ones: 
b= (hj me)e; (= Gi me). (F-2) 


From (F-2) and the second expression of (F-1), we easily obtain (D-19), irre- 
spective of whether a particle is charged or not. 

Now the physical dimensions of « are [«o]=[/,/720], where J, is specified by 
the first expression of (F-2). Accordingly, if we further take the standpoint of 
dimensional analysis, we obtain 


K=Ko Xt”, (F-3) 


by virtue of (F-2) and (D-19). The above relation is to be regarded as the re- 
graduation law of «) in question. 
Remark. If we insert (F-3) into (A-2), it becomes 


ad eet Ke Tn — A (F-4) 


The discussion in (A) and (B) remain valid, even when we regard T3=7~°T,, 
as the energy-tensor in ds. Moreover, if we reinterpret (F-3) as the definition 
of 7, (A-8) can be rewritten as 


ye — (3/2) = — (1/3) (ee TR), (F-5) 


which is similar to one of the field equations in Jordan’s’ gravitational theory with 
variable gravitation “constant”. This suggests that his theory can be reinterpreted 
from the standpoint of our CR. This problem will be treated in another paper. 


The authors wish to express their sincere thanks to Professors Y. Mimura 
and H. Takeno for helpful discussions. 
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The non-local properties of the second order two nucleon interaction are investigated 
using ps-ps meson theory and the Tamm-Dancoff approach. None of the customary transforma- 
tions are applied to the potential or wave function, so the second order potential derived is 
both momentum dependent and energy dependent. The potential is hermitian, however, so 
that the two nucleon component of the wave function can be normalized in the usual manner, 
conserving probability. The size of the non-local corrections on scattering states is estimated 
as a function of energy and as a function of the internucleon separation distance. The Born 
approximation is used to show that the lowest order velocity correction accounts for almost 
all of the non-local corrections at 300 Mev laboratory energy where it decreases the static 
scattering amplitude by about 25 per cent. The energy dependence of the potential is in- 
strumental for the Born approximation scattering amplitude being the same as given by lowest 
order S-matrix theory. The non-local corrections are estimated as a function of internucleon 
distance by defining an “effective” scattering potential which disguises most of the velocity 
terms as a static fourth order potential. Velocity corrections are found to be very large in 
triplet states, dominating over the static second order potential at about 1.5~3.0 f. Comparison 
with potentials of others where various transformations have been employed is discussed. 
There is no spin orbit component in the second order ps-ps potential, but the corresponding 
potential derived from scalar meson theory does have such a component. The latter calculation 
suggests that a spin orbit potential should really be regarded as a quadratic momentum de- 
pendence and therefore does not have an apriori preference over other admissible quadratic 
dependences. 


§ 1. Introduction 


The recent trend in phenomenological studies of the two-nucleon problem has 
been to emphasize the velocity dependence of the two nucleon potential.” The 
present situation may be summarized as follows. Using static potentials with widely 
varying radial shapes and a general spin angle dependence, the experimental data 
available for two-nucleon systems can not be adequately fit at all energies. This 
is true even though hard cores (or some other cutoff parameter) are introduced 
separately for even and odd states.®’ Thus, if one wishes to retain the usual 
formulation of nuclear physics where only non-relativistic nucleons occur explicitly, 
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one is forced to admit rather general interactions, i.e. certain velocity dependent 
(or non-local) potentials. 


How one should proceed in introducing a velocity dependence into phenome- 
nological investigations of the two-nucleon potential is really open to question. 
Present phenomenological investigations have taken the attitude that the familiar 
spin-orbit potential is the natural velocity dependence to consider since it is the 
only scalar invariant which depends linearly on the relative momentum.” Although 
this idea is bolstered by the fact that phenomenological potentials with a spin- 
orbit dependence are considerably more successful than those without a spin-orbit 
potential, the special role of the spin-orbit potential is not so readily established 
from a theoretical point of view. In fact, other velocity dependences seem to be 
preferred. Furthermore, the spin-orbit potential may well arise as a correction 
not linear but quadratic in the relative momentum. 

Most current theories of the two nucleon potential are based on the relativistic 
formulation of interacting fields, and extraction of accurate predictions from a 
relativistic theory of interacting fields corresponding to particles of finite mass has 
proven to be quite formidable. The basic difficulty is that there is no rapidly 
convergent method of calculation available. Consequently, the problem of finding 
the non-relativistic interaction of two nucleons at all separation distances in co- 
ordinate space (the operator which will yield the correct scattering phase shifts) 
is still not satisfactorily solved. If the separation distance of the two nucleons is 
kept large enough, however, the correctness of the potential can be insured. 

In the present work, the Tamm-Dancoff method is used to investigate the 
velocity dependence of the two-nucleon potential. No innovation is introduced into 
the method of calculating the potential and, primarily for simplicity, the calcula- 
tion is carried through only for the second order potential (the interaction arising 
from the exchange of a single meson)." For a realistic example, the forms of 
non-locality that occur and their effective strength are investigated. Further, the 
velocity and energy dependent contributions are compared with potentials where 
these contributions have been transformed into local interactions. 


§2. Second order potential in momentum space 
The field equation for the strongly interacting nucleon and meson fields is 
Hf=Ky¢, (1) 


where 


H=Hy+Hy+H1 


is the system Hamiltonian and ¢# is its state vector for the eigenvalue E. Hy and 
Hy, are the free nucleon and free meson field Hamiltonians, respectively, and H, 


is the interaction energy between these fields. Explicitly, 
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H,=G | dxG(x)I9(x), (2) 


where G is the coupling constant between the nucleon and pion fields and I is 


the operator coupling these fields : 
I=¢(x) scalar meson field, (2a) 
I=7s>\taba(x) pseudoscalar meson field. (2b) 


a 


The amplitude ¢ describes the meson field and 7 is the nucleon isospin vector. 

Really the derivation of the nuclear potential is only the process of finding 
the non-relativistic form of Eq. (1) for the case of two interacting nucleons. This 
non-relativistic equation will take the form of the familiar Schrédinger equation 
for two particles in which the two nucleon potential can be readily identified. 
We shall follow this procedure using the Tamm-Dancoff technique to account for 
the two-nucleon interaction only in the lowest approximation of single meson ex- 
changes.””””” 

Using the center of mass system and the momentum representation, the second 
order relativistic equation of motion for the two-nucleon system is given by the 
following : ’ 


(E—2E(p)) F(p) = GM E(p)+M | dk 


~(E—E(p) —E(p—k) —o(k))™ 


4(2n)°  E*(p) w(k) 
E(p—k)+M re 
eae T (01, 62, p, k) F(p—k). (3) 


F(p) is the two nucleon wave function (i.e. the projection of ¢ in (1) onto the 
state of two nucleons with no pairs or mesons), E(p)=1/ p°+ M’, w(k)=VF+/, 
and o12 are the Pauli spin operators for nucleons 1 and 2, respectively. In the 
scalar meson theory (Eq. (2a)) 


r=|1- 5 P= (p-o1) (k-o,) |p pr (p-o>) (k-o2) | 
(E(p) +M) (E(p—k)+M) (E(p) +M) (E(p—k)+M) J 


(4a) 


whereas in the pseudoscalar meson theory (Eq. (2b)) z 


Tarn) (P:o1) (p-o2) ((p—k)-o1)((p—k) -2) 
(E(p) +M)’ (E(p—k) +M)’* 


3 (p-o1) ((p—k) -o2) i) | p=) -¢1)-(p-e,) 
(E(p)+M)(E(p—k)+M)  (E(p)+M)(E(p—k)+M) J 


In each case, the function T contains all the interesting spin dependence in the 
potential. Equation (3) is well known and has been derived by several authors. 

While only one meson is exchanged between the nucleons, the separate nu- 
cleons, their interaction with the meson field and the meson are treated exactly. 


(4b) 
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Thus G, M, and are the renormalized quantities. Unfortunately we do not know 
how to conveniently describe the exact dependence of the pion-nuclear interaction 
on, say, the momentum transferred to the pion. This momentum dependence of 
the pion-nucleon interaction as compared with the unrenormalized interaction arises 
from two sources: renormalization of the interaction involving one nucleon, and 
the presence of the pion field associated with the second nucleon.” The unre- 
normalized form of the pion-nucleon interaction is used here, considering this as 
an example of what the actual momentum dependence might be. 


§ 3. Non-relativistic transformation to coordinate space 


In order to obtain the two nucleon potential, Eq. (3) is reduced to its non- 
relativistic value. The Fourier transform of the resulting equation will have the 
form of the usual non-relativistic Schrédinger equation, and the second order 
potential can be readily identified. 

In taking the non-relativistic limit, p-and k (and théréfore p—k) are treated 
on the same footing and (p/M)’ is used as the expansion parameter. The non- 
relativistic energy (kinetic plus potential) is bet. 


é=H-2M. (5) 


The essential energy denominator is 


i et hy ie a 
(E—E(p) —E(p—k) —o(k)) ~~ wo (k) (a 2w(k) 


P pds é | 

ahr M i w(k) /- (6) 
In the usual “static” theories, the right side of Eq. (6) is replaced by —lo(k). 
In calculating the Born approximation scattering amplitude (see §5 below), 
Eq. (6) reduces exactly to the “static” result of —1/w(k) ; this is perhaps an 
indication that the expansion in (6) is quite accurate. 

The non-relativistic energy, &, 1s treated as being of order p’/M. (For large 
separation distances this is clearly correct, and for small separation distances the 
approximation depends on the sign of potential. In the region where the potential 
‘s accurately predicted (r=2f), the approximation applies.) 7 

In the non-relativistic (but non-static) limit, Eq. (3) has the form 


(¢—?/M) F(p) = | dk K.(p, k) F(p—k). 
Transforming to coordinate space, this equation becomes 
(6-472/M)y(r) = | dr! Ul, 4), (7) 


where 
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winrys | dk@|K.(, k) |r’) 
etip-k)-rt 


(2n)*? 


a [ake apo Kelp, k) (8) 


(27 
The integration over p may be formally carried out as follows. First move K; 
to the left in the integrand in (8) and replace its dependence on p with the 
operator ip. The remaining integration over p is then simply a delta function 
and Eq. (7) becomes 


(€477/M)¢(r)=V.(r, —i7)$@), (9) 
where 

Ve ee ae | ak K.(iV, k)e7**" (10) 
and 

Vin) diy= | ar! U(r) rhe). (11) 


From Eq. (7) it is clear that the scalar and pseudoscalar meson theories 
predict a non-local, energy dependent potential which, from Eq. (11), is equivalent 
to an ordinary multiplicative type potential with explicit energy and velocity 
dependence. The restriction only to lowest order velocity corrections (to order 
(p/M)*), however, is a short range limitation on the amount of non-locality. 
As long as one uses the usual non-relativistic kinetic energy operator, i.e. p’/M, 
this limitation must be imposed for overall consistency. Complete non-locality 
corresponds to a relativistic interaction which accounts for all orders of (p/M)’; 
in this case, the kinetic energy operator is E(p) = p°+M’. 


§4. Second order scalar potential 


Following the procedure outlined above, the non-relativistic second order scalar 
potential is given by 


ven Eni (HN) 4 2 4M (HY) ce 


Ax ae M ia Diva. 
(4) Ki(2puemb ( e* (ici 
a \M z Mt Fish x ye discivate as 
1 (# ) l (<)'z. | 
AN LVL ad Me nae sia | 2) 


where x=ypr, L is the total orbital angular momentum relative to the center of 
mass, and «=0,+<6, is twice the total spin operator of the two-nucleon system. 
Ky and K, are the Bessel functions of imaginary argument of zero and first order, 
respectively. 
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In the limit €/M-—>0 and p/M->0, the scalar potential in (12) reduces to 
the familiar Yukawa potential. 

It is of particular interest to note the presence of the spin-orbit term in the 
scalar potential. Explicitly,” 

Vie (HV _# (£) bo. 
4n \M/ 4x zx. 

This potential arises from the spin, angle dependence of the nucleon spinors, a 
fact revealed by the 1/M? dependence on the nucleon mass. V;, is written with 
an explicit differentiation to be performed in order to emphasize that this poten- 
tial is really of order p* in the nucleon momentum. The spin-orbit potential 
is characterized by one derivative acting on the wave function and the other only 
on the radial shape of the potential. The easiest way to keep account of the 
order of a given term with respect to the nucleon momentum is by the power of 
the dependence on 1/M. 


§5. Second order pseudoscalar potential 


The non-relativistic second order pseudoscalar potential is given by 


Vex Vet K—[p'/4M", AV, +2K], +[p'/4M?, Vo—Al-, (13) 
where [A, B]:=AB£EBA, 
= GC’ EONS a os Coe 3 3 
Vo sita: Tap Aa os [ovo+s (342-41) | GA) 
2 2 
rans Be) 8 (ced BLED) +(e 42-2) 
Aarts ( L ) | (po) (r-o2) + (p-o2) (ro) |“ ( a 
4n \2M Ss te 


S=3(o4-T) (62:1) /7° 61-22. 
Equation (13) is a convenient way to write the second order potential because 
the commutator, which contains the most complicated spin, angle dependence of 
the potential, vanishes in the Born approximation.” From this viewpoint, an even 
more useful form to write the second order potential is given below in Eq. C17)i3 

The familiar static form of the potential is obtained by taking the simultaneous 
limits €/M—>0, p/M->0; hence the static potential is given by (14). 

The operator 4 introduces a new spin, angle dependence’ into the nuclear 
potential, but it does not involve any spin-orbit coupling. (All other terms of 
the potential are clearly of the central force or tensor force variety.) To show 
this, only diagonal matrix elements of V, in the quantum numbers J, L, and S 


need to be considered, i.e. 
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(j1(pr) Yors| Velvz (pr) Yy1s)- (15) 


Here ;, is the spherical Bessel function of order L, Y,zs is the two particle spin, 
angle function, and v, is the radial part of the exact wave function projected onto 
Y,1s. Only diagonal states need to be considered in (15) because the spin-orbit 
operator is diagonal in L (the whole nuclear potential is diagonal in J and S). 

The spin, angle dependence of V; in diagonal states as (15) can be uniquely 
separated into three parts for L0: central, tensor, and spin-orbit. This statement 
is obvious in singlet spin states where the potential is spin independent and, there- 
fore, all central. In triplet states the statement is readily proven by noting there 
are three triplet states for each non-zero L, and the operators 1, L-S, S are linearly 
independent in these three states. Upon calculation, however, the coefficient of 


L-S is found to be zero. 


§ 6. Born approximation scattering amplitude 


A simple criterion for the second order potential to satisfy is that it gives 
the same scattering amplitude in the Born approximation as does the lowest order 
diagram using S-matrix theory. It is easy to show that the exact second order 
relativistic interaction in (3) satisfies this criterion. The non-relativistic form of 
the Born approximation result is then obtained by expanding the factor E~*(p) in 
powers of (p/M)’: 


E™*(p) = (1/M") (1—2(p/M)*+3(p/M)*.--). (16) 


The Born approximation scattering amplitude resulting from the second order 
potential of Eq. (13) includes the first two terms of this expansion; thus (16) 
gives a simple way of seeing exactly how much the non-locality contributes to 
the scattering at various energies. For a lab. energy of 300 Mev, p’?/M=150 Mev, 
the series in (16) becomes 


1— 320+ .063=1—.320+.077—.--- 


The left side of this equation is the numerical value of (M/E(p))* at 300 Mev 
written to easily compare it with the term by term evaluation of the series in 
(16). Thus the non-locality of the interaction decreases the static Born approxi- 
mation result by about 25 per cent at 300 Mey, and the non-locality is quite ac- 
curately represented by the lowest order velocity terms.* 

The energy dependence of V, plays an interesting role in calculating the Born 
approximation scattering amplitude. For in the Born approximation, €= P/M and 
the operator p* becomes a numerical factor; thus the terms involving K in Eg: (13) 
cancel identically! This cancellation is instrumental in obtaining agreement with 


* Signell also pointed out that the corrections due to the long range component of the lowest- 
order velocity-dependent potential effectively weaken the second order potential. See P. Signell, 
Prog. Theor. Phys. 22 (1959), 492. 
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the lowest order S-matrix scattering amplitude and emphasizes the necessity of 


retaining an explicit energy dependence in the potential. 
Writing Eq. (13) as 


é é ; 2 
Ve=Vo(1-2 ) | ae | |? : | 
; Mee oe? et ee Ae ae 


where Vy is given in (14) and 


Us V+—K, 


U==—(Ve—A), 


only the first term of (17) contributes to the Born approximation scattering ampli: 
tude. 


§ 7. Hermitian property 


It is easy to see that the condition for the potential to be hermitian is satisfied 
in both the scalar and pseudoscalar theories. The hermitian conjugate potential is 


Vi(r, p)= | ake" Kip, k)= | ak Kf (ip +k, be™". 
Simultaneously reversing the sign of & and the limits of integration gives 
eae | dkK.(ip—k, —k)e-**, (18) 


The dependence of K, on spin and charge operators has been suppressed since 
these operators are hermitian and essentially play no role other than as specified 
by the superscript “TT”. The superscript “7” stands for transposing the order 
of these spin and charge operators whenever they appear in non-commuting combi 
nations, and accounting for anything else that would change under transposition 
(as cross products). Comparing Eqs. (10) and (18) it follows that the potential 


is hermitian in case 
K."(p—k, —k) =K,(p, k) 
or that K, is invariant under the simultaneous operations (along with any neces- 
sary transposition): 
k->—k, 
pop—k. 
The kernel in Eq. (3) satisfies this condition using either (4a) or (4b) at all 


energies. & . 
One can also see directly that the potential is hermitian. The scalar potential 
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in (12) is obviously hermitian, and the pseudoscalar potential in (17) is readily 
shown to be hermitian using the relation Uj;=— U,. 


§ 8. Estimate of velocity corrections 


In this section a crude estimation of the size of the velocity corrections in 
the two-nucleon interaction as a function of the separation distance of the nucleons is 


presented. 
The non-relativistic scattering amplitude is proportional to 
(e?""|Veld(r)), (19) 
where 


(—7?/M+ V.)¢(r) =E¢ (r). 
Approximating the kinetic energy of the particles by 
(—?/M)¢(r) + (E—Vo) o(r), (20) 


> 


where V, is the static potential, the “ effective”? second order potential is 


Viyg= (1—2(p/M)’*) Vo+ (Ui + U2) Vo/M. (21) 


It is emphasized that this effective potential is defined only within the matrix 
element (19). The approximation in (20) amounts to removing the velocity 
dependence in the second order potential by a single iteration of the Schrédinger 
equation, retaining only the leading term in powers of 1/M. Thus the second 
term in (21), which is the correction to the Born approximation result, naturally 
manifests itself as a potential of fourth order range. Since it is assumed that 
the non-local effects have a perturbation effect on the scattering, it is clear that 
the effective potential becomes completely meaningless at small distances where 
the fourth order term of (21) begins to dominate over the second order term. 
One can then make a meaningful quantitative statement only from a detailed treat- 
ment of the original Schrédinger equation. A detailed treatment suitable for com- 
paring various potentials could take the form of integrating from large distances 
into some small distance. 

In diagonal states, the effective potential may now be given by 


Vegp= VetSV>o. (22) 


The appearance of a spin-orbit term in (22) is regarded as spurious, and has 
been dropped, since the exact second order potential does not have such a term. 
To facilitate matters, the approximation 


is used. This approximation is understood to be made within the matrix element 
(19) between diagonal states; it is exact in the Born approximation. 
In terms of spin and parity eigenstates, the six potentials defined by (22) 
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have been numerically evaluated at 0 and 300 Mev lab. energies and compared 
with the respective static potentials. Table I is based on these calculations. 
Triplet states are affected more by the velocity dependence than are singlet states, 
and even parity triplet states are affected earlier (i.e. at larger ranges) than odd 
parity triplet states. Singlet even and singlet odd states are roughly affected to 
the same degree. At larger distances the change in any of the potentials from 
the static case is greater with increasing energy. At smaller distances, the velocity 
corrections (which are cast into a static mold in the second term of (21)) are 


predominant. 


Table I. Ratio of effective to static potentials in each spin and parity state. Values are 
tabulated at various separation distances for lab. energies of 0 and 300 Mey. The separa- 
tion distance is expressed in units of z=yr; thus x=1 corresponds to a separation distance 


of 1.414 f. 
Triplet Even States Triplet Odd States Singlet States 
tensor central tensor central even odd 


Mev Mev Mev Mev Mev Mev 
0.7 4.75 4.43 —.251 | —.570 1.25 .934 .239 | —.081 
1.0 2.34 2.02 554 | .234 1.04 .726 .862 542 
eo a IRCA 1.45 744 | 424 1.01 .687 981 661 


1.4 Aj ape tls | —923 | — 9155 844 524) 441 | 4.09 9915 Gr lee 1.03 708 
1.6 1.30 .980 | —4.93 | —5.25 900 | .580| 2.98 | 2.66 985 | .666 | 1.04 725 
1.8 1.20 878 | —2.64 ;—2.96 | .934 LEW) avail aletsie) 984) .665 | 1.05 127 
2.0 1.13 814 | —1.34 | —1.66 | 955 1635 |, 1.78 |. 1:46 .985 | .666 | 1.04 124 
2.5 1.06 735 117; —.202| .982 662 | 1.29 974 .989 | .670 | 1.03 ili 
3.5 1.01 692 825) 505 996 | .676 | 1.06 738 996 | .676 | 1.01 692 
co 1.00 680 1.00 .680, 1.00 .680 | 1.00 .680 | 1.00 .680 | 1.00 .680 


In the triplet even state, the effective tensor force is more attractive than the 
static result (it is less attractive at 300 Mev at large distances) ; in the triplet 
odd state, the effective tensor force is less repulsive than the static result. For 
r<1.4f, the velocity corrections begin to predominate and, therefore, the approxi- 
mations begin to fail. In the triplet odd state, the effective tensor force actually 
“changes” the sign of the static result, becoming strongly attractive near the 
origin. As mentioned before, this change in sign is an indication of a complete 
breakdown of the approximation (20) and at best indicates the static potential is 
severely weakened. 

In triplet states, the effective central potentials are drastically different from 
the static potentials. With the approximations made, the effective triplet even 
central potential “changes sign” to become repulsive at about 3f! The effective 
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triplet odd central potential is always repulsive but more than doubles the static 
result at even 2.5 f. 

In singlet states, the approximations seem to apply quite well since velocity 
corrections are not very large even at r=1.0f. In the singlet odd state, the ef- 
fective potential is slightly less repulsive than the static potential. In the singlet 
even state, the effective potential is slightly less attractive. So in both singlet 
states, the velocity corrections tend to slightly weaken the static potential. 

(Comparisons of the effective potential with the work of others are discussed 


below.) 
§9. Conclusions and discussion 


The second order scalar and pseudoscalar potentials have been calculated taking 
account of first order recoil effects that the nucleons undergo in the process of 
interaction. Because of recoil, the two-nucleon interaction is of course non-local. 
Defining the two-nucleon probability amplitude by the Tamm-Dancoff method, the non- 
locality of the interaction is expressed by a “ potential” which is both velocity 
dependent and energy dependent. The energy dependence in the potential is perhaps 
undesirable from the standpoint of simplicity, but if the Tamm-Dancoff technique is 
regarded as exact for exchanges of a given number of mesons, then the energy 
occurs in a natural application of the theory. 

With local potentials, the stationary state continuity equation is expressed by 


where S$ is the familiar probability flux density. Non-local potentials, however, 
provide a source of probability at a point r from all other points r’. Thus, for 
non-local potentials, the stationary state continuity equation is 


Vie = ald Vb—o Op) a? (24) 


The same flux density, S, is used in (23) and (24). (The right side of (24) of 
course vanishes for local potentials.) As long as the non-local potential in (24) 
is hermitian, the total probability will be conserved. This follows by integrating 
(24) over all space and using the hermitian property of the potential. Thus, for 
hermitian potentials, the stationary state wave function can be normalized in the 
usual way, conserving the total probability. a 
The energy dependence of the second order potential implies that non-degenerate 
eigenfunctions of the non-relativistic Hamiltonian are not orthogonal. The energy 
dependence in the two-nucleon interaction arises from the fact that the interaction 
Hamiltonian, H;, is non-diagonal in the particle number representation. If H, were 
diagonal in the particle number representation, so that it could not cause transi- 
tions between states with different numbers of particles, then each of the Tamm- 
Dancoff amplitudes would satisfy an independent integral equation instead of coupled 
equations with the same energy. That the non-relativistic energy, €&, is real is consis- 
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tent with the hermitian property of the Hamiltonian but actually follows from 
the relativistic formulation of the theory. (In the proof that the second order 
interaction is hermitian (§ 7), it is assumed that € is real.) The important com- 
pleteness property of the two nucleon wave functions also follows from the original 
formulation of the theory. For an arbitrary state of two nucleons is merely the 
projection of ¢ in (1), which must be complete, onto the subspace of two nu- 
cleons and no anti-nucleons or pions. 

Since the ideal purpose of calculations as in the present work is to arrive at 
the non-relativistic equation of motion for two nucleons starting from a postulated 
relativistic formulation involving any number of particles, and since this purpose 
is only partially accomplished, a consistent attitude would be to regard the non- 
relativistic energy as a given number and the non-relativistic Schrodinger equation” 
as an equation for the wave function for each given eigenvalue (i.e. not as an 
eigenvalue equation). Since it is known empirically that none of the two nucleon 
stationary states is degenerate, the complication of finding independent degenerate 
states from an approximate Schrédinger equation is not present. 

It is interesting to note that the essential difference among the static potentials 
calculated by other investigators arises from the way the energy dependence of 
the two-nucleon interaction is handled. Brueckner and Watson (BW), for example, 
simply set the energy equal to zero to calculate the static potential.” Thus, their 
potentials give the local approximation to the two-nucleon potential. Others have 
chosen to remove the energy dependence according to some prescription. Feldman 
does this in a general way using canonical transformations (each written as an 
infinite series of operators), but his theory is not exact in the sense that the 
Tamm-Dancoff procedure is exact.” Fukuda, Sawada, and Taketani (FST) regard the 
energy dependence as an inconsistency in the method of deriving the two-nucleon 
potential.’ They interpret the energy dependence of the interaction as expressing 
a possible absorption between, say, the state of two nucleons and the state of two 
nucleons and one meson.” They also remove the energy dependence by employ- 
ing canonical transformations, again in approximate form, and redefining the two- 
nucleon wave function. As a result, the fourth order static potentials of both 
Feldman and FST differ from those of BW; this is because Feldman and FST 
have partially accounted for the non-locality of the two-nucleon interaction and 
have introduced a fourth order potential very much as was done in the “ effective” 
potential considerations of the present work (§ 8). 

In the present work, no transformation is applied to the momentum and energy 
dependence of the potential in order to remove or partially remove these depend- 
ences as by FST, Feldman, and more recently by Sugawara and Okubo (SO).” 
Although energy dependent, our potential is hermitian and it is of interest to 
contrast the present approach with others where various transformations have been 


d. We are not sure these transformations are necessary and they raise ad- 


applie 
As a consequence of not making any transfor- 


ditional doubts as to convergence. 
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mations, the Schrodinger equation describes the two physical nucleon component 
of the full state vector. This component fully describes the asymptotic wave func- 
tion and, therefore, all the scattering. At small distances it will differ from the 
wave functions of other theories. There is considerable arbitrariness as to the 
interpretation of a phenomenological wave function relative to these theories. 

The role of the non-locality of the second order two-nucleon interaction in 
scattering states was estimated in two ways. As a function of energy, it was 
shown that at 300 Mev the static Born approximation scattering amplitude is reduced 
about 25 per cent by the velocity corrections. As a function of separation distance, 
an “effective” potential was defined. Here much of the velocity dependence of 
the interaction was “transformed” into a static fourth order potential. Because 
of the large magnitude of the corrections to the static potential, the approxima- 
tions made to define the effective potential break down at rather large distances 
in triplet states (1.5~3.0 £) and somewhat smaller distances in singlet states 
(1f). The large corrections in triplet states are expected when noting that the 
highly singular tensor part of the second order static potential contributes to the 
effective potential as a multiplicative factor in both the central and tensor parts 
of the fourth order term of (21). Although they are of fourth order range, the ef- 
fective velocity corrections to the second order static potential are so large in 
triplet states that they exhibit themselves, from a practical point of view, as 
potentials of second order range. Accordingly, in triplet states, the fourth order 
static potentials (purely local), which are the BW fourth order potentials, are 
quite negligible at distances where the second order velocity corrections change 
the second order static potential, say, 50 per cent. In singlet states, the fourth 
order BW potentials are as large or larger than the effective second order velocity 
corrections. It is clear, however, that the large changes in triplet states cannot be 
regarded as spurious and that corrections to the static potential are likely to be 
important even at large separation distances. 

It is interesting to compare the effective potential in the present work with 
the potentials of FST’ and SO.” The difference of the fourth order potentials 
of FST and BW correeponds to non-local corrections to the static second order 
potential in the present work (especially at large distances). In the region 
121.5, the non-local corrections of the effective potential at zero energy are 
found to be generally larger than the difference of the FST and BW potentials, 
sometimes by as much as an order of magnitude.. The signs of the non-local cor- 
rections agree except for the triplet odd tensor force where the effective potential 
gives a negative correction. 

The SO potentials at zero energy differ only slightly from the second order 
static potentials (14). Thus in triplet states the effective potential gives much 
larger corrections than SO, and only in the singlet even state is the SO correc- 
tion larger. In all states, the signs of the non-local corrections agree. 

All the BW and FST potentials converge to the second order static potential, 


Te 
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Vy, at large distances. The effective potential (21), however, converges to 
V.(1—2(p/M)’), showing a long range velocity correction. The correction factor 
is the same as found in the Born approximation scattering amplitude, Eq. (16), a 
physically plausible result. The SO potentials also have a long range velocity 
correction and converge to V)(1—(p/M)*). This discrepancy is related to the 
manner in which the energy dependence has been removed from the SO potentials. 

Phenomenological work with the two-nuclesn problem projects the spin-orbit 
coupling into a favored position over the long range velocity components of the 
second order potential. This fact results from the phase shift fit to the 310 Mev 
proton-proton scattering data that is available." In order to achieve the 
indicated *P phase shift splitting, a potential must have a spin-orbit component 
satisfying a particular strength relation with the tensor force. Since the usual 
phenomenological tensor force is quite strong and long ranged, the phenomeno- 
logical spin-orbit force is required to be quite strong—much stronger than expected 
from meson theory. 

The velocity and energy dependence of the meson theoretic potential offers a 
possible explanation of this situation. The reason is that in the rough considera- 
tions made with the effective potential above, it was observed that the velocity cor- 
rections in the triplet odd states weakened the tensor force, particularly as the 
energy is increased If this weakening were taken into account in phenomeno- 
logical work, the strength of the appropriate spin-orbit force may fall into line 
with theoretical expectations. 
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Two- and three-body Y-N potentials including the rescattering corrections are calculated 
by using Miyazawa’s method. The Y-N systems are treated by the two-channel formalism 
in the case of T=1/2: The one is the channel of the ¥-N system and the other is of the 
A-N system. Then the potential is defined as the 2X2 matrix form. The three-body force 
vanishes, in which no direct two-nucleon interaction is considered, if the z-A/ rescattering 
corrections are not taken into account. The other type of the three-body force in which one 
pion is exchanged between each pair of the particles is also investigated. 


§ 1. Introduction 


Since about 1950, successful results” on the nuclear force problems have been 
obtained by many efforts based upon Taketani’s methodology. At present the 
main interests are in overcoming the frame of the static theory, that is, the attack 
on the region II. As for these subjects several attempts have already been pro- 
posed.” 

Now, it may be worthwhile to point out the possibility of another approach 
to the above subjects from the different point of view, though it is rather con- 
servative. It is an approach through the investigation of the hyperon (Y) and 
nucleon (N) interactions, that is, the difference of the interaction being considered, 
the nuclear force problems can be reinvestigated. For this object it is most con- 
yenient to consider the /-N system. The investigation of the Y-N systems, how- 
ever, is theoretically and experimentally more difficult than that of the two-nucleon 
systems ; for example, the important freedoms such as the relative parity of a +- 
and A-hyperon, or the variety of the coupling constants are left undetermined. As 
for the coupling constants of the z-Y interactions, no direct z-Y scattering experi- 
ments can be made, contrary to the z-N scattering experiments, so we are forced 
to investigate the indirect processes such as K-N absorption, Y-N scattering and 
hyperfragments for the determination of the coupling constants. Therefore this is 
also the main aim of our research. 

We summarize the difference of the Y-N interactions from the two-nucleon 
interactions as follows. 

1°) In the case of T=1/2(T means the total isospin quantum number), one 

must treat A and 3’ as the two-channel system. 
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2°) As A is an iso-singlet, there exists no one-pion exchange potential. (In 

this case the charge independence is assumed.) 

3°) |H? (or a (A-n) bound state) has not yet been found, so ,H* must play 

the same role as the deuteron does in the two-nucleon system. 

4°) Pauli’s exclusion principle does not act. 

5°) The hyperons are the unstable particles which have very short lifetimes. 
Especially as for the point 2°), one must notice that the region II plays an es- 
sential role from the first, contrary to the two-nucleon force, so we can expect 
that the investigation of the /-N systems may throw light upon the dynamical 
properties of the potential in the region II. But unfortunately there have been 
but little A-N scattering data, and we know only the binding energies of the 4- 
hyperfragments as the phenomena in which 4d-N interactions participate. We 
therefore expect that the /A-N scattering data will be accumulated in the near 
future. 

The simplest hyperfragment which have up to now been found for sure is 
4H’, in which /-binding energy is less than about 1 Mev. This means that ,H* 
is more loosely bound than H* or He’, and the mean distance of any pair of 
constituent particles is about 3X10-“%cm and then it is much larger than the 
force range. The force range of the two-body A-N force is 1/(2/) (v is a pion 
mass, i=c=1), but three-body forces have the force range 1// as will be discus- 
sed in § 4. Three-body force, therefore, may be more important in ,H® than in 
H’® or He’®. In the latter case, the two-nucleon force of the classical region pre- 
vails over the three-body force. 

Finally, we shall briefly argue on the kaon exchange potential. In the first 
step, we shall not consider even the one-kaon exchange potential (OKEP) for the 
following reasons. 

a) As mx>3p, OKEP may not have the definite meaning as OPEP (one 
pion exchange potential) has in the two-nucleon case, for OKEP acts in the region 
II or in the region III and the static calculation is not reliable. 

b) OKEP is the exchange force which has the longest force range in the 
Y-N systems, but such a property as the exchange force, as well as its net effects, 
may give small effects for the hyperfragments in which the binding energy is very 
low and then the mean distance of any pair is larger than the force range. 

c) As for the low energy scattering, it may also give little effects except 
for the very large angle scattering, for the exchange effects are largest for the 
backward scattering. 

In the second step, we shall investigate this exchange effects by using the 
phenomenological potentials. 

In § 2 the definition of the potentials in the two-channel formalism will be 
discussed. In § 3 we shall argue the two-body potentials up to the two-pion ex- 
change ones and § 4 will be devoted to the calculation of the three-body potentials 
of the two different types. 
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§ 2. Two-channel formalism 


In order to treat the Y-N system as the two-channel one, we use the formal- 
ism” familiar in the theory of nuclear reactions. We first start with the following 
Schrodinger equation as the basic equation, 1.e. 


(1°+V)=EF, (2°) 
Ete 0 

H=(" “AGF ae) 
VAWE 

ui =(,; aa a) 
ZA = 
i fa Pas 

v =(. far (2-4) 


where H® is the free Hamiltonian and includes the rest masses corresponding to 
the relevant systems, and E is the initial energy including the rest masses, too. 
(4s and #s, are the wave functions that correspond to the hyperon-exchange scat- 
tering such as 4+ NCI +N. 

Before the calculation of the potentials, let us generally investigate the so- 
called repetition terms of the potential. From Eq. (2-1), one can construct the 
S-matrix by Lippmann-Schwinger’s prescription,” i.e. 


S=—2nid(E,—E;) (@| VIP), (2-5) 
it 

PANG maees 2b Pe hy Bit), 2-6 

oi E—H’°+ie are 


where @, is the eigenstate of H° with the energy E and has a form of the diago- 

nal matrix, and (%, VS) is the very T-matrix. The integral equation for the 

T-matrix is 

?,| V|®n) (D,,|T |\a) (2x4) 
E-—E,+1€ 


(0,)T|0,) = al V\0.) + SS 


and if we identify this T-matrix with the one calulated from the field theoretical 
prescriptions, we can regard Eq. (2-7) as the integral equation for the potential 
V. Hence the second term of the right-hand side of Eq. (2-7) gives the repeti- 
tion terms. In the case of the static theory, E and E, in Eq. (2-7) are merely 
the rest masses of the initial and intermediate states respectively, and we have 


b| V|n) (n|T\a) (2-8) 
M,—M,+ie’ 


(o|Vla) = (b|T|a) — 4 


where |a), |b) and |) are the state vectors specifying the kind of the particles 
which contribute to the matrix elements. As for the two-pion exchange potentials, 


the repetition term is 
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V\n) | V™\a) (2-9) 
M,—M,,+7¢€ 


-> (d| 


where V is the one-pion exchange potential. In the one channel formalism the 
repetition term vanishes for the /-N potential, for the intermediate states |) do 
not contain the 2-N state in this case. But the mass difference 4M of My, and 
M, turns out to play an essential role in removing the divergency of the potential. 
To see this circumstance more accurately, we reduce the Schédinger equation (2-1) 
to the equation which contains only ¢,, under the boundary condition in which 
/s, has only an out-going wave, then we have 


E=HD alr) = VA ule) + | Vaal) Cl pa 


Ve 7") Veal) Guz’). 


(2-10) 


In the two-channel formalism, the effective ‘“ potential’ becomes non-local and 
energy dependent. On the other hand, in the case of the one channel formalism 
there are of course no off-diagonal potentials, so the one channel potential is local 
and energy independent, and we can express the one channel potential by the two- 
channel ones if one restricts the potential up to the two-pion exchange as a whole, 
and we have 
(E- HA) $47) =|Vi)— AVN Vial) | ha, (2-10) 
| 4M 

where V,; and Vy, are restricted to the one-pion exchange. The second term 
has J! in the denominator, so 41/0 is essential. 

A few years ago Ferrari and Fonda” calculated the A-N potential, which 
corresponds to our V, only, by Brueckner-Watson’s method.® Then, from the 
standpoint of the two-channel formalism their Schrédinger equation corresponds ‘o 
the one in which the non-local potential part of Eq. (2-10) is neglected, on the 
other hand from the standpoint of the one-channel formalism they omitted the 
second term of Eq. (2-11) which is larger than the first term. On the contrary, 
Lichtenberg and Ross” treated the Y-N system by the two-channel formalism for 
the first time. But their application of the potential to the actual Y-N system is 
less cautious ; for example, their result on the binding of the 3p system may not 
be reliable, because the form of the inner potential is the most important in order 
to bind two particles; or as the S-wave scattering, too, reflects the form of the 
inner potential, the situation is the same as in the case of the binding of two 
particles. 

Moreover, they took account of the off-diagonal potential up to the two-pion 
exchange ones, but in such a case as the clasiic componcnts, ¢, or ws, of the 
wave function are considered, it is clear from Eq. (2-10) that this effectively in- 
trodeccs the three- or four-pion exchange potential into the Schrédinger equation, 
so if one restricts the potential up to the two-pion exchange as a whole, it is 
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sufficient to take only the one-pion exchange potential. On the contrary, for the 
inelastic components, ¢,; or ¢s,, of the wave function we have the following 
equations, 


es ( dir’ / 
(E— As") bs4(r) = Vs(r) Pear) + Veulr) (7| Eyie— arr V, Ir’) Vas (7) bsa(r) 
+Vsi(r) G(r), (2-12) 
where ¢, is a solution of the equation 
(H?+Vi(r)) u(r) =E¢,(7) (2-13) 


and for #,. we have similar equations in which the suffices ¥ and A are inter- 
changed. Therefore due to the existence of the last term in Eq. (2-12) one must 
consider the two-pion exchange potential for the off-diagonal ones, too, in order to 
take account of the effects up to the two-pion exchange asa whole. Thus, whether 
one needs to take the one-pion exchange potential or the one- plus two-pion ex- 
change one depends on what procss one will consider. 

The authors mentioned above used Breuckner and Watson’s method for the 
calculation of the potentials, but according to the analysis of the low energy two- 
nucleon phenomena the most favourable potential is the one obtained by Konuma, 
Miyazawa and Otsuki® (KMO potential). Accordingly we shall use Miyazawa’s 
method” to calculate the Y-N potential in the following sections. 


§ 3. Two-body potential 


Throughout this paper we assume that the charge independence of the 2-Y 
snteractions holds and the members of a charge multiplet have the same intrinsic 
parity and mass, the spin of the hyperon being also assumed 1/2. Therefore in 
the static theory our vertex operator of the 2-Y interactions are as follows, 


((fp/pio k(t. +t!) e** for Ps,=even 


AS DGS ; (sty 4 
é ete eae for 2P,,—0d0 
0 
S32 Vi=/_-io-kp.e (3-2) 
12 
and 
0 
NNa Vi=-L ie kre, (3-3) 
pL 


where ¢, is the 3X1 matrix which picks up 2; from = (35.53) and .f means 
to take hermite conjugation, and p,’s are the 3X3 matrix with Dine=2 and 
hermite, f’s being the unrenormalized and unrationalized coupling constants. 

One can immediately construct the potentials up to the two-pion exchange 


from the above assumptions. 
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3-1. One-pion exchange potentials 
We write the results as follows, for the diagonal potential we have 


Vir) = 


Ve N= Gl) On (ol tV) (oe (3-4) 


and for the off-diagonal potentials 


Vaal) = ieee iL) (4-2) (6- Vex ¥) —— 


for P;,=even (3-5) 
Vias(r) = ae 


Vir) =— a = (t-7), (ow: vy 


Vas (r) =V;} (r) > 


where f’s are renormalized but unrationalized coupling constants. The eigenvalue 
of (t-7) is —,/3 for T=1/2 and 0 for [=3/2. As for the off-diagonal part, we 
neglected the mass difference JM=M;—M, between the initial and final states. 


for Ps,=odd (3-6) 


3-2. Two-pion exchange potentials 

We calculate at first the S-matrix of such a type as in Fig. 1, where the 
shaded area means z-Y and z-N rescattering corrections. In the case of the static 
theory one can use the z-N and z-Y S-matrix elements for the shaded area. Then 
one has 


eas 
y 


- \a'pd'g (p, i|Sy lg, eS: p, 1|Sw|— HID (3-7) 
e 7) (p+) (+H) 


where the bar means that +” has a small negative imaginary part 
—ié (€>0), and p and gq are four momenta of the exchanged 
pions. The factor 1/2 comes out from the fact that as z-Y 
or z-N scattering amplitude includes both crossed and uncrossed 
graphs, then one counts the topologically equivalent graphs twice. 
As for the scattering amplitudes (p, i|Sy|g, > and <p, i|Sylq, 7), 
we use the formula derived from the Low equation. : 
; 2 ; : Fig. 1. Feynman 

Now, we substitute the scattering amplitude thus obtained Uiaghl tect, 
into Eq. (3-7) and integrate by ~ at first. The /,-integration (3-7). 
generally has the following form, 


va N 


( f™ (po) 
ja is) (po — 02) (po — 0,2) ” 


where f‘* is essentially the scattering amplitude and 


fF (po) = + po—iey [b+ po—ie] 
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and 
FO (po) =—~—V + po—iel [4 F pyo—ie]. 

In the case of f'*? (po), one can take the closed path in which no poles of f‘*) (po) 
exist. But in the case of f‘(p»), one cannot do so, and either of the two poles 
of f‘ (po) must be included in the closed path. When both factors of £‘~? come 
out from the Born term which make either 4 or # equal to zero, it is convenient 
to take the closed path in which the pole at p=0 exists, for the residue of the 
pole at fp=O0 just gives the repetition term discussed in §2. Then one must 
subtract this term from Eq. (3-7) to obtain the two-pion exchange potential. 


0.5 


Fig. 2a. Va: Singlet state. Fig. 2b. Vu: Triplet state. 

Vis divided by f2 are plotted. The dashed lines are the Born terms 4M=0 and 
the real lines are the potentials including the z-N rescattering and the mass difference 
correction. When z-A rescattering corrections are added, the potentials are more strengthened. 
The unit of the ordinate is » (pion mass) //2?, and that of the abscissa is pion compton wave 


length. 


3-3. The Born terms of the two-pion exchange potentials 
At first we shall discuss the Born terms of the potentials in the case of 


AM=0. In the case of Ps,=even, as for V, we have (hereafter we use 4=1 
unit) 

Vth) =0 

wea (AVE) ES men+(S+8)Re0] o 


Ar Ar ra 
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Viy=-(£0\ (ir) * |2-x27)+(44+2) Ken |, 
An 1 te la Ar 

where K,’s are the modified Bessel function. This potential is identical with the 

two-nucleon potential derived by Taketani, Machida and Ohnuma™ (TMO potential), 

provided one replaces f# into f?fy. Fukuda, Sawada and Taketani™ discussed 

the relation between the TMO potential and the BW (Brueckner and Watson”) 

potential and obtained the FST potential, that is given as follows, 


= Fy» relia a? 


ib 
1+(H’4—1 HW’) 
CF 
View 


é 1+ (Hl! i sta’) 


where ¢ ) denotes the meson vacuum expectation value and 7 is the projection 
operator on the meson vacuum state and H, and H’ are the free and interaction 
Hamiltonian, respectively. If we expand the denominator by H’ up to the second 
order, then we obtain the TMO potential, say, 


me i 
(Hiaet H’) +(H! 


Vesr =a 


(3-9) 


1) eh te i+ 
V. =(H' 451 H’) +(H' Wypr ASO py ATA 
“Fey A, —#, eT =f i ) 


—(H ASL B)(H' 1-1 2’). 
( =r i mene (3-10) 
If this is the case, as for the A-N potential the TMO potential has to coincide 
with the BW potential, for (H’—v7)/(—))*H’) in the denominator of (3-9) 
vanishes owing to 4 being an isosinglet. But if we consider TMO expression 
(3-10) as a base and permit the existence of such a matrix element as 
(H'(l=7)/(— Hp) Asx sw( A" —7)/ (— Hh)" HH’), that is to say, if we use the two 
channel formalism, then not only the 4.N but the other two-pion exchange poten- 
tials thus obtained are identical with the two-nucleon potential, provided the ap- 
propriate replacement of the coupling constants or the iso-spin operators is made. 
This prescription, however, cannot be applied to the FST method. On the other 
hand, the method of canonical transformation given by Nishijima”™ is valid in 
these multi-channel cases. 

As for the 3-N potential we have the same expression as Eq. (3-8) for the 


spin dependent and tensor forces, provided f; be replaced by (2f;?+/,)/3, and 
for V, we have 


Vi(r) =—(e-7) (Br) 2 (Lethe) 8 


«(P+ sed 


*) Ki er) |, (3-11) 
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Similarly we have 


War) SKF ry (fi) (Lf) 8 


Ar T 
(+8 
r 4r8 


) Kor) +(34+ 2.) Ken], (3-12) 
iF Ar 


for the off-diagonal potential for which we have no spin dependent and tensor 
forces. 

When P;,=odd, as for the A-N diagonal potential we have no Rorn terms. 
This is due to the fact that the S-wave z-/ scattering amplitude has neither spin 
nor isospin dependency, so the contributions from the Born terms of the scattering 
amplitude cancel each other when we substitute the amplitude into Eq. (3-7). 
In the case of -N potential, as for the part to which the P-wa:c =-*' scattering 
amplitude contributes we have the same expressions as Py ;,=even provided that 
f, be of course set equal to zero, and as for the part to which the S-wave fem 
scattering amplitude contributes, we have 


2 2 2) 

Vilr) =(p-7) (20) (£7) ie K,2r) +2 Ki@r) |. G-18) 
An Ar T r 7 E 

This has the opposite sign to the central potential which comes out from P-wave gt-> 

scattering. The potential in the case of P;,=odd is made rather weak, though 

it depends on the value of 7,’. 


3-4. Qualitative properties of the potentials 

First, we shall consider the effect of the mass difference of S/and A. It has 
been concluded in the works™ so far presented that this effeet ‘c almost 10% and ten 
the mass difference can be neglected. But generally the effect of the mass difference 
depends on the inter-particle distance ; indeed in the case of V, expressing the 
ratio of |[Born(4M=90) — Born (4M#0) | to the Born term where J/M@=0 in per- 
centage, it is less than 20% when r<1, but it becomes about 40% when r22, 
thus the mass difference is more important in the outer region than in the inner 
region. As for V;, however, the situation is rather different from the case of 
V,, that is, if fs 1s not zero, V, has the one-pion exchange potential and moreover 
in the two-pion exchange potential there is the part which does not include 4 in 
the intermediate states, so by the very reasons this effect of the mass difference 
‘5 not so important for Vs. As for the off-diagonal potentials the mass difference 
between the initial and final state must be set equal to zero, because the cc“nition 
of the potentials in the static theory includes @(0). 

Next, we shall discuss the rescattering corrections. In Figs. 2 to 4 only the 
z-N rescattering corrections are taken into account, for we cannot know of une 
=-Y scattering cross sections at all. But there may be no room to have a doubt 
about the importance of the rescattering corrections, especially for the central 
sotential of V,. The rescattering corrections to the tensor force is not so large, 1.e. it 


H 
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is less than 20% when r>1 and becomes less and less as r increases, but when 
r<0.7 it is about 30~40%. Thus these effects are, contrary to the effect of the 
mass difference, more important in the inner region than in the outer region. 
The z-Y rescattering corrections generally participate additively with the z-N 
rescattering corrections in the results. Moreover, it has been pointed out™ that 
the z-Y resonances corresponding to the 3-3 resonances in the z-N scattering may 
occur near a few hundred Mev in the various states. Then the uncertainty will 
not be avoidable. 

In Figs. 3 we have drawn the curves of a’?=0,1/5 and 1 when a=f;/f, 
and a@ is taken to be positive, and moreover fy/f, is taken to be one. The reason 
why we take the ratio of f; to f, is unfounded, but it is considered in a somewhat 
interesting philosophy given by Miyazawa, Nakano and Umezawa.” They have 
insisted that all the pion or the kaon coupling constants are respectively one or 
zero in the certain units, and conjectured that |f,| is one and |fs| is zero. If f, 
has the sign opposite to fy, the sign of the potentials in the region I is reversed, 
but in the region where the two-pion exchange potentials exceed the one-pion ex- 
change potentials the sign is naturally invariant. 


+0.5 


—10 08 
Fig. 3a. Vs: Singlet state with T=1/2. 


Fig. 3b. Vy: Triplet state with T=1/2. 


i divided by fi? are plotted. The dashed lines are for a@?=0, the broken lines 
for a?=1/5, and the real lines for a?=1, where a=fs/f, and is taken to be positive. 


estes fa is taken to be equal to fy in these figures. The units are the same as in 
ig. 2. 
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—20 


Fig. 3c. Vz: Singlet state with T=3/2. Fig. 3d. Vy: Triplet state with T=3/2. 


The meaning of the lines is the same as in Fig. 3a and 3b. The V's with T =3/2 
resemble to the two-nucleon potentials of the triplet odd and the singlet even state. The 
units are the same as in Fig. 2. 


On the contrary, the off-diagonal potentials are not sensitive to the value of 
a, because there appears f, instead of f; in the one-pion exchange potential ; they 
depends on the value of f/f. 

The X-N potential in the outer region is not so sensitive to the relative parity, 
provided f; is not zero, but as for V, the relative parity is more important than 
in Vy, for V, is constructed through the interaction 27. When Ps;,=odd, not 
only the spin dependence but also the depth of V, are much weakened, though 
they depend on the value of g,2.. The off-diagonal potentials, of course, depend 
sensitively on the relative parity and include the factor («-r) which makes the 
orbital angular momentum of the final state different by one from that of the in- 
‘tial state and at the same time makes the spin of either of two baryons flipped. 
The potential generally has the following form, 


V(r) =(oy:r) Vw(r) + (oy-r) Vy (r), (3-14) 
where Vwy(r) has the one-pion exchange tail but Vy has not. The lowest order 
graph of Vy is the two-pion exchange one and then the Born term of Vy has 


the following form, 
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Fig. 4b. Vzsa: Triplet state. Fig. 4a. Vsa: Singlet state. 


The meaning of the lines is the same as in Fig. 3. The units are the same as in 
Fig. 2. These potentials convert 4 into Y and vice versa. The a-dependency is small 
in the outer region but become large in the inner region. 


Vo(r)=— (Sal) (| 2 (on)[ 2 Ken +(44 9 )Kier) |. 


Art An ] ort. 


(3-15) 
On the other hand, Vy has not the two-pion exchange part. Thus the spin-flip 


of a nucleon is more liable to occur than that of a hyperon in the outer region, 
but in the inner region the situation is reversed. 


§ 4. Three-body forces 


The necessity for the three-body force is not so strong in the ordinary nuclei, 
because the two-nucleon force has the one-pion exchange part whose force range 
is 1/#. On the contrary, it may be expected that the three-body force is more 
important in the dA-hypernuclei than in the ordinary nuclei. 

We shall calculate the three-body forces of two different types in this section. 
In the case of the three-body problem which includes a A-hyperon, it is also 
necessary to use the two-channel formalism, i.e. we must solve the Schrédinger 
equation like Eq. (2-1) or Eq. (2-10). Then the three-body potential is defined 


as the 2X2 matrix form similar to Eq. (2-3) but we 
calculate only the diagonal part in the case of Ps,=even. 
We write the three-body potential as follows, 


Ve yz) SV ze, y, 2) +V %(, 9.2) + VG, 9, 2), 


where x, y and z are the distances of three pairs and the 
suffices 1, 2 and 3 denote the number of exchanged pions. 
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Then V™ can be decomposed as in Fig. 6, 


V © (a, y, z) = Vi (2) + V9 (y) + Va (2). (4-2) 


Though V® generally includes such potentials as two 


A 


Fig. 5. Triangle 4 and 
two nucleon const- 
ruct. The arrows 
dénote the directions 
of vectors x2, y and 
Pe 


pions are exchanged between the same pair, it is possible to make them included 
in V® and then we do not consider them, but we deal with the potentials where 
only one pion is exchanged between the same pair. Thus we can decompose Ve 


as in Fig 


N, 


aka 
ay 5 A 
Be N N, 
A 
es A 
Vi (2) V3 (9) VE (2) 
Fig. 6. Feynman graphs for Vo. 
A 
as ay 
N, 
M, 2 
me N 
A A | 
tae (y, z) VV.” (z, 52) Wes &, y) 
Fig. 7. Feynman graphs for V®. 
ye Ce, y> z) = Va" (y, z) + Ae (z, 2) +r wy” KX, y) ‘ (4-3) 


V® corresponds to Fig. 8 provided our consideration is restricted to the diagonal 
and we do not. consider the potentials where more than one pion are 


potential 


exchanged between the same pair. 


Now, we can separate the repetition terms 


prescription as discussed in § 2: 


from the S-matrix by the same 
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(0) Vs In) (| Via) 


_(2) si 5) aS, aes 
(| V.|a) = (O|T a) | M.—M,+i¢ 


+ Ol¥e ple) ] (i, j, R cyclic.) (4-4) 
Cin nT t€ 


and for V“™ we have 


N, N, 
af (lV. |n) (a| Vi la) 
(ee (eS, EA] j Zi 
Chelsie Se ae 
Bs (d| V.%|n) calV ela) vy (xz, z) 
ee aa Fig. 8. Feynman graph 
- (| Vn) (n| Vs |) On| Vi. Ja) ] (4-5) for V®. 
?'  (M,—M,+ie) (Mo—M,,+7¢€) J’ 


where S$} means to take all permutation of 7,7 and &. We have not taken the 

P . 
summation on |v) and |m) in the above, for |) or |7z) is uniquely determined 
by the suffices 7, etc. 


4-1. Calculation of V™ 
The S-matrix for Fig. 6 is given as 


; | d! pdq0( po) 0(q) fut tO 24? LP) (6? 2) (Ps SIG 52 gitar, 


Sole 
(2z)° (P+P’) (+P) 
(4-6) 


where suffices 1 and 2 refer to the nucleons 1 and 2. Subtracting the repetition 


. terms from Eq. (4-6), we have 


Ve Ge y) ==> ( fr ( A, (0) (7D .7) [(o®-V,o0-V,), (o®.V,a%V,)], — . 
Ar Ag Py 
(4-7) 


where suffix 0 refers to A and A, is the z-A scattering amplitude subtracted by 
the Born term and then 


A,(0) = =| dee) (4-8) 


wo 


After the differentiation, Eq. (4-7) turns out to be as follows, 


Ves yy (| (a G29 DV VAG | Bs (420) 


where 


32 x x 


and { |, denotes anticommutator. Thus V has a very simple structure and it 
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can be clearly understood that the force range of V™ is just 1/4. In this two- 
channel formalism the Born terms do not exist, contrary to the one channel formal- 
ism.” A,(0) is, however, not zero but may be rather larger than the coupling 
constant f,, for the resonance may occur near a few hundred Mev in the state 
with the total angular momentum 3/2. If this resonance has the same structure 
as the 3-3 resonance, that is, in the case of the universal pion coupling,” A,(0) 
is nearly equal to 0.4 and 5 times as large as the coupling constant {/)(=/y). 
If this is not the case, A,(0) may at least be comparable to //’. 
The “central” potential is simple and 


Va? (a, 9) =—2( £2) ( 40 ) (r-2®) (oo) peamuie cata 
An An 9x 


Then V, is repulsive when two nucleons are both in the singlet even and triplet 
even state, and is attractive both in the singlet odd and triplet odd state. 
4-2. Calculation of V 

The S-matrix for Fig. 8 is given as 


i (pea gtagtp Sb tlSile Db USila. Ja MSilP? (4.19 
‘ earl seas B+) (G+) (E+E) Nites 


Although one can take into account the rescattering corrections in this case, too, 
if one spares no trouble, we do not consider them here and only investigate the 
qualitative feature of the Born terms. 

Subtracting the contributions of the pole at py=0 from Eq. (4-12), we have 


V(z,9,2)= ( tr ) ( bee ) 297, 7,97, [ (6 -Vio-Vy) (o-Vio™-V,) 
ec: An Ar 


x (6®-V,o-V,) + (6% Vyo-V,) (69 -V,0%-¥,) (6%-V.o%-Vy) 
+ (6 -V,0-V,) (69-V,0%-V,) (6 -Vyo”-V,) 
4 (6®-V,0%-V,) (6®-V,0-V,) (6-V,6% Vy) Faxo0(#, 95 2) 


Sint oa) Geamseeny al (om =Wae-V,) (oO-V eV) 
Ar 1 


x (o'™. Vio™-V,) + (o-Vya-V,) 6% -V,0%°V,) (o®-Vio™-V,) 

+ (¢%-Y,0-V,) o-Vi09- Va) (o®-V,a™-V,) 

+ (6 V,0-V,) (o®-V,-0% V.) (0 Vy oO.) | Fano (x, y, 2) 
(4-13) 


where 


it pd sin p(x-+y+z) +sin(p2) sin (py) sin (pz) 


were 
Fy a,» (2395 z) gees (xyz) wUto) (u+e) (y+) 


(4-14) 
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We neglect the mass difference in Eq. (4-13) and Fo.o0(x, 9; 2) 18 


Fon. 0686, Die 8G Bain? (GaAs Vad) 4G Ge Nate ee Gr Ay, 
(4-15) 


CCAS £2 IE oxp(—(aty+e)l, 
16 Lye 

where the triangle inequality appears explicitly in brackets, i.e. x+y—z>0, ete. 

From this the potential with such structure as f(x, y, z) exp|—(x+y—2z)] ap- 

pears, where f(x, y, 2) is a rational function. Such structure does not exist in 

the ordinary potentials we have so far considered, and this gives the longest force 


range. 
The “central”? potential of V® has the following structure, 


VO (Gs FP 2) =r Or) VEX ys 2) FC Hee sa Vea) 
(4-16) 


and 


ve0=8 (22) (LCV wf) Ge) (et) 22 — he 5x89 


Ar Ar 


SO ar ee ee ae a ery bs) 


20x oy 
(4-17) 
2\2 2 3 2 2 
ices i )| 1 Oy 1 | O"f Caaf 
de ew O° bead | foe eee 
arf \+ sibs of or noe 

+ : 

OO 3 5p a5, POs )+37], Ai 


where i=x/x, j=y/y and f=1/(xyz)-OFooo(x, y, z)/Axdydz. Thus this 
“central” potential depends on the angles»of the triangle which / and 2N con- 
struct, and has no simple structure as V®. Then we shall consider the asymptotic 
forms where x, y and z are large, i.e. 


V2 (2) (LY) EDGED AG, y,2) 


(4-19) 


1 tw 2 fe 
vn A EN 


where 


A(z, y, 2) Rese (2ty +z) e@Ut) 4 (— pt yte)e oat) 
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he ape ie SMPs eose) eps, (4-20) 


Moreover if we add the condition that 4 and 2N construct the regular triangle 
the asymptotic forms become 


- 3 kw 2 eee e7" oy 
iol e-okea\ ee etek 
16 \ 4z Ar ) r is r core) 
and 
34 1 tw 2 Sid ert ge 
name tawny cos edarty | fs 


where r is a side of the regular triangle. Thus the “force range” is rather 
longer than V when x is taken to be equal to y in V™. 

The tensor part of V® is more and more complicated and we no longer 
discuss it here. 


§ 5. Discussions 


It could be understood that by the use of the two-channel formalism one can 
treat both the Y-N potentials of the two-body system and those of the three-body 
system in the parallel fashion as the two-nucleon potential. However, we have so 
far calculated the potentials in the frame of the static theory, in spite of the ex- 
istence of the attempts” to overcome the static theory. In addition, it has recently 
been pointed out” that the z-z interactions are very important in the pion physics, 
but we have not taken into account the az interactions at all. In the case of 
the two-nucleon system the potential which is constructed by the S-wave scattering 
amplitudes was very small because of the smallness of the S-wave z-N scattering, 
but this may not be the case in the Y-N system. Thus in the various senses our 
approach to the problems is conservative, but considering the success in the two- 
nucleon potentials it will be significant at the first step to investigate the Y-N 
systems by the use of the static potentials as in the two-nucleon systems. The 
system which corresponds just to the two-nucleon system is the one with T=3/2 
such as S*p or 37m; in this case there is not the A-N channel, so it is able to 
treat the system by using the same method as in the two-nucleon system with 
T=1. In this sense it will be most suitable to determine the coupling constant 
fe and the sign, though these experiments are difficult because of the short lifetime 
of Y* which is almost half of the lifetime of S- and of the impossibility of the 
neutron target in the case of 2~” system. Therefore the existence of the bound 
State of Sn or 2*p is very interesting, but the theoretical prediction on the 
existence of these bound states is not significant from the meson theoretical point 
of view. This is indeed evident from the fact that even the binding of the deu- 
teron has never been accomplished by the meson theory. The experimental data 
which exist up to now are on the low energy Sp reactions. It may make us 
confused to consider the various reaction modes as in the same level ; for example, 
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in the hyperon exchange scattering such as 3~+p—>4/-+n the final energy is larger 
than the mass difference of 3’ and A, that is, almost 80 Mev, and then it is already 
a high energy phenomenon in the sense of the nuclear force.” The hyperon ex- 
change scattering is, however, advantageous to test the off-diagonal potential which 
has the one-pion exchange tail and then to determine the type of the coupling 
and the coupling constant f, or g, There are the experimental results on the 
Ap system,” but they as well as the experimental results on the 2~p system only 
indicate the order of the cross section. In the case of the 4p scattering, the 
elastic scattering below the threshold energy of a 3-production will be interesting. 
But even in the energy region below the threshold energy of a +-production it 
will be rather difficult to separate the outer region and the inner region due to 
the existence of the 3-N channel. This situation will also be suggested by con- 
sidering Eq. (2-10), i.e. the non-local potential part includes the behaviour of the 
+-N system in the inner region. 

Now, we proceed to the problems of the hyperfragments which have been 
analysed phenomenologically by Dalitz and Downs.” The analysis made so far, 
however, is in the one-channel formalism. As pointed out in § 4, it is impossible 
to ignore the 3-component in the analysis of the hyperfragments, even if the a- 
nalysis is phenomenological. Moreover, the three-body potentials have long force 
ranges, so the three-body correlation becomes important. 

We are now in a position to proceed with the investigations of the above 
subjects and the succeeding paper will be devoted to them. 
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This work is a continuation and application to two- and three-dimensional crystals of 
the methods of reference 1) for the evaluation of the changes in thermodynamic properties 
_of a lattice due to the presence of defects of various kinds. In particular we consider the 
effects of an isotope defect and a pair of isotope defects on the zero point energy and free 
energy of two- and three-dimensional cubic lattices. In addition we evaluate the free energy 
and self entropy of a vacancy in a three-dimensional cubic lattice. 


§ 1. Introduction 


In an earlier paper’ to be referred to as (1), some general methods were 
developed for analyzing the vibrational properties of lattices with defects, and the 
methods were applied to the linear lattice. In this paper these methods have been 
extended to two- and three-dimensional lattices. 

The techniques to be used in this paper are modifications of those described 
in §2 of (1). In order to make this paper self-contained we recapitulate some of 
the formulae obtained in (1). We showed in that paper that the change in free 
energy due to defects could be written as — 


BR, 


7 


4A=4Ey—kT >} (1-1) 


The quantities in this equation are defined in terms of the matrix A(f) =I1+ Mj? CH)* 


* This work was supported by the United States Air Force through the Air Force Office of 
Scientific Research, Air Research and Development Command, under Contracts AF49 (638) 399 and 
AF 18 (600) 1315. 

This paper represents a portion of a thesis submitted by (J.M.) in partial fulfillment of the 
requirements for the Ph. D. degree in Physics at the University of Maryland. 


_ t Now at Westinghouse Research Laboratories, Beulah Road, Churchill Borough, Pittsburgh 35, 
Pennsylvania, U. S. A. 


Vibrational Thermodynamic Properties of Lattices with Defects. II 649 


SM(f), where M,(f) is the matrix of the secular determinant for the unper 
turbed lattice, SM(f) represents the change in M,(f) due to defects, and we have 
written w/w,=f, where w, is the maximum normal mode frequency. If |4(¢f)| 
represents the determinant of A(if) and we define 2(/) by the equation | 


d : 
Q = 1 - 
Cy) if In| 4(7f)|, (1-2) 


we showed in (1) that 4K, the change in zero-point energy, and the 4/, are given 
by the following expressions, 


gee fet [roca 
is (1-3) 
al 4 
Al,= |sin(an) 24 


0 


where a,=nhiw,/(kT). We further showed that when 2(f) can be expanded as 
a Taylor series in even powers of f in a neighborhood of f=0 one can derive an 
asymptotic expression for 4I, at low temperatures by repeated integrations by 
parts. Although this expansion is valid in one and three dimensions it 1s not 
valid in two dimensions because 2(f) has a nonanalytic behavior near /=0. 
However, we shall show that it is still possible to derive an asymptotic ex- 
pansion for 4/, in two dimensions which is valid at low temperatures and which 
yields the proper low temperature behavior of the various thermodynamic functions. 

Since the only singularity of 2(/) for one-, two-, or three-dimensional lattices 
occurs at f=0, as is demonstrated in Appendix I, the asymptotic behavior of the 
integral for 4/, in the limit as T-50 will be determined by the nature of this 
one singularity.” We further show, in Appendix II, that the leading term in the 
expansion of 2(f) fora two-dimensional lattice as f—0 is proportional to f In |/}. 
Consequently we must evaluate the asymptotic behavior of 4I, given this type of 
small f behavior. The asymptotic properties of such integrals are most conveniently 
summarized in the book by Lighthill.” Hence it is possible to discuss the low 
temperature properties of A for two-dimensional lattices as well as those of an 
odd number of dimensions. 

We have also shown in (1) that given the expression for 2(f) one can 
discuss the high temperature properties of the free energy. The expression for 


4A at high temperatures is 


kT OT vere as fay ie 
ma LITT ayy, ee ore re ee ce 1-4) 
4A ; In| 4D (0) | Te Ch tad antl ( 


where the B, are Bernoulli numbers. In_ this expression 1 1S the coefficient 
6a ae a the expansion of 2(/) for f large. The matrix D(O) is 
obtained from M(w) =M)(o) +§M(w) by dividing every row and column of M() 
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by the square root of the mass appearing in the diagonal element corresponding 
to that row and column and changing the sign of each term. The resulting matrix 
can be written as D(0)—w*I which defines D(0). 


§2. Effect of defects in a monatomic square lattice 


In this section we will consider the effect of (i) an isotopic impurity and (11) 
a pair of isotopic impurities on the thermodynamic properties of a monatomic 
square lattice with nearest neighbor central and noncentral force interactions. 

(i) An isotopic defect: The defect determinant |4(f)| is given by 


2€(1+0)f? " do, dbz 5, 
|4(f)|=1— 2 \\ (1+c) (2f7—1) +cos¢,+¢ cos, a 


ri 
0 


with o=72/7,, €=1—M’/M, where 7, and 7, are the central and non-central force 
constants, respectively, and M’ is the impurity mass. 

One can obtain the discrete frequency which comes out of the band by solving 
the equation 


|4(f)|=9. 


We have to explore the region f>1. In this region the integral on the 
right-hand side of Eq. (2-1) becomes 


1 i db, dbs 
a J) (1+¢) (2f?—1) +cos¢,+ocos¢, 


0 


al I Co 
= , Z . ay 4 

wavy Maroy eo) ey Mer ee ae 
(2-2) 


where K(k) is the complete elliptic integral of the first kind. 
Substituting this result in the equation for the discrete frequency, we get the 
following transcendental equation for /: 


K(y [ata PAA +e) fe] 


= a a 2 a) f?'—o . 
Na ayy La+o)f*-1)Ld +e) fe]. (2-3) 


It is easy to show that this equation has a solution only for 0<€<1, ice. for 
a light isotope defect. For |&|<1, the discrete frequency is given by 


)} (2-4) 


To evaluate the self-energy of the defect we substitute the expression 


l6o Cra 
Wimpy = O71 i ——— ex (—— 
i ‘| (lb o)e ed tee 
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elena lai a sao 
VIA+O/P+ [A+ fete] 
XK = | 
WW aaa aera 2S) 
into Eq. (1-3) to obtain 
ol. Salen x ¢ 2&(1+¢c) ‘dine 
pee atin Baer lise 
Qn \7 na V(A+oyPf+LA+of +e] 


0 


ae eee eat cn! 


This integral cannot be evaluated in closed form in terms of elementary func- 
tions, but one can obtain its numerical value by a combination of numerical and 
analytical methods. The result in the case o=1 is 


Ahy=A2t [0.836 +0.738+ OE]. (2-7) 
7 


To obtain the low temperature expansion for the change in free energy, we 
note that (see Appendix II) for f small and € small 


of) = 2 finlf|+0O@- (2-8) 


It can be shown that the functional form of the behavior of 2(f) for small 
|f| is sufficient to determine the low temperature behavior of 4I,. The result of 
the asymptotic expansion is best summarized in the book by Lighthill” and yields, 
for the leading term in the low temperature behavior of 4I,: 


E(1+¢c) ( cL ) 1 
41, ~ = ’ 2-9 
In In \/o hoy, n ( ) 


Finally, substituting this result in Eq. (1-1), we obtain the following leading 
terms in the low temperature expansion of the change in the free energy : 


pepe retié Cle) & oeE OY 10 
GA ei a ee < (3) ( a ) er (2-10) 


L 


where ¢(m) is the Riemann zeta-function. 
The high temperature expansion for the change in the free energy is readily 


obtained through the use of Eq. (1-4) and is given in the weak defect limit by 


Beets ae { By (Fes * Ps ho, 13 i IA atc ve 
AA(T) r= la er) Et uirge leroy +46 | kT [3 +4)" +40] 


(2:11) 
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(ii) A pair of isotopic defects: We consider now the case of two defects 
located at lattice points nt and m’, In this case the defect determinant is (y(m, m’) 
is an element of the inverese matrix M/>1(w), see I, Eq. (2-12)): 


272,472 / 
(ew) |=1— 2 MA Ge, me) et tet ge (mi m’) [e|<1. (2-12) 
[1—€Mw’g(0, 0) P 
The function y(m,m/’) can be expressed as a generalized hypergeometric function 
of two variables but simpler results are obtained by making |m—m’| large, when 
for w iw 


g(m, m’)=— 


i i cosl;9; cosl, 4,49, dds 
(1+0)(2f?+1) —cos¢,—o cos¢, 


Deis 
wT 
ai 7 : 


wee | cos 1,6, cos ls 5 a 
wr J) 41 +0) f?+67+o9," 


0 


F db, dd, 


=-e + Kil2fy Cte) Gaye) ); (2-13) 
QV o 
where /;=|m;—m;| and K,(x) is a modified Bessel function of the second kind. 
The. first non-vanishing contribution to the interaction zero-point energy is 


Say Ope | (We ar ye 
2 


4Ey= =e \ i KQf/ A2e)\C4i/o) jar 
' 0 
Zt eho, it 
913 roy 1 Lo G24 13/0) : (2-14) 
The low temperature interaction free energy is given by 
, tat Xe 24&(1+c) (kT)® ho 
YING a ey) eee <(5)| ¢ Bieta fa Mbox. | 
av : uo Rez) - ia 2kT / (1+0)(4+E8/c) 
246°(1-+0) (kT) 
-- OL0285)), Seis . 
. To ( (hw,)* a 7 o =e 
where 
Icey 
dz 


For evaluating the interaction free energy at high temperature it is inap- 
propriate to use the asymptotic form of the inverse matrix elements in |4(«) | 
for large distance of separation of the defects since at high temperatures the details 
of the upper end of the frequency spectrum are important. Since the frequency 
distribution function is directly related to |4(w)|,* it is necessary to use the exact 


* See the Appendix to (I). This point will be discussed in detail in a subsequent paper. For 


preliminary reports, the reader is referred to Maradudin and Weiss, J. Phys. Chem. Solids 7 (1958) 
327.and J. Mahanty, Ph. D. Thesis, University of Maryland, (1959). 
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form of the inverse matrix elements in forming |4(w)| and 2(f). This offers no 
difficulty because we need to evaluate only the large f expansion of 2(f). 
For x=iw and large x, we have 


“ 


eat A ae 
g(m, m’) = Gees \\ cos 1,4, cos Ly $» 1+ oe | sin’ ss ei sin’ t || d$, dd, 


= o2 ( or sane (hei)! 1 


Mr 4(1+c) Litt goats 

= IG!2 ( or. ‘Pate (1-0) (Tio ( 1 
Mz \ 4(.+¢) i! 2! V +e) (Q+1) 

oe Z ) 1 on 2. 
GraG+h) eam” pach 


Using this result, we obtain the following expansion for 2(x) : 


lim 2(2) =| Ao*!2 ( or ) (,+4)[(4t2) I? 1 
rt A(1+c) CRO yiat lat! 


Sper a ca aaa ae (L+h+2)![4b+h) +2] 
‘7 \40 +e) COuCDy 

x| 1 a o | il te 
HDG) CFDGE Jae" 


= >o 


(2-17) 


The high temperature expansion of the interaction free energy can now be 
obtained in the following form, using Eq. (1-4): 


SACD see eT| Bactyeta) 7” ( 1 es (+h) !P 
On" 4(1+o) (4, +4) 1! (L/h!) 
hw 4(1y +10) 
x (Fez) |. ta 
eT 41 ( ) 


We note that the exponent of 7 in the first non-vanishing term-in the ex 
pansion of the interaction free energy in inverse powers of temperature depends 
on the separation between the defects. This feature has already been noted for 
the linear chain and is a characteristic of lattices of the type under consideration 
independent of the dimensionality of the lattice. 

The results for the low temperature expansions of the free energy serve to 
‘llustrate the peculiar difficulties that arise in the analysis of a 2-D lattice, diff- 
culties that are related to the occurrence of logarithmic terms in the inverse matrix 


elements when if0 for f real. 


§3. Effect of isotope defects in a simple cubic lattice 


In this section we will consider the effect of isotope defects in a monatomic 
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simple cubic lattice with nearest neighbor central and non-central force interactions. 
The equations of motion and the inverse matrix elements have been described in 
§ 2 of (1). We will assume that the noncentral force constants are equal. 
(i) An isotopic impurity: The defect determinant is given by 
Jaco" —— Spas aa (3-1) 
. Mo*— > 27;(1—cos $5) 
pee 


The self energy is given by 


oe feds [rd In{1- sa i\j dbs dbs dbs | (3-2) 


9 3 4 
ae 0° 2?+ Sa? sin’(¢,/2) 
j=l 


with w7=47,/M, and 0,7= > O;. 

This integral can be ealuated by a combination of numerical and analytical 
methods. We give here the results for two cases specified by two values of a, 
where @ is defined by the equation @=7,/72.=71/7 : 


for @=oF AE, =P. (0.53E+.0.408+:--]; 
7 


for a=16: 
AR = 2. [1436402684]. 
1 
The low temperature value of the change in the free energy is obtained from 


the small x expansion of 2(x). Since the integral in the inverse matrix element 
has an expansion of the form 


9(0, 0,0; tx) =Htaqrtazr+::: 


it can be shown by ae algebraic manipulations that 


AA(T) 2.9 =4Ey pe PE F | 6eaa,( |) + 20a,+120.a92,8)¢(6)(2E)'4..] 


(3-3) 
The first few a; are calculated in reference 6). 
The high temperature expansion of the change in free energy is given by 


T | B, ( hw, ) é+e 
or AAUKT) nd | 
3 
Sy wo; 2 ; 
tn (,! + $ 5 ) + : (30,4 + >a wt) | eae | 5 (3- 4) 


96...2 kT 


(ii) A pair of isotopic defects: In order to determine the interaction zero- 
‘point energy and the low temperature value of JA, we will use the asymptotic 
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form of the Green’s function for large separation between the defects given by 
Montroll and Potts.» We give below the results for the interaction zero-point 
energy and low temperature value of 4A for |&|<1: 


dE, =~ — So Gen, eta) 
npn ont tear 
. &eT-[ 480 kT \$ 
AA(T) 5.7.=4Ey— | 6 (42) 
a ° ° aw, ws ws o¢ ) h 3 4 


ee 


or ws w3 
where a= (1?+al,?+al,7)". 


The procedure for obtaining the interaction free energy at high temperatures 
+s the same as was followed in obtaining Eq. (2:16). Only the result for the 
leading term will be given here. 


B,, / h 4n 
AAg. =-erT| 2n oR | 
wh ~(4n)!4n a7 a mg 


where 


ap) Ala) 8 
i n! wi! ws? w3° 


A” 1,! 1,1 1,! 


n=L+14+1,, 


§4. Vacancies in the three-dimensional lattice 


Vacancies in a lattice are of particular interest in view of the role they play 
in current theories of melting,” and also in processes involving diffusion in solids.” 
The concentration of vacancies at any temperature depends on the self-entropy of 
a vacancy.» With the present approach one can obtain an explicit expression for 
the vibrational self-entropy of a vacancy since at high temperatures 


dA(T)~ S—In|4D0)|, 


whence ° 


d4A(T) ) k 
as=— (2482) ) =———In|4D0)]. 4-1 
ACD) ) = In| 4D0)| (41) 
The determinant |4D(0)| can be evaluated in a straightforward way.* We will 
illustrate this by computing the self-entropy of a substitutional impurity and a 
vacancy in the simple cubic lattice with nearest neighbor central and noncentral 


force interactions. 


* It may be mentioned here that a similar approach for evaluating the change in free energy 
at high temperatures due to a substitutional impurity has been adopted by Yamahuzi and Tanaka, 


Prog. Theor. Phys. 20 (1958), 327. 
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The defect determinant |JD,(0)| of a general substitutional impurity whose 
mass is M’=(1—&)M and whose nearest neighbor spring constants are denoted 
by J’, is given in Appendix HI. When all of the spring constants are equal |4D,(0) | 
can be factored as follows : 


EES PE Tele b\: —9(2 j 
|4D,(0)| =" {1 T (1—a){9(0, 0, 0) —9@2, 0, 0)1} 


r ))| 29 eG = ‘ 
x {1+ (1—a)[29(1, 1, 0) 92, 0, 0) (0, 0, 0)]} 


x {1+ (1—a)[129(4, 0, 0)—49(1, 1, 0) —79(0, 0, 0) —9(2, 0, oy} 


(4-2) 


where 0=/'/y and g(i, j, k) stands for the zjk’th Green’s function. These Green’s 
functions have been tabulated for a wide range of parameters.° Using the values 
contained in the tables of reference 6), we obtain the following expression for the 
vibrational pees es of the defect, 


Appa = In (0. 7848 +.0.21520}*[0.8091 +0.1909 dP 


x [0.0356 +0.9644 0]. (4-3) 


The self-entropy of a vacancy is obtained from Eq. (4-3) by subtracting from 
it the change of entropy due to the change of mass associated with it, viz., 
—k/2-In M/M"’, and then setting 0=0. The result is 


AS 11.7, = 2.246 (4-4) 


The calculation of the self-entropy of a vacancy in the lattice in which the 
spring constants are not all equal is more involved. We give below the results 
for the two cases a=8, and a=16: 


28h! “4S a9 S1.913F 
a=16 5 ASz p= 2A 


We note that the high temperature value of the vibrational self-entropy of a 
vacancy is positive. This is in agreement with the results of Stripp and Kirkwood” 
who used’a perturbation theoretic approach. 

In the case of the defect pair, |4D,(0)| isa 14X14 determinant. The compu- 
tation of the high temperature value of the interaction entropy is rather involyed.* 
For a large distance of separation between the defects, one can use the asymptotic 
forms of the Green’s functions. It turns out that the leading term in the expansion 


* For the details of the calculation the reader is referred to pp. 46-51 of Technical Report 
No. 145 (1959), Department of Physics, University of Maryland. 
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of In |4D,(0)| in inverse powers of the distance of separation R is of the form 
constant R~*®. For the case when all spring constants are equal the interaction 
entropy iS 


ASi.7. = 


Rs = (1? +17 +2). (4-5) 


This result is based on the use of the asymptotic forms of the Green’s func- 
tions which are dependent on the dimensionality of the lattice and are rather 
insensitive to the model of the lattice. It is reasonable to presume that for all 
three-dimensional lattices the interaction entropy and the interaction free energy 
at high temperatures of two substitutional defects or vacancies would depend 
on the distance of separation between them in the form R™. 


Appendix I 
Proof that the Green’s functions have no singularities 
except on the real axis 


In this appendix we examine the analytic behavior of integrals of the form 


nr 
= “ cos 7,4, 9; 


I,(0*) = |---| 


0” Mo?—2337;(1—cos8;) 
| 


where n=1,2,3. The variable w’ will be considered as a complex variable 
w’=—o-+iz. Of particular importance is the case 7=0 which is useful in the low 
temperature expansion of thermodynamic functions and in other applications. We 
show, in particular, that the only possible singularities of [,(”) lie on a strip 
—w,<w<w, on the real axis. To do this we need only to note that for 740 
the functions {d*/d(«)"! I,(w*) are bounded in absolute value for all &. This 
follows from the elementary estimates 


ar” 


IT cosm,9, dd, 
j << . 
7 M|c|*** 


d* 
d(a’)* 


I,(w") 


= MY" 


i | [M(o-+ic)—2 >173(1—c0s0,) 
(A-1) 


Therefore there are no singularities lying off the real axis. Furthermore for «” 
on the real axis and obeying the relation Mo*>>47;=Mo;, the derivatives of 
j 


I,(w?) satisfy the inequality 


Zi II-cos m;0;d0; 1 
fr bo |=m"|(..-| A. yp PTT 
d(w’)” ; [Mo*—2 ps 7;(1—cos94,) |*** M\o (OFF | 


(A-2) 
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hence there can be no singularity in this region. 


Appendix II 
The leading term in the small f expansion of the Green’s functions 


The leading term in the behavior of 2(f)=d/df-In |4(if)| for small f is 
determined by the behavior of the Green’s functions for small f In this Appendix 
we obtain the leading terms in the small f/ expansions of the Green’s functions for 
two- and three-dimensional simple cubic lattices. In general we find for the Green’s 
function in 2 dimensions” 


9 * I cos, 0540; 
9 (m1, Ma, °**, Mn; If) = ae || j toe (B-1) 
Mo, eo ie fs OF7 a a7 (1—cos4;) 


where f7=47,/Mw,?._ This expression can be rewritten as 


D) Tie Se ok 
Gn; ay tf ) = \-\Je sii as IT ef? °° °s cosm,6,;d6; 
Mo, g = : 
ee a 
~ Ags OO Batted, (B-2) 
5 9 


where [,,(x) is the Bessel function of pure imaginary argument. Since we deal 
with the Laplace transform of the function exp(— > Fst) Mm, (f3t), we may use 
the Abelian theorem” which states : 

Let F(t) be representable in the form 


F(t) =Ar*+Fi(t) for <1 


where the Laplace transform of F,(¢) has an abscissa of convergence <0. Then 
the Laplace transform of F(¢) exists in the half plane Re s>0O and can be repre- 
sented there as 


TG) Se Ie) y m#~—I1, —2, nh 


gmt ’ Ls 
NS vee Ins+g9(s) m=—n, n=1,2, + 
(n=1)! 


and g(s) is regular for Re s>0. These results give only the singular terms in 


the small s behavior of f(s). 


In order to apply this theorem we note that J,, (x) has the representation 


L,(2) = on sn ae) (B-3) 


where F(x) satisfies the conditions of the theorem. Thus, the leading singular 
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term for |f| small, in the expression for g(m; 7f) is: 


: 2 ib 
2-—D M1, My; ~ Sail 
9 (my, m3 tf) Motoahh n|f| 
(B-4) 
2 1 


3—-D 9 (m1, M2, M33 if )~ 


Moz xhfafr If, 


which was to be proved. 


Appendix III 
The defect determinant |4D,(o)| 

s,a(100 ; 000) +1, Aj, s,a(100 ; 200), s.a(100; 110), s,a(100; 110), | 
s,a(100 ; 101), s;a(100 ; 101) 

s,a(000 ; 100), A,+1, s,a(000 ; 100), s,a(000 ; 010), s,a(000; 010), 
s;a(000 ; 001), s;a(000 ; 001) 

s,a(100 ; 200), Ai, s,a(100 ; 000) +1, s,a(100; 110), s,a(100; 110), 
s;a(100; 101), s;a(100 ; 101) 

s,a(010 ; 110), Az, s,a(010 ; 110), s,a(010 ; 000) +1, s,a(010 ; 020), 

ic s,a(010; 011), s,a(010; 011) 

s,a(010; 110), Az, s,a(010 ; 110), s,a(010; 020), s,a(010 ; 000) +1, 
s3a(010; 011), s3a(010; 011) 

s,a(001 ; 101), Ay, s,a(001 ; 101), s,a(001 ; O11),-s34(001 < 0113 
s,a(001 ; 000) +1, s,a(001 ; 002) 


s,a(001 ; 101), Az, s:a(001 ; 101), s,a(001 ; 011), s,a(001 ; Ui); 
s,a(001 ; 002), s3a(001 ; 000) +1 J 


alijk; jk’) =9 jk) -9@ FR) 


A, = 5:[9 (000) +9(200) ]+2s,9(110) +25,9(101) 
—g(100) (25, +25.+25;— €w'), ' 

Ao= 25,9 (100) +259 (010) +2559 (001) 
—g (000) [25,+ 25, +253— ew" |, 
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1) 
2) 


3) 
4) 
5) 
6) 


2) 
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A;=2s,9(110) +s|9(000) +9 (020) | 
+2s,9(011) —9(010)[2s,+25.+25,— eo", 
Ay=25,9(101) +22.9(011) + 537 (000) +9 (002) | 
—g(001)[2s,+2s,+25;—€w"]. 
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A scheme of approach to the unified description of elementary particles is proposed by 
using the “neutrino” and the concept of “charge-on”. The electron and muon are considered 
as two kinds of electrically (¢-) charged-on neutrino, and the proton, neutron and A-particle 
are baryonically (b-) charged-on neutrino, electron and muon, respectively. 

The interactions are constructed from the “currents of charge”: The fundamental strong 
interaction is the b-charged and conserved current-current type where the full (Ikeda-Ogawa- 
Ohnuki’s) symmetry among three baryons automatically holds and the fundamental electro- 
magnetic interaction is the é-charged and conserved current-current type (action at a distance), 
while the weak interactions consist of the e-charge fading current-current type (usual 
weak), the d-charge fading current-current type, and the b- and €-charge fading current-current 
type (both are extremely weak). Their relation is considered genetically by using the 
b-charge-on process (Gamba-Marshak-Okubo’s symmetry) and the ¢-charge-on process. 


hy 


§ 1. Introduction 


Recent advances in the theory of elementary particles enforce us to consider 
the unified description of various particles. We summarize several points of this 
trend. 

The first is the successes in the theory of composite model which have been 
attained by Sakata’s school. In 1956, Sakata” proposed the method which treats the 
elementary particles strongly interacting as the fundamental particles, proton, neutron 
and A-particle, and their entities (Sakata’s model). This method can be inter- 
preted as an approach which clarifies the substantial features in the theory of ele- 
mentary particles and constructs the corresponding logics between present and 
future theories. Following his idea, the mass-formula for the composite entities 
which may give phenomenological law for interactions of the fundamental particles 
has been derived by Matumoto.” And a remarkable progress followed when 
Ogawa” introduced the full symmetry among the three fundamental particles. 
The refined theory of Ikeda, Ogawa and Ohnuki® could predict the existence of 
resonance states in the poin- and kaon-nucleon scatterings and also the mass formula 
was arranged by Sawada and Yonezawa” so as to cover all existing elementary 
particles excluding the leptons and photon. (We shall call it the “ I-O-O sym- 


metry’). 
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The second is the advance following the fact that a symmetry between baryons 
(proton, neutron and /-particle) and leptons (neutrino, electron and muon) holds 
in the weak interaction as pointed out by Gamba, Marshak and Okubo.” (We 
shall call it the “G-M-O symmetry.”) This fact is easily interpreted by a model 
proposed by the Nagoya group” in which the proton, neutron and A-particle are 
entities of the neutrino, electron and muon coupled with unknown “ B-matters ” 
respectively ; the strong interactions can be understood as those of B-matters them- 
selves, while the weak interactions are those between leptons. (We shall call it 
the “Nagoya model.”) Following this idea, the fundamental elementary particles 
are reduced to the neutrino, electron, muon and B-matter and consequently our 
considerations must be concentrated on the problems of leptons. 

For the leptons which may be the third point, we have got a nearly definite 
conclusion for the scheme of their interactions; the interactions have almost the 
same magnitudes of coupling (weak) and completely parity violating terms (left- 
handed) and are realized by the electric charge exchanging V-A current-current 
Fermi coupling.” The difference of nature among three leptons, however, has 
not been discovered with the exception of electric charge and mass, though the 
history went a long way round the problem. 

The authors” have been expressing the opinion that the difference among 
leptons does not come from any particular observable interaction with other parti- 
cles, but from some inner structure which is revealed in the common (weak and 
electromagnetic) interactions. If it were likely, the difference between electron 
and muon would be expected in the weak interactions as a shift of local V-A 
theory. Detailed examinations, however, clarified that the effects would be con- 
firmed when the experiments are made with one more decimal order than the 
present ones. At present, we must conclude that the difference cannot be detected 
in the weak interaction except the electric charge, the diffenence in the mass also 
being not expected by the reaction of weak interaction with V-A coupling. 

The difference in the structures of electron and muon would probably appear 
in the electromagnetic interactions.” If the discrimination of electron and muon 
from neutrino was caused by the electric charge, the difference in electromagnetic 
structure would classify three leptons together with their mass level. An analysis 
of getting the electron mass through the electromagnetic interaction starting with 
the zero bare mass was made by the present authors and L. Ferreira,” and then 
the similar idea was applied to the muon mass.” We have a model in which 
the electron and muon are originated from the neutrino by attaching the electric 
charge. (We shall call it the “Sao Paulo model”.) Though the muon might be 
strange particle, its characteristic feature would be covered owing to the absence 
of strong interaction, but should be revealed in the electromagnetic structure so 
as to produce a large mass compared with electron. We can expect that future 
experimental information about the electromagnetic structure of leptons will clarify 
its characteristics and the meaning of the strangeness concept. 
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The B-matter introduced in the Nagoya model has a phenomenologically similar 
nature to the electric charge. One of the authors (M.T.)™ has proposed that it is 
suitable in the present stage to interpret the B-matter as a kind of charge (we 
shall call it ‘‘ d-charge’’) similar to the electric charge (we shall call it ‘“ €-charge ’’) 
and to consider both on the same footing: The consideration shows the following 
model : 

€-charge 


=——- => 2 


os 


where six particles are related with neutrino by both charges, that is, &-charge 
relates the leptons, while -charge does the baryons with the leptons. 

Our considerations based on this model are not to construct the so-called unitary 
theory of elementary particles but to get some foundations to the unified theory 
in future. As we must solve many fundamental problems in order to construct 
the unified theory, the urgent task we must take up in the present state is to find 
the corresponding logic to the future theory by searching for it within the frame 
of the present theory. Our attempt, therefore, must be taken in this sense, even if 
we use the results of present quantum field theory.* The reader will not be content 
in the point where the mechanism of charge is described only phenomenologically, 
but it will be solved in the further progress. 

The final picture of our attempt has a very similar nature to the unified theory 
of Heisenberg’s school,” but the way of attack may be just opposite. We have 
neither the fundamental equation with many symmetries nor the closed system, 
which are considered as our final point through arrangements of various materials 
entangled in the present theory of elementary particles. 

The main part of our considerations is devoted to the arrangement of phe- 
nomenologically known interactions through the concept of €- and b-charges so as 
to point to our direction (§ 2). Then we propose the genetical viewpoint about 
the results (§ 3) and give some justifications from the present field theory (§ 4). 


y 
b-charge | 
Pp 


§2. Concept of charge-on process and the interactions 


Before going in to the unified scheme, we shall rearrange the usual phenome- 
nological theory so as to point to our direction. The essential idea proposed here 
is to interpret the fundamental particles as the resultants of “ charge-on (loadiug) 
processes ” onto neutrino, that is, the electron and muon are the &(electric) -charged 
neutrinos, while the proton, neutron and A-particle are the b (baryonic) -charged 
neutrino, electron and muon, respectively. The word “charge-on process ” is used phe- 


* A preliminary consideration following the above proposed model was published afterwards 
independently by Matumoto and Nakagawa. Their analysis based on the viewpoint that the problem 
might be completely beyond the present quantum theory. 
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nomenologically until when its mechanism is clarified: We cannot yet present 
any definite idea of whether it may be interpreted as the dynamical process 
between particles and a kind of matter (€-matter and b-matter), or as the con- 
sequences of the space-time structure. The symbolical use of this word, however, 
gives some important conclusions in the following. 

The fundamental features of charge-on processes assumed phenomenologically 
are: 

I) The &-charge-on process makes the particle-(antiparticle-)neutrino nega- 
tively (positively) charged with a unit of charge and its modes are at least two- 
folds ; one corresponds to electron and the other to muon. 

Il) The &-charge-on process makes the particle-(antiparticle-) leptons posi- 
tively (negatively) charged with a unit of charge and is necessarily accompanied 
by a positive (negative) unit €-charge. Its modes may be one or two-folds de- 
pending on the models sketched in the following section, but in any case modes 
of the both charge-on processes will be harmonized so as to discriminate two par- 
ticles, neutron and /-particle. 

Expressing the particles with &,(0, —1)-charge and 6,(1, 0)-charge (automat- 
ically followed &,(1, 0)-charge) Nesey pp we can define the charge-on processes as 

€-charge-on process: Njo— N19, N*i0, 


(2-1) 
b-charge-on process: Njo2Nia, (N19 2 Na, N*i0> Nei), 


where we identify 
Noo, Nag=e, NE5= 4) 
Nia = p, Nan, Nee, 


When the particles are € and/or b-charged, the transitions between particles 
show the rate of maintenance of some charge, which is classically well known as 
the word “current”. We can construct such quantities in the notation 


Trias(eg te p+ 4 +8 yp) 1/207 +bp) = Ne ,+ep,,pONe, +6 7,07 > (2 is 2) 


where O means some linear combination of «Dirac matrices ; 
b-with & current : 
Juy:=Ni1 ON,1 (2:3) 
b-without € current: 
JN=NiOM~s, JS=NEONK, JQ=NiON* (2-4) 
€-without & current: 
ee Nae ON_10; Jo Nea ON* 10, Eine ONE: 5 (2-5) 
neutral current : 
Joo=No0 ON) (2 B 6) 


€-charge fading current : 
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() ae es 2 = F 
IG j2,0=No0ON-10, J S20=No0ON*10, 


= Bik 
J ip a=NMi1 ONv.1; J te t— Ni1 ONG: : 


b-charge fading current : 


J1)2, 12= Noo ON,:; 
IE nga N_.gON a, Ja sp=N% ONG, (2-8) 
ee ON aaa N ONG: 
€- and b-charge fading current : 
J§ 4 =Noo ONo1> J%.=No0 ON¢1, 
I Ou= Nore ON, 1, ISN *v, ON, 2. 


The currents defined by (2-3), (2-4) and (2-5) can be interpreted as the 
streams in classical sense, while the latter four (2:6), (2-7), (2-8) and (2-9) do not 
correspond to any classical quantities and are understood only quantum theoretically. 
The ways of our consideration, then, become two-step-wise: The first is to use 
the full analogy with the classical current picture for the former and the second 
is to reinforce the latter with a kind of limiting procedure which will be proposed 
later so as to utilize a classical picture. 

The classical picture of current connects with the conservation law which 
guarantees the carrying quantity (charge) as the constant of motion in the system 
considered. If we use the word “current ” analogously, we must select the quan- 
tities in conformity with this requirement. 

The system we are now considering is composed of six particles, neutrino », 
electron e, muon /, proton /p, neutron # and A-particle A with masses 0, M., M,,; 
M,, M, and M, respectively, and there exist the following interactions among 
them : 

i) the strong interactions among 7, p and A under the conditions 
4n, = 4n, = 4n,=0, (2-10) 
where dn, means the difference between i-particle numbers in initial and 


final states. 
ii) the electromagnetic interactions with e, /# and p under the conditions 


4n,=4n,=4n,=0, (2°11) 


(2-9) 


and 
iii) the weak interaction 


; peers] rps | 7 
Sie. jon SE e+) +P — Zt ath), 212) 
where f?/M? means the coupling constant and H is the hermitian con- 


jugation. 
The details of the strong and electromagnetic interactions are unnecessary in our 


considerations. 
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The system can uniquely determine the conserved 6-current and &-current 
0B,/02,=0: By=I%rt+IVA+ITH, (2-13) 
30;/0%,=0: O,=JGa—J 72g w ee (2-14) 
where we take J’ =Ny,N, regardless of the divergence, 
Ny, N> Ny, N—-i- const - 0(No,, N) /Oz,; (2-15) 
One= (Tr Te —TeTr) / 21. 
With these conserved currents, we can construct the interactions from the 


standpoint of universal “ current-current theory” as follows : 
[A] The strong interactions come from the b-charged and conserved current- 


current inreraction 


2 os ay 
BB: Bo=J%i.4 I+ IVS Min Nat Man NatNin Nn, 


(2-16) 


where 6°/M* means the coupling constant. The full (I-O-O) symmetry, then, 
holds automatically. The 4-charged current has the vector character. 

[B] The electromagnetic interactions come from the &-charged and conserved 
current-current interaction 


a ——Q,Q,: Q,=J%t. Nisdaes IRE hs — Fe o= Marr Nig Naa Nos oN tern N20, 


(2-17) 


where &’/M? means the coupling constant. Then the photon field appears as a 
secondary entity. The &-charged current has the vector character. 

Though the coupling constants 6 and &€ are written with the same notation 
as that used for charges, the charge-on processes are not restricted to the intro- 
duction of the above interactions. 

Correspondingly, we can also express that 

[C] The weak interaction is the coupling between the &charge fading cur- 
rents so as to conserve €-charge as a whole 


2 
el 
Jah pa: iste 0) (sed ‘Pane t (J +I) Snobs CY ae 


iL. = 
-+-—— (J? +J4) Qe, c= Neots alt (N 10+ N%10) + Minn ete (Noi + Ne), 


(2-18) 


where we take J,*=Njy,y;N and f*/M? is the coupling constant. The charge- 
fading current has the vector and also the axial vector characters with one to one 
ratio. 
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We have also some possibilities of introducing the new (perhaps extremely) 
weak interactions : 


[D] The extremely weak interaction with the coupling between the b-charge 
fading currents. 


[E] The similar one with the coupling between the &- and b-charge fading 
currents. 


[F] The self-interaction of neutral currents. 
Although their forms cannot be determined, they give the following reactions, 
which are considered to be so weak that we have yet unobserved : 


A+e~>n+p-* (K°>p*+e7) from. D, 
pte >pte, A-yant+y from £% 
pty—vty trom /, 


Assumed interactions might be 


awe oe ; : al y 1 j 
ae Z ila (J’+J“), WaT (J+ I 4) OP 12,172 ee (J? $+ I4) OM 12,1/2 


Ms ee Nie NG ors ae ya aaa Lan Noi (2-19) 


2 
for [D] and 
sas IH: SITE : al: ’ 1 alt - 
J, CF audae +7 yl”) : a (J! +J*) X02 pare: (J" +I“) X0a/2 
= Noor “tie (Nuit Ni), (2-20) 


EF ING nt PFI) Gan 


a (NAGPN Aso) 7 =i Ni (2-21) 


for [E] where (”?/M? and f’”/M? are their coupling constants. The self-interac- 
tion of the neutral currents would be 


ats [ (J Xo,0) 2+ (Sx, | (2-22) 
2M’ 
so as to assure the zero mass and the form invariance 
S1Cu: GOrp- FOG = S1Ca : $OsP GOsH:, (2-23) 
A 
where: .:means Wick’s product and ‘fo'/M* is the coupling constant. The intro- 


* The possibility of this process has been pointed also by Maki et al.” 
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duction of these three 
interactions cannot de- 
stroy the conservation 
laws’ @-13) “andy (Zz 
14). Symbolic pictures 
of the interactions are 
raised in Fig. 1. 

A characteristic 
feature of the interac- 


y y 
tion is the magnitude b-interaction €-interaction So-interaction 
of coupling constant. (strong) (electro-magnetic) (self) 


Among the various con- 
stants 0°/M?, &/M’, 
f?/M?’, and so on, we 
have the definite value 
only for the weak 


interaction 
2 
ES (ee 
M My 
(2-24) 
; A(n) p ue) 
in unit of nucleon mass f-interaction f/-interaction f/-interaction 
My and other constants, (weak) (extremely weak) 
: 2 2 
Spy b'/M* and Fig. 1. Symbolic pictures of interactions. The width does not 
€*/M”’, are unsettled un- mean space spreading. 
til when we realize the == b-charge (without €) iugin. e-charge accompanied with 6 
meson and _ photon. =73= é€-charge —— neutrino core 


However, if we identify 
b* and &* with the strong and electromagnetic couplings G,x/4z and a 


12, 
Bw~ es ~10, &~a~107 (2-25) 


and take M, the nucleon mass, we have the relation 
== 10,; (2-26) 


which seems to be very suggestive. Further, the fact that K°>y*+e- has yet 
unobserved tells us 


/2 
J _<1078 (2-32) 


2 


which is in harmony with the relation (2-26). The relations (2-26) and (2-27) 
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show that the stronger the coupling between conserved charged currents becomes, 
the weaker the coupling between its charge fading currents. 

The charge fading currents appearing in the interactions (2-18), (2-19), (2-20) 
and (2-21) cannot satisfy the conservation law which guarantees the universality 
of coupling strength. Searches for the conserving current in the weak interaction 
have been reported by many authors” but with negative answers. This fact can 
be understood that the current in question does not correspond to the classical 
picture, its essential feature being the charge fading nature. 

In order to realize the classical picture, we must utilize the inverse processes 
of charge-on, i.e. the “ charge-off (leaking) processes ” which eliminate the charge 
fading natures. Using the &-charge-off process 


N10, N*:0—2> Noo; Noa, Noi Mia (2-28) 
with 
M., M,—M,=0, MVM, (2529) 
we can show that the vector part of current in the weak interaction satisfies 
Aj,” /O2,—> 0. (2-30) 


This shows that the universality of vector part holds in the limit of the &-charge- 
off process. Also if we use the b-charge-off process 


Nii Noo; Nouv N-1; Nii Né10 (2-31) 
with 
M,— M,=9, M,—- M., M,-> M,, (2-32) 
we have 
ORY /A2, 0 (2-33) 


for the vector part of current in the extremely weak interaction (2-19). And 
successive use of (2-28) and (2-31) gives 


aj'2' /Ba,—> 0, Aji’ /Ax,—>0 


for the currents in the other interaction (2-20). As-the b-charge-off process is 
not so good approximation as the &-charge-off process, the universality of their 
coupling constants f” and f 2 4s less reliable. 


§ 3. Genetical approach to the elementary particles 


The consideration made in the preceding section makes us have a genetical 
scheme from the single fundamental particle, neutrino, with the cooperation of 


the charge-on processes. The six particles, neutrino, electron, muon, proton, neutron 
and A-particle are constructed along the following scheme: 
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€-charge-on 
v(No,0) —~> e(N-1,0), (NX, 9) 
b-charge-on 
P(N1i,1) —> n(No,1), A(N§1)- 


Since the mechanism of charge-on processes is unknown, we tentatively call 
it the “genetical scheme” distinguishing it from the so-called “unitary” theory. 
A profit of the genetical consideration is to get the logic of analogy and difference 
for both concepts, electric charge and baryonic nature, that is, we consider both 
as the charges in the usual sense or some kinds of matter. 

According to this genetical scheme, we may expect that the masses of leptons 
and of baryons must appear as the resultant of the charge-on processes. A sug- 
gestion’? comes from 

oS eG 
ana 


Pp 


, (3-1) 


which can be interpreted as that the masses of electron and proton (nucleon) have 
the origin of field reaction. Though the masses of muon and /-particle may be 
understood on the more profound base in the charge-on processes, we can take the 
circumstance as the other modes of the charge-on processes. 

Corresponding to this circumstance, we have the three possible schemes raised 
in Fig. 2: (a) the case in which only the &charge-on process has two modes, (b) 


€-charge on 


y—> e@ St ye = y— e = KH 

ae ga ee eee a , 
p—- n= 5A = pPp—n =>? 

{ ) 
C0 cea 7-2? =A 


(a) (b) (c) 


Fig. 2. Possible genetical schemes. 
—-— usual charge-on process 
==> another mode of charge-on process 


the case in which the &-charge-on process gives two modes only for lepton, while 
the b-charge-on process gives two modes for neutral baryons and (c) the case in 
which both charge-on processes simaltaneously give different modes. The decision 
of scheme cannot be made at present, but it is useful to consider the experimental fact 


M,—M,>M,—M,, (3-2) 


because we must have any amplification of the difference of €-charge-on process 
when we introduce the -charge-on process. For instance, the case (a) must auto- 
matically give amplification, the case (b) may separate the problem and the case 
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(c) is intermediate between the two former extreme cases. 

With these schemes, we can imagine the hypothetical worlds and their alter- 
nations: We have the world of neutrino, the world of leptons, the world of 
baryons and the real world. Their alternations are caused by the new elements, 
the charge-on processes. The freedoms of the elementary particles are not due to 
the neutrino, but to the mechanism of the processes. The circumstnace is very 
similar to the case of hydrogen atom. When an alternation occurred, the modifi- 
cations and introductions of interactions should follow. Then the interactions can 
be interpreted genetically. We shall outline the circumstances as follows: 

i) Weak interactions 

The usual weak interaction is constructed in two steps: The original form 

will be caused when the &-charge-on process acts: 
2 — a 
Flees (2) : $2—=Np 07's aan (N10 +N *1,0) (3-3) 


and its modification follows by the b-charge-on process : 


jr=Noorr sas (Nae ENG) Na =i (Noi + N61) - (3-4) 


The one of the extremely weak interactions is caused by the b-charge-on pro- 
cess : 


4 “He : = 14+7 
F | ax pia): dr = Noor STN (3-5) 


which is modified by the succeeding &-charge-on process 
nN] A] 7 Ay uf 
pl =Noorr =i Niit+ N17 =F1s Noat Naio7. ah Noi, (3-6) 
while other extremely weak interaction is created only when the both charge-on 
processes act simultaneously : 


112 = 1+7 
fda {Nan 25 Wot Nie) {Meet Nor LE Noa} 


+{ Beat Ninn FZ iol [Noon (MatNeEyt]. — @-7 


ii) Electromagnetic interaction 

The electromagnetic interaction is originated when the &-charge-on process 
goes on. Whatever the charge-on process may be, it will be probable to expect 
the different charge distributions for each mode of charge-on process. We can 
express the fact at the non-local effect phenomenologically. The &-charge-on pro- 


cess, then, gives the interaction 
2 
in | dxZ AX, HE AOS (x1 bY Xs) OQ, (22 ? 3) : (3 ; 8) 
2M? 


Q, (xa; Xs) = Ns (21) I, io ee Xs) N-10 (21) aN (21) r* Ree 23) N*1.0 (ziys 
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where we have 


, : UD Og. (*) 
Tg? (x) =pigi (x) ree —{x) (3-9) 


K 


with a constant 7% and unknown functions 9; (x) (@=1, 2). 
The succeeding b-charge-on process which gives other distributions may modify 


it with the current 
Q, (x > X3) = = Nig (21) Liss (aa Wa) N_i,0 (x) = te gkacs) A (x, — a3) N* 0 (2x1) 
+ Noa) (I,—0) Gar— 2s) Moa Cad) + NI) (1-157) (ar 25) Ne) 


+i (21)T (@1— 23) Nir (21), (3-10) 
where we express the }-charge distributions as 
“7 (%) (3k) 
TS (2) =n.G (a) +E 6, (2) (3-11) 


2M“ Ox, 
with a constant L® and unknown functions G;"*’(2) (#=1,2). The functions 
introduced in baryons depend on the scheme taken, i.e. for the case (a), we have 
T,* (2) =7, (2), (3-12) 
and for the case (b) the term of N)~ must be understood 
Nei) C1" — 15): 2s) Noa (a) (3-13) 
The local limit of the interaction tends to the form of (2-17). 
ii) Strong interaction 
The strong interaction is caused by the &-charge-on process. Its original 
form is 


b? 


2M’ 


\ ax, dx,dx3B, (21, 23) By (X2, Xz) : 


By (21, Xs) = Nilay Ts (x1— 23) Ni1 (2x1) (3: 14) 
and a modification by the succeeding &-charge-on process gives 
By(@1, X3) = Dee (21)'T, (a — Xs) N,1 (21) 
- Ne (x) T, (21 — Xa) No.1 (21) ois Nei (2x) i Boas (x — Xs) Noi (2) F (3 : 15) 


The other baryons and their interactions are the resultant of this interaction. 


§4. Considerations from the quantum field theory 


The scheme proposed here includes many difficulties which may be beyond 
the validity of the present quantum field theory. Notwithstanding this circum- 
stance, it may be instructive to see some problems from the present standpoint so 
as to seek the corresponding logic. The consideration in the following is to see 
whether we can understand the statement that the whole masses of elementary 
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particles have an origin in the field reactions. 


Can the electron and also the 
muon get the sufficient masses through the electromagnetic interaction (Sao Paulo 
model) and the baryon through the strong interaction? 


For the qualitative discussion, we define the mass term of a fermion 


4M\ dx N N(x) (4-1) 
which is known to destroy the invariance under Touschek’s transformation™ 


N->e®™ N. 


(4-2) 
Then it is necessary to have the conditions in order to get the mass qualitatively : 
1° 


The interaction which destroys the invariance under Touschek’s transfor- 
mation must exist. 


2° From the dimensional analysis, it is necessary to have a constant of the 
linear dimension of length [L] in order to get a non-zero reaction mass. 


The weak interactions cannot satisfy the former condition, while the electro- 
magnetic and strong interactions can satisfy the both conditions only if 


140, L*A0. (4-3) 
The alternative couplings, if we propose for the strong interaction, satisfy the 


former condition, but not the latter unless we modify them as similar to ours. 
(4-3) means that the charge distributions are unspherical, 


3h ; a 3 

(*) = a ign (*) 2 LAE Sy, (*) 2 2 

i oa jr | dae| oP @) +2 ran?) | 4) 
Before entering into the semi-qualitative discussions, we propose the quantiza- 


tions as follows: For the neutrino field Noo, though we have not definitely defined 
its equation, we have for the sake of simplicity 


{No.0 (x) > Noo(z’) ro= , as \ dq Ce =e (4-5) 


Voc { dm? p,(m") 
(m?) means the spectral function in the first approximation, and we can nor- 


malize Z to unit. For the electron and muon fields, N_: and N_i*), we propose 
the new quantization 


where /% 


— = 2 fem BF —1i7 1 
(NGS), Man Ie=— ST lage Ee, 8) 


Rey N# pt ey haa re es oma ae hog (4:7) 
{N*,0( - 1,0( ) g q 


(m*) = | din?m? p,(m*) ee eS | dm’ m? p,* (m*), 
where -°*? (77 


2) means the spectral function under the influence of the &-charge-on 
process and (m'*”) is the mean square mass. 


The new quantization which is 
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connected with the so-called dipole-ghost nature,” 


co getinry tans be tga a ee 
2 2 gto go 


qd qd c>0 Qo 


can be interpreted as the propagator of particle accompanied with the photon. 
The difference between p,(m?) and ;*(m") comes from the difference of mode in 
the &charge-on process. The quantization of the baryons, Mii, Noa and N* is 
assumed roughly in parallel 


= = AVE pe 1 
(Ni1(2), N,1(x') o=(No1(2); M(x’) »=— i<M*» puree : 


a - 2 ae 
ONE aN Eel) yee dic Sabir onion. (4-10) 


(27)* ¢ 


CVE dm’ m P,(m’), (M*)= \ dm? m? P;* (m?), 


where P,'*)(m) means the spectral function under the influence of the b-charge 
on process. 

The reactive masses in the first approximation of the electromagnetic interac- 
tion are given by 


Con. Sue log (7,°/72") 

1M) — = — dm dm 9, (m?) g.°* (m? La 

\ ) 4n Qa M? : 1G A) I Cor) my~—m," 
(4-11) 

where we use 

oy — 1 Tq i A) 

ES ACe = ome Jam | dae eres (m*) — OM Ore Veo (m’) |. 
(4-12) 


Since the result for the electron 4M coincides with the one starting from the 
interaction 


—i/4ra | Ax,dx, Nae (21) Ty (1 — 28) Nu1,0 (21) Ay (xs) (4-13) 


and following the usual quantization like (4-5), except for the numerical constant, 
where A, is the photon field and a@ the fine structure constant, we can tentatively 
adjust the parameter until when the photon field is deduced 
sm) 
Ql = ; 
Ari M7 Care 


and 
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210" (415)* 
from the discrepancy in the electron moment 


€ 
2M, 


—6 
exp =i 10 


~ 10-3 a , (M=M,). (4-16) 


Therefore if we could expect 


e 


2 2 
4 \ dm, dm 9; (m") Jo (m2) log (mi /ma) 10M’, (4-17) 
n 


247 — m1," 


we would have the desired order of electron mass 
(4M) .~10°M. (4-18) 


This expectation is not so difficult if we use the form factors with the mean square 
radius (7?)~1/M’. For the muon mass, however, as the universality of the fine 
structure constant makes us have 


im) = (mn ) (4-19) 
and the maximum allowance for the discrepancy in the muon moment , 
Rie tren SAS ONE aN ai (4-20) 
gives 
fe Ie: (4-21) 
we are obliged to expect 
4,*/Ae~10 (4-22) 
in order to get the desired order 
(4M),~107M. (4-23) 


The corresponding form factors become more singular than the electron. The other 
possibility is to interpret the muon as the excited state having the original mass 
m) in the &-charge-on process, its value being 2 /3-a-'-M, as pointed out by Nambu” 
and its deviation from the muon mass being just the electron mass,** 


=a M+ M,. (4-24) 


7) 


Similar discussion can be devoted to the masses of the baryons. For the sake 


of simplicity, taking the scheme (a), i.e. 


* The value 11072 used in the previous paper!” may be somewhat large, even though 


it is also probable. 
*& The idea and the relation (4-24) have been proposed by Matumoto. We express our thanks 


for his private communication. 
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RO =aPP a ie) = 17) (4-25) 
and the similar structure for the 6-charge distributions as the electron &-charge 
distribution 

L=Lt¥=1, (MS=M") =n’), 4=47— 4, (4-26) 

where ’ 

42 1 iqu iL 2 = 2 aD 
D.@) = ent \am’| dge 9 ae E G,(m’*) OM Tv Qe Go(m gt (4-27) 
2 ae 

4=— | dm: dm? G,(m,") G,(mz") gual AG nso (4-28) 

my — My 

we have 

(4M), / 4AM) 2= 6 /e. (4-29) 


Then we can get the main part of the baryon in virtue of the relation (3-1). 
The difference between the masses of /-particle and nucleon comes from the 
resultant of the three steps: i) It is originated by the difference between masses 
of muon and electron, ii) a part of this original difference is cancelled out by 
the opposite &-charge followed in the d-charge-on process and iii) finally a re- 
maining difference produces the effective difference by the strong interaction. The 
difference between the b-charge and &-charge distributions in /-particle is essential 
in this discussion, that is, with the assumptions (4-25) and (4-26), we must take 


G,=GP=nFn"*, LG, = L* Gy* =1gg F A* G*. (4-30) 
Assumig 
Jo=Go*, AFI, (4-31) 
we get the remaining difference at the second step from (3-10) 
rf 
(4M,) =“ * [2(4M*) .—i* (4M) ], (4-32) 


Therefore it is probable that we may expect the remaining mass 
OS (4M). SM, (4-33) 


only when we can get the muon mass. The estimation at the final step is impos- 
sible within the approximation used here, but it is not improbable to expect the 
desired mass difference. 

Consequently we can conclude that the statement about the origin of mass is 
not inconsistent with the present standpoint. 


§5. Discussions and conclusions 


An attempt proposed here stands on the unsolved points, which we consider 
to belong to the future theory. We cannot reach the final stage of the unified 
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description of elementary particles along this line of thought until when they are 
clarified. In spite of this defect, however, we can get some conclusions as follows : 

1) The parallel considerations with &-charge and b-charge are suitable ac- 
cording to the present knowledge of elementary particles. 

2) The interactions can be classified from the classical picture of current 
and their couplings are uniquely determined through the already established weak 
interaction. All the interactions are current-current types. 

3) The strong interaction becomes to satisfy the full (I.0.0.) symmetry. A 
similar procedure (&€-charge-on) as G.M.O. symmetry in the weak interaction (0- 
charge-on) gives the new (extremely) weak interactions. 

4) The coupling constants of interaction have a simple regularity which is 
connected with the ratio of electron mass to nucleon mass. 

5) The masses of all elementary particles are understood as the result of 
charge-on processes and six particles can be connected genetically. 

6) The &charge process causes the weak interaction together with the elec- 
tromagnetic interaction, while the J-charge-on process causes the extremely weak 
interaction together with the strong interaction. 

Among the unsolved problems, the photon field and the fine structure constant 
will be considered in connection with the meson fields and their interaction con- 
stants by pushing this attempt. The large mass defects in constructing the photon 
and mesons as the composite entities can be more easily understood from the 
viewpoint of the reactive mass than of the bound state. 

Though the mechanism of charge-on processes would belong to an unknown 
theory, the weak interaction might give some definite information about &-charge- 
on process and the extremely weak interaction which will be observed in high 
energy phenomena might do about b-charge-on process, because they are charac- 
terized as the charge exchange interactions. An interpretation” of the weak in- 
teraction with the intermediate boson may be understood as a substantial approach 
to the &charge. The mechanism may be not only due to the dynamical process 
of some substances, but also related to the space-time structure.” The nature of 
neutrino having only spin can be interpreted as a sort of vortex, which is a con- 
sequence of the curved space time. The &charge-on process may reveal the con- 
servation of such structure, while the b-charge-on process may give the origin of 
singular region which is taken as the massive particle. This imagination is sug- 


gested by the gauge invariance and by the common spreading 1/M by which the 


particle can be explained. 
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A New Approach to the Theory of 
Classical Fluids. [fla 


Tohru Morita and Kazuo Hiroike* 


Research Institute for Fundamental 
Physics, Kyoto University, Kyoto 
*Physics Department, 

Tokyo Institute of Technology 
Tokyo 
June 11, 1960 

In the preceding papers of this 
series)? as well as in several other 
works,” analysis has been made by 
starting from the density expansion 
formulas. Therefore we have had no 
sufficient reason for the applicability of 
the results in the densities of liquid 
even when the resultant expressions are 
convergent. It is desirable to develop 
a theory of classical fluids without 
using the density expansion formulas. 
Here we consider a system enclosed in 
a large but finite volume V which is 
kept constant in the whole course of 
analysis, and show the condition under 
which the results in I and II may be 
applicable to liquids. Moreover, we 
obtain the expressions which may be 
applicable to solids as well as gases and 
liquids. 

We consider a one-component gas of 
fugacity z in volume V and at tem- 
perature 7. In the following jdr means 


an integration over r within V. In 
the grand canonical ensemble the prob- 
ability that the volume V contains 
exactly N particles and these take a 


configuration r“==r,, Tr, °°", Ty, is: 


N 
oN, r*) =87—= 


NI exp{— P(r") /kT}, 


(1) 


where 2 re (2¥/N!)§ dr® exp {— Ar”) 
=0 
jerry 


We assume that @(r%), the in- 
teraction potential, is a sum of the pair 
interaction potentials, namely O(r”) = 
Syes> joi b (Te r;). 

The one particle distribution function 


is defined by 


ween ze 
pr) =4 FANT 
N{---| dra--dry exp {— 00") /RT}. 


(2) 
Using Salpeter’s method,” we can re- 
duce the above expression, without in- 
troducing any approximation, to the 
form 


o U 
p(T) a2 3) Saree dri S20 bigs 


t+1S>¢>j21 
(3) 


Sum over all products which are 
connected with each other. 


‘where 0, =b(ri, 7) =eXP {—6(r,, T;) 


In the analogous way, the 


gen 
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pair distribution function is expressea 


as 


(ee) eaoglte 
=2? 5) i a | drys-drrss STRIN TS: 
j=0 [! 3 (+2=t> jel 
(4) 
Sum over all products for which 
each of r3, -:, Té+2 is connected 


{ONT OL 140) bot: 


If the diagrams having articulation 


points are eliminated from the right- 
hand side of (4), it can be shown, with 
the aid of (3), that o (ri, re) is written 
in the form 

O° (F1, Ts) = (rs) P(e) 9 (1, Te), 

g(r, PT.) = (1+ by) exp {w(ri, r2)} (5) 


and w(r,, rz.) is given by 


WQ4Ti, To) = S E jonfar 


i=0 [! 
dP) .20 (3) “0 (Ti42) SEK I bij. 
14+2>%> jE1 
(6) 


In the right-hand side of (6), (W) 
means the restriction about the sum- 
mation that the sum is taken over all 
products for which each particle of 
Ts, ‘°°, Ti42 1s connected to r, andr, by 
an independent path and r;, --:, r;,2 are 
connected independently of r, and rz. 
By making a black circle correspond 
to an integral {drp(r)--- and a line 
—*— connecting circles i andj to a 
factor 5, we can express an integral in 
(6), including a numerical factor, by 
a diagram as in reference 2) and the 
Appendix of I. In such a_ graphical 
repesentation expression (6) is identical 
with (6”) of reference 2) or (A-3) 
of I. Therefore the analysis of the 


pair distribution function can be made 
in quite the same way as in the Ap- 
pendix of I. We obtain, corresponding 
to (A-4), (A-5), (A-7) and (A-8) of 
if 


OTs. rp = las r.) +2,(r1, r2) | 
=2(r,,T.)+ | dr o(r)z rs, rr Ts); 
(7) 


v(T1, Ts) =9 (71, F2) —1 


= {1+ d(r1, r2)} exp {w(r1, r2)} =, 


(8) 

OTs, Fal (tas Te) 
—2(Ti4 1s) 4 (Ti, Te): (9) 
(A-8) in I expressing x(Ti, T2) in 
terms of Oars): (10) 


The set of equations (7)—(10) deter- 
mines the pair distribution function 
when we know p(r) and d(r, re). 
In the analogous way, (3) is further 
reduced to 


er) =z exp{—fa(ri)/kT}, (11) 


where, in the graphical representation, 
—/4(r,)/kT is expressed in a form 
identical with —,/kT in I and ref- 
erence 2). The graphical analysis in 


‘the Appendix of I leads us to (A-14) 


which is here to be interpreted as 
[ea ain | dr pr) Bees 
SS on, r) 
—v(r,, r)x(r1, 7) 
+ 7-0, r)z (rn, 7)} 
+Series in terms of v(r,r’). 


(12) 
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By means of the set of equations (7)— 
(10) and (12), we can, in principle, de- 
termine ¢(r) and w(r,r.) from the 
knowledges of fugacity z and b(7, r2). 

Now, when the series of (12) and 
the series appearing in (12) converge 
uniformly with respect to the volume 
V, we can take the limit V—>co in 
these equations. If we have such a 
solution that p(r) tends to a constant 
independent of r in the limit of V>o, 
it will correspond to gases or liquids. 
Then, the set of equations (7)—(10) is 
reduced to the form which was given 
in the previous report.” If we have 
such a solution that e(r) tends to a 
periodic function of r, it will correspond 
to the solid state. 

In this way, the possibility is in- 
dicated that the formalism developed 
in the preceding reports”’”” is applica- 
ble to liquids as well as gases, and 
the formalism is generalized to the case 
of solids. 

A detailed account will be given 


shortly in this journal, with inclusion 
of the straightforward extension to a 
raulti-component system in external field. 
The discussions about the expression 
for the free energy and its variational 
character will be given in a separate 
report. 


Dy iS Morita and K. Hiroike, Prog. Theor. 
Phys. 23 (1960), 385, 1006 (to be referred 
to as I), 
K. Hiroike, Prog. Theor. Phys. 24 (1960), 
317 (to be referred to as II). 

2) T. Morita, Prog. Theor. Phys. 28 (1960), 829. 

3) T. Morita, Prog. Theor. Phys. 20 (1958), 
920: 21 (1959), 361. 
[Errata, 23 (1960), 843] ; 23 (1960), 175. 
J. M. J. Van Leeuwen, J. Groeneveld and 
J. de Boer, Physica 25 (1959), 792. 
E. Meeron, preprints. 

4) E. E. Salpeter, Ann. Physics 5 (1958), 183. 


Cherge Distribution in Be’ 
Y. R. Waghmare 


Physical Research Laboratory 
Ahmedabad, India 


June 13, 1960 


Scattering of electrons by nuclei has 
been a very useful tool for determining 
the charge distributions in various nuclei. 
The general procedure has been to 
choose a model distribution with some 
empirical parameters, evaluate the scat- 
tering cross-sections, and compare them 
with the experimental results. It is 
possible thus to eliminate certain types 
of charge distributions, such as uniform 
charge distribution, etc., but in general, 
one is still left with a family of models 
which all give similar results. For the 
purpose of studying the systematics of 
variation of parameters of nuclear charge 
distributions it would be desirable to 
use a single model for a large range 
of nuclei. For heavy nuclei the Fermi 
distribution” (or a very similar “ folded 
distribution”) has been successfully 
used to analyse the electron scattering 
data. Elton, Hiley and Price” have ana- 
lysed the C” data also in terms of the 
Fermi distribution. Partly in order to 
extend this analysis to other light nuclei, 
we have calculated the electron scat- 
tering of Be’ on the basis of the Fermi 
model. This nucleus is also of partic- 
ular interest, since it is in the middle 
of the p-shell, hence one may expect a 
certain amount of quadrupole defor- 
mation of the nucleus to manifest itself. 
Recently Meyer-Berkhout, Ford and 
Green” have carried out a fairly com- 
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plete analysis of the p-shell nuclei; 
however, their results for Be’ parameters 
are somewhat different from ours, and 
since we have consistently employed 
the Fermi distribution even for evalu- 
ation of the quadrupole scattering effects, 
we present here our results for Be’. 

The Fermi distribution for a spherical 
nucleus is given by 


noventen ("ST 


If we take into account the quadrupole 
deformation of the nucleus by replacing 
r by r(1+€Y,’(cos #)), we may write 


0(r) =po(r) +o) ¢ + ¥;9(cos6) 
dr 


=/)(r) +2(r) Y2’(cos4). 


The scattering cross-section in the Born 
approximation is given by the well- 
known results : 


pie ze” \? cos*(4/2) ' ; 
( 2h sin‘ (0/2) [| ol? + | F2|] 


where 
Fy= 4 | po(r) jolgr) 8dr 


Fy=—V/200 | pa(r) jalar) rar. 
The quadrupole moment Q is given by 


= 4/188 | pyr) rtar, 


The Born approximation may be ex- 
pected to give a valid result for such 
light nuclei except in the immediate 
neighbourhood of the diffraction mini- 
mum. 

First we take €=0, and determine the 


30 50 710 90 S110 130 eo) 
angle in degrees 
Fig. 1. Elastic scattering of 300 Mev electrons 
by Be? 
The continuous curve shows the monopole 
scattering, the dotted curve the quadrupole 
contribution and the dots are the experimental 
points. 


10 


Ome \ 
3730 40.1¢50:,60° of 80. 90 100 


anglein degrees 


Fig. 2. Calculated curve for 420 Mev electron 
scattering by Be? 
The continuous curve represents the monopol 
scattering and the dotted curve. shows thi 
quadrupole scattering. 
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best values of the parameters c, z by 
fitting the experimental data at small 
angles for scattering of 300 Mev elec- 
trons as given in reference 4). Since 
we later find that the quadrupole scat- 
tering at these angles is very small, the 
analysis at small angles in terms of mono- 
pole scattering alone is valid. We find the 
best choice of the parameters to be c= 
1.4f, z=0.6f. The experimental results 
and the contribution of the monopole 
scattering to the cross-section given by 
| F,|? alone is shown in Fig. 1. Itis clear 
that for larger angles (#>75°), the 
monopole scattering alone is inadequate 
and no variation of parameters can im- 
prove the situation. 

The value of € is now fixed by 
evaluating the quadrupole moment of 
Be? with the above values of c, z and 
comparing with the experimental value, 
which wwe. take-to be O=2x 10-” cm’. 
This gives us €=0.256. Now all the 
parameters are determined and the 
quadrupole scattering cross-section as 
given by |F3|* is evaluated and the plot 
is shown in Fig. 1. 

Thus the Fermi charge distribution 
with the inclusion of quadrupole dis- 
tortion appears to fit the experimental 
results at 300 Mev fairly satisfactorily. 
Perhaps an exact evaluation of the mo- 
nopole cross-section would improve the 
agreement near the diffraction minimum. 
At this energy the diffraction minimum 
‘5 not clearly seen. It would however 
be expected to be seen clearly at the 
electron energy of 420 Mev. In view 
of the possibility that these experiments 
may be performed, we also give in Fig. 
2 the results of our model for this 


energy. Here again the calculations are 
made in the Born approximation. 

The values c, z obtained here are 
different from those of reference 4), 
who obtain c=0.9 f, z=0.79f, values 
that appear to be somewhat extreme. 
In view of the values c=2.60f, 2.35f 
and z=0.43f, 0.42f for O% and C” 
respectively, our value of z appears 
rather high, indicating that Be’ nucleus 
The r.m.s. radius 
obtained with our values of the charge 


is almost all surface. 


distribution parameters is 2.48 f, compar- 
ed to 2.99f reported by Meyer-Berkhout 
et al. for their values of the parameters, 
and 2.2 f for the Harmonic oscillator 
model. 

The deformation parameter € as de- 
termined here for Be’ has the value 
€=0.256, which indicates quite a siza- 
ble quadrupole deformation. 

In conclusion, we may say that the 
Fermi charge distribution model in- 
cluding the effects of possible quadrupole 
deformation satisfactorily accounts for 
the observed scattering cross-section of 
Be? for 300 Mev electrons. 

The author is greatly indebted to 
Dr. S. P. Pandya for suggesting the 
problem and helpful discussions during 
the course of this work. He also ex 
tends his thanks to the Ministry of 
Education, Government of India, for a 
grant during the period of this work. 


1) R. Hofstadter, Ann. Revs. Nuc. Sc. 7 (1957), 
231. 

2) R. Helm, Phys. Rev. 104 (1956), 1466. 

3) L. R. B. Elton, B. J. Hiley and R. Price, 
Proc. Phys. Soc. 78 (1959), 112. 

Aa: Meyer-Berkhout, K. W. Ford and A. E. 
S. Green, Ann. Phys. 8 (1959), 119. 


684 Letters to the Editor 


Caus: lity and Loca] Commiutativity 
Kunio Yamamoto 


Department of Physics 
Osaka University, Osaka 


June 23, 1960 


The scattering amplitude can be ex- 
pressed in terms of retarded com- 
mutators in the following form: 


, ! 
=i|dxexp| i ate | 


x (pli (2/2), j(—2/2)]|p) 9 (x). 
(1) 
When we want to prove the dispersion 
relation, it is usual to require the local 


commutativity only for the special com- 
mutators, that of (1), and so on. We 
believe that this requirement corresponds 
to causality, since this is necessary for 
the microscopic causality to hold. How- 
ever, it is not clear whether this re- 
quirement is sufficient for the causality 
in the original meaning to hold. The 
aim of this note is to show that, from 
the only requirement mentiored above, 
except for the case where the mass of 
the bombarding particle is zero, we 
cannot prove that the scattering ampli- 
tude t satisfies the macroscopic causal- 
ity discussed in the previous paper.” 
Therefore, there is no fact denying 
that the special case exists where the 
macroscopic causality is the stronger 
restriction than the local commutativity 
mentioned above. 

For simplicity, we shall confine our- 
selves to the case where ¢ is independ- 
ent of the momentum transfer. Con- 
sidering the forward scattering in the 


laboratory system, we see that f£ is 
written as 


i= | ax exp[—igx] 


FL, te 2 ae (2) 


where g=(e)/w?— Mj, w), e€ is unit 
vector, w is energy of the bombarding 
particle in the laboratory system. 

The restrictions on p, p’, R, r, R’, r’ 
for getting a non-vanishing transition 
amplitude (3-1) in the previous paper” 
are 


R’—R—-V,(p') @—T—7) 


—Va(p) TO, (3) 
Rr |R=V7(— py G-T—a 
—V4(p)T~0. (4) 


r—V,(p)T+V¥(—p)T~0, (5) 
where 
t=(E,(p) +E,(—p) | 
x [a —e-xw// w*— MZ )/M, (6) 
and 
[E4 (p) pin — pike 
= M,'+ M,?+2M,w. (7) 


In order that, for arbitrary f(z’, 2), 
t in (2) satisfies the macroscopic causal- 
ity, <= must be positive or = must be 
of microscopic order if 7 is negative, 
for all values of x and w restricted by 
—x’>0, %>0, vw> M;,. However, this 
is not the case except fcr M,=0. 

One might think that the above re- 
quirement is too strong for the macro- 
scopic causality, because the causality 
condition can be satisfied if the contri- 
bution from the parts of the transition 
matrix which violates the causality 
vanishes after the integration with re- 
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spect to a2. However, this is not the 
case, since f(x’, 2) is arbitrary. There- 
fore we reach the conclusion that the 
requirement of the local commutativity 
only for the commutator of the right- 
hand side of (1) is not sufficient for 
the causality in the original meaning 


to hold. 


1) K. Yamamoto, Prog. Theor. Phys. 23 (1960), 
859. 


Synthesis of Iron Group Elements 
by the Rapid Nuclear Process 


Minoru Nishida, Hiroshi Tsuda 
and Hiroyuki Tsuji 


Department of Nuclear Science 
Kyoto University, Kyoto 


June 30, 1960 


The cosmical abundance curve of 
chemical elements as a function of 
atomic weight based on the data of 
Suess and Urey” shows that there exists 
a strongly-marked peak centered in Fe”, 
which lies near the minimum of the 
packing-fraction curve. To explain this 
feature in the abundance curve, Hoyle” 
discussed the so-called equilibrium pro- 
cess in which the elements comprising 
the iron peak in the abundance curve 
¢V, Cr, Mn, Fe; Co, and Ni) are syn- 
thesized under conditions of high tem- 
perature and density in the stellar 
‘anterior. Recently, Burbidge, Burbidge, 
Fowler and Hoyle’ have re-examined 
this process using the more accurate 
nuclear and abundance data and have 


concluded that the best fit of the theoret- 
ical abundance curve of the iron peak 
to the observational one is obtained for 
T=3.78 xX 10°°K and the ratio of pro- 
tons to neutrons near 300. 

On the other hand, Hayashi, Nishida, 
Ohyama and Tsuda’ have investigated 
the stellar conditions under which the 
cosmical abundances of @-particle nuclei, 
Me™, St’25, A” and’Ca_,.caiapevac 
counted for. 
follows. 


Their conclusions are as 
The elements in question can 
be synthesized by the so-called a-process 
at the high temperature (2~3 x 10° °K) 
but relatively low density (1~10’g/cm’), 
the latter being different from that 
suggested by Burbidge et al., and it is 
necessary for this temperature to con- 
tinue for a rather short time, 1~10” sec, 
with rapid heating-up and subsequent 
cooling. Such stellar conditions are ex- 
pected in the envelope of the supernova. 

In this note, we investigate whether 
or not the cosmical abundances of the 
elements in the iron peak can be ex- 
plained in terms of the rapid nuclear 
process which is supposed to take place 
during the initial phases of the supernova 


explosion. 
First, the rates for various nuclear 


reactions induced by protons and a- 
particles and their reverse ones, which 
are considered to take place in the 
circumstance of the supernova envelope 
at its earliest exploding stage (i.e. at 
the temperature near 1~2X10°°K and 
the density of 1~10’g/cm*), are cal- 
culated through the well-known pro- 
cedures.” In calculating the reaction 
rates involving the proton-rich nuclei 
whose masses are not yet determined 
experimentally, we estimated them using 
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the semi-empirical mass-formula derived 
However, its terms rep- 
resenting the shell- and pairing-effects 
were modified in such a way that 
the differences between estimated and 
observed values of nuclear masses for 
the stable isotopes near the iron peak 
become smaller than those obtained by 
Cameron’s formula. The calculated 
results show that the reactions induced 
by a-particles, such as (a,7), (a, p), 
(a,n), etc., occur much slower than 
those by protons at the temperature 
below 1.5 10°°K and for the number 
ratio of the a@-particles to protons less 
than 10’. Therefore, we can neglect 
the a@-particle reactions in our rapid 
process. Since, as seen later, our rapid 
process is supposed to take place in 
the outermost part of the envelope of 
a supernova in which the so-called r- 
process” occurs in the inner envelope, 
the presence of free neutrons might be 
neglected. Moreover, the photo-proton 
reactions and j*-decays slower than 
10°~10? sec., which is the time scale of 
duration of nuclear synthesis in the 
exploding envelope of a supernova, were 
neglected. Thus the route of formation 
of elements in the iron peak, which 


by Cameron.” 
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| 
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Fig. 2. 


starts from Ca*’, is determined by (9, 7) 
and (7, p) reactions and *-decays faster 
than this characteristic time scale. This 
is shown in Fig. 1. 

The abundances of nuclei in the route 
of this rapid process have been cal- 
culated on the assumption that a steady 
state is reached in which the abun- 
dance of each nuclide is proportion- 
al to its proton-capturing or /*-decay 
time. This circumstance under which 
the steady state is a good approximation 
can be elucidated by considering the 
(i) The estimated 
total time for our rapid process is com- 
parable to the ~100 sec expansion and 
cooling time for the supernova envelope. 
(ii) The establishment of steady proton- 
flow requires about 16 protons per 
capturing Ca“ since the average atomic 
weight of elements in the region of 
interest is ™56, and this amount of 
protons seems to remain in the outermost 
part of supernova envelope. How- 
ever, this assumption is not valid for 
the synthesis beyond Ni®, because the 
formation of Ni” through Ni®(p, 7) 
Cu” (3*) Ni” takes a time of 10°~10° sec 
due to the fast Cu”(y, p) reaction, 
whose reaction rate is five or six orders 


following two facts. 
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of magnitude larger than that for 
Ni®(p, 7) under the conditions con- 
sidered above. As to the abundance of 
Ni®, which is not determined in the 
steady-state approximation, it has been 
assumed to have such a value that the 
abundance ratio Ni®/Fe” is equal to 
the observed ratio Fe®/Cr®. Calcula- 
tions of the abundances have been 
carried out for values of temperature 
ranging from 0.8X10° to 1.5x10°°K 
and values of proton density, eX, from 
1.0 to 10° g/cm®. In determining the 
final abundances of stable isotopes, only 
B*-decays have been considered as the 
freezing reaction in the cooling stage 
of supernova envelope. The best fit is 
obtained for temperature about 1.0 
10°°K and pX,~2.5 in comparing the 
calculated abundances with observed 


ones... This result is shown in Fig. 2. 


Taking account of uncertainty of nuclear 
masses of proton-rich nuclide, we may 
conclude that the abundances of elements 
in the iron peak can be explained in 
terms of the rapid process. 

Finally, the authors wish to thank 
Professors C. Hayashi and S. Hayakawa 
for their valuable discussions. 
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Electromagnetic Structure of the Nucleon. V 


— Numerical Results of Three-Pion-State Contributions 


Kichiro HIIDA and Noboru NAKANISHI 


Prog. Theor. Phys. 24 (1960), 414 


1. Fig. 1 on p. 415 should read Fig. 1 (a). 
2. The following figure should be added. 


Ss 
ay a 


0.11 
0.10 


0.09 


a3 (m’) 


0.08 


0.07 


0.06 


0.05 


0.04 


0.03 


0.02 
= asiny) (in?) 


0.01 


m/M 


2.0 3.0 


Fig. 1 (b). 


We regret that this figure has been dropped out without our knowledge during the course of 


publication. 
Editorial Office 
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Energy Spectrum and Scattering Problem in Quantized Field Theory 
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(Received December 23, 1959) 


It is shown that the scattering problem can be formulated in terms of a generating oper- 
ator with respect to the variation of the coupling parameter which is contained in the Ham- 
iltonian. This formalism makes the rigorous treatment of such problems possible concerning 
the self energies of closed systems as well as the scattering between bound states. One can 
further obtain a certain general relation concerning the phase shifts and levels, which includ- 
es the field theoretical generalization of Levinson’s theorem. 


Introduction 


The field concept, in classical physics, was incompatible with the particle 
concept in their essence. In quantum mechanics the wave character which had 
been original with a field theory was unified consistently with the corpuscular 
character. However, the particle concept is again not clear in quantum theory of 
field owing to its self field ambiguities. When there is no interaction or when 
the interaction is infinitesimally small, quantized fields certainly describe an 
assembly of quanta each of which has definite energy and momentum. But, when 
the interaction is finite, quantized fields in themselves do not correspond to such 
a situation. A clear-cut definition of a particle picture for the interacting fields 
was first introduced by the interaction representation of Tomonaga and Schwinger. 
This particle is not a real particle (with a definite energy and momentum) but 
a virtual particle (propagating in accordance with the free Hamiltonian). To 
formulate a scattering problem one must have, in addition to the basic formalism 
of the field theory, a prescription which tells us how to describe the real particles 
at t~ co. Feynman-Dyson’s prescription is an assumption that the virtual parti- 
cles of the interaction representation asymptotically coincide with real particles 
at f~—0o (+00). In Green’s function formalism developed after Yang-Feldman’s” 
and Gell-Mann and Low’s” works the propagators are considered to represent the 
propagation of particles.” 

Let us now confine our interests to the description of real particles at t~ * © 
only, which is necessary for the formulation of the scattering problem, and consider 


it more axiomatically. At t~ Fo the particles are spatially separated far distant 


from each other, each of them being localized and flying without mutual interac- 
In Heisenberg representation a constant state vector represents a certain 


tion. 
Since an incoming plane plus outgoing scattered wave stationary 


physical process. 


Ae ee POP 


}. 4 
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state (which shall hereafter be abbreviated as “ in-state ”) is characterized by its 
incoming particles, it is described by the real particle (which may be elementary 
as well as composite) annihilation and creation operators (that is, by operating 
the creation operators on the vacuum state), which satisfy 


[P,. a (B)]=—k, a" (2), (1) 
[a™(k), a™ (RY J=O(R—B), (2) 
where P, is the total energy-momentum operator. (2) guarantees the ortho- 


normality of the in-states, and (1) means the particle (at t~—co) described by 
a(k) is a real quantum with the definite energy-momentum of k,. The condi- 
tions (1) and (2) for a(k)’s are necessary but not sufficient. 

In Yang-Feldman’s” and Green’s function formalism®*” one put 


ai" (ky = lim ¢(x)Oce~*’= lim (i/2) [2k (2x) J" | dx g (x) (0,—3,) e-*, 
a-> —0co (+00) zr>—~( +a) 
(3) 


which is restricted to elementary particles. The extension to a compound particle 


in this form was done by Haag” by the introduction of ‘almost local operator 
field g’ (x) ”: 


am) (k) = lim’ 9! (x) Oem™. (4) 
) 


t>—a(+0 


Almost local operator field y’(a) is defined as such a function of basic field vari- 
ables which satisfies 

ays Oat y) erg! (aye, 

‘/b)_ ¢’(a) is expressed as a (finite or infinite) polynomial of field variables 
which are contained in essentially a finite space-time region including 2. 

One may as well adopt the form (4) also for elementary particles. A quan- 
tity which satisfies (a) and (b) is not unique and really there are infinitely many 
different possible forms. Rigorously speaking, different y/(x)’s give different 
a™°“) (k)’s and, therefore, different S-matrices. One must then inquire which one 
of ¢’(x)’s has a legitimate asymptotic behavior. For a compound particle the 
_ form of ¢’(x) will relate to its structure. The same will be true for an elemen- 
tary particle with a structure. 

The present situation of the particle description on the field theory being so, 
it will be seen that there exists a new method of treating scattering problems* 
which is apparently quite different from these conventional formalisms. Studying 
how a scattered system changes when the interaction Hamiltonian is changed 
infinitesimally, one obtains a relation which prescribes the way of this change of 
the system. Conversely, if one regards this relation to be a basic equation, it can 


* There is a similar treatment® which is less general than that presented here. 
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be shown that it provides a mathematical foundation prescribing a particle picture 
at the infinite past and future. 

In § 1 we will study how the energy spectrum and the state vectors describing 
each energy levels change- when the parameter gy is varied. The variations of 
state vectors belonging to a complete set of stationary states are described by a 
generating operator D, which is determined one to one by a given complete set. 
We will obtain a relation for D, which restricts the way of the change of the 
stationary states. This relation will, under certain additive requirements, determine 
a pair of operators Di” and D;” (introduced in § 2) which are the generating 
operators describing the changes of the in- and the out-stationary states respect- 


ively : 
da” (k) /dg = 1 Say i” (k) | 4 etc., 


: (5) 
da™ (k) /dg=i[D™, a'(k)], ete. | 


The determination of Di” is identical with the determination of the boundary 
condition of the states in a differential form with respect to the variation of 4. 
The determined forms of D;”* are simply related to the interaction Hamiltonian. 
The scattering problem is now reduced formally to integrate the differential equa- 
tion (5) for particle operators with respect to g. We will discuss Lee’s model 


in §3 as an illustration of our general scheme. It is further discussed in § 4 


under a reasonable assumption that the Hilbert space which is spanned by the 
complete set of the incoming or the outgoing stationary states does not change 
abruptly at a threshold of the coupling parameter where a new bound state ap- 
pears. 
We can further exhibit a fundamental character about phase shifts which could 
not hitherto been taken into account so clearly by the formalism in the field theory. 
In §5 a general relation connecting the g-derivatives of phase shifts with Dj**“ 
will be given, for which the spur on an eigen-space of constants of motion has 
especially simple results, and which is a field theoretical generalization of a well 


recognized fact that the phase shift of a scattering system is equal to the infini- — 
tesimal energy shift of the system multiplied by the volume of the box which 


encloses the system. Now this energy shift produces a finite change on the level 


density, 


discussed in detail and a relation between the density of energy levels and the 
phase shifts is given. This relation includes as a special case the Levinson’s 


theorem | 
of formulas can also be utilized to obtain a general relation which connects a self 
energy of closed system with phase shifts, which will be discussed in some other 
paper. 


since the level density itself is infinite of the order of the volume V of 
the box and each levels are displaced by an order of 1/V. This situation is 


»,® between the number of discrete levels and the phase shifts. This kind — 
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$1. Energy eigenstates and the variation of g 


If any two hermitian operators, A, and A:, which are defined as operators in 
a same Hilbert space have the same spectra, that is, if they have the sets of 
eigenvectors which are in one-to-one correspondence and the corresponding eigen- 
vectors have the same eigenvalues, viz., 
Aig =a $i’, A.¢i =a $i, (12%) 
then A, and A, are connected by a unitary operator : 
A,= UA, Gs = Udi. (1 : 2) 


Conversely, if A; and A, are connected by a unitary operator, then their energy 
spectra coincide. For instance, for the interacting fields which have no bound 
states and for which the self energies of the vacuum and of the particles can be 


neglected, the total and the free Hamiltonians H and Hy are connected by the 


following relation”:” : 


H=U(0, + ©) H) U(+ ©, 0). (1-3) 
When A has a parameter y and the above property holds for any pairs A,=A() 
and A,=A(g.), the differentiation of A with respect to g gives 
dA/dg=i[D,, A), (1-4) 
where 
D,=—i(dU/dg) U', (1-5) 
is the infinitesimal generating operator for the variation of g. Eq. (1-4) applied 
for (1-3) gives 
aii dg—i Der. (1-6) 
When the spectrum of A(v) changes with the variation of g, the relations (1-2) 


and (1-4) hold no longer. Let us consider, for example, a quantum mechanical 
model with a Hamiltonian which has a discrete level as a solution. Thus 


Hg, = Ey: Agba=Eata, (iS 7} 


where ¢, and #, are the eigensolutions of the continuous levels and of the discrete 
level respectively. From (1-7) H can be written as 


H= D1 Eb +$abata®. (1:8) 


Let the infinitesimal generating operator for these state vectors with respect to 
the variation of the coupling parameter gy be D,, then 


d,/d9=iD,$;, dya/d9=iD, ba, (1-9) 


where D, must be hermitian to conserve the orthonormality of state vectors. We. 
here confine ourselves to the region of g where the discrete level does not disap- 
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pear and a new discrete level does not appear; also let us suppose that we are 
considering a set of eigenstates in which the suffices 7 and d are independent of 
g. Now, differentiating (1-8) with respect to 9g, we get 


dH/dg=i(D,, H]+$a(dEa/dg)i*. (1-10) 


In the case of quantum field theory, when 4; represents, for instance, the incoming 
plane plus outgoing scattered wave stationary states, #, being the sum of energies 
of the incoming particles, the term arising from the self energies of the particles 
through dE,/dg must be added to the second term of the right-hand side of (1-10). 
Comparing (1:10) with (1-6) it will be observed that the change of the energy 
spectrum is revealed in the second term of the right-hand side of (1-10). 

Under the above preparatory consideration let us turn to a rigorous discussion 
of a general case of the quantum field theory. Let us introduce the following 
fundamental assumptions : 

I) There exists a Hilbert space* such that the field quantities and 
their arbitrary functions are represented by linear operators in this space. 

Il) The total Hamiltonian H contains one real parameter 9 and is dif- 
ferentiable with respect to it. 

Ill) The complete set of the in- (out-) states at each g-value either coin- 
cides with © or forms a sub-space in 9.** 

We fix this Hilbert space further by the condition that the basic field variables 
at time t=0 are represented by the operators independent of gy. In some case 
we want to discuss the problem under a more restricted assumption that : 


Ill’) The complete set of the in-(out-) states at each g-value coincides 


with §. 
Writing | 
4% =dH/dg=,, (1-4) 
H,= | ao Poin (14-12) 
0 
and : 
Hy=H |y-0; (1-13) 


we have for the total Hamiltonian 


jspey eae ere (1-14) 


In usual theories in which H is dependent on g linearly, 6 is independent of 9, 


and H,=g36. When g is varied, the energy spectrum of H changes according 


* We assume that $ has a positive definite metric. 
*k Therefore Eq. (2) is needed to hold only in this sub-space which will hereafter be denoted 


by 99. 
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to possible occurrences of new bound states and to the variation of the energy 
eigenvalues of closed systems (the self energies of elementary particles and the 
binding energies of composite particles). Let us assume for simplicity that there 
is no bound state for g<g, and there is a single kind of composite particle for 
g>g,. Now introduce a complete set of stationary states {%7} which are specified 


by g-independent indices J, 
HP? =h 2% (1-15) 


In the region 7<9, or gg, the sets {%7(7)} and {¥%7(92)} have one to one cor- 
respondence, the correspondence being represented by the index J. Now by the 
assumption II) and III) the difference of state vectors 


LY (g +09) —¥1(9) 


has a meaning, therefore we can introduce an infinitesimal generating operator D, 


which is defined by 


dV ,/dg=iD, "1; (1-16) 


where D, must be hermitian* to conserve the orthonormality of {¥%;}. Taking 
the variation’ of the both sides of (1-15) 


(H—E) d ¥,/dg=— (# —dE,/dg) ¥1. (1-17) 
Using (1-16), one is naturally led to the relation 
—i[H, D,)=# —dE/dg, (1-18) 


where dE/dg is defined as such an operator which is commuting with H and is 
diagonal in the representation spanned by {¥;} and for which the eigenvalue for 
y. is dE,/ dg : 


|[H, dE/dg|=0, (dE/dg) ¥,=(dE,/dg) ¥,. (1-19) 
(1-18) is rewritten as ‘ 
| dH/dg=i[D,, H|+dE/dg. (1-18’) 
(1-6) and (1-10) are special cases of (1-18’). 


§ 2. Seattering problem 


Conventionally the in-state is given by 
P" —@— (H,—E—ie)*H, F*. at P25 8) 


In classical quantum mechanics the factor (H)—E—ie) 7 correctly expresses the 
required incoming plane plus outgoing scattered wave boundary condition, since 
the potential has a finite range and therefore there is no interaction at far distance — 


_ * This hermiticity is required only in Dy. 


PR re et aes Ni soe Sa Oe eR ee Wee Gat hap ke Cet Pe eee or Rerky fs te 
4 x ' , 1 yee . . | i ho 4 » wy 

- ¥ - } : So a , y oF 

i - i 


k 


A 


Energy Spectrum and Scattering Problem — 695 
from the scattering center. But the situation is not so clear in quantized field 
theory because of the presence of the self fields, compound particles, the inelastic - 
scattering, etc. 

In a correct scheme, however, the following requirement must be satisfied : 

“The in-state must reduce to that defined by (2-1), when the scheme is 
applied to the case of classical quantum mechanics as well as to the case in 
which the interaction is infinitesimally small.” (A) 

Now let us introduce the infinitesimal variation operators Dj” and Dj for 
the complete sets of in- and out-states respectively. From (1-18), 


3 —i|H, H Bs et Lae ns de dg . (2 : 2) 
where dE™/dg is defined by } 
[dE”/dg, a (k) |=— (dk,/dg)a™(k), ete. (2-3) 


For a discrete state % the condition 


(Dj—D$} F=0, (2-4) 


must be satisfied. The solution of (2-2) for D;" is indeterminate by a quantity — 
commuting with H. ; 

We regard (2-2) as a basic equation and assume, consequently, that 

“ Di" is a function only of the operators H, % and dE/dg which consti 
tute the equation.” (B) 
Therefore Di” is considered to be dependent on g only through //, 36 and 
dE"/dg. Equations (2-2) and (2-4), the requirements (A) and (B) and further 
the requirement of time reversibility"”™™ are sufficient to determine Di” and Dj" 


uniquely (see Appendix II), the results being expressed by 
d U'"/dg=iD? Ut=—(H—E,—ie) * (#6 —dEi/ dg) ¥7, 2 . 
dV dg =iDe Uy" = — (HE, +e) * (4 —dE,/dg ?™, 


(where J represents the set of the momenta of the incoming (outgoing) particles 
and E)=>\%°, dE:/ dg= \dko"'/ dg, ox (2+K)", ete., dho/dg=(1/koMdH/dM; 
wel te 


etc.), which are looked upon as solutions of Eq. (1-17) and these expressions are 


‘nothing but to give the in- and the out-boundary conditions in a g-differential form. 


(2-5) satisfies the condition (2-4), since for ¥ a= een 
i{D%— Di"} P= 201d (H—E) (6 —dE/dg) ¥, 


- and 


(FHL) =dE/dy. 


(2-5) is important, because this form of the boundary condition facilitates the 
formulation of the scattering problem including composite particles, as will be seen 
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from the following discussion. In order that a stationary state for a scattering 
between elementary particles has a correct boundary condition, that is, the particles 
at the infinite past or future have correct observed masses, we had to transfer the 
mass counter tesm from the interaction Hamiltonian into the free Hamiltonian, so 
that 


in 0, — (H,' —E;—-i¢) 1H ES, (2-6) 
where 
Hy! = Hy + 4H = Hil. +),mosm> Hy == 4A, (2-7) 
and 
Hy! 0,=E,®,. (2-8) 


There are some discussions” that this formula can be applied to the case of a 
scattering including composite particles by modifying 4H, so that the solutions of 
Eq. (2-8) include the bound states and that the corresponding eigenvalue E; co- 
incides with the binding energy. However, the term 4H, for such cases is not 
an elementary quantity, nor it is sure that it can be found always. It will thus 
be not desirable to introduce such an ambiguous term for the purpose of con- 
structing a formalism which has a sufficiently. general applicability. It is shown, 
however, in Appendix III that the differentiation of (2-6) essentially reduces to Eq. 
(2-5) which is free from such ‘an ambiguity. 

The scattering problem is now formally to integrate the pe equation 


d a" (k) /dg=i[D”™, a” (k)], etc., (2-9) 
under (2-5). The formal solution of it is represented by 
a” (k, J) =Ugn, a" (k, 91) Usa» (2-10) 


where 


dU %p,/d9=1D 7 Vin» Ute loan=1, Uso lo Ven =1¢, Usnlo UG, =1n, (2-11) 


99. 


and 1, is the projection operator for ,. It is to be seen (see Appendix IV) that, 
if a’"(k, 91) satisfies (1) and (2), a™(k, g) satisfies (1) and (2) also. 

In a renormalized theory of no bound state (subtraction of mass counter term 
is equivalent to regard the observed mass as g-independent: see Appendix II) 
dk" /dg=0, so that D;”, which is defined by (2-5), is rewritten as (a being in- 
finitesimal and positive) 


D7 = | hae, Mees pee 1? (251 De 
0 


The exponentially damping factor e~*'! in the integrand is necessitated for the 
convergence of the infinite time integral. This factor makes an explicit integra- 


* This result would coincide with ref. 6), if a is put to be zero. 
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tion of Dj" with respect to g difficult. But, if one assumes the adiabatic switching 
of the interaction: 


Pola) => 0 thor -c > Fc, (2-13) 


this factor can be neglected (w=0) and (2-12) can be easily integrated. The 
resulting S-matrix coincides with that of Feynman-Dyson and also the solution 
a"(k) of Eq. (2-9) under (2-12) coincides with that of Yang-Feldman (see 
Appendix II). © 

For the S-matrix 


Sri (PY PT), (2-14) 
the following equation holds, 
ASy 1 /dg =i 31 Sr utDitr ut >) DiS tts (2-15) 
where 
P= (PDP EH), Din= CRDi EE). (2-16) 
For no bound state renormalized theory, 
d 81 n/dg=—2ni >) S; mn? (Em—En) etree (2-17) 
where 
Hr n= (PPE. (2-18) 


If the assumption (III’) holds, the following equation for Xr is obtained by — 
differentiating (2-18), 


Said SoC: 4 : aa Caren tes | 26 2.19 
dr nfdg=Hr n+ D461 ar | j EOE LE RE PHN 5 nrit> .(2*19) 


where 


Ki n= (Ud [dg ER). (2-20) 


§ 3. Example 


Le? us consider Lee’s model as an illustration of the general scheme of the 
previous section. The detail of this model will be referred to the work of Pauli 
and Killen (hereafter be referred as P&K). The total Hamiltonian is given by 


H=H,+W=M4+4H+M-—4Ah, 

where 
H,+4H,=m pa be (Q) Pr (q) +m » du (p) Pw(p) + > wa'(k) atk), (3-1) 
H,=—9V" ie “VF (w) {ht (Q) fw (p) a(k) +a (4) dx (p) fr (M3 


AF =dm >) $i} (Qbr(Q)> 
Z 
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m is the renormalized mass of (N- and) V-particle, y is the unrenormalized coup- 
ling constant and ¢, is the unrenormalized operator. P&K’s results are as fol- 


lows: 


Lv, — D, N+ 2 Pr gNF (w’"’) > (3 2) 


U, = VP = 0, 9(k) + 3) Mn 9 (R", BD, 


where k is the momentum of 6-particle in the free or in the interacting CN, 9) 
system, and 


ING Le O50) gk he ey F?(o0") {meas 
iI 
Om=—-9 >) F?(0")/o0", Fw) =(2Ve)~""f (oe), 
qI! 


—9F (w)/o 
+97) (F? (0) /o”) (w” —o—ie)™ : 
IT 


9 (R', k) =O + OF (w') 9 (k) (ao! — wi) ™. 


Since we are interested in this model only as an illustration, let us confine our- 
selves to the case where no ghost state appears: 1/92 is finite and g is real. 
Introduce the following matrix notation, 


(3-3) 
g(k) = 


N bk! 
O;=(%,, OD), Y= (F,, Y,). and eu=( gk) ).] 


GNF (w)/o ok, k’) 
Then 
) 2 Y= > P; Pin. 


(3-4) 


Since m is considered to be independent of 9, dE”/dg=0. Therefore (2-5) 
becomes 


d¥,/dg=iD? ¥,= — (H-E,—ie) 1H ,, (3-5) 
where 
E,;=(m,m-+w) and 2% =dH,/dg—d 4H,/ dg. (3-6) 
By taking the scalar product with Yj, (3-5) becomes 
2 ¥u d Pu/dg = — (E,— E;—i€) "DS Ph in Ges, (3-7) 
where 
— 0’ —F(w') 
= (9,26 @ =| wee ; ae) 
J ( )) = Fit) 0 > ( ) 


0’m=ddm/dg. 


It is easily shown that P&K’s solution (3-3) satisfies (gn The Eq. (2-17) 
for the S-matrix becomes Ee 


RRC eght Lg) SREY OHA SAS RG NI tes nt tne Pi gy WM Mer Lhe Melis VAM AUP Ite reas Ae 
Pt a Peer ’ ‘ t x Tie , ’ = 
7 “a ‘ ’ ¥ ’ ¥ ‘ 
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dS pu. / dg = — 2719 (w— 0!) SY Syn Hrurar, (3-9) 
where 
is= (Vi HV) = di 9h Ba Pry. (3-10) 


Decomposing into partial waves, (3-9) becomes 


dw) /dg=—4v wk 1,2; (3-11) 


where 7(w) is the S-wave phase shift. Such formulas are suited for a theoretical 


discussion of some cases such as the discussion on properties which hold about 
phase shifts and energy spectrum (see §5). For a practical evaluation, however, 
it is convenient to use the tool of the dispersion formula. The dispersion theoretical 
treatment for Lee’s model has been given by Goldberger and Treiman.” While, 


if one uses (3) for the asymptotic condition, the S-matrix of this model is obtained _ 


exactly by the dispersion formula, we assume here that of Haag (4), partly for 


the purpose of illustrating the way how to treat the case of the scattering of a ee 


compound particle. Assuming 


a (ky lim al (kh, 2) es 


t>-@ 


where (3-12) 


at (k : t) =e a (Rk) Dee 


/ 


is Haag’s almost local operator, a/(k) being unknown and restricted by the nor- eis. 


malization and the steady condition: 
(Pra! (k) Pon) =0(h—K!), (Fy Hur () Fo) =0, (3-13) 


the S-matrix is given by ; 
Snr =O ng +9(0—0') M (a), (3-14) 


where 


-o 


M (w) — M,(w) =const X | de (PH (Rk; t), Ha (k) | Py), (3-15) 


’ 0 
Mo (w) =const X (Py| Aa (k), a’ (k) | Py) (3-16) 
is the equal time commutator, which vanishes for a'(k) —a(k) but would not vanish 
for a compound particle, and 


Hy (k, t) = (8/0t+io) a’ (k, t). (3-17) 


Following the procedure of Goldberger and Treiman, one gets 


M (w) —Mo(o) = (22iG? F (w) /w) (1 +wG’ 2) (F? (0!) /w"’) (w" —w—ie)*)", 
| (3-18) 
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where 
Gt=| (Px Hu (b) Pr) /F (o) [o-0- (3-19) 
a'(k) and, therefore, G is unknown. To determine G, differentiate the both sides 
of 
(Py ta (k) — al (kY} Py) = 20 (w) (Py Ha (k) Py); 
then one obtains on account of (3-5) the relation 
(d/dg) (Ex Hu (B) Pr) lono= (F226 Vy) Jono= A tons (3-20) 


Assume that, while ¢(k) and ¢(k’, k) are unknown, the eigenvalue problem for 
Y, has been solved. Our task is to determine G from the basic equation (3-5). 
From (3-7) the following relations between ¢(k) and ¢(k’, k) follow, 


g(k) +9 > (F (0) /0") G(R", k) =0, aot) 
(1/9 +0'm/2w) ¢(k) + (1/o) > Fw") o(k"", k) =0. 
Substituting these relations into (3-10), we get 
ag 0 Ha 0 (N/9) w! 9 (k’) 
(0, xe) aan og*(k) (1/9) ¢* (k) (o+o') se ie 


Further (2-19) reads 


A dga Nees S 1 OL ne 
/ : t Z 7 E,—E,—ie EG, pee ae ( ee 
where 
a —N?0"m — No”'me (k’ 
oe Tee. (3-24) 
— Nd”’'me*(k)  —8"mo* (k) o (RE) 
(3-23) reduces to 
N+ 33/9) P=1, 
: (3-25) 
d| (1/9) 9 (k) |/dg= (2/9°) ¢(k) >) co! OLR) | (eo all tho 
Further, since Ene yc 
(1/9) 9 (A) 0= —F (v) /o. (3-26) 


From (3-25) } 
d ¢/dg=— (2/9) ¢,(1— N*) =— (2/9) ¢,(1/N) dN/dg, (3-27) 
where 
$1= (1/9) 9 (R) Jeno. (3-28) 
The solution of (3-27) under (3-26) is 
Qi=—N’*F (ow) /o],-o- | (3-29) 
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Compared with (3-22), 


Hp Jo-0= —N* F (0) =—F (0) d(gN) /dg. (3-30) 
Therefore from (3-20) 


(Py Ha (k) Fy) |o-0= —9 NF (0), (3-31) 
and from (3-19) 
G=9gN=9,.; (3-32) 


which coincides with the renormalized coupling constant. The final result is, 
therefore, identical with Goldberger and Treiman. 


§ 4. Bound state threshold of coupling constant 


Let us consider the threshold y=g, of the coupling constant where the bound 
state appears.* To describe the incoming and the outgoing stationary states, we 
need the operators (the in- and out-notations are abbreviated) : 


Wee) op) nals G06 


and 
a.(k), b.(p), cx(Q at 9=9e+4g 


where 4g is infinitesimal and positive, and 
[P,, az(k) ]=—k,az(k), [P,, 62 (p) ]=—Ppbs(P)- (4-1) 


It seems contradictory that, while the sets of operators (a_(k), b_(p)) and 
(a, (k), b,(p)) satisfy the same commutation relations as well as Eq. (4-1), the 
former forms a complete set and the latter does not. This apparent contradiction 
will, however, be settled by the following consideration. 

Let Pj, be the projection operator such that 


Pj for teak E,SE<E, 


(4-2) RK 
0 for any other case, 


Di Rees 
Pre, Pays a= 


where j is a set of eigenvalues of a mutually commuting set of constants of mo- 
h are independent on g, and Yx; is any eigenstate belonging to j and to 
the energy E. Pix, is a quantity determined only by the total Hamiltonian H, 
the energy values E, and E, and the symmetries corresponding to the operators 
which give the eigenvalues j7. As His assumed to be continuous with respect to 
g, Pix, will also be continuous with respect to gy, inasmuch as £, and E, do not 


coincide with the energies of the discrete levels. So we set the following assump- 


tion whic 


with the interacting meson and nucleon fields, and that 


* Suppose that we are considering 
and there is no compound particle except the deuteron, 


there is no compound particle for 9<% 


which is described by c(q), for 929e- 
#* Consider in the centre of mass system (0, 0, 0, ae 


ae 


rae Se 


> 


noe 


= 
25 e* 


j 
Ss ee 


ce 
‘ 


spe 2 
ce seed pe Ss Si 


Salice e £ 


eens 


702 S. Azuma 


tion which seems reasonable on account of the assumptions II) & Lit) 
Assumption IV) We assume that Pi,» 1s continuous with respect to J, in 
so far as E, and E, do not coincide with the energies of the discrete levels. 
If 7 equals the eigenvalue to which the deuteron belongs, and E£,<2m, 
F,=2m+e (€>0), then Pj, is continuous’ on g in the neighbourhood of gy. by 
the assumption, and in the limit «—0 it follows 


ct (q) Polano,o-0,-a9= (8 (p), 5 (p))? Polpno,gaq+-9° (4-3) 


where ( )4 is some suitable combination-which gives the eigenvalue j. Further, 
as will be made clear in § 5* the continuity of Pz,., for E,, H,>2m leads to the 
continuity of the phase shifts as functions of gy. Therefore there is no physical 
sense in the discrimination between (a‘™*“(k), b'%"° (p)) from (a (k), b2°“(p)). 
Hence we can put 


alm (k) =a"(k), be (p) = (p). (4-4) 


Or a’ (k) and b™°(p) are continuous with respect to gy. In order that this 
conclusion is consistent with completeness, we should understand the situation in 
such a way that the energy region belonging to the continuous levels at g=9,—4y 
is different from that at gy=g,-+4g, which are restricted as follows: 
The energy region for continuous levels belonging to 7 is 
E=2m at g=9.—49, 
ie (4-5) 

E=2m+e at g=9.t49. 
Then the sets of operators (a(k), b(p))_ and (a(k), b(p), c(q)). coincide if we 
take, in addition to (4-5), 


c(q) = ((q/2)b(q/2))? at g=%; (4:6) 75 
which is consistent with (4-3). 
_ The condition (4-5) is no restriction since the scattering process where the 


two of the incoming or outgoing particles have exactly the same momenta has a 


meaning as a limit only. 


§ 5. Energy spectrum and phase shifts 


As has been illustrated in (3-11), the matrix element of the interaction 
Hamiltonian on an energy shell is simply related to the phase shift. It represents 
the fact that the phase shift is proportional to the (infinitesimal) energy shift of 
a level in a continuous energy region. While this energy shift itself is infinitesi- 
mal, the density of the number of levels is infinite; so it leads to a finite modula- 


* See (5.25), (5:27), (5:31) ‘and (S24); 
** A similar relation is assumed in ref. 14). 
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tion in the level density. One can thus find a general connection between energy 
spectrum and phase shifts such as Levinson’s theorem. 
Consider the simultaneous eigenstates of H and S, 


Hehe. SU ge Ven, (5-1) 
where 
Pere See yr eS eee (5-2) 
For a discrete level, 
Sv=F, (5-3) 
and it is clear that 
d ¥/dg=iD9¥, D,¥=0, (5-4) 
where 
DP = (Dj +D3)/2, Dy=Di*—D7. (5-5) 


&, can be expanded either by the in-states or by the out-states on the same energy 
shell which shall be denoted by ¥#?’. It can be easily seen that they have the 


following form, | 
Prs= 2) Viatime = Bi Pune, 6-6) 
I 


where w,, are the coefficients. 
We first take into consideration the case in which the degeneration* of the 


S-matrix can be dissolved completely in terms of the constants of motion cor- 


responding to certain symmetries, such as the magnitude and a component of the | 


total momentum, charge number, particle number, etc. The energy region, where 


only the two body scattering is possible, belongs to this case. Then uw, are rep- — 


resented by the eigenfunctions for this constants of motion such as the spherical 
function Y7"(0, ¢), and are independent of 4. Therefore differentiating (5-6) we 


get 
d ¥,,/dg=iD? Prx—t (dgnu/ 49) Pnx=tDe" Pin ti(dynu/ dg) Ens - 
Averaging over these two expressions, one obtains 
Me ig Wendel hts Ry Sr (5-7) 
Further starting from 
| dB, Vin) /dg=—i LPED, Vi) 
one easily obtains the relation 


dqnn| dg = —[2k (E) 8(0) (Paz Dy Pan)» (5-8) 


* We call here the S-matrix to have a degeneracy when the eigenvalue problem for it does not 


yet completely solved. 
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where we have normalized the state vectors by 
(Pr:, Prt ns) =k(E)0(E—E’) orz, : (5-9) 


I, IT and 0; ,, being independent of 7. 

Let us now turn to the general case for which the symmetries are not sufh- 
cient to resolve the degeneracy of S. Let j and P; be the eigenvalue and the cor- 
responding projection operator respectively for a commuting set of constants of 
motion which correspond to certain symmetries and are independent of gy. Then 
the following relations hold : 


d P,/dg=0, (5-10) 
LH, Pij=0, F5n)) 
[Dee P= tDe, Pl toa teas (5-12) 
and 
Pes (5-13) 


where P, is the projection operator for the energy shell E. Since 
Pr= > Pre Or e= > Ore tas (5-14) 
we have 
d P;/d9g=i|DF, Pal =1|_ D4, Pals 
and hence (5-15) 
dP,/dg=i[D®, Ps), 


as well as 
LD; Pzl=0. (5-16) 
We find, as a generalization of (5:8), (see Appendix V) 
D} dy jux/ dg = —[20 (0) *Sp[ Px P;Dy, (5-17) 


where we have put »=(j, a) and have normalized the state vectors by 
(PrE, 4 7k) =0(E—E’) 0; 1, (5-18) : 
I being dependent on 4. 
Now, while among the suffices (7; HE) =(j, a; E), a=a(E) may depend on 
& in general, one can still give a certain one to one correspondence between ¥ jak 
and Vax when E and E’ are contained in a certain finite energy region. The 
energy region limited by two neighbouring energy thresholds, in which the 
possible channels for scattering is fixed, will be such one. We can then take the 
variables a(Z) in such a way that the two states, on energies E and E’ respect- 
ee are specified by the same values of a(£) and a(Z’) in the éorfespondence. 
utting 


Q;; E,kt =— > Pans Pan > (5 3 19) ‘ 
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and 
D3: E, El =Sp [Q;, E,E! EB bal abel 
31 E, Et =Sp [Q;. E,E! eet ; 


D§?«,51=Sp[Qs,5,2 D9], | Bek 
Dj; «,2"=Sp[Q;; 2,2-Dy], 
one obtains (see AV-15) 
jiz,w =t(E—E' —1€) py, x51, 
oi gi =1(E— EF’ +7€) ae 
ay 4 (5-21) 
D; 5.91 = 270 (E— E’) 05. 3,20 
Da =tP (EE) * 6;; 5, e1- | 
As, on the energy shell E’=E£, 
6 Pesog 23 (5-22) 
it follows 
Pj; x,n=(220 (0) |" Sp[ Pz P;D,). (5-23) 
Comparing with (5-8), one has 
pS Ejaz J = — TP; ; 0,2 (5-24) 


Since, as to be seen from (AV-15), the right-hand side represents the total 

energy variation in which the self energy part is subtracted, (5-8) or (5-24) 

reflects the fact that the phase shift is proportional to the energy Shifts sat 
The projection operator introduced in § 4 is expressed explicitly by 


EI 


‘ = // r) A 
Pkiu am | dE Sy Pisrja Pit 5a 
ci ie ae 
E 
KI El 
os | dk” a ty rr BR ee | oh 3 P; Vea ree 
‘ Ti « yA 
E & 


Differentiation by y gives 


d Pi »/dg=—i| Pas, DM =—iPrn DF". (5-25) 
Averaging ; 
=—i[Péa, DPI, . (5-25 
as well as 
[Pén, D,|=9. (5-26) 
Now 
Ni nr =Sp[ Pein] (5-27) 
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represents the number of levels belonging to the energy region E~E’ and to the 
eigenvalue j. Nj. itself is infinite. But the difference 

Ni, ns — Neu 
will be finite, where 

Nou New hoe (5-28) 


In the following we confine ourselves to the case in which the assumption III’) 
is valid. Then we have the different complete sets of eigenstates corresponding 
to different g values, and therefore the spur of an operator A can be represented 
in various different ways: J 


Sp[A]=Sp,[A]= 33 (PaA¥.) + )dE 33 Paz APus), 6-29) 


where the right-hand side is apparently dependent on g through ¥’s. Y, are the 
discrete levels. But by the invariance of spur, Sp,{[A] is really independent of ¢ 
except the dependence of A itself on g. Thus 


d Sp[A]/dgy=d Sp,|A]/dg=Sp,|dA/dg}. (5-30) 
Differentiating N%,., by g, one has from (5-27), (5-30) and (5-25’), 
AN¢, x1 /d9= —i Sp[[ Pram, DS J] 


El EI 


ae | dE" S | dE" Sf Guan Ph xr Fura) (Seren DP Enns) 
t ot 


n 
E 


a (Poe Vi he a) (Dirge Pia Lun) } 


EI Er 
=] | dE" | dE!" Di {0 (E”" — E!") (Pian DO Pans) 
reach i = 


— (Pyaxn DY Pjazin) 0 (El —E")}. 
From (5-19) and (5-20), when E, E’ belong to the continuous region, 
GA) EI F : 
pie " ” /! a P 
| di ae {3 (E — E’”) ues P43; HEM ee ee DU gn, Er O CE as) | . 
Making use of 0(x) P(1/x) =—0' (x) 


El 


AN? xr/dg= a | dE" { (0/0E"’) p. Et, Et + (0/0E"’) 35; zn Ent es 
E 
EI : 
= | dk" O05. ene / OE", (5 3 31) ‘ 
E 


* For the meaning of 07/0E in the time-dependent standpoint, see ref. 17s 
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Therefore one finally obtains 
ANi, x1 /d9 = — {0}; u1,x1— 05; %, 2} — ps 4P;: 5,8,» (5-32) 
where Ap; ; 5, zE, is the discontinuity of p;,7,, at E=E; E<E;<E’, occurring pos- 
sibly at an energy threshold, etc. From (5-24), the above relation can also be 
written as 
ANz xr /dg=n~ py {dy jax1/d9 — AI janf dg} +2 > 2 A (dijanx,/dg). (5-33) 
Integrating on J, | 
Nae — Neto =27 S) VY ianr — Yoon} +2 33 Di Mtge), (5-34) 
since 7=0 at g=0 and there is no discontinuity in the g-dependence of 7, as can 


be seen from (5-27) and (5-31) and the statement of § 4 about the continuity of 


T7 if EI : | 
From (5-34) we can infer the behaviour of the phase shift at the energy 
where resonance occurs. If the resonance occurs at E=E,, then 


: a ie 
Ni, —c, 8, +¢ — Nj i ,8, te oe t, 
where € is infinitesimal and positive. Therefore 


Yjak,.+€— 4 jak, 7% 


from (5-34). Namely there is the jump of the phase shift by z at the resonance energy. 
Also we can say that there is a virtual level at E~E, when there is a steep 


change in 7.2 with respect to E in the neighbourhood of £,. 
Let us take next the whole energy region. Putting 
Ni=Sp[Py], (5-35) 


one has 
dN‘/dg=Sp|dP;/dg|=9. (5-36) | 
Making use of (5-29), 


dNi/dg=(d/d9) S\(Fa¥a) + 4Nb,0/dg=9. 
Taking into account the result (5 -24) for the continuous region, one gets 
after the integration on g the result 
mi—mi +a 2 {nja() — ja (0) + 2 4 ja (i)} =0, (5-37) 


where m, m are the numbers of the discrete levels belonging to j at g and at 
g=0 respectively. 

If the inelastic processes are neg 
to be taken into account and (5-37) becomes 


mi— me +271 {nj (0) —79;(0)} =. (5-38) 


This is nothing but Levinson’s theorem. 
(5-36) is also written as 


lected, then only the two-body scattering 1s: 
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mi—mi+NiJ—N?’=0, (5-39) 


where N? is the total number of levels over the whole continuous energy region. 
We can see from this relation that, when a new bound state occurs, the total 
number of the continuous levels decreases by one. 

The latter situation can be seen in more detail by investigating the neigh- 
bourhood of the energy threshold at the gy=g,. The projection operator 


4 
dG dae 2m+e 


may be considered as continuous on g as stated in § 3, if we assume that the 
energy region permitted for the continuous level are different above and below the 


J=IJe, ViZ., 
E=>2m at.g=9.—49, E=2m+€’ at g=9.+49, 

where €’ is small but finite. Therefore, taking €<e’, 

Noin—é,tmee—— Nave em+¢e = {9j,2m+e—1j,3m—cf, at J=GJo— A 
and 

— at J=9.+ 49, 
hence for the phase shift at gy=9g,—dg 
2j,2m+¢e— 4j,2m=T- (5-40) 


That is, when the coupling constant g is varied, the gradient of the phase shift 
at the neighbourhood of the energy threshold becomes steeper as y approaches 4;. 
The gradient reaches the discontinuity of « when g=g,, and then the new bound 
state appears. The discontinuity produces an additional difference between 7 (co) 
and 7(0) by z (see Figure 1). 


7 (E) 7 (E) 


a) 9<Ge b) 9=9.—4g c) g=9.t+4g 
Fig. 1. Behaviour of the phase shift when a bound state appears. 


§ 6. Discussions 


The present scheme has the following features : 


1) Scattering problem can be formulated whenever the total Hamiltonian is 
given, if it is assumed that the fields represent an assembly of particles at t~ Foo, 


Energy Spectrum and Scattering Problem 709 


ii) It satisfies the usual in- (out-) boundary condition (2-1), when it is 
applied to (classical) quantum mechanics and also when the interaction is infini- 
tesimally small. 

ili) Scattering problem between compound particles can be formulated without 
ambiguity. 

iv) It contains in principle a prescription to obtain all information from a 
given Hamiltonian. 

In our scheme the scattering problem can be formulated whenever the algebraic 
property of basic variables (such as the commutation relations between local field 
quantities) and the form of the total Hamiltonian as a function of these variables 
are given, so that it does not depend on details of the given theory such as the 
canonical formalism, the local character, etc. Therefore the present scheme has a 
wider range of applicability than those so far. 

We assumed that the theory has a parameter g and the solutions at any value 
of g have a certain meaning. However, the real world corresponds to the solu- 
tions at the observed value g,,.. Also the field theories at which we are conven- 


tionally working might be only mathematical artifices. Nevertheless, it may be 


hoped that some features of the present formalism can be maintained in a future 
theory (if, for instance, a future theory is given in a scheme of infinitesimal varia- 
tions), since the operators Di"*“’ have simple transformation properties and are 
quantities not of a local but of an overall character and the basic equations are 
independent of the details of the Hamiltonian formalism for local quantities. 

Haag’s almost local operator field ¢’(x) for a compound particle will in some 
ways correspond to the structure of that particle. For example, the minimum 
value Amin Of a: 


[o’(x, 2), o' (x, t)]%0 for |x—x'|<a, 


will correspond to the radius of the extension of the particle. An elementary 
particle which has a structure, such as the nucleons which have the anomalous 
magnetic moment, has no essential difference from compound particle. To formulate 
a scattering between these particles, one must subtract the self fields, which give 
rise to the structure, from the interaction Hamiltonian. Though the mass renor- 
malization technique subtracts the influence of the self field on the mass, it does not 
take the other effect into consideration, as is understood by observing that the Bethe- 


Salpeter wave function (Yo (x) ¥,) for one nucleon under an external electromag- 


netic field satisfies the Dirac equation for a point particle and does not contain 
the Pauli term. It is related to the fact that in the usual treatments of the dis- 
persion formula the microcausality condition is valid. If one is based on ¢’(x), 
the effect of the structure will be revealed, for example, by the equal time com- 
mutator in the dispersion formula (such as Mo(w) in (3-15)). 

The author would like to express his sincere thanks to Professors K. Nakabayasi 
and I. Sato for their kind interest in this work. 
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Appendix I 
Differentiation of various quantities 
Consider an arbitrary Heisenberg operator which does not explicitly contain g : 
OM=e"0e™: (AI-1) 


Although H is time independent, we introduce the following ordering for the 


exponential factor, 
t 


e'™ = Py exp {i | dt H()}, (AI-2) 
0 
where H(z) =H and Py means the ordering that H(z) nearer to ¢ be put to the 
right in the products of series expansion of (AI-2), hence 


de™/dg= fas Po, [i (dH (cz) /dg) exp ilar He | 
=i el 6 gm dz #6 (tr) e™. (AI-3) 


Therefore we immediately get 


d O()/dg=il\ de X@), OW], (AI-4) 
0 
for Heisenberg operator O(t) which does not explicitly depend on 4. 
For a discrete level 


HY=EY, (AI-5) 
it is easily found that 
[H, (1/2) | dee (2) 26 (7) ]¥=i (6 —dE/dg) ¥, (AI-6) 
as well as a 
d ¥/dg= (i/2) \ dze(r) (2) ¥, (AI-7) 
where 
Sey os es for 7>0, 
—1 for'7<0. ee 


For a Green’s function we get from (AI-4) and (AI-7) 


—co 


d{T[O(1) O}) yo/dg=—i | de CT 96 (7) —aBy/dg} OO) Yo, (AT-9) 


rat 
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where ¢ Yo is the vacuum expectation value, E) is the vacuum energy and T' 
is the time-ordering operator, and O(1) and O(2) are arbitrary Heisenberg oper- 
ators at time ¢, and ¢, respectively. Analogous formulas hold for the expectation 
values of Heisenberg operators with respect to a discrete level ¥: 


foe) 


, d(¥T(OQ) O(2) |%)/dg=—i | dz (BT [6 (2) —dE/dg}O(1) O(2)|¥). 


(AI-10) 


Let us next consider the transformation function of the interaction representa- 
tion. The operator of the interaction representation is given by 


OG Ste Qe ee (AI-11) 
It is clear that 
d O(t) /dg=0, (AI-12) 
for the operators not explicitly.dependent on g, and that 
d O(t) /dg=é'"' (dO/dg) e"", (AI- 13) 


for the ones explicitly dependent on 9. 
Now for the transformation operator 
t 
U(t, t’) = Py exp (-i|@) dz}, (AI-14). 
t! ; 
which satisfies 


O(t) =U'(t, 0) O(@) UC, 9), (AI-15) 


the differentiation gives 


d U(t, t)/dg=—i j dz Py [ib (ze) Ut, tJ 


tl 


S —i| de Ut, 2) 6 (z) Ue, ”) =i, 0) | a=3%6 ()U@, #). (AL-16) 


t! t! 


Especially for ¢ or ¢’=0, 


d U(0, 2) jdg=i\ de %6 (=) U(0, 2), 
, : _ (AI-17) 
d U(t, 0)/dg=—iU(t, 0) jae 26), 


0 


which follow also from (AI-4) and (AI-15). 
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Appendix II 
Connection with Feynman-Dyson theory 


The Yang-Feldman type adiabatic assumption is written as 


(e" (x) for t>—0, 


p(x) >| (AII-1) 


G4 (ye). Tor > cop etey 

“where g(x), etc., satisfy the free field equation. The infinitesimal generating 
operator for (x) with respect to g-variation is immediately obtained by com- 
paring the above condition with (AI-4), yielding 


dg*(a)/dg=il | de), 9"), dy™(@)/dr=i[ de), e™@)], 


(AIT: 2) 


- 


under an assumption on the convergence of the integration with respect to 7. 
The result (AII-2) is equivalent to choosing 
—00(+0) 
Dyer =" Ve eh 
0 
except an additive term which commutes with H. The above form for Dj, 
however, satisfies the following equation as can be seen at once, 


—if[H, D™)]=%— lim (cz). 


T>—M(+ 0) 


This form does not coincide with (2:2) when one assumes the usual adiabatic 
assumption for the interaction Hamiltonian, 


H(z) 30 for 7-3 Fo, 
but coincides, if one assumes the following condition, instead : 
H (7) >dE™™/dg for t>—c0 (+00). (AII-3) 
Now, assuming no bound states, let us ‘consider the correspondence with the 
usual Feynman-Dyson theory in which the S-matrix is given in the interaction 
representation with real masses. Yet, if we can regard the observed mass to be 
dependent on g, we cannot apply Eq. (AI-17) to the interaction representation 
with real mass, because the transformation functions then have very complicated 
behaviours on ¢ through # and m. To avoid this difficulty, let us assume that the 
bare masses /4 and 72, are dependent on g, whereas the real masses / and m are inde- 
pendent of g. Thus, 
A= H+ H,=H)+4H)+ H,— 4, = Hy + Hy, 


where (AII- 4) 
A = ve “in 4H, = Plo lees ay mo>m 


—_ oe 
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is independent of g. Also, since # and m, and therefore E= S%%,, are independ- 
ent of g, ; 


d Ee *idg=0. (AII - 5) 
Thus, our fundamental equation (2-2) becomes 
i[H, D™™ |=! =d H//dg=H# —d(4ih) /dg. (AIl-6) 
Introducing the adiabatic assumption 
I! (=) =H (=) — (d4Hy/d9g) (=) >0 for |z|>0, (AII-7) 
we get 
Fa 


De | dz i! (2)5 


0 
Fo 

Uinot — Ut (#00) = P(P~) exp {i | dz H,'()}, (AII-8) 
0 


from (AI-17), as well as 
Spr (CO AU (Oy eo) P,/'), (AIL) 
where 'H,’/(z) is the interaction Hamiltonian in the interaction representation with 
real mass ( My’ (z) |,-0.= Hi’ =H,— 4H in which 4H, is the mass counter term) and 
@, is the free particle state with real masses. 
For quantum mechanics, (AII-7) and consequently (AII-9) hold rigorously ; 


so that the requirement (A) of § 2 is really satisfied.* 
The differential equation for a’”(k) now becomes 


d a™(k) /dg=il dz db (s), a"(B)]. 


Comparing this with (AII-2), we see that a’"(k) coincides with that given by 
Yang-Feldman. 


Appendix Il 


In this Appendix it will be shown that the solution Di’ of Eq. (2-2) 1s 
uniquely determined under such additive requirements that Dir) “should be a 
function ‘of H,. 36 and dE™ /dg, only, that the steady condition (2-4) must be 
satisfied, and that Dj” and D;” are transformed to each other under the time re- 
versal. 

Time reversal invariance” ~™ means that there is a unitary operator R such 


that 


* Since the time-independent formalism is equivalent to that of Feynman-Dyson.'® 


Le eS 
mare gC 


Ee ae 


SEY 


NOY fe ee ey 
es =. 


Rs ee dhs aN 
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RH*R=H, (AIII-1) 
and also 


REO =U (AIII- 2) 


represents the time reversed state of ¥%, where —J denotes the time reversed 
value of IJ (For example, momentum k-—k, angular momentum j——y, charge 


e—<e, etc.). 
We assume further that Hy and 26 are separately invariant : 
RH*R=H, RH*R=H, (AIII-3) 
and that R is independent of 7: 
d R/dg=0. (AIT - 4) 
Since 
dee, (ATII- 5) 
it is clear that 
R(dE“*/dg) RK =dE™/dq. » (AIII-6) 


Operating R on the complex conjugates of 
42 fdag=tD> CF; 
one has 
d 0 /dg=—iRD?* Rie. 
Therefore 
RD RSD: _ (ATII-7) 
Now by the assumption, 
D*=f{H, #, dE”/dg}. (ATI -8) 
From the hermiticity for D3”, 
geet (AIII-9) ° 
where f' means the function f in which the coefficients are transformed into their 
complex conjugates and the orders of the arguments are reversed. From (AIII-1), 
(AIII-3) and (AIII-6) 
RDS* RS Fe {H, , dE™ / dg} : 


where f* means the function f in which the coefficients are transformed into their 
complex conjugates, hence 


Dw= —f* {H, 4, dE™ /dg\ . (AIII : 10) 


From (AIII-9) 
Le as —fiH, H, dE /dg} 3 (AIII . 11) 
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where f means the function f in which the orders of the arguments are reversed. 
The steady condition becomes 


{De —Do"} P=[fAH, 26, dE"/dg} +f{H, %, dE™/dg}|¥=0, (ATIL-12) 


where ¥ is a discrete level. 

The additive indeterminacy in the solution of (2-2) is a quantity which com- 
mutes with H and is by our assumption an arbitrary function of H and dE"/dg. 
Let it be 


G*=h{H, dE”/dg9}, (AIII- 13) 
which satisfies similarly to the above, 
hi=h, Gw'=—h* {H, dE™/dg} =—h{H, dE™/dg}. 
As H and dE™°/dg commute, h=h and therefore 
Go“ = —h{H, dE™/dg} . (AIII- 14) 
Therefore the steady condition reads 
(ASH, dE”/dg} +h{H, dE™/dg} |\¥=0, 


or 
hiEz, dE,/ dg} =0. (ATII- 15) 


By our assumption f and / are not explicitly dependent on g. Therefore (AIII- 15) 


represents, if it were not identically zero, an identity between E, and dE,/dg. This _ 
is a contradiction because this gives the same energy eigenvalue E,=E.(9) for - 


yarious discrete levels when this differential identity is solved. Therefore h must 


identically be zero: 
(AIII-16) 


> 
| 
S 


Thus the theorem has been proved. 
Next consider the matrix element of (2-2), then 
~ i (Ey—En) (PP DPE) = EP 6— a" dg) 2), 


(AIIL-17) 
i (Ey— En) (U9 Dt UI) = (PEK — dE“ dear). | 


From (AIII-2), (AIII-3), (ATII-6) and (AIII-7) 


(wn (dE™ ag) Bin) = (Er (GEM (dg) Vit) =AE/ dg er. 


Now the general solution of the first equation of (AIII-17) is under our 


assumption 


(wip Din Bis) = (i By—En— ie) 1 + 08 (Er Ey} (2 OC — dE" ag) Bi 
48(E,;—En) (UP h{H, dE™/dg} Vin), (AIII - 19) 
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where c is an arbitrary real constant independent of gy and h is an arbitrary func- 


tion which satishes h—h'=A*=h. Taking complex conjugation and let J>—J, 
II>—IT, we have 


(Woe Dow Wout) = i (Ey — Eg tie) 1— cd (Ey—En)} (89 (06 —dE™/ dg) Vt 
—d(E;—Ey) (U%*h{H, dE“ /dg} EE). (AIII- 20) 
Taking into account the relation 
(CIEL) =dE/dg, (F (4 —dE™/dg) ¥) =0, for a discrete level, 


it follows from the steady condition similarly to the previous proof that h must 
identically vanish. To decide further the indeterminate constant c, let us consider 
9g=4g to be infinitesimally small for which the stationary state is given by 


Pir— O,+iDin, 9, dg. (AIII- 21) 
Accordingly, the wave matrix is 
(D1, Pr) =07 a { (Eyz— Ey— 7€) Wt icd (En,—E)} (Pry (36 —dE™/dg) P,) 49, 


in which the interaction Hamiltonian and the self energy is infinitesimally small. - 
Then, by the requirement (A) of § 2, 


c=0. (AIII- 22) 


Thus one finally obtains the results : 


(PP De Pi) =i (E,— En— ie) (UP (46 —dE"/dg) Fi), cater 3) 
(a De Prout) =i(E;,—En+ie) =1 (Pete — dE™/dgyt ot ; 
These formulas are rewritten as follows, 
d ¥?/dg=iDy PP? =— (H—E,— ie)“ (4% —dE,/dg) ¥7, 
af anes ; ded } (AIIL-24) 
d BT ag =e s dipee ee (H— E,+7€) “(6 — dE,/ dq) po. 


It will be interesting to compare this result with a result which is obtained 
when the both sides of (2-6) are directly differentiated with respect to 9. By 
differentiating the both sides of (2-6) and (2-8), we have 


{1+ (Hh —E,—ie)“ Hyd Pr /dg=d,/dg 
— {(d/dg) (Fh! —E,—i) Hi! + (Hy! — E;—ie)"d Hy /dg} 0%, (ATIL-25) 
and 
(Hy! — E)) d ®,/dq= — (dH'/dg—dE,/ dg) ,, 
or 
d 0,/dg=—{P(H!—E))~'+icd (Fh! —E)} (d Hy'/dg—d Ex/dg);.  (AT-26) 
Substituting (AIII-26) and (x 
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d(H,’ — E;—i€) —/dg=— (H' —E,—i€)7 (d Hi! /dg—d E,/d9) (H) —E;—1¢€)™ 
into (AIII-25), we have 
{1+ (Ai! =E;—i<)™ Hy} d PT /dg=ic' 0 (Hy! — E;) (d Hi'/dg—dE,/d9) DP, 
— (H,’—E,— i)" (d Hi! /dg—d E1/dg) (@,— (Hy — E,—i¢) ~* Hy! F7} 
— (Hi —E,—i¢)* (dMy'/dg) ¥7. 


Evidently the first term of the right-hand side of this equation vanishes. Substi- 
tuting Eq. (2-6) into the second term and taking into account that 


d Hy /dg+d H//dg=%, 
it follows that 
the right-hand side=— (Hy/—E,—ie)7! (#6 —d E,/dq) ¥*. 
Further, on account of the relation 
Wael) ir 26) ~ Ey = (Be), 
which follows from the identity 


: rtrd 
Nad OAS PS, ey ee 
Bee OE Aree A 


i 1 1 ‘ 
A re atone aeaw t 


we have the result 
erage PP p76) 1 (6 —dE,/dg) ¥?, (AIII ‘27) 
where the constant c” is indeterminate. 
Appendix IV 


If a(k), etc., satisfy (1) and (2) at some g-value y=%,, and satisfy (5) at 


an arbitrary value of g, then a’"(k), etc., satisfy (1) and (2) at an arbitrary 7. 


Proof: Setting 
A,=[P,, a (k)]+k,a"(®); 
we consider the differentiation 
d A/dy=([dP,/dg, a (#) ]+[P,» da (b) /dg]+ (dk,/ dg) a" (k) +k,d ah) /dg- 
From (5). and (2-2), (@P,/@g=dE"/dg) 
LaA/dg=iDF Pe a" (k) | +k, a™ (k) J+ [OP 7/09, a (k) ]+ (dk, /dg) a" (k), 
where the secon 


of (2-3), hence 
aA/dg=i DF, Al: 


In terms of 


are | ed 


d and the third terms of the right-hand side cancel out on account . 


2 - ? - ~~ 4 vw +, 
WP es. On Se ae 
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4 
al oy, EXD 42 | dy’ D7, 
hh 
A, is integrated, yielding 
Ape Ny, Wiggs 
However, A,,=0 by our condition. Therefore 
A, =0; 

or 

[P.» a" (2) J=—k, a" (k), 


for an arbitrary g. Further, it is clear that the commutation relations are con- 
served because of the hermiticity of D’” in Eq. (5). 


Appendix V 


Since we have normalized the state vectors by Eq. (5-18), where (JE) and 
(IIE’) are the indices which specify the incoming particles, 


d\0(E—E’) 0; 11} /dy=0, (AV -1) 
and 
Si \ae vara ’ (AV -2) 
Further put 
(Er P; Prin) =0(E—E’) 0? nu, (AV -3) 
then clearly 
d{0(E—E’) 0? 1} /dg=0. (AV -4) 
Define the S-matrix on an energy shell by 
(Pia Prin) =0 E—E’) S; 1 (E), (AV -5) 
then the unitarity reads 
> Sy m(E) Sur II (£) aay 0; ITs (AV $ 6) 


Further, let the eigenstate of S be specified by n= ( j, a), then the normalization 
and the completeness for the amplitudes, which are now dependent on g, are 


(tm Um) = Onnt ) > Urn w= 0; mand > UrTja Ubarr=O7 IT: (AV : 7) 
Accordingly, the S-matrix is represented explicitly by 


Ay (Ek) = > Urn @ "nt ul, nII (AV . 8) 
Also 
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(Oe PsP iter) =0 (E—E’) SPr(E), (ANS) 
where 
Si (EB) =>) ura etal of. (AV -10) 
Now 


—iSp[Ps P)D,\=—i S) (Pie PyDy Pit 
=-i Dak’ Ce Py Vite) Pity PD, PB), 
making use of (AV-8), it becomes 
= 312131 Urnjare 4 why ld (O(E—E) unjae 3" War} / dG \ur=n 
= 210 (0) 23 AY jan/ dg +d 0(E—E') /dg\n-ur > 077’ 
+0(0) 2 {(uja, Aujald7) + (duja/d9, Uja)} 


= 270 (0) > AN jaf AJ + pS [d/dg {0 (E—E’) Of} leon. 


By virtue of (AV-4) the second term vanishes. One therefore finally obtains the 


following result : 
SY} dpjax/dg= —[26 (0) }*Sp[ Px P;D,]. (AV-11) 


From (5-6) and (5-19), 


Q;; E,EI= > 2 Pr VIE, IIE! Pm =2) > Pie Vix, er Ere » (AV -12) 


where 
-i(9;,H—-Viag HR") 
UTE, IIE! — SD) Uzjae ae ams tbat Usarr- (AV -13) 
a 


One easily finds that 
Sp[Q), ,x, dE" /dg\=Sp[Q;; n,n dE™/dg]. (AV -14) 


Therefore 
P35; x51 =Sp[Q;, E,E! (36 — dE" /dg) |=Sp[Q), «0 (26 —dE™/dg) | 


= >} (Prax (26 — dE" dg) Fass) 
= 3) 5) (PH 6 —dE"/dg) Pier) Ouer,r 
I 


— ar ; (LE (3% — dE /d9) Pa) Viel, 16 : (AV- 15) 
Taahe 


eee ee eS 
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The hydromagnetic plane steady flow of an infinitely conducting gas over a thin infinite wave- 
shaped wall is discussed under the condition that the directions of the flow velocity and 
magnetic field are in the same plane. When the. external magnetic field is parallel to the 
undisturbed stream, the flow is shown to be current-free and irrotational except for some 
surface currents. For the case of external magnetic field perpendicular to the undisturbed 
stream, the hydromagnetic effects consist of the waves of electric currents and vorticity 
extending from the body. The drag is determined both for subsonic and supersonic cases. 


§ 1. Introduction 


In a paper of fundamental significance, Sears and Resler” concluded that the 
magnetic interaction of a flying body with the surrounding plasma may have very 
important applications in aerodynamics, especially if the ‘ seeding ’ of easily ionizable 
substances is used in order to enhance the conductivity of the air. Further, they 
studied in another paper” the motion of thin airfoils in fluids of high electrical 
conductivity. Their analysis, which was confined to inviscid, incompressible, non- 
heat-conducting fluids, contained some interesting results and gave a clue for pre- 
dicting analogous results in more complicated phenomena arising from the compres- 
sibility of the air which may be either in thermodynamical equilibrium or chem- 
ically non-equilibrium state. In the present paper we investigate the flow of an 
electrically conducting fluid over an infinite wavy wall, taking the compressibility 
of the fluid into consideration. The fluid is assumed to be in thermal equilibrium. 
The case of non-equilibrium flow will constitute the subject of a future paper. 


§ 2. Fundamental equations 


Let @ be the density of an inviscid, electrically conducting gas moving with 
the velocity g. Suppose that its electrical conductivity is infinite and denote the 
magnetic field, electric field and electric current in it by H, FE and J respectively. 
These quantities will be measured in electromagnetic units. The permeability of » 
the fluid is assumed to be unity. Under the usual hydromagnetic approximations, 


the equations governing the steady flow are given by” 
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curl E=0, (1) 

curl H=4zJ, (2) 

div H=0, (3) 
E+qxH=0, (4) 

div(pq) =90, (5) 
q79=—— grad p+ JXH, (6) 


where f is the pressure in the fluid. Elimination of E between (1) and (4) gives 
curl (qx H) =0. (7 
Substituting (2) into (6), we get 
q-Pq=——- grad $+—~— curl AXH. (8) 
p Anp 


For the plane flows, Eqs. (3), (5), (7) and (8) give five equations for six un- 
knowns 4,, dy, hi, hy, p, 6. In order to have a deterministic set of equations, we 
have to assume a relationship between the pressure and the density. Here we 
assume that the gas obeys the adiabatic law | 


p=k(p)’. (9) 
§ 3. Small perturbation flow Case I 


We shall first consider the flow over a wave-shaped wall, taking the undis- 
turbed flow velocity U. and the applied magnetic field H,, at infinite distance 
from the wall to be parallel with each other. If the amplitude of the wave of 
the wall is small, we may safely assume that the velocity q, the magnetic field 
H, the pressure p and the density ¢ are only slightly different from their un- 
disturbed values, that is, 


q=(U.+u, v, 0) where uo<U,, 
H=(H,+h,, hy, 0) where h,, h,<Ha, 
P= Po tp, where P<Po, | roe 
p=potp, where p<pq. 


If we neglect the squares and the products of the perturbed quantities in Eqs. (5), 
(7) and (8), they reduce to 


Ou Ov 00 
| ——— +——— Gch). 
Pp ( ax + By + oe (11) 


Ujh,—vH,=0, (12) 


a n= 


—o TES Pe ntepoenee 
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Ou 0; 
(a. St a 
ae Clee) Bet (13) 
OF Or, (= 17 ps) Op 4 Fo | see — | (14) 
x OE Oy Azp. L Ox dy J’ 
ape Va : 
ee a = (square of sound velocity). (15) 
4 
Eliminating v and ¢ from (11) by making use of (3), (9) and (12), we have 
Tet hd ORs 1 Op __ 
UD Fo Hk + eat ea =(). (16) 
Integration of (16) gives 
Mee PT oonstant:* (17) 


Us He < (oo ay 


Further, integration of (13) gives (see footnote* on this page) ** 


Po U,ut+p=0. (18) 
Elimination of p between (17) and (18) gives 


De NE SPREE): 


i H : =constant=C,, (say). (19) 
a asd a ay 


Recalling that uw, h, vanish at infinity, we have 
€;—0! 
Then Eq. (19) reduces to 


jes a (1—M) Hu, (20) 
where M is the Mach number defined by M=U,,/a. Eliminating A, and h, 
from (14) with the help of (12) and (20), we have . 


‘ 


(Mt mt) 22 =[M?—mgQ—M)] 24, (21) 
Ox Oy 


where 


Alfven’s velocity | 


2 FT? Ar, oo P= A,” ae) 
Mo / ATP co Ap / 4 sound velocity 


Eliminating 0¢/8x from (11) by making use of (18), we obtain 


* The R. H. S. of (17) cannot be a function of yy on account of the boundary conditions 


discussed in page 725. 
** Since all the perturbed quantities vanish at infinity. 


Bs ig ES ay ee ed 
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GEN See esse (22) 
Ox 


Thus the problem has been reduced to the boundary value problem of Eqs. (21) 
and (22). From (21), we may introduce a potential function ¢ and express w ,v 
in the form 
poet ale es M—me1—M") __96 (23) 
M?—m," Oy 


Substituting (23) into (22), we obtain 

(1-M?’)(M?—m¢') 89 , 89 _9 (24) 

M?—mie(1—M’) 02? dy? 
The vorticity 2 is given from (23) by 
g= 208% _ (43/2) 04 (A2/U2) M22. (25) 

Ox Oy dy 
If Alfven’s velocity is very much smaller than the velocity of sound, as frequently 
is the case, Eq. (25) reduces to 2=0, which shows that the flow is irrotational 
except for the particular case in which the stream speed U,, is equal to Alfven’s 
velocity. For small values of Alfven’s velocity, we find that the current density /., 


_ which is given by 


OLY OR gates 
Tie Seer (26) 
is also zero to the first order. 
; In the special case stated above, in which the disturbance produced by the 
body is propagated in the form of an Alfven wave, with the speed of the body 
relative to the undisturbed stream, the body moves in a ‘cavity’ of its own 
shape and exerts no force on the fluid. At any other flow speed, Eq. (24) shows 
that the velocity field about the body can be reduced to that of a non-conducting 
fluid by changing the scale of x or y, so that it is determined by the boundary 
conditions and the required cyclic constants. Therefore we may derive a number 
of solutions of this case from the familiar first-order solutions of plane irrotational 
compressible flow in non-conducting fluid that may be furnished by, say, the thin 
airfoil theory. 

Since, however, there are surface currents at the interface between the body 
and the fluid, the formula of the force on the body must be modified. The be- 
haviour of this force may be seen in an example given in § 4. 


Boundary Conditions 


As remarked above, for all stream speeds different from that of Alfven’s 
speed, the flow field about the body is essentially the same as in the non-magnetic 
case and is determined by the following boundary conditions : 

(i) The direction of the: flow must be tangential to the surface of the body. 
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Gi) At infinity, the perturbation velocities must tend to zero or, at least, finite 
(depending on the problem). In our case they must tend to zero. 
Mathematically speaking, the first condition may be expressed as 


q Vf=0, 
where f(x, y)=0 gives the equation of the surface. In terms of the perturbation 
velocities, this may be written as 
v/U.= | 20 | of |= 2e 
Ox Oy dx 
In the case of thin body, y differs only slightly from zero, and we may expand 
v(x, y) in power series of y: 


ve, ave, O+9(Z) ot 


Retaining only the first term, we get 


Pete 0) =U, (22) : 7) 
ax body 


Although the boundary condition (27) is the same for the subsonic and supersonic 
flows, Eq. (24) governing both the flow field may change its type according to 
the subsonic or supersonic cases (it always changes its type in ordinary hydro- 
dynamical case),” and each cases will be dealt with separately in the follwing 


section. 
§ 4. Two-dimensional flow over a wave-shaped wall (insulator) 


Case 1. Subsonic Flow 

As remarked by some authors,” the equation for the steady hydromagnetic 
flow can be hyperbolic even for the subsonic flow velocity if the magnetic field 
is of moderate strength. But we shall restrict ourselves to the case in which 
Eq. (24) is elliptic, ie. 1—M’?>0 and M>my so that ?=(1—_M?) (M?—m,)/ - 
{M?—m,?(1—_M?)}>0 in Eq. (24). The general solution of Eq. (24) is given 


d(x, vy) =X(2) Y(y), - » (28) 


X(2)=Aisinkr+ A; coskz, . 
Y¥(y) =A; e7" + Aye. 


The boundary condition at infinity requires that A,=0. At the wall 


(0) y0= 00 ( oy )_=roX(2) (a ), ; (29) 


i 
Ss 


Oy dy 
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AIL lA Ne 
=m Ga Mas (30) 
M?—m, 


Now if the equation of the boundary is given by y=€sin La where € denotes 
the amplitude of the wavy wall and /=2z/L the wave length, it follows from 
Eq. (27), that 


(0) oUt L cos bz. (31) 
Equating (29) and (31), we get 
—A,kv,A(A, sinkx+ A, coskx) =U,€ LcosLz. (32) 


From Eq. (32) follows 
AsV; k=, — A; A,Av) = Ge 


Hence the solution is obtained as 


d(x, y)=—U,¢ vy ee?” cosLx; ~ (33) 
and 
wa, Sl Aa De. . SULLL ; 
| (34) 
veatU,e Le cos Lox. 
Using Eqs. (12) and (20), we get 
hy= He €L2- 0,’ (1 — M1") e~™ sin Lz, 
| (35) 
hg= i Hee. cos La. 


The pressure coefficient C, at the boundary is given by 
CC.) youndary — 2 [c/ Us heo= =—2e€L A* 4 > sinLz. 


If the surface current per unit length flowing in the z direction is denoted 
by J;, then J, is given from (2) by 
4nJ,=—h,(x, +0) +h,(x, —0). 


The force exerted on the wall due to the surface currents is H.J, per unit area. 
Therefore the net force on the wall is given by the difference between the local 
static pressure and the force H.,J,, and denoting it by p,(x), we have 


Prl(x) =p(x, 0) Sided: 


Baga ee Che de (ee 0)-= Als (x; —0) —h,(2, +0)}, 


= by — fo U2€ Liv 1 ; | sin Lx. (36), 


For M->0, (36) tends to the corresponding expression in incompressible case 
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(where the equation of the wall is y=€e'*’). 


Discussion of the result 

If we compare the above result with the results of subsonic non-magnetic flow, 
it is seen that the pressure coefficient is reduced by the factor {1—2(1—M’) A?Uz}, 
the amplitude of the net pressure disturbance on the wall is also reduced, but the 
drag remains unchanged. 
Case 2. Supersonic Flow 

For the supersonic flow, M?—1>0, we consider only the case in which 
M>m, M>1. With this restriction on M and 7) we find that 

= — (M?—1) (M?—m,?) / {M?+me(M?—1)} =—F? <0. 


The general solution of Eq. (24) is the sum of two arbitrary functions fi(x—ky) 
and f,(x-+ky). The boundary condition at infinity requires that f, must be zero. 
Eq. (31) requires that 


—kufi' (x) =U.€LcosLz, 
where f;/ denotes the derivative of f, with respect to its argument. Therefore we 


have 


rie -aeen ek us sin. 


Hence 
d(x, y) =fila—ky) =—U, €k v9" sinL(2—ky). 


Substituting this expression for é into (12), (20), (23) and (36), we obtain the 
following results : 
u=—U.,€k ve! L cosL(a—ky) ; v=Un€ L cosL(x—ky), 
h,=H. € Lk“ ve (M?—1) cosL(x—ky) 5 h,=H. ¢€L cosL(x=ky), (37) 


\ 


(C,) boun ‘ary — 2€ Les Vo COs Peay 


Cy=Drag coefficient = (2/k) ee. é 


where 
Z 
(22) =| (Zr) a 
dx ry ) dx 


Discussion of the supersonic solution 


(1) It is seen from (37) that the disturbance has the same value along the 


straight lines : 


CMe 1). (M?— mo") _ yy =constant (38) 
ee *+-my (M*—1) 
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(2) As in the subsonic case, the pressure coefficient is reduced. 
(3) The magnitude of the drag coefficient per unit wavelength is also reduced. 


§ 5. Small perturbation flow Case II 


Next we consider the plane steady flows in which the undisturbed stream 
velocity and the magnetic field are uniform and perpendicular with each other. 


In this case we may put 
q=(U.+u,v,0) where u, v<U.,, (39) 
and H=(h,, H,+h,, 0) where h,, hy<H.o. (40) 


Assuming that the ratios of the perturbation to the undisturbed values are of the 
same order of magnitude both for the velocity and magnetic fields, the equations 
of momentum (8) become, to the first order, 


po Ua oe 20 4 He (Ae | (41) 
Ox Ox 4x \ dy Ox 
oe Eases #8 (42) 
Ox dy 
Equation of continuity (15) reduces to 
Op ( Ou dv 
U2. ——+ Pw ao" | —— =: 43 
Ox AF ty Ox < dy (43) 
Conservation of magnetic field gives 
dh dh, ' 
2-20: 
Ox cf dy fe 
Ohm’s law gives 
Ou Oh 1 
H.——— ess = — Viltes 
Oy Gor eve mL aNT Sea 
Ou dh 1 
Ox a Ox Ato (46) 


Rec: Eliminating Op/Ax between (41) and (43), we get 


Ou dv Be & | 
1—M? + ee dela as 
: Ox Oy Amp. ay" ae 
where 
ae OG, . Oh, 
p Ox dy (48) 


From (45) and (46) we get 
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I fe) 
fic Bs = — Ue ue & 
u me a g, (49) 
where 
Pree On ynO. 
ax dy? 


Eliminating « between (47) and (49), we obtain 
av | He¥ (1—M) {1 3 3? 
pie as e pa_ (-A : (art, =) |e 
dy AT P.. Ay” FH. Ano Ox * Ox - (50) 
From (49) and (50) we have 


p?2 02 =I f 5s pe ee ae Us )r3,— iL =f *s Vr (+ fe= UL A ea, 
oy AT Po Ay He 4zoH., Azo H,, He; ddx 


By cross-differentiation of (41) and (42) we get 


02 H. O¢ 
\ < = = 3 Dy) 
ax 4np,U., dy or 


From (51) and (52), we find that 2 and ¢ satisfy the same equation, that is, 


(Hate, UJ) — 1 ann 2) (9 
Anps tig ~~ E1., Qiiz AnoH, Oa AON. 
—Ye yp ("\ = Ae _pi(*) (53) 
Gf. ai ND Adie winds J0Ie CO NO/ 94 | 


For the case of infinite conductivity we find that Eq. (53) reduces to 


[ (e+ ma — My} CaME EP DE, Git), pen Meese ](5) =o. (54) ‘ 
ax! Gxt 0y? 2 yt Woh age : 

where m is the ratio of the stream speed to Alfven’s. velocity, that is, Re 
m= U,/Hs(42P.) 7? =1/mo. (55) 


Since the discriminant of Eq. (54) is always positive, the solution of (54) is 
given by 


E=fl (atiky) +f (a—iky) +91'(a+ikey) +94/(x—ikyy), (56) 
Q=fy (x+ikiy) +f! (a—ikiy) +93 (x +ikyy) +9,'(a—tkyy), (57) 


where 


eee uaa) a (Oe cae ee Mint”. (58) 
: i 


The components of the velocity and the magnetic field, as obtained from (44), 
(47), (48), (56) and (57), are as follows ; 
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‘ 1—-M’?—k? {se H.? oy eA iki fa—f )} 
(¢ + ¢ —— Je (a6 9 oy 
a ss vie ‘ we ] ; he (nh Js) ko (Y3 9.) te : > (59) 
v0 = ut Ue ae : : 
ar a 


fe) 
<a - [Uae iks(th—g») + 1M") (s+9) | oe fons 


1M? — ko Hem 
iky LT eae ieee 
aa a sere a +—,., 61 
h Tae ae et phe {Jo—91} ae (61) 
hy= {fits} aya a Ato + 26 ; (62) 
“se Sete Oy 


where ¢, and ¢, are solutions of the following equations respectively : 


c 2 2 
(1— M2) ae % ae =i; Figs. (63) 
a y 


Substituting the result (59)—(62) into Eq. (41) and integrating it with respect to 
we Set 


Po O.u+ p= — ue LAthtn +92] + constant. (64) 


Dealing with Eq. (42) in a similar manner and integrating it with respect to y,° 
we have 


Pr U,u+p= WiCROES (A-fp —Lfere (J7s—9.) + constant. (65) 


Comparing (64) and (65), we find that 


es Uae 
ies oa gers ti 5) f= - eh > 

: : (66) 
cece Us Ge, Gs tk, Us g 

pie Ef ; aan = Mate 


Similarly substituting (59)—(62) into Eq. (46) with the right-hand side put equal 
to zero, we get 


Et, ne =—U. Obs 


ole om = OxOy : 


(67) 


The compatibility of Eq. (67) with (63) requires that the functions ala, y) and 
$.(x, y) must be identically zero for M40. 


Now we confine our consideration to the case in which M?+%m?>1. In this 


? 
« 
4 

i 
# 
p 
Pd 
4 
Z 
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case we find that k,2<0, and for k, the following three possibilities arise :* 


(1) k7=0 (2) k?>0 (3) EB ea0: 


§ 6. Two-dimensional flow of an electrically conducting fluid 
over an infinite wave-shaped wall (insulator) 


If the shape of the wall is given by the equation y=€e’, the boundary 
condition at the wall gives to the first order 


v(x, 0) =U, (az) =iU,€¢ Le. (68) 


Now because of the sinusoidal shape of the wall, all the physical quantities may 
be assumed to be sinusoidal, so that the functions fi, fo, 91, Jo, etc., may be ex- 
pressed in the form: (constant) x exp[#L(r+ik,»y)]. Then assuming that no 
perturbations travel towards the wall from the undisturbed stream, we do not take 
the solutions of the type fo(x—ikiy) and g.(x—ik,y) for ki,<0. With this re- 
quirement the case (ii) mentioned above becomes indeterminate and the case (1) is 
not satisfied, so that the only possible case is the case (iii) where k;.<0, i.e. 
k,=ily, kx=i.** With these restrictions on hk, and k,” and using (66) in Eqs. 


(59)—(62), we have 
Ue MPL) 5 (2 Ley) +e lB), 


E eins +I) (1—M? +) 
(69) 
Tho jie JE : is Bo mas 
=—_ I we im Gi & 3 
Me ee Ee ae aay 
(70) 
pe Aa Lay) FPO (eM), (71) 
gee Oe ae 1+)" 
ak db 
cs aa files fey) + aa Ji(x—foy)- (72) 


As remarked earlier, all the field quantities are assumed to be sinusoidal, so that 


fi and 4 are expressed as 
Fil Lay) PE ecue es (73) 


9,(x— Poy) =Gelte— Fon), (74) 


agnetic field for 


As the wall is an insulator, no current flows in it, that is, the m 
Thus, for y<0, 


y <0 is expressed in terms of a potential function, say O( Dy 9)" 


* k,2 20 corresponds to M?=m2(M?2—1), and the cases in which MS1 (sonic and subsonic 


flows) are inadmissible may be distinguished readily. 
fy =—iLo, kg =—1B0 give no new result. 


ee ee. at LT Ee ae 
. Mera es owe : z > 


‘rhe ies am ah ka 


ye 


_— 
ie 
- 


Seer ed eats Sete 


Pi Pw 


a ie to Le 


t 
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hrg= OS ir ee aj OF ip, (75) 
Ox Oy 
where H= constant. In order to satisfy (44), we require the continuity of the 


component hf, at the wall, and therefore we get from (72) and (75) 
F G 


Oe Se a eT et (76) 
14+L)> 1+ 0° 


Eq. (68) gives 


. ees Ao U. 
folie |e 0 Ve Viel es G. i) 
se H,,n’(1—M?+L,’) H,m aCe AVE +o’) Ma 


In the present problem, we shall also require the component h, to be continuous 
at the solid fluid interface, because a first-order surface current would’ produce 
first-order force components in the tangential direction and there is no mechanism 
here to resist such force components. Thus, using Eqs. (71) and (75), we get 


ee 3 
ee g F ated dt 78 
F Lite aes (78) 


The solutions of simultaneous equations (76)—(78) are given by 
i(i—&) Lé€H,m?(14+L,?) (1— M?+ L,?) (1— M? + 33,7) 
Wee ST) (1+?) (1—M?4+ Ly”) — (io) Lo (1 +L") (1— M?+8,?) ’ 
Be (¢—Ly) (1+/,") 
(i— >) (1 +L") 
He Hm? € (I~ 30) A= M?* + Ly") A= M? +44") 
(So — Lo) (1+. M?— Loo) + (Lo +80) {(1— M?) (Le? + 0? — Lo 0) + Le? 87} 
(81) 
Substituting the expressions (66), (73), (74), (79) and (80) into Boy we find 
that the pressure at the wall is given by 
P= Po 
+ Pen ULiL¢ | G—L) 14+80") A— M4i)—G—% Abb) M* +80") . 
Bo (¢—Ly) qd +)% ¥. ake M? + L,*) i (i—%) Lo (1 +L) Cie M? + 307) 
(82) 
The drag may be calculated with this knowledge of the pressure distribution. 


(79) 


F, (80) 
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On the Principle of Invariance in a Semi-Infinite 
Inhomogeneous Atmosphere 


Sueo UENO* 
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With the aid of the extension of Chandrasekhar’s invariance method and the principle 
of invariant imbedding stated by Bellman and Kalaba, respectively, we obtain the emergent 
intensity of diffusely reflected radiation in a semi-infinite atmosphere of arbitrary stratification. 
The result reduces to that given by Sobolev and later by us. 


§ 1. Introduction 


The problem of diffuse reflection in semi-infinite homogeneous media has been 
first attacked by Ambarzumian” with the aid of the physical method based on 
the principle of invariance. Then, extensively extending the principle, Chan- 
drasekhar,” has formulated firstly a complete set of the principles of invariance. 
The problem has recently been reconsidered by Busbridge,®” Sobolev,® and Ueno.” 

In the majority of transfer problems met in practice the optical properties of 
the atmosphere change in traversing the layer. Then in the present paper we 
consider the diffuse reflection in a semi-infinite inhomogeneous atmosphere scat- 
tering radiation isotropically. 

With the aid of the extension of Chandrasekhar’s invariance method in R. T. 
and the principle of invariant imbedding stated by Bellman and Kalaba,” respect- 
ively, we obtain the angular distribution of the diffusely reflected radiation under 
consideration. The result is equal to that given by Sobolev” and Ueno,® respect- 
ively. The scattering function can also be deduced from the integral equation 
for the backward scattering function given by Bellman and Kalaba and Ueno,” 


‘respectively. 


§2. The invariance of the law of diffuse reflection 


We consider the problem of diffuse reflection by a semi-infinite plane-parallel 
atmosphere scattering radiation isotropically. with an albedo, O0<w(z) <1. Let 
parallel rays of a net flux «fF in the direction —f be incident on the outer bound- 
ary of the atmosphere under consideration. 


* Now at The RAND Corporation, Santa Monica, California, U.S.A. 
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Following the notation of Chandrasekhar in R. T., the equation of transfer 
appropriate to the present case is of the form 


dl(z, pt 
L OD a1, PL) =SAE), : (1) 


where the source function 2(<) is 
F uae et "i 
£(z) =~ oft) e+ (=) | 1¢., why dy. (2) 
et 
Eq. (1) should be solved subject to the boundary condition 
1(0, —#) =0 (0<#<1). , (3) 
. Let I(z,+y) be the intensity of the radiation in the upward direction and 
I(z,—}) be that in the downward direction. The emergent intensity I(0, #2) dif- 


fusely reflected in the direction 4 can be expressed in terms of a scattering func- 
tion S(p, 4) (cf. R. T., Chap. I, Eq. (125)) 


1(0, /) = Stu, ['). (4) 


In a manner similar to that used by Chandrasekhar (cf. R. T., Chap. IV), 
we can formulate the invariance of the law of diffuse reflection under considera- 
tion. Consider a semi-infinite inhomogeneous atmosphere bounded by the surface 
z=t. On decomposing the non-classical field into the reduced incident radiation 
and the diffuse radiation field, an outward intensity in the direction + becomes 

F ae 
Te hese een eS ad Ho) sr |S ee )T(, pdb.) 
‘i 2H } 

Eq. (5) represents the invariance of the law of diffuse reflection. In the 
present case we shall use the scattering function S(<3; #4, /) in place of 
SCH, Mo): 

The equation of transfer appropriate to this case is Eq. (1) whose source 
function Z(7) is 

+1 
re —(r—t)/ 1 / / 
¥(2) = (sperm (2) [1 wae (6) 
=A 
together with the boundary condition 
I(t, —) =0 (0<p#S1). (7) 


§ 3. The integral equation for the scattering function 


In a manner similar to that used by Chandrasekhar in R. T., differentiating 
Eq. (5) with respect to <, using Eqs. (1) and (6), and then passing to the 
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limit c=¢, we obtain the integral equation for the scattering function. 
In this manner, recalling the boundary condition (7), we have 


| a th eae |-2 USES jeu fa re OS(t3 P, aad 
dt rot Ap “Mt, at 


+Q( sees 2) [Aa ay & 
2p J dt r=t 


The derivatives appearing in Eq. (8) can be obtained from the transfer equation 
(1) with the source function (6). Then 


[eekly Sle Sts mw) -ZO |, (9) 
where 
E(t) =o (t) [+ |se: LH, Po) nk (11) 


Making use of Eqs. (9) and (10), after some minor rearrangement of the 
terms, we get from Eq. (8) 


(244 +) se; ft, fig) — OSE He) 
Mo Ot 


1 st 
1 ees dy! 
=o() 1+] se; "', 0) oe +--\ ses me) 
0 - 


0 


1 


: : 
te \Ses we, {Sy Mane: 


0 


1 
tt 


wr |S I, 


a 
el (12). 

Now we shall have to take the reciprocity principle into consideration. Let 
the stochastic integral equation for the probability distribution of emission of 
photon p(/; 7) under consideration (cf. aoe be 


pfs =) ale) en e-oe 4 E OG) A. isanee “)}, (13) 


where the truncated Hopf operator A is 


RFC) => | FOV EU zl ar, (14) 


and F, is the first exponential integral 
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it 


HG) = | entire 


0 


dt 
fe 


(15) 


Multiply Eq. (13) by p(/];7)/w(~) and integrate with respect to 7 over 
CZ; co’). Writing 
| Pls) e-e-Oede, (16) 


t 


Dee ey a i 


we have 


Eta: J _dt a i ! , dz’ : 
ce 7) PCH; 7) ee ie | ote t") po 37 ear ee Por LYASE; # )- 


t 


(17) 
Then 
S(t Hs) =SCC5 Pos (18) 
Writing 
we dy! 
H(#, )=1+- |S OP, (19) 
0 


using the principle of reciprocity (18), Eq.(12) becomes 


eis SiS _ OS(t; Bs Mo) _ 
(242) see: 2, 0) - SGM HH, OHH, 9. 20) 
From Eq. (20), we get 

S(t; fs Po) = Jo) Hu, EN EL (Ua) 2) Cone ona Ey (21) 


t 


where 
1 


1 rc 
H(n,)=1+— | S face) HC, eo) HUH, ey erer—nenteD del, (22) 
0 Tv 


Eqs. (21) and (22) are equal to those given by Sobolev” and Ueno”, respectively. 
Then the required law of diffuse reflection in a semi-infinite atmosphere of 


arbitrary stratification is of the form 


1(0, +4) = (St: Btey lms. (23) 


$4. The principle of invariant imbedding 


_ The straightforward application of Ambarzumian’s invariance method to the 
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arbitrary stratification does not hold true, because it is based on the assumption 
that an albedo in the added or subtracted layer is the same as in the original 
medium. Then, in order to extend his procedure to the present case, we have 
to allow for a modification due to the arbitrary stratification. Based on the prin- 
ciple of invariant imbedding stated recently by Bellman and Kalaba, we attack 
the problem. 

The principle, as applied to the problem in question, consists in the following : 
The diffuse reflecting power of semi-infinite plane-parallel atmosphere is changed 
if we add (or, subtract) to (or, from) the outer boundary a flat layer of infinitely 
small optical thickness 4t whose albedo in the added (or, subtracted) layer is 
different from that of the original medium. Computing each contributions to the 
change, we obtain the functional equation governing the stochastic process of 
multiple scattering of photon. In such a way we get an invariant process, by 
imbedding the original process within the new set of processes. We shall take 
dt so small that its square can be neglected in comparison with Jt itself. 

Following Ambarzumian, after tracing all processes in the passage of the 
radiation through the additional layer of optical thickness dt, we have 


Tt— At; p, fo) =1(t3 fy f) fie fa a) + Eta) de 
Ho Py Ap 


af 
== wth) ney TCS ie 
+5 ot) (Cae) i 3 5 


0 


1 
dy! 1: « 
a 1s ot de 


— 


1 1 
/ 


\z (t; 2", w) dpe", (24) 


0 


w(t) dp: 
AL Hf) ay 


a 


where 
F 
EGE aes a ae fo). (25) 


In the limit, as dt-0, this provides Eq. (12). 

Recalling the principle of reciprocity,» we get the law of diffuse reflection in 
terms of the scattering function thus obtained. 

We consider some special cases. 
1. When an albedo is constant throughout the atmosphere and ¢ is put to be 
zero, Eqs. (21) and (22) reduce to those given in R. T., Chap. IV, Egs. (41) 
and (42). 
2.. Let w=o(t) for OS¢tStS7, and.w=a, for <zt<0o. From Eqs. (21) and 
(22), we get 


SCC, #45 Hy to) = | oGL HU, 5) 1, £) e909 cde Son, fp) eB o, 


é 


(26) 
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where 
led? 
A(p, 7) =1+~-|: a w(c’) A( 4, =!) He, 2!) er Glee) get 
0 Tv 


9 
a 


1 


Ay’ 
Pp 


+ HH | 
, 0 


a 


) e7 1-7) Get Ya) du’. (27) 
In Eq. (27) S(#, 4%) and H(#) are respectively equal to those given by 
Chandrasekhar in R. T. Assuming w,=0, and writing | 
X (pf, vc; 71) =A(pr, £), (28) \ 
Eq. (26) becomes 


S(t, 715 By Mo) = \o(2)X(H, Tt, m1) X (Mo, 7, 73) EWC OCH de, (29) 


sO 


where 
T1 


re 
a Jo@D Xt, Peay Kuh cl 4) BF Gel 


X(/, cv; 7) =1+ 


do] eR 
Core 


(30) 


Eq. (29) is the expression for the forward scattering function in a finite in- 
homogeneous atmosphere, i.e. the scattering function in the case of monodirec- 
tional illumination of the surface ==¢. So far as we know, Eqs. (29) and (30) 
are new. The integral equation governing Eq. (29) corresponds to one of the 
functional relations for the reflectance operators given by Preisendorfer.” Eg. (26) 
with w(z) =a reduces to that given by Sobolev.” The derivation of the backward 
scattering function from the forward ones should be carried out based on a full 
knowledge of the functional relations between the forward and the backward 
stochastic processes of multiple scattering of photons. Then the problem will be 
reconsidered in our later paper. 

We are indebted to Professor S. Chandrasekhar, Yerkes Observatory, for his 
stimulating suggestion concerning the extension of the invariance principle. We 
express our gratitude to Dr. R. Bellman, The RAND Corporation, for his valuable 
discussion regarding the application of the invariant imbedding technique. 


Note added in proof: Our discussion concerning the application of invariant imbedding technique 
to the derivation of the stochastic equation for the probability distribution of emission in arbitrary 
stratification will appear in Journal of Mathematical Analysis and Applications (1960). 


740 


1) 
2) 


3) 


4). 


S. Ueno 


References 


V. A. Ambarzumian, Astron. J. (USSR) 19 (1942), 1. 

S. Chandrasekhar, Ap. J. 105 (1947), 151, 441; Radiative Transfer (London, Oxford Univer- 
sity Press, 1950) : hereafter referred to as “R. T.”. ‘ 

I. W. Busbridge, M. N. 115 (1955), 391; The Mathematics of Radiative Transfer, Cam- 
bridge Tract, No. 50 (London, Cambridge Uneversity Press, 1960). 

V. V. Soboley, The Transport of Radiant Energy in the Atmosphers of the Stars and 
Planets (in Russian), (Gostekhizdat, 1956); Astron. J. (USSR) 34 (1957), 336. 

S. Ueno, Ann. d’Ap. 22 (1959), 468. 

R. Bellman and R. Kalaba, Proc. Nat. Acad. Sci. 42 (1956), 629. 

V. V. Sobolev, C. R. (Doklady), Acad. Sci. U.R.S.S. 111 (1956), 1000. 

S. Ueno, to appear in Ap. J. 132 (1960). 

S. Ueno, Ap. J. 126 (1957), 413. 

R. W. Preisendorfer, Proc. Nat. Acad. Sci. 44 (1958), 323. 


* 


PI FON Ae 


741 


Progress of Theoretical Physics, Vol. 24, No. 4, October 1960 


Local Properties in Non-Equilibrium Systems 


J: Mz BLATT 


Research Institute for Fundamental Physics 
Yukawa Hall, Kyoto University, Kyoto, Japan 
Applied Mathematics Department 
University of New South Wales, Sydney, Australia 


(Received April 13, 1960) 


The development of a satisfactory statistical mechanics for non-equilibrium states has been 
retarded by the difficulty of making a-satisfactory definition of ‘‘local temperature”’, that is, 
a definition which does not depend on the very restrictive assumption of local equilibrium. 
We first define, for any subvolume 4V of the system, the “local statistical operator” W(4V), 
which can be deduced directly from the statistical operator (density matrix) U of the system 
as a whole. Next, we define a local entropy S(4V) and a local energy E(4V). ‘Finally, we 
introduce a new requirement for the macroscopic independent variables which define the 

macroscopic state of the system: such variables must be directly deducible from a knowledge 
of the present state (density matrix) of the system, without reference to its future time develop- 
ment, i. e., without reference to its Hamiltonian H. Of any pair of thermodynamically 
conjugate variables, at most one is permissible in the light of this requirement. In particular, 
volume, particle numbers, and entropy are permissible macroscopic independent variables; 
pressure, chemical potential, and temperature are not. These latter are permissible as depend- 
ent variables, only, unless the system happens to be in equilibrium. 


§ 1. Introduction 


In equilibrium statistical mechanics, entropy and internal energy are defined 
by 
S=—kTr(UInvU), (1-1) 
ee =gintd Ge oD Pee (1-2) 
where U is the statistical matrix for the ensemble, normalized to 
igi lip (1-3) 
and H is the Hamiltonian of the system. The temperature T is then defined 
thermodynamically through 
1/T=(9S/0E)r. (1-4) 
If the statistical matrix is the one appropriate for a canonical ensenible (iso- 


thermal system), i.€., 
U=exp|[8(F—-H)] (1-5) 
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then it follows that 7’ and # are related through 
B=1/er. (1-6) 


Recently, considerable progress has been made in non-equilibrium statistical 
mechanics,” particularly in relation to the “linear response”’ of systems to applied 
external fields. An example of such a linear response is the electrical current 
produced by an applied electric field, the response function in question being the 
electrical conductivity. _ However, when one considers such linear processes 
as heat conduction, or such non-linear effects as the production of Joule heating, 
difficulties of principle arise. These difficulties are connected with the concept of 
“local temperature” in a specimen which is not in thermal equilibrium. Mathe- 
matically speaking, we can find the statistical matrix U(t) as a function of time, 
at least in principle, but we do not know how to deduce from this knowledge 
what a local thermometer would measure. 

The conventional way out of this difficulty is to assume “local equilibrium ” 
to exist. Formally, the Hamiltonian H of the system is written, by the methcd 
of second quantization, as 


ee | H(2) dx (1-7) 
and the statistical matrix U(t) is assumed to be of the form: 
Ut) =exp || d°x8(x, DFO —H(@)|} (1-8) 


where F(t) is a time-dependent constant necessary for normalization according to 
(1-3). From the function (x, 4) we then deduce the local temperature T(z, f) 
according to (1-6). If 9(z, 2) is very nearly equal to a constant, then we have 
small deviations from full thermal equilibrium. 

The concept of “local equilibrium” can be generalized somewhat by allowing 
for a local stream velocity, for example in a flowing gas. In the neighbourhood 
of any given point in the material, one must make a transformation to moving 
coordinates appropriate to the local mean velocity @(z, ¢), and in these transformed 
coordinates the local statistical matrix looks like (1-8). This transformation shall 
not concern us in what follows. . 

There are objections in principle to this procedure. The assumption of local 
equilibrium is a very strong and restrictive condition, and it should not be necessary 
at all. It should be possible to define “local” properties for any system in which 
the properties in question vary slowly with distance. This condition is much 
weaker than the assumption of local equilibrium at all times. ¥ 

Indeed, even if we start at time t=O with a statistical matrix appropriate to 
local equilibrium, of form (1-8), the Kubo formalism” necessarily leads to a time- 
dependent operator U(t) not of the form (1-8), at times +0. The assum ption 
(1-8) is inconsistent with the equations of motion of the system. 
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As a simple example of slow distance variation but complete absence of local 
equilibrium consider a glass box exposed to sunlight. The photon gas inside the box 
presents conditions which are essentially constant throughout the box (or slowly 
varying if the box is of astronomical dimensions) but which are definitely very 
far from local equilibrium (i.e., local black-body radiation). All the photons move 
in one direction away from the Sun, at the speed of light. No matter what 
moving frame of reference we transform to, it is impossible to make any photons 
appear to move toward the Sun. Hence there exists no frame of reference in 
which the local situation. looks even approximately like thermal equilibrium, black- 
body radiation. Yet, local properties should exist. bee . 

In statistical mechanics, the entropy S is a simpler concept than the tempera- 
ture JT. The definition of entropy, (1-1), can be used directly for non-equilibrium 
systems, since no assumption is made about the statistical matrix U.” Similarly, 
the internal energy E is defined by (1-2) even for non-equilibrium states. How- 
ever, these quantities refer to the system as a whole, whereas in heat conduction, 
for example, we are interested in variations in the local entropy, energy, and other 
quantities. é 

The first purpose of this paper is to suggest a definition of localized entropy 
which is applicable to any system with slow distance variations, whether or not 
it is in local equilibrium; i.e., no use will be made of the assumption (1-8). 
The second purpose is to discuss, in the light of a new requirement, the nature 
of the quasi-thermodynamic independent variables which can be employed in non: 
equilibrium situations. We shall see, in particular, that a “local temperature ”’ 
is not a suitable independent variable, whereas local entropy is permissible. 


Ws 


§2. The localized statistical operator 


Consider a small volume 4V inside the box of volume V. Assume for sim- 
plicity that the number N of particles inside the box is given. The statistical 
operator U at any given time can then be expressed in configuration space, in 


terms of matrix elements : 


(2 22°" XN U| xy! x21: 2y') (221) 


and the normalization condition is, for identical particles, 
Te Ua lata d ay d an ater U| 2x12") =1. (2-2) 


(2-1) is of course symmetric or antisymmetric under the exchange of the co- 
ordinates (both primed and unprimed) of any two particles, depending upon 
whether the particles obey Bose-Einstein or Fermi-Dirac statistics. 

We now define, starting from (2-1), a Fock space operator W as follows: 
First of all, W commutes with the number operator 7(. In the subspace 7(=0, 


we define 
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Wea | dxdt ay dl ax tet U| 21 22"**Xy) (2-3) 
where the region G of integration is defined by the condition that all coordinates 
lie outside of the small volume JV but inside the box V.. That is, Wo is simply 
the probability of finding all N particles simultaneously outside the small volume 
wv 


In the space 7(=1, we define the operator W, by the matrix elements : 


Coy Net) ae SS | d' x,d°x3°--d® xn {41 X9°** Ln U| 21! 29°+* ty) (2-4) 
(N—-1)! 
RN-1 
where the region of integration Ry_i is such that all of 22, xs, ---, xy lie inside 


V but outside 4V; 2, and 2,’, on the other hand, are restricted to lie inside JV. 
The probability P,; of finding exactly one particle inside 4V, all the other N—1 
particles outside JV, is then 


Rar Wis \PatalWile). - (2-5) 
aly) % 
Next we consider the two-particle subspace 7(=2, and define the operator W, by 
the matrix elements : 


(a2l Wala a= a | A x3d° x4---d* Hy (11 Ly X3°**Ly| U| xy xe! Xg°-- Ly) 
Lj}. Ree 

(2-6) 
where Ry_2 is a region such that all of xs, 2, ---, zy lie outside 4V, and the 


free coordinates 2, x2, x;', and 2,’ all lie inside 4V. The probability of finding 
exactly 2 particles in 4V is then 


jae Se Wis |dia,\ d°x.(an2| Walnnae). (2-7) 
AV Ay; 

The higher-order operators W; are defined in analogy to (2-4) and (2-6), and 
describe the statistical situation under conditions in which exactly & particles are 
inside the volume 4V. The final one, Wy, is simply equal to U, (2-1), but 
with the restriction that all of 2, x, -+-, xy, 21', 29’, -~-, x must lie inside JV. 
This is of course a highly unlikely situation, and may be impossible if the par- 
ticles have non-zero size (hard core interaction). 

The Fock space operator W is defined by the sequence of operators W,, i.e., 


W 
(2| W,|21') 
(x Xs| Wlaas> : (2-8) 


we eee 


Wy| 2 oe! “s hy ca 


| 
ae 


\ {24 X91+* Ly 


+ 
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The operator (2-8) contains all the physical information about the ensemble ‘ob- 
tainable from measurements carried on entirely within the volume JV: W iis 
therefore the sum total of the “local information”. It is clear from the definitions 
so far that W is normalized to unit trace: 


AB Wier W,+Tr W,4+Tr W.+::-+Tr Wr=Hot hit P+: + Py=1. (2-9) : 


It should be noted that all the free coordinates which appear in (2-8) are 
restricted to lie within 4V. That is, the matrix element 


€ ay Xq5** 0y| Wel ar! 24 +-~2,') 


is defined to be zero whenever at least one of 2, --:, 2, lies outside JV. 

Although this definition of the localized statistical operator W is simple and 
intuitive, it is not always the easiest form for practical purposes. We now proceed 
to show how the operator W can be written in second quantization language, 
given any operator U for the whole system. 

We start by constructing two orthonormal sets of functions: The set ¢, (x) 
is complete in the volume 4V, and zero outside. ‘The set 7,,(x) is complete in 
the volume V—4JV, and each function is zero inside JV. The sum of these two 
orthonormal sets forms a complete orthonormal set for the whole volume V. — 

We associate creation and destruction operators a,", a, with the states ¢,(x) 
in the usual way, depending on the statistics of the particles. Similarly, we as- 
sociate creation and destruction operators 0,*, ,, with the states %,,(x). We define 
the occupation number operators : 


N,=an" an CZ * 10) 
and 


My = Om Oy (2-11) 


and we use simultaneous eigenstates of all these operators as our basic vectors in 
Hilbert space. The number of particles in JV is the eigenvalue of the operator 


N(4V)= > Nn. (2-12) 


The original statistical operator U for the whole volume has matrix elements*. 
i CN, Ny 3 My My--|U|Ny Ny; My My). (2-13) 
The matrix elements of the localized statistical operator W are then defined as 
follows:. The matrix element of W vanishes unless all the M,, and M,) are zero. 
In the latter case, 
iN, Nz-+: 5-0, 0, + | WIN! No’-+ 3 0, 0, «+> 
= ) (N,N: 5 M, M,-::|U|Ny’ No’: 5 M,™,:::>. (2-14) 


MM, M2 


* Here we need no longer suppose that the total number of particles in V is given. 


746 J. M. Blatt 


That is, W is the partial trace of U over the Hilbert space associated with the 


M,, operators. . 
It is possible to express (2-14) as an operator relation between W and U, 


without writing down the matrix elements explicitly. To do this, we introduce 
a second, formal set of creation and destruction operators, called B,* and B,,, and 
obeying the same commutation (or anticommutation) rules.as the 3,3, b,. We 
define the operator Q by 


Q= ae by Bin (2-15) 


and we note that the terms of this sum commute with each other, with either 
statistics. Furthermore, let -4( be the linear manifold of all wave functions ¢ 
which satisfy 


b-b40= 0s DBO (all 2) (2-16) 


and let P be the projection operator onto this manifold -4(. We then assert that 
there exists the operator identity : 


W=Pexp(Q) Uexp(Q*)P. (2-17) 


The proof of this assertion is straightforward: we expand the exponentials and 
make use of the identity 


P(B,,) "(Bz)" P= Pou, tmr Mu. (2-18) 
This leads to 
We PA(M, M,::-) UVA* (M, M,---) P (2-19) 
where 
FA a (Pass ; 
At (M, M,:::) 1 (ML? (2-20) 


This operator, however, is just the one which, operating on the vacuum state, 
produces a configuration with occupation numbers M,, M, ---.* Thus all matrix 
elements of (2-19) are identical with the results obtained from the explicit formula 
(2-14). 

The formal, labelling operators B,, do not occur in the original U, and the 
projection operators P on either side of (2-17) ensure that only the vacuum state 
for the BB, need ever be considered. 

Equation (2-17) is our general definition of the localized statistical operator. 

Although we have discussed the projection operation U—>W from the point 
of view of localization, it should be noted that it is actually more general, and 


* In the case of Fermi-Dirac statistics, the order in which the states m are written in (2-20) 
matters to the extent of a sign. No ambiguity exists in (2-19) since the Hermitean conjugate ope- 
rator A also occurs in (2-19). 
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may correspond to quite different ways of dividing the system into component 
parts. For example, consider an ionized plasma. It is conventional to distinguish 
between the ‘electron temperature’? and the “ion temperature ” of the plasma , 
the two can be very different in practice. If we let the operators a, refer s 
electrons, the operators b,, and B,, to ions, then equation (2-17) yields the pro- 
jected statistical operator for electrons only. Note that the projected statistical 
operator can always be defined, even if the electron-ion interaction is of major 
importance. The projected statistical operator may however be of limited usefulness, 


under such circumstances (see later). 


§ 3. Definition of local entropy and local energy 


We are now in a position to define the entropy contained in the volume AV. 
The local statistical operator W, (2-17) contains within itself all the information 
obtainable from measurements carried out entirely within 4V. The entropy within 
AV, S(AV), can thus be defined in analogy to the entropy S of the whole system, 
equation (1-1), by 

S(4V) =—kTr(W In W) =—2 S}TH(W, In W,). (3-1) 
(3-1) measures the amount of disorder (neginformation) observable from 
measurements within 4V, and we hereby propose this quantity as the definition 
of the local entropy.” . 

In the limiting case in which we take 4V as the full volume V, we get 
W=U and S(4V)=S(V)=S. On the other hand, in general it will ot be true 
that the overall entropy, (1-1), is given by the sum of the local entropies S(4V ) 
over all the cells 4V into which the volume of the box is divided. The extent 
to which S departs from the sum of the S(4V) gives a measure of the localiza- 
bility of the entropy in the ensemble under consideration. If the cells 4V are 
chosen so that each one contains many particles on the average, but is nevertheless 
small compared with dimensions over which the local properties change appreciably, 
then we expect the sum of the S(4V) to lie close to S. But no such choice of 
cells may be possible ; i.e., regions small enough to be locally uniform may contain 
too few particles on the average to make a statistical treatment meaningful, or 
else there may exist long range correlations. In such a case, the sum of the S(4V) 
deviates appreciably from the total S. : 

The definition (3-1) does not require any special assumptions about the original 


statistical matrix U. In particular, it is mot necessary to have local equilibrium 


in order to define a local entropy. 
The local statistical operator W can be used to define not only the local 
entropy, but other local properties of the system. For example, the local energy 


E(4V) contained in 4V is defined by 
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E(4V) =Tr(HW) (3-2) 


where H is the Hamiltonian of the system. 


There are some delicate points in connection with this last definition. First, iii Teh contains a 
sum of potential energies of pairs of particles, v(7;,j), then it may happen that particle z is in AV 
whereas particle 7 is outside 4V. Such interactions are not counted in E(A4V), and to this extent 
the sum of the E(AV) differs from E=Tr(HU). Unless v(7;;) is longranged, however, this is a 
surface effect which can be made small by increasing the cell-size 4V. If v(7;;) is the long-ranged 
Coulomb interaction, the energy can be localized only by explicit introduction of the electric poten- 
tial. 

The second difficulty arises in connection with the kinetic energy. The complete set gn(2) for 
the volume JV satisfies some boundary conditions on the boundary of 4V; for example, we may 
choose g,(z)=0 on the ‘boundary of 4V. Similarly, the complete set z,,(z) for the remainder of 
the volume, V-AV, satisfies some boundary condition on the boundary of 4V, and let us suppose 
for the sake of illustration that %,,(z)=0, also, on this boundary. Now a typical eigenfunction of 
H in the volume V does not vanish on the boundary of 4V. It can be expanded in terms of the 
combined set of functions ¢,,(x) and x,,(x), but the expansion cannot be differentiated term by 
term, and difficulties arise with the second derivatives in the kinetic energy operator. However, 
the errors which are made by ignoring these problems again amount to surface corrections only, 
unless a particular single-particle (or effective single-particle) quantum state is occupied by a macro- 
scopic number of particles; this happens in Bose-Einstein condensation. Thus local energies cannot 
be defined sensibly for a condensed Bose-Einstein gas. 


The projection U->W need not refer to localization but may correspond to some 
other division of the system into parts, as discussed at the end of section 2. We 


define UW to be the “ complementary ”’ projection, e.g., the projection onto the 
volume V—4V for the localization case, the projection onto the ions when U->W isa 
projection onto electrons, etc. We can then state a necessary condition that this 
division of the system into parts be of immediate physical usefulness: The sum 
of the partial entropies must be nearly equal to the full entropy : 


S(U) = S(W)+S(W). (3-3) 


This condition takes the place of the usual, more vague, requirement that the 
interaction between the two parts of the system be weak enough to “allow the 
definition of separate temperatures”. As we shall see in the next section, partial 
temperatures can not be defined in a satisfactory fashion. 

Considering the entropy, as we do here, as a measure of disorder or “ neginfor- 
mation”, condition (3-3) says that the separation of a system into parts is im- 
mediately useful if the information lost by ignoring the statistical correlations 
between the parts does not increase the disorder (neginformation) significantly. 

Although (3-3) is a necessary condition to have the division into parts im- 
mediately useful, we do mot consider it a necessary condition on the concept of 
partial entropies. If the two sides of (3-3) differ, then the difference is to be 
interpreted as an “entropy of interaction” between the parts; it is the disorder 
arising from the interaction between the two parts of the system. The situation 
is quite analogous to that of partial energies: We do not reject the concept. of 
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the energy of a subsystem, merely because there are also interaction energies be- 
tween subsystems. 

Condition (3-3) is a condition on the density matrix, not on the Hamiltonian. 
However, if we require that (3-3) be satisfied not only at time s=0 but also for 
some significant (compared to relaxation times) time interval thereafter, then (3-3) 
becomes an implicit condition on the interaction Hamiltonian. In the Appendix, we 
calculate a specific example, and mention two others, in which (3-3) holds even 
though particles can pass freely between the two parts into which the system is 
divided. Thus, although a weak interaction between the two parts implies (3-3), 
the converse is not true. 


§ 4. Non-equilibrium states 


In equilibrium thermodynamics, the macroscopic state of a system can be 
described in a number of different, equivalent ways. For example, we may specify 
the volume V or the pressure p, the temperature T or the entropy S, the number 
of particles N or the chemical potential ». This choice is purely a matter of 
convenience. The transformation from one set of variables to another is effected 
by means of the thermodynamic potentials. Let x and y be two thermodynami- 
cally conjugate variables, such as p and V, and let #@ be the appropriate thermo- 
dynamic potential for use with the variable z. Then y is defined by 


y= ie (4%) 
Ox 
where the other independent variables-are kept constant during the differentiation. 
A suitable thermodynamic potential exists for every reasonable choice of inde- 
pendent variables. For example, the free energy F=F(V, T, N) and the internal 
energy E=E(V, S, N) are the appropriate thermodynamic potentials for the in- 
dependent variables V, 1, N and V,S, N, respectively ; T is defined in terms of 


E(V, S, N) by 
Le (3) VN a) 


in accordance with the general rule (4-1), and in agreement with (1-4). 

The situation is completely different, however, in the absence of full equili- 
brium. It seems reasonable to require that the macroscopic state of a system 
must be deducible from its microscopic state, 1.e., from its statistical matrix 
U at time t, without reference to the time-development of the system, 28% 
without reference to the Hamiltonian H. For example, if the system is in a 
definite quantum state ¢ at time @, specification of the wave function pp sperities 
the state of the system; two systems with completely different Hamiltonians can 
nevertheless be in the same state ¢ at the particular time ¢. Of course, they will 
not remain in the same state thereafter, but the state at time 7 1s the same. If 
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this point of view is extended to statistical systems, which are described by a 
density matrix U rather than by a single wave function ¢, our postulate follows 
directly. We shall call a macroscopic variable state-determined if its value at time ¢ 
can be deduced directly from the density matrix U(¢), without knowledge of the 
Hamiltonian H of the system. 

Now any thermodynamic potential involves knowledge of the Hamiltonian. 
The internal energy E is the statistical average of H, see (1-2), and all other 
thermodynamic potentials contain /, for example 


rSh—TS. (4-3) 


We conclude from the general relation (4:1) that ¢f the macroscopic variable 
a is state-determined, its thermodynamic conjugate variable y 1s not state- 
determined. 

Since we must restrict ourselves to state-determined variables, for non-equilt- 
brium systems, the choice of macroscopic variables is no longer free. To be 
precise, of the pairs (V, p), (S, T), and (N, 4) we must choose V, S, N as our 
independent macroscopic variables. The other ones violate our basic requirement. 

Actually, this is quite well-known for the pair of variables V, p. In non- 
equilibrium states, the pressure is not a suitable variable, since more complicated 
stress systems are possible even in a system which is homogeneous and isotropic . 
under equilibrium conditions, such as a gas. Noone suggests using the gas pres- 
sure. as a suitable independent variable away from equilibrium. The “state- 
determined ”’ feature is also quite obvious: Knowing the distribution function of 
the gas molecules in phase space at time ¢ is simply not enough to determine the 
pressure which the gas exerts on the walls of the container. This knowledge 
must be supplemented by knowledge of the forces with which the gas molecules 
attract or repel each other, i.e., by knowledge of the Hamiltonian of the system. 
On the other hand, the volume is clearly defined, no matter what the Hamiltonian 
of the particles within that volume. 

Since the entropy of the whole system, S, and the entropy of a subsystem, 


S(4V), are obviously state-determined macroscopic variables, it follows that the 


temperature, overall or partial, is not state-determined, and thus local temperature 
is in principle an unsuitable macroscopic variable. This explains why it has 
proved so difficult to define local temperature: it just cannot be done! 

There exist a number of variation principles for the equilibrium state. For 
example, the Gibbs distribution (1-5) is the one which gives maximum. entropy 
S, subject to given internal energy E, volume+V, and number of particles N.” 
From our present point of view, it would be preferable to have .a variation princi- 
ple in which the “ given“ quantities are state-determined, and the quantity to be 
varied depends on the Hamiltonian. This is easy to find; we merely observe that 
E=E(V, 8S, N) is a thermodynamic potential, and hence assumes ‘its minimum 
value in equilibrium. The variation principle therefore reads 


wa es tala i 
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| H=Tr (HU) =minimum (4-4a) 
subject to 
ya SGC ANE S (4- 4b) 
Tr(HUYVEN, (4- 4c) 
Trey 1. (4-4d) 


If the number of particles is known, condition (4-4c) is replaced by the stronger 
condition that U=0 unless the number of particles equals the given value N. 

It is only with a “ state-determined variation principle ” that one gets a simple 
limit for the absolute zero. In our present context, the absolute zero is defined 
by the condition S=0. It is well known that this condition, when substituted 
into (4-4b), implies that U must be a projection operator onto some one definite 
quantum state ¢. (4-4d) becomes the normalization condition for the wave 
function ¢, and (4-4a) simply reduces to 


E=(¢, HY) =minimum (for S=0) (4-5) 


that is, the ordinary Rayleigh-Ritz variation principle of quantum mechanics. 

By contrast, the variation principle of maximum entropy for given E, cannot 
be used at all in the limit of the absolute zero. For we would have to specify 
the ground state energy E, which is a quantity we don’t know for a complicated 
system, and deduce the zero value of the entropy, which is really what we start 
from. 

The author would like to express his thanks to Professors M. Fierz, R. Kubo, 
T. Matsubara, H. Matsuda, J. E. Mayer, M. G. Mayer, and L. Onsager for valuab o 
discussions; and to Professor H. Yukawa and the Yukawa Foundation for making 
possible his visit to Japan, during which many of these ideas were conceived. 


Appendix | 
Local Entropy in an Independent Particle System 


As an illustration, we now determine the local entropy, contained *in a volume 
AV, of a classical independent particle system. Although the particles are in- 
dependent, the volumes 4V and V—dV can hardly be said to be in weak in- 
teraction ; particles continually cross the boundary between these two volumes, in 
both directions. Furthermore, we do no¢ restrict the initial distribution function 
in any way, beyond requiring no correlation between particles at time ¢=0. For 
example, the situation in which all particles are in one half of the box at time 
t=O, and thereafter diffuse freely, is included in this calculation. 

In the classical limit® the density matrix U becomes a density function in 


phase space, which we write in the form: 


Le J. M. Blatt 


Ny 
P (Pit --*, Dw Wn» t) iva If (be dir t). (A-1) 


This product form corresponds to the independent particle assumption; the function 
f(p, qt) can be specified freely at time ¢=0. The trace goes over into the 
integral : 


3N 3N : N 
te(U) >) PE (pg) =| A/a) apaaf (p,  D|=1 (2) 
N!(h)** 
so that the normalization condition on / 1s 
n*\d'p Pat (po) =1. (A-3) 
The total entropy in the volume V is given by the classical limit of (1-1), 
namely 
3N peas 
c= Al PENIS \rop eee en Tl) —kNa~*|a"p lg F lm fox (Ac) 
NAG 
We use the definition 
L(V)=h~\d'p d’qf |nf (A-5) 


and the Stirling approximation for In(N!), to get 
S(V) =—kN[InN—-1+L(V)]. (A -6) 


The notation S(V) serves to indicate that this is the entropy for the entire volume. 
In spite of the term NInN, S(V) has the correct dependence on volume, since 
L(V) contains a contribution —In V. The Liouville equation ensures that (A-6) 
is independent of time. 

We now project onto the subvolume 4V. The probability of finding a single 
particle in 4V, assuming that there are no other particles (i. e., N=1), is given 


_ by 


wr=h*|d°ald'p fp, a 0) (A-7) 


AV 
and we shall also use the notation 


e 


wmy=1—wi=h*\ d'q\d"p Fe, GD), (A-8) 


V-AaV 


The classical analogue of the projected density matrix W,, of section 2 is 
a ong qx 

nm » ***yPn Ins f) = rey 

Pn (Pi % Pn Qns t) Vina ions ? (Pity) 


Peay, 


ee N! —n /) / 
= Cyamitt LE Fe dw Coe 
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where the prime on the product indicates that all the coordinates g,; must lie 
within 4 V. Integration over the phase space of the m particles then gives P,, the 
probability of finding exactly particles in JV, as: 


N! N—n 


TL 
mi(Nonmi-- 


(A-10) 


me 


The sum of all the P, is unity, as it must be. 
The Tr(W,,1n W,,) which appears in the quantum mechanical expression for 
the entropy, (3-1), has the classical limit : 


\ ae ieee P,| In ( ae) +nL(4V) | (A-11) 

where 
Pst ee caxiy (a’pagflnf. — (A-12) 
\d°p d’gf J . 


4v 


We must evaluate the sum of (A-11) over all m. As a result of the factor P, 
in front, there is a sharp peak at the expected value of 2, 


n(4V) =w, N. (A-13) 

Using Stirling’s approximation, and replacing wo=(N—7) /N by (N—n)N, we 
get 
N! wo” 
(N—n)! 
A detailed analysis shows that the error terms in (A-14) are negligible after the 
summation over 7. The result for the local entropy therefore is: 

S(AV) =—kn (AV) (In N—14+L(4V) ]+Order (1). (A-15) 


Unlike the total entropy (A-6), S(4V) is time-dependent, both through the factor 


n(4V) in front, and through the quantity L(4V). 
By interchanging the roles of 4V and V—4JV, we obtain for the entropy of 


the complementary volume : 


S(V—dV) ——kn(V—AV)(In N—1+L(V—4V) ]+ Order (1) (A-16) 


In ~n(nN—1) (A -14) 


where the notation is obvious. 
Although both S(4V) and S(V—4AV) are time-dependent, it follows from 
(A-15), (A-16), (A-13), and (A-12). that their sum is time-independent and 


equal to the total entropy computed directly : 
S(AV) +S(V—4V) =S(V) + Order kl). (A-17) 


This result may appear quite surprising at first sight. For example, if the par- 
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ticles are initially all in one half of the box, and 4V and V—4V denote the two 
halves of the box, (A-17) shows that we do not get the extra term kN In 2 in the 
entropy, expected in final equilibrium. 

The derivation of (A-17) depends on the independent-particle, and classical 
character of the system. We do not know the general conditions under which 
(A-17) holds. However, we know of two other systems-for which entropy is 
additive. 

(1) A classical gas of repulsive, infinitesimally small spheres, constrained to — 
move along a line. Since a collision between two such mass-points merely ex- 
changes their identity, this system is equivalent, in statistical mechanics, to a 
one-dimensional ideal gas. 

(2) A quantum-mechanical, fully condensed ideal Bose-Einstein gas; all par- 
ticles are assumed to occupy the same single-particle quantum state, but the state 
in question is not assumed to be an eigenstate of the Hamiltonian, so that the 
system changes its properties as time goes on. The total entropy S(V) is of 
course zero, and the sum of the partial entropies is non-zero. But it can be shown 
that this sum is only of order In N, and thus of no consequence in statistical 
mechanics. 

The division of the volume V into cells is a “ coarse-graining ’’ process. From 
the point of view of coarse-graining, then, the equality (A-17) shows that, for 
these three systems, coarse-graining in z-space alone is not enough to hide the 
memory of the initial distribution function. 

From our present point of view, however, it is more interesting to observe 
that (A-17), and thus its equivalent (3-3), holds for several systems in which 
the different cells are by no means 1solated from each other, even approximately. 
Particles pass freely between cells, yet the entropy is additive except for negligible 
terms. We coclude that, although a weak interaction between cells implies addi- 
tivity, the converse is not true. 
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We investigate whether the nuclear potential in the many-body system is the same with 
that in the two-body system or not. At first sight, it seems that the nuclear potentials are 
different in these two cases, because the momenta of mediating mesons are limited due to the 
Pauli principle in the case of many-body systems. It is concluded, however, that the energy 
of a nucleon gas can be calculated correctly by using the T.M.O. potential which is con- 
structed under the assumption of the existence of only two nucleons, and that extra many- 
body forces must not be introduced into the system in addition to the above two-body 
potential. For simplicity, we consider an idealized nucleon gas which interacts with a 
symmetrical scalar meson field so weakly that the perturbation-theoretic treatment is justified. 


§ 1. Introduction 


Various theories have been proposed up to the present about the meson-theo- 
retical construction of the nuclear potential between two nucleons.”-” . For example, 
Brueckner and Watson” constructed it by calculating the Feynman diagrams shown 
in Fig. 1. It is, however, very doubtful to apply such a potential which is deriv- 
ed in the presence of only two nucleons to the study of many-body systems, be- 
cause the momenta of mediating mesons are limited due to the Pauli principle. 
(The virtual nucleons represented by bold lines in Fig. 1, for example, must be in 
unoccupied states, consequently the momenta of the mesons in those figures cannot 
be arbitrary.) It is the purpose of this paper to resolve this doubt. 

In §2, we calculate the energy of a nucleon gas without introducing any 
nuclear potential, that is, by considering the meson field explicitly. For simplicity, 
we here consider the nucleon gas which interacts so weakly with a symmetrical 
scalar meson field that the perturbation-theoretic treatment is meaningful. (Such 
a system, of course, collapses. But it is not the purpose of this paper to discuss 
the saturation of the nucleon gas. We assume that the density of the nucleon gas 
is kept at an appropriate value by the origin other than the particular properties 
of the interaction, for example, by confining the entire system in a completely adi- 


| abatic box.) In §3, we calculate the formal expression of the energy of the 
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——_— |\_ nucleon gas without using any meson field explicitly, that 
_ is, by introducing a nuclear potential. Comparing this 
eee ee ee 


expression with the energy in the previous section, we 
decide the nuclear potential which gives the energy of a 


cate sa nucleon gas correctly. As the results, it is shown that 
is Tet Neches tev G, potential which is derived from the two-body 

problem gives correctly the energy of a nucleon gas, if 
yi iv we use the renormalized value for the coupling constant, 
os / ‘\* and that the introduction of extra many-body forces is 


PPE nian eeratns prohibited within the present approximation. 


used by Brueckner and 
Watson. In this paper, the § 2. Energies of a nucleon gas 
time progresses from the 


pee pope let The Hamiltonian of our system is 


H= Hos, (1) 

Hg > bi, dg ap er Stalag Oya (2) 
a s ss 

a= 27300, [ (41 Tz\ts) an+¢q,t1 4p,to byitc.c.], (3) 


where a),, and a,,, are the usual creation and annihilation operators for nucleons 
and b;., and &,,; are those for symmetrical scalar mesons, p and q are wave vectors, 
t stands for the isotopic spin state of a nucleon, z for the charge state of a meson, 
.v is an isotopic spin operator, E,=p’/2M, w,=V @+/2, M and pare, respective- 
ly, the mass of a nucleon and a meson and % is the’ unrenormalized coupling con- 
stant. We take i=c=1. We confine the entire system in a cube with a volume 
2 and require a periodicity condition on the surface. For simplicity, we do not 
consider Pauli spins but isotopic spins only. So, two nucleons can occupy an 
energy level. 

Regarding H) as the unperturbed Hamiltonian and H, as a perturbation, we 
calculate the ground-state energy of the nucleon gas. In order to avoid the diffi- 
culty of divergences, we concern ourselves only with the difference between the 
energy at the density in question and that at the low density limit. It is this 
difference to be observed as the binding energy. 

There are two processes in the second-order as shown in Fig. 2. The value 
of (a), however, is zero because of r-spin. The value of (b) is 

2 
£0 = lo S3(\p < pr; |p2| < pr) den Lies (4) 
aa © pi-pa 
where we have already subtracted a constant which is independent of the nucleon 


density and neglected the terms of O(#?/M’). In Eq. (4), pr is the momentum 
of a nucleon at the Fermi surface. 


sth falls 
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pet Ea Ty ea } is eA \2 1 i \2 
SR eS oe NE  Sev shes 
1 ‘ey eal, pe 2 De S 
(a) (a’) (b) (b’) 
—_— 
Pink p2 ae ed 
\ ea os Bate Aq nil 2 AM 2 
} telemsicaedeociaos pene ar aa ie eee 
pi pi , 
(a) (c) (c’) (d) (d’) 
Ei = ee 
Sy SEIN Ver ee, Pie pot+q 
2 2) AES 2 Bota SE a 
a va / se ee Majo iB 
PGS ——— ny <1 a a 
/ \ 1 1 1 it p2+d p2 
eee (© @) @ @ 
(b) 
Fig. 2. Second-order diagrams. ee 2 joa arene 2 % stag 
os . mis : N « 
il 


1 1 ite if 
(h) (h’) (h”) (h”’) 
Fig. 3. Fourth-order diagrams. (/) means the ex- 
pansion of the energy denominator in the second-order 
self-energy. 


The fourth-order processes are drawn in Fig. 3. The diagrams of which the 
values are zero are not drawn there. 

As an example of calculations, we first consider diagrams (a) and (a’). Ex- 
panding them with respect to 4/M, we have 


Be + Ey i) = (E% ae Liat eo) Hee 6 pe + Eu See Non-ad Si O (4/M) > (5) 


eae >) CUpl<py | p2| < pr, \|pitq|> pr, |p2+q| > pr) 


Li P1,P2F 


Ci, ad + Eu >) idea 


1 
: (6) 
* oq: (q+pit+ Pp») | 


cee 
(Ey! + Eas") xonaa=—2— 3} (|pil <Prs [pil < Px [Pst | > br Pot al > Pv) 
q 


QD pi.Po9 


Ses (7) 
Wy 6 
Eq. (6) corresponds to the repetition of the second-order adiabatic potential [c.f. 
Eq. (15)] and Eq. (7) is a nonadiabatic effect. 
As another example, we next consider the fourth-order self-energy (diagram 


(é) oo) Lis 18 
4 
j E®=—2 9 yy (pl<pe |pta|> bn p+at | > pe) 


2 DP pad 


1 i) 


Wg Wt (Wg + Og) 
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This energy contains a constant part which does not vanish at the low density 
limit. After Se aie this constant, we have 


£032 92S) (pl <p Ip <p) {9 —— ae 
: 2 Q pipe \ Wy (yh hs Og Op-pao 
Dp halen hi i ace (9) 
We wares (0, 40. sy 
9 1 Lg 
9 9 5 (\pl<pp Ipl<pnlpt4l> ee) —— 
“i 9 : Gere ml Cpr, |po|<pr, |pit | > pr Wy Sp vote Og-+ Wa sbagey: 


We do not write out the values of the other diagrams, because we can calcu- 
late them very easily. In all of them, the meson momenta are limited as in 
Eqs. (6), (7) and (9), but the sum of all fourth-order diagrams is 


4 
ho = 20S (|pil <pr,. |pol<pr, |pit4|> px, |p2+4|> pr) 
p>) Pi; Pa, qd 
2 1 ) 
x =e : 
| oq: (qtptp)] 02 smd: (q+pit ps) |! 


or RLS? {lp <pr, |Pa| <pr) 
QD pire 


sire ea ga Sree ah : Saetete!): 


3.2 ieee} 3 
0g Opy—po Vg Uqemtp, Oq+ prt ps (Wg + Op spat) 


and the meson momentum is not limited at all in the term which is independent 
of M. . 

The first term in the curly bracket in Eq. (10) is divergent, but this term is 
proportional to E®. Performing the charge renormalization, that is, substituting the 
renormalized value gy for 9%, we may drop this term. 


§ 3. Nuclear Potential 
The above system is described alternatively with the Hamiltonian 
2 
HEROS i has Ess 11 
72M nee 
where U is a nuclear potential with the force range~p. Regarding U as a 
perturbation, we calculate the ground-state energy of the system. 


If U is expressed in terms of a coupling strength g°/ 4a and of a ratio u/M 
as follows, 


2 2 
u=L4 fy (4) ” } 
re: eines ieee 8 Vi vit 


+(£)' jut Hal + (HV all pe b ste 
Ax M M ‘ 
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the energy of the system is 


fee ied { } ff v! L- ; ” 
E=(K)+ oe ee >+ (4) iv y+ 


a ia) ae v(1/a)v)+<utv(1/a)v'+v! (1/a)v) 


+1 (al-+o(1/a)o"-+0" (V/a)ote'(1/a)e'y ++, (13) 


where (A) stands for the expectation value of A in the ground state of Hy and 
1/a=(p/M)[(K)—K]” (14) 


which is an operator of the order of unity owing to the factor 4/M. 

By comparing Eq. (13) with the energy calculated in the previous section, 
we can decide the nuclear potential uniquely. In the first place, by comparing the 
g?/4z-term in Eq. (13) with E® [Eq. (4) ], we have 


2 2 ile (9 —9 
g A Bios. 1 1 g (n) , (mS et On a 
UV =I Tey be Nas ae 
Ar Dp) nim Q Te w ms 
il gy? ; eh enm 
le |e (15) 
2 nim Ar Vaden 


where Rim=|Ta—Pn|- 
Then, comparing the (g?/4z)-term in Eq. (13) with E® [Eq. (10) ], we have 


( - y “= — pa GF 5 ross] 1, Ue at bee: -") 


Az nem (2? he Fal Wp Why ky Vk (On, + Oty 
2 \ 2 
Do ple |- (= ye? . 7m) 8 Te (UR) ; (16) 
2 n=m At 4 Nee 


where K, is a modified imaginary Bessel function. 
Thus, the two-body potential which gives the energy of the nucleon gas cor- 


rectly to the fourth-order is 


g? e7#hs aii g ) Se Ke (2uRia) | (17) 


Us=r0-79| — ‘ 
Ar Ris 4c/ Ris 


This is just the nuclear potential of Nishijima-T.M.O. type, but not that of B. W. 
type. By the way, the B. W. potential for the present simple model is 


2 —pRi2 2 \2 —pRig 
RS +(4 gee £ Ky (4Rw) 


-W. 2 
UP =7®- 7! [= 


Ar Ry Ar 7 12 
pa ( gy y 8 Ki, (2#R») | 
Ar us Ris 


+[-(2 ) 6 oi Ko (PRs) |. (18) 


Az w 12 
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§ 4. Conclusion 


We here have analized perturbation-theoretically the energy of a nucleon gas 
which interacts with a symmetrical scalar meson field and have obtained the con- 
clusion that the energy can be calculated correctly with the T.M.O. two-body 
potential. 

In many-body systems, the momenta of mediating mesons are limited on ac- 
count of Pauli principle. So the interaction in its proper sense is modified. But, 
the mass and the mesonic charge of a nucleon are changed at the same time. 
Moreover, many-body forces arise [(7) in Fig. 3]. These shifts are canceled by 
each other as a whole. The net energy can be calculated with the T.M.O. two- 
body potential. 

Thus, in many-body problems, we must be careful to introduce any extra many- 
body forces, if we use the ordinary two-body potential.At least, it is a mistake 
to introduce the three-body force of the g*-order into the present simple system. 
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If one quantizes with conventional methods the classical internal motion of the hyper- 
spherical (Nakano) relativistic rotator, the relativistic Hamiltonian splits into the sum of two 
complex conjugate spherical complex three-dimentional rotators. The corresponding excited 
“levels” also split into fine structure states, each “level” being naturally associated to a 
vector space irreducible under complex transformations isomorphic to the full Lorentz group. 
It finally turns out that every state is characterized by a set of quantum numbers with which 
we can classify typical families of rotator levels. 


Introduction 


In a recent paper” in collaboration with T. Takabayasi we have developed 
the classical theory of relativistic rotators on the basis of Lagrangian and Hamil- 
tonian formalism and stressed its connection with bilocal theory. This raises 
immediately a new problem: What happens when we substitute relativistic rotators 
for point particles as possible starting point of quantum mechanics ? As we shall see 
it turns out that the exploration of this problem raises many difficult questions, 
but may also open far-reaching perspectives on the nature and physical interpretation 
of quantum mechanics itself. 

However, in order not to confuse the picture, let us make a few preliminary 
remarks. 

The first is that we consider this paper as a very simple first step towards 
the complete understanding of the preceding problem. 

The second remark is that we shall now voluntarily and systematically leave 
aside all problems of physical interpretation (which shall be treated in subsequent 
papers). The reader will find here only some mathematical consequences of the 
formal application.of conventional methods of quantization. We only wish to say 
at this stage: 

a. that we shall connect these rotators with real physical properties of the 

“ subquantum level of matter’ recently introduced” as a necessary consequence 

of the causal interpretation of quantum mechanics ; 


* To be submitted shortly to the Physical Review. 
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b. that we aim to justify later this conventional procedure on the basis of ma- 
terial properties of this subquantum level (such as continuity and pulse-like 
motions) so that its utilization is not necessarily connected with the usual 
difficulties of present field theories. 

Now let us return to our problem. As one knows the passage from a line 
classical Hamiltonian H(//,', q{) for the corresponding operator (acting on the 
wave function%) is realized by substituting operators —jh-0/0q; for the conjugate 
momenta //,‘= (0/093) L(q., 9G) associated with the classical Lagrangian Tdi ar) 
or alternatively by replacing Poisson brackets [//,*, g¢|=—1 by commutators : 

(ile Ga |= — gle 

One must remark here, as Méller and Synge” have shown, that when one 
operates in Minkowski space a distinction must be made between the imaginary 
quantity 7(j?=—1) utilized in the quantization procedure and the usual 7(7°=—1) 
which is naturally introduced in the theory by the very nature of four-dimensional 
space-time. Indeed, when we introduce relativistic Euler angles the theory will 


_ be closely bound to the quaternion group (with complex coefficients) and we shall 


show that z and 7 can be identified with two of the three classical quaternionic 
units. 
To illustrate this procedure we can apply this method of quantization to the 


classical point particle. As we have shown” the line Lagrangian associated with 
its motion can be written: 


aa MX, x 
ap ee pep: 
2 


If we therefore substitute —jh-0/dx, for G,=0L/02z, in the relativistic 
Hamiltonian, 


i= 5, G,G,= —me, 
m 
we get 
Hao ay 
2m” 


where [] is the dalembertian and the corresponding wave equation just reduces 
to 


(O—72’) 9=0 
with 2%’= (m*c?/h’), that is, the usual Klein-Gordon equation. 


If we start now from a Nakano rotator* one can show that its internal 
Lagrangian with the use of a moving tetrad pe 


* Various types of Lagrangians implying a constant rest mass are possible. One of these pro- 
posed by one of us (J.P.V.) takes the simple form Litota) =Lnx+L with Ly=arb,rx,,+ 
(4/2) (x,,t,+02) + pat yo? where a”(r=1, 2,3), 2,0, w (and Ay) are Lagrange multipliers. 


siete lit = Bd 
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1 
L=— “4 Tap Wap + Aw (o be On) ? 


(Wapg=bei bs, I: moment of inertia) 
discussed in our first paper leads,” when we introduce as new variables relativistic 
Euler angles to the Hamiltonian : 


1 
je ra (ey Dee +.8,7 Te hs k~1, 2, 3 


where the S;* are defined as projections of the angular momentum Jw., (expressed 
in terms of these new variables) on self-dual tensors associated by Einstein and 
Meyer to the moving tetrad. As we have seen, this Hamiltonian splits into two 
complex conjugate parts associated with complex conjugate three-dimensional com- 
plex rotations. According to our program, our present objective is just to analyze 
some mathematical aspects of the conventional quantization of this. Hamiltonian 
using these new basic variables. This is an important point since the result of 
any quantization procedure may vary according to the system of variables chosen. 
In the point particle case we used x,, thus obtaining a wave in space-time. With 
relativistic Euler angles we quantize the tetrad orientation directly.*, The quantum 
levels obtained in this way evidently correspond to what we can call “internal” 
states to distinguish them from the quantum “ external” states associated with the 
motion of the tetrad’s orign x,. This latter question or more precisely the problem 
of the quantization of the motion of x, associated with given “ internal ” states 
will be discussed in a subsequent paper. 

This quantization will be done in three steps. In the first section we shall 
briefly discuss the new variables, the so-called relativistic Euler angles, which 
shall greatly simplify our quantization procedure and give the explicit form of the 
new Hamiltonian operator. As we shall see the theory will be invariant under 
the full group of complex conjugate three-dimensional rotations isomorphic to the 
full Lorentz group. 

In § 2, we shall study the corresponding “ eigenfunctions” and summarize 
certain mathematical .results established by two of us (P. H. and J. P.:V.)” 

In § 3, we shall study the connection between the new “ internal” quantum 
rotator levels and irreducible representations of the complex threedimensional 
rotation group, connection which leads to a classification of these excited levels. 


§1 
According to this program, let us first transform the Lagrangian with the 
help of the relativistic Euler angles : 


* This quantization can only have a clear physical meaning if this orientation is quantized with 
respect to a kinematical frame a, attached to the moving body. Such a frame can be determined 
for example by the principal axis of dilatation introduced by Fukutome. In the rest of this paper 


however we only assumed that the @,§ correspond to a well defined frame in which Lyo¢q2) is given. 
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w= {0", 9°, $}, 
wo ={,9,9}, 
with 
QP =G1 + 12, 
67#=0, +103 


pt = by ae 19h, : 


The real quantities ¢,, 4: ¢,, represent the usual space Euler angles, while 
i@., 102, i’, represent hyperbolic angles (varying from —©o to eee expressing 
pure Lorentz transformations. The physical interpretation of these six angles is 
clear. If one starts from a fixed tetrad’ af we can determine the orientation of 


the moving tetrad b{ which defines the relativistic rotator by a homogeneous 
Lorentz transform : 


[ete / ete Reema gens Weal er 


where the A‘ are functions of w* and w~ which we have given explicitly in a 
preceding paper.” More precisely, if we associate to the tetrads a; and 6; complex 
self-dual antisymmetrical tensors : 


Die SDS bg AO Oy OD.) 
and MCE ay el Bg Ay Oh hg) Ts BPE ee 
we can show that their space-like parts: 
Be =by bE — bf by + Eig bg bf, 
A= ay af—alagt+&y,,a/ as r~1, 2;3 i,7, R~1, 2,3 


behave exactly like three orthogonal unitary complex vectors B” and A” belonging 
to two complex conjugate three-dimensional spaces F*. 

Indeed, one can show” that under a homogeneous Lorentz transform defined 
by the six Euler angles, the A”* transform into the B”™* in E*, according to the 
complex three-dimensional rotation defined by the Euler angles w*; while A’- 
transform into B’- in E~ under the rotation determined by w~. We note here 
that in the non-relativistic limit BJ*—>b% and A%+—>ajZ so that the classical limit 
of our Nakano rotator is just the classical spherical rigid body. 

If we consider an observer in the frame Bz* or B;- he will see Bg*=B7- 
=b;, while an observer in the frames A7* will see A%*= ; =az; so that. the 
preceding formulas just correspond to the relativistic transformation of orthogonal 
three frames. Mathematically, this implies that if we define in ordinary three- 
dimensional space three fixed unitary vectors:af and three moving unitary and 


orthogonal vectors bf we can determine matrix elements Ag as functions of the 
three real Euler angles w= {0, ¢, ¢} by the relation 
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he = Anavier, sl, 23. R~ 13.2, 3 
(with Aj =Aj(w)), we have 
id ha eee Wee 
Be Slo At: 

We are now in a position to quantize H. But before we do that, in order to 
clarify our procedure, let us briefly recall certain well-known results of the quanti- 
zation of the three-dimensional rigid spherical rotator, or rather the quantization 
of its rotational motion, when we leave aside its radial behaviour. 

If we characterize this rotator by a moving frame of three orthogonal unitary 
vectors by and depict their orientation with respect to a fixed frame a; by three 


Euler angles 0, ¢, ¢, the classical rotation Lagrangian associated to the spherical 
case becomes ([=moment of inertia) 


il ) rLr 
ar er a b; —0,;), 
where 4; = bj, 


or = a Ibj b+ 1ij (bi 67 — 9:5) , 


L== (+04 +426 ¢ cosd), 


with G=dG/dt, when expressed in terms of Euler angles. Introducing the 


canonical momenta po=9L/20, py=OL/¢ and py =dL/ d¢ we obtain for the 
projections of the angular momentum S on both frames certain functions of 9, ¢, 
{, po Px and py. Let us call 


S, the projection of S on a;, 


S,/ the projections of S on 0, 
I 
where Se = Tw; — aay Ein Osh . 
We discover after a simple calculation that the Hamiltonian becomes 


1 1 
Sah Gees es a Sc 
hy) aaa 


The quantization is performed as usual. Replacing ps, Py Py by —jh-0/00, 
—jh-d/dg and — jh-9/d¢, we get for the projections of S on a; the operators J 
defined by the expressions 
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fa) 4 Cosy 0 ) 


; fo) 
ae Fs ek RES: r pete 
if in| sing cos P cot io sige 


J,=—jh ae cotd a ei g 7 > 


dp ~—s sind = Os are 


Ign ee | 
ag” ) 


and on bf the operators J; with 


fe) = See 


ape! fe) 
Le a 
J/=—jh (sin a +cos¢ coté ad sind 89 


: ) ‘ in ¢ 
Jo=—jnh (cos —sing cotd . ae 2 (1b) 
fC) 
J./=—jh : 
3 J Od) 


These operators are exactly proportional to the infinitesimal rotation operators 
associated with the directions a; and b;. We see also that the quantized Hamil- 
tonian becomes 


ae 2 


with Gh JI gies fe. 


We know also that these operators satisfy the commutation relations of the 
three-dimensional infinitesimal rotation group : 


LJi, JJ=—jh Jn 
[Ji, J/J=—jh dy, 
[Ji, Jy]=0, 

besides [H, Js]=[H,, Js']=0, 


and then we obtain the angular part of all eigenstates by the simultaneous eigen- 
functions of 


Ge one fa 
that is, the set Y,””"(w) satisfying 
TYP" (w) =10+41) Yr" (o), 
Jy VP" (eo) = er Gian 
Js Ye" (a) =m! Yr (w), 


where we put #=1, 


=F = 
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with be 2 lO) carer cst Itt = — 1 Ld os PL, Ly 
and 

—mtm! —m—m! —m 

YP" (eo) = (sin =) (cos | eed aptact 
2 d (sin) 
2 
l—m! l+ml! 
x | (sin’ 4) (cos* 5) i ‘nee (2) 
2 2 


(corresponding to the well-known energy levels /(/+1).) We know moreover that 
when we fix J and m’, the set Y7»"’(w) determines a subspace of the classical 
Hilbert space which transforms into itself under an irreducible representation DD) 
of the three-dimensional rotation group. 

We are now in a position to quantize H. As we have seen in a preceding 
paper” if we replace d/dt by d/dz the scalar relativistic Hamiltonian H splits 
into the sum of two complex conjugate Hamiltonians, 


1 i f Ss fs 
TROT (MipMist+ MieMase) 
a Be Bea BAB *) 

oT k k k k 


—H--- He. 


That is exactly the sum of the Hamiltonians of two complex conjugate three- 


dimensional rigid rotators (with d/dz replacing d/dt). We have shown also that 
:f we call Sz the projections of the total angular momentum M,} on -AjF, thatiis, 


Sit = Maple» 
and similarly the projections on the moving frame 
= Map Vee» 


we have 


Pied (3 Sie Seesaw) 
2] 
=<; (Sissies), 


where S# and S;* are exactly given by the three-dimentional usual relations when 
we replace w by w*. This is remarkable since S;° and S;* depend only on Ww’, 


while Sg and S,;~ are the same functions with w~ replacing o”. 
As stated before, we perform the quantization by substituting the operators 
—jh-d/dw* for the quantities p,+=9L/dw*. This replacés the quantities S;* by 


the set of operators : 


\ 
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+ 2 . rs a oe a /] aL COs g* E= x 
ta —jh —sing 0/00 —cos 9 cotd 0; 0g ie fae 0/d¢ a 
sin 


; 5 = 
J on (cos g* 0/00*—sin g* cotd* 0/dg* igen 0/ ay) ie (3) 
sin 


Jie = — jh 0/89*, 


which are proportional to infinitesimal transformations conserving bivectors AL an 
space-time (or infinitesimal three-dimensional complex rotations around A;* in E*), 
while S;+ become 


F!*= — jh (singe 8/90" + cosy* cord a/ay*— 255 9/ay), 


| 
J+ = — jh (cos 8/20*—sing* cord* a/ay=+ 4" ayagt), 
sin#* | 


Jjt= Sh 0/agb*, 


having the same signification with respect to /"* and B;*. These operators 
satisfy the commutation relations of the three-dimensional infinitesimal rotation 
group, that is, 


[Jt Ji ]=—in Jet, 
BPs hehe 


This is not astonishing since they are associated with complex rotations in 
E* isomorphic to Lorentz transformations in Minkowski space-time. We find also 


[Jes Js J=[Je, Je J=[Je*, Jy J=0. 
Besides [H, J;*]=[H, J,'*]=0, 
[ides || as ie =O. 
Introducing further the operators 
(IT?) RC)» esl cd fared ae 
(ois as (Ties) a) goed pee eee ee 
satisfying the commutation relations 
[(J*)*, Js*J=[(J*)?, Ja*]=0, 
[(J-)*, Js J=[(J-)’, Ja-J=0, 
[(J*)*, (J-)*]=0, 
we see that the quantized Hamiltonian becomes 


H=H*+H- 


i,j, k~1, 2,3 


alt 
mich. CS Sr de see 
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HT* commuting with H~. Naturally this implies, if we generalize the usual 
three-dimensional procedure, that the “levels” of the hyperspherical rotator are 
products of the eigenfunctions Y"*:”’*(w*) of the three operators J;'J;', Js*, Ja!* 
by the eigenfunctions Yer or) Dig wedgedarand we? With 


? 


m+ om te m-~ om! 
Jee Meo. Cas) [12 0441), YI * (wt), ) 
m+ mi +t ™ m! 
ee (hme YEO Cet), (5) 
' m=, mi + / ™ m 
JY" (a*) =m'* YE (e), (we put here #=1) 


oe aye eas Gees WS rer 
m*, m~=—1*,—l*+1, ---, 1*—1, I*, 
m'*, m= —14, —1F41, +, E=1, I. 


However, if we impose on H the physical condition that it is a scalar under 
transformations of the full complex rotation group (that is, including reflections 
through the origin of the moving frame) we are led to associate the “ angular ” 
part of the eigenfunctions with simultaneous eigenfunctions of the six commuting 
operators 


JE AS Pa NA fess Fol) Pet Der my cme 
with Soe i) 


As we shall see in the next section these are linear products of the Y2 2 @) 
and ee eas) multiplied by suitable Clebsh-Gordan coefficients. These eigen- 
functions which we shall denote Lit} w) constitute the four-dimensional 
generalization of the levels of the three-dimensional rotator. They satisfy trans- 
formations of the full complex rotation group and will now enable us to study 
the internal level classification of our relativistic rotator. : 


§2 


According to our program we shall now recall certain mathematical results 

concerning the eigenfunctions of the operators defined in the preceding section. 
No detailed mathematical proofs shall be given here since they have already been 
published in specialized papers which will be quoted as references and can be 
consulted if necessary. Such a summary is however useful as starting point for 
the quantum theory of relativistic rotators. The following theorems can be 
established : 
Theorem I: If one considers the set of operators J3*, Js’*, Jy J’, it is possible 
to find a denumerable set of eigenfunctions Ym (wt) satisfying relations (5) 
where the eigenvalues /* may take all real integer or half-integer values: 9, es 
1723/2, --7;) the associated values of m* and m’* being distributed over the set : 
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a) Pe dante hd 


We shall now make three remarks. | 

This theorem is evidently the generalization to complex three-dimensional 
rotations of the usual three-dimensional theory. 

As we have shown in the preceding section, any Lorentz transform on the b; 
frame induces two complex conjugate rotations of the B;* frames (defined by w*). 
Both groups (Lorentz transformations and complex three-dimensional rotations) 
are locally isomorphic. 

The explicit form of the eigenfunctions has been given by C. Van Winter.” 
We get 


oe +/+ gt = it sont i mt 
+ oo /+ - i] FUL Te tr lg d 
Dior am (BED (sin (cos “) - een se 
Z 9 t 


a 


a / 
x | (sin’ G* pes (cos? a BS | ed lmtgt ym! *o*) 
2 2 


and two of us have shown (P. H. and J.-P. V.)®” that they constitute the only 


possible set. Of course, we have the same theorem for J;°, J’, Jeg Ji. 


The second remark is that if we fix 7*, J- and m’*, m’~ the set Y,%"'""* (w*) 
ym > (w-) builds a vector space which transforms under an irreducible repre- 
sentation S(J*, 7-) of the three-dimensional complex rotation group. This result 
is a straightforward generalization of the classical three-dimensional theory of the 
rotation group. To show this it is enough to recall that if we describe a classical 
rigid rotator by three real axis (with components b7) and determine their orien- 
tation with respect to a fixed frame a; by three real Euler angles, the components 
of the angular momentum are just given by operators J, and J; deduced from 
J#& and Jz* by putting 7¢,=i0,=i¢,=0. The square of the angular momentum 
given by J’=J,J, is proportional to the classical quantum Hamiltonian so that 
the “energy” levels are proportional to /(/+1). The corresponding angular part 
of eigenfunctions can written Y,”’(w) (w representing the real Euler angles 
4, 9, $) and each “level” when we fix J and m’, splits into “ sublevels ” Y,™”’ (w) 
with m taking all values —/, —/+1, ---, J—1, J which form a vector space transform- 
ing under an irreducible representation of the three-dimensional rotation group. 

The third remark is the most important from the physical point of view. 
The theorem states that 7" (or /~) can take all possible integer and half-integer 
positive values so that /*=0, 1/2, 1, 3/2, ---. To make this point clear, let us 
go back ‘to three-dimensional theory. In this case if jwe describe as before the 
orientation of a rigid rotator by three moving axis bf, we usually eliminate all 
half integer levels 7=1/2, 3/2, --- with the argument that with a rigid body we 
necessarily come back to the original orientation after a 27 angular rotation. As 
Pauli first remarked there is no mathematical reason to eliminate these levels. 
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Indeed, as Lochak” has demonstrated these levels are even necessary if the state 
function is to be continuous on the sphere of Cayley-Klein parameters. Physically 
their existence is evidently connected with non-rigid rotators. In that case, ma- 
terialized for example by a liquid droplet, there is no reason why the body should 
not recover its original distribution after a 47 rotation only or any higher multiple 
of 2z. Naturally one would expect such highly excited states to be rather unstable, 
but they are evidently permissible. Indeed, interesting consequences can be deduced 
from their possible existence in the domain of atomic spectra.” This reasoning 
can evidently be extended to the relativistic domain. First, we know that in that 
case it is impossible to generalize in a covariant manner the classical notion of 
rigid body. The rotation of our b; frame is then evidently physically connected 
with a relativistic fluid droplet so that there is no reason to eliminate the half 
integral values of 7* and 7~ if we connect the self-dual tensors Bzg* with internal 
physical structures. Moreover, any disparity between /* and /~ must be interpreted 
as connected with an internal disparity or distortion of the internal matter. Any 


attempt to transfer without precaution into the relativistic domain results connected 
with the classical notion of rigidity might lead to contradictory results. 

The second theorem we want to discuss here is related to the physical as- 
sumption that the Lagrangian is invariant under transformations of the full complex 
rotation group; that is, including reflections through the origin of the moving 
tetrad b;. 

We know already that products of functions Y/r"" (w*) Y">""" (@") trans- 
form under the (/*,J~) representation of the proper complex rotation group. 

Simple considerations” then show the validity of the following theorem: 
Theorem II: The set of eigenfunctions Z/?"7"77"(w*, w”) of the set of com- 
muting operators J;J;°, Js*, Jide, Js, SiS; and S,' (with S;=J,*+J,7), that 
is, the functions satisfying 


Jt Tet - a Pt esto) =U ERC Fhe eA 


Ie*: rt, bak , FC axt fen Nat a od ais Bek (eO* ss @a)y % 
»8 
Siwe ae ,m! (w* ,o ye oo +1)Z% Pag ym (wt , o AN | 
- 
eye ads: am (ary @-) =m" nr, Piss CON ae yey 


nl al ae Livples ids ped: rer, 
Pts Ss TG re SS 


transform when we fix: the values of Zt, 2°, s’; m' according to the representation 
Ii.) OD UA"). of the full complex rotation group. In other terms, the 
the set of functions Lee a*, oT) with 17) 27, 5’, m! fixed constitute a set of 
independent orthogonal vectors of a finite dimensional vector space transforming 
into itself under the complex rotation group according to the corresponding 
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representation. Evidently such vector spaces are subspaces of the general numerably 
infinite dimensional Hilbert space containing all finite dimensional representations 
of the full complex rotation group. 

Before we discuss this last statement, we recall” that these LE Nae, w) 
functions are given in terms of the preceding Y/7""*(w*) and Y,77™" (a7) 
functions by the expressions 

te TA Ge Oo) = Coban Ae te ee) 


lg ee 
(Rte SER} 1 
? ? —m!+, rar 4 


SYR or PY ars 
where gf=lt4+l-, 1*4+0-—-1, --, |t*—1-| 
m=—s, —s'+1,.---; 3-1, 9. 


and (Z*, 7~, —m’*, —m/!-|l*, l-, s', —m’) are the usual Clebsch-Gordan parameters. 

Now the problem of defining an orthogonal basis within each subspace as- 
sociated to an irreducible representation of the full complex rotation group is closely 
connected with the question of the metric associated with this group. In order to 
clarify this point we shall briefly recall the classical results of the three-dimension- 
al real rotation group expressed in terms of real Euler angles. 

Introducing as before the operators J;, J:, Jz given by relations (1a), we know 
that the eigenfunctions of the three commuting operators J3, J;’, and J?= (JzJz) = 
(J; J;), namely Y7"""(w) (with J,Y7o™'(@) =m Yo" (w), Je Y™ (0). =m! YP" (o) 
and J? YY; (w) =1(1+1) Y"(w)) build, when we fix 7 and m’, a finite dimensional 
subspace of a general Hilbert space, which transforms according to the irreducible 
representation (2) of the three-dimensional rotation group. 

The metric of that Hilbert space is well known. If we take two functions 
f(w) and g(w), and call f*(w) the complex conjugate function of f(w) (corres- 
ponding to j>—j) we define the scalar product of f and g by the relation 


4x x 


1 Qe 
(f= \as| de| f*(o)g(o) sind db, 
0 0 0 

This definition implies that ¢ f| f) is always positive (which means that the 
space has a positive definite metric) and that the preceding operators J3, J;', J? 
are Hermitian operators in the sense that they satisfy the general relation (f|AgQ>= 


(Af |g). We also know that the Y7"”'(w) vectors satisfy the general orthogonality 
conditions : 


4 bay, mi (w) | yee (w) » = OF O 0 


mn mint + 


Now our problem is to generalize these results to the space built on the 
Ze" (w*, w”) eigenfunctions of the operators das Godt Ai dany GPT) Sens ee 
This is evidently a rather complex mathematical problem since the new space 
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cannot be compact because 9. i0., i#, vary from —oco to +00. It can however 
be solved, as two of us (P. H. and J. -P.V.)® have shown, if one introduces an 
indefinite metric in the sense recently utilized by Heisenberg” and other authors. 
We shall just summarize here results (for detailed demonstration, see ref. 4)). 

First let us recall two definitions. We have seen, following Méller, that we 
must distinguish between two types of complex quantities, the first with 7 resulting 
from Minkowski’s space-time, the second with j introduced by the quantization 
procedure. This implies two operations corresponding to complex conjugation 
t>—z and j+—j. The second type we shall denote by * so that 


fer biG) swe) =f(=j, 7, w-). 


We can now demonstrate the following theorem. 


Theorem III: If we associate to the Hilbert space of functions f(w*, w~) the 
indefinite metric defined by the scalar product : 


By Bo Bs 
(flw*, o-)|g(o*, o7)= lim A | ag, \ dd \ dd, 
Mee tomift? ays te Set) Ones 


2 


dar cs 
x | Jee) ays | f*(w*, 07 )9(w*, w~)|1—cosh’9, cos" ||, 
0 0 0 


where the [ | under the § indicates that it is first performed with respect to 
0, $1, 1, A is a weighing factor defined by 


A= e-U+005+09 (B, + By) (By + Br), 


L being the maximum of the numbers Z* and /~ of the representation on which 
we can project f(w*, w~) and g(w*, w~) and we can show that the operators J;*, Js”, 
S;, (J*)?, (J~)? and (S’)? are pseudo-Hermitian operators, meaning that they 
satisfy ( f|Ag)=<(Af|9>. We can also show that if we define the average value 
of an operator A by 


7 POEs 
VAG Ss 
we have 
ms 
S,’=m’, 


(J*)?=1*(12+1), 
CS?%=s' (s' +1); 


the numbers m+, m7, m’, I*, -, s’ being all real. 
One can also show that we have 
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(with €=+1), a relation which shows that it is possible in the vector space con- 
structed on the functions Y Rest aN EP w) to define a scalar product (and there- 
fore a metric) in such a way that these vectors a big fk *™'(w*,w) constitute an 
orthogonal and unitary basis. Naturally in this generalization of the usual Hilbert 
space we must distinguish two types of vectors, for they split in space-like 
vectors ((Z|Z)>0) and time-like ((Z|Z)<0) since the metric is indefinite. 

We must remark also that the Z,”"7-”"”"(w*, w~) functions are not bounded. 
This raises many new physically interesting points which we shall discuss later. 
Evidently the introduction of this new metric is a new qualitative factor introduced 
in the theory. This is not very surprising. One would hardly expect that 
the new “ internal” variables should be governed by exactly the same mechanics 
and interpretation as the usual “ external” variables, for, according to our views, 
they belong to a new “subquantum level” of matter defined by distances smaller 
than 10°" cm. Moreover, the corresponding operators are pseudo-Hermitian, that 
is, Hermitian with respect to the above defined indefinite metric. One notices 
also that this new metric is connected with the fact that the “state vectors ” 
Pee. (3 w) must be invariant under transformations of the full complex 
rotation group. It might be necessary, however, as suggested by Heisenberg, that 
one must restrict oneself for physical reasons to certain regions of this new Hilbert 
space such as the space-like part. 

We shall conclude this mathematical section by a few results established by 
two of us (P. H. and J.P. V.) on the symmetry properties of the Ley nk ean) 
functions under certain transformations such as P(a2,——.2,) since they will turn 
out later to be useful for further steps in the theory of relativistic rotators. We 


know, moreover, that such symmetry properties play an essential part in the theory 
of interactions. 


First let us study the parity operation P. We have by definition 


PG HG. ay malls i PAR =AT 
so that 
Phi 2b PIOnIO ns PB = 
yak a) 


We deduce therefrom that P transforms the angles w* into w~ (and vice-versa) , 


so that taking into account the symmetry properties of the Clebsch-Gordan coef- 
ficients we finally get 


ae ra oe an, a) = G1) he ez: ee ay intl ny Rens ace) 2 
By definition also the time reversal operation T implies the relations 
Ta? == ae 


THO = —b®. 
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But these correspond to non-linear transformations which imply the following 
operation on the relativistic Euler angles : 


ow, wo >’, 
4,506,172, 0,>6,+:i2, 
so that we finally get after a short calculation 
m*, a 7 f = snes Sint. amr = 
Y & hee anne ren (SNe ate Gate. Ona) s 


ye ne 


with 
d=|m'—m*—m_|, 


The preceding operations evidently imply the existence of a third operation 
C (defined by CPT=1) which we shall call the transition from “state” to 
“anti-state ”’. 

We find after a short calculation 


+ — + = eS Eo ty 
CLE Ge, o\=(-1)* ZF les"), 


with a=/~-+/-+d-—s’. Evidently the so-called “ anti-states ” are just as real as the 
“states”? themselves. They are just associated with a different irreducible repre- 
sentation of the complex rotation group since we pass from state Z/2"7","”" (w*,@7) 


to anti-state by the transformation : 
m*>—m*, m>a-—m, m'>—n. 


We have only adopted this denomination because, as we shall see later, the 
spinors corresponding to particles and anti-particles are precisely obtained through 
the preceding transformation. 


§ 3 


We are now in a position to classify the “levels”? associated to our new 
“internal”? Hamiltonian H. 

This classification is evidently a straightforward generalization of the classi- 
fication of the angular part of the energy level of the three-dimensional rotator 
expressed in terms of real Euler angles 9, ¢, ¢. In order to clarify our procedure, 
we shall once more recall very briefly certain points of that well-known case, 
closely connected with the four-dimensional relativistic rotator. 

As we have seen in the first section the angular parts of the state functions 
are just the eigenfunctions y,™"" (0, ¢, #) corresponding to the well-known energy 
levels 7(2+1). 

When we fix m’, the energy levels split into sub-levels corresponding to 
different values of m; the corresponding vector space transforming under the ir- 
reducible representation (/) of the three-dimensional rotation group. 
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The corresponding classification of levels is evident. For mekec coe 
I. for 7=1/2 m!/=—1/2 (states 1/2), we have two sub-levels Yip” ~""(9, &, #) 
and Y,}2-"?(0, g, #) represented by the table: 


/ 


| m ™m 
Vag eee) | Alten ™ mts 
Valor (0g, 2 el +172 1 | —1/2 


| 
EE 


The columns characterizing the values of m and m’. 
Il. for /=1/2, m’=1/2 (anti-states 1/2), we obtain two sub-levels described by 


the table: 


Yijs"7(6, o. @) 1/2 1/2 
Yi *? (0, ¢, ¢) —1/2 1/2 


Ill. for 7=1, m/=1 (states 1), we get the three sub-levels corresponding to m=1, 
0, —1 corresponding to the table: 


m m 
Yr''(6, 9, ¢) 1 1 
Y97(6, 9, #) | 0 1 
Ve (6: Qs ) =i! | il 


and so on ad infinitum for all possible values of 7 and m’. 
We can now pass to four dimensions and Minkowski space. 
The “levels” associated to H are evidently also determined by a set of state 


(or anti-state) functions Zinger h Cch, w), the eigenvalue associated to H being 
l*(2* 41) +l-(@- +1). 


Each “level” evidently splits into “ sub-levels” for if we fix l*, I-, s’, m’, 
we have various possibilities for 7* and m~. According to the results of the preced- 
ing section we shall classify the levels into families, each family being associated 
with a specific irreducible representation of the full complex rotation group. 

Every sub-level is associated to a function Vegas EASE w) and characterized 
in the classification by fixed values of J*, J~, s’, m’, that is to say, by table 
elements of the form: 


P| aa 


+ o-oo 
m,m ,™m 2 
Zit, is Z (o", . ) | ra | : G | i 
| 


rr 


ee ~~ 4 
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To every sub-level corresponds an anti-level with the same values of ae ed Sora 
but opposite signs of m*, m~, m’, that is, table elements : 


nats Seach o-) | —m* | —m- | —m/ 
er ee ee ren ree WW ee LA al © 1 
Naturally there is an infinite number of possible levels corresponding to in- 
creasing values of /*, J~ and s’. One sees also that higher levels contain more 
and more sub-level families (each associated with an irreducible representation of 
the full complex rotation group) since m* and m~ vary between 7* and —J*, I~ 
and —/~ while s’ and also m’ can take any value between 7*+d~ and |J*—ZJ7]. 
As an example we shall only give here the tables corresponding to the lowest 
levels with minimum values of s’, that is, s’=|2*—J7]. 
A. Representation 9(1/2,0)\62X(0, 1) 2)e 
For 1*, 7= {1/2, 0}, s’=1/2, m’/=-—1/2 we have a family associated with the 
(1/2, 0)HL(0, 1/2) representation of the full complex group and the table: 


m* m- m’ m* +m +m! 
Zyl oa | (w*, wo) —1/2 0 ~1/2 as 
Zi8 012! (ot, wo) 1/2 0 —1/2 0 
Ze iata (ot; 0) 0 <1/2 ~1/2 Ee 
Zi i212" (w*, o7) 0 1/2 —1/2 0 


the corresponding sub-space being four-dimensional. The anti-states corresponding 
to the same representation with Z*, 7~= {1/2, 0} s’=1/2, m’=+1/2. The in- 
troduction of the fourth column in which are indicated the values of m*-++-m~ +m’ 
of each sub-level Z77°7"57"" (w*, wo) will be explained later. 
B. Representation (1, O) PHO, 7): 

For Z*, J~= {1, 0} s’=1, m’=0 we have associated the (1,0) and S(O, 1) 
representations, that is, 


m* | m- | m’ | m* +m +m’ 
| | 0 0 ast 
0 
jh | 0 1 


mt | m- m’ m* +m +m’ 
0 —1 0 -1 
0 0 0 0 
0 1 0 : 


EE 
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corresponding to (0, 1), the sub-space of the general Hilbert space defined in 
the preceding section being six-dimensional. 
C. Representation S(1, 1) : 

For (1,1) s’=0, m’=0 we shall not explicitly give the corresponding table. 
D. Representation D(1/2, 1/2): 

For (1/2, 1/2) s’=0, m’=0 we have 


m* +m-+m/ 


1/2 =1/2 0 | —1 
1/2 —1/2 0 | 0 
~1/2 Tie 0 0 
1/2 1/2 0 1 


the last two sub-levels being the anti-levels of the two first. 


E. Representatin ¥(1, 1/2)@D (1/2, 1) : 
For {Z*,2-} = {1, 1/2} with s’=1/2, m!=1/2 we get, corresponding to (1/2, 1), 


m* m- m’ | m+ +m-+m/ 


m* m- m! m* 4 mm! 

=I 1/2 1/2 0 
0 1/2 1/2 1 
1 1/2 1/2 2 

—1 —1/2 1/2 —1 
0 ~1/2 1/2 0 
i —1/2 1/2 

The anti-states are obtained with m’=—1/2. This classification has a series 


of remarkable characteristics. 

We know’ that a Lorentz transform from an initial tetrad a; toa final tetrad 
b; does not define the latter completely since it is always possible to make after- 
wards an arbitrary space-like rotation in a space-like hyperplane. As a consequence 


the Lagrangian of the hyperspherical rotator is necessarily invariant under the trans- 
formation 
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Qi => Qy + a, 
> A+8, 
since ¢, and ¢, precisely correspond to such rotations. Let us tentatively call such 


transformations gauge transformations. Under these transforms the Loe Bia (5 et 


w) functions become 
= j = m*, m~, mi! = 
eer nue a oa (at wo ) = ef Mont +m pe AR ES (w*, w ie 

if we take into account a well-known property of the Clebsch-Gordan coefficients 
(they vanish if 2*-+m7~ 3m’), so that under the infinitesimal transform 

Q¥i> Gi, 

Ji>o+6€, 
we get 


I Aut ls 1 Orne gt ~ fee = (w*, w7) +7 (m* +m- +m!) EZ ony GR: w) 


it, 27, s/ 


. fe) . fe) im, mes mn 
ain 2 ; “(os 0) +i] =i see ay, EZ Co") 07). 


We deduce therefrom that the tetrad’s transform 
Q>7O14+ eS; 
J a hy + Se 


generates in the vector space of the eenidiey TN ig OS functions the operators - 


N= i) 0/Ov, 
M=—j 0/9¢, 
Q=N+M=—j(0/d¢.+9/04r). 


When applied to any state 7,70" 7” (w*, w ), they give 


M22” (wt, w-) = (mt Em SARE OE » wo)» 


th, 5.3! 


N xt pee , Cyt poe) 070" Ze rhs ee (ote ery 


OQ i, Bg , eC ey* TT aE Ie aba pee as (awa), 
with 
M=m*+m-, 
N=n* +n, 


O=m*+m- +m’. 


As m*-+-mz7 and m’ must be separately and simultaneously integer or half 
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integer numbers, QO is always integer. Operator Q can thus in a sense be compared 
to the usual charge operator with respect to our states, N and M being com- 
parable to Fermionic and isotopic spin charge. 
If we calculate matrix elements between states introducing the indefinite 
metric, we obtain certain rules comparable to selection laws. 
For example, if we introduce the above definition of the metric (which we 
can call strong metric) we have shown elsewhere” that the matrix elements 


le e / é 
Cas rr, 3! (w*, w7)| Lier ve (wx) 


‘are zero unless 


Ajith” 10). 
Amn =0, 
dm’ =0. 


This corresponds to strong coupling. 
Another definition of the metric associated to representations Y (/*, 0) OHX (0, 
Z*) called weak metric” leads to the rules 


d4(m* +m-) =0, 
4m'=0. 


All these results do not mean that one must assimilate elementary particles 


directly with these new rotator sub-levels ; this would immediately lead to incorrect 
results. 


As we shall see in the conclusion it seems more promising to compare them 
with particular sub-levels combinations. They do seem to indicate, however, that 
the basic physical idea from which we started (that the mutual transformations 
and interactions of elementary particles indicate they are excited internal states of 
basic physical structures in space-time) should be investigated seriously. 


Conclusion 


The preceding results suggest a certain number of line of research. The first is that 

an effort should be made to substitute systematically the relativistic rotator (equi- 
valent as we have shown” to a bilocal structure), to the point particle model as 
classical substratum of Quantum Theory. This proposal which we developed with 
de Broglie” and Takabayasi” implies new researches on the classical properties 
of relativistic rotators. Some results have already been obtained on the Hamiltonian 
formalism” and the group theoretical properties of such models. 

The second line is evidently connected with the classical and quantum inter- 
pretation of these results. We alréady know™ that classically the relativistic 
rotators can be interpreted as describing the average external and internal behaviour 
of relativistic fluid masses enclosed within time-like tubes. But this is not the 
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only possibility. Preliminary results obtained in Bristol indicate that this model 
or more exactly the hyperplanes A;* and B;* can be directly connected with collective 
material behaviour within small regions (or cells) of a possible sub-quantum level 
of matter. This would directly connect hyperplanes and bilocality with basic pro- 
perties of a subquantum field. 

The third line of research is more directly related with the interpretation of 
the results of §3. At first sight, as two of us (P. H. and J.P. V.) had pro- 
posed,’” one is tempted to associate every elementary particle to a certain state 
Zit ja” (w*, w7) of the relativistic rotator. 

We have now reasons to believe that this view is too simple and it is better 
to associate elementary particles with certain state vectors belonging to specific 
irreducible representations of the complex rotation group. ‘This is strongly sug- 
gested by the non-relativistic limit of the theory. Indeed, if we return to the 
beginning of Section 3 and examine the solution associated with J=1/2 we find 
that for m’=1/2 the set of two wave functions is 


i aes 
0 2,= Yur? (6, 0, ~) cog = = eee 
mw) : 5 
P= (7) with : 
: O,=Y wal? (0, 9, ) =sinss eID. 


a 


while the set corresponding to m/=—1/2 can be written as 


Ls ch Pig iS sicthe 

0,=Y7y?-"6, v, ¢)=—sin : eI e-W | 
2 19 Ps 4/2) (p+) 

0,= Yijz—"” (4, &, &) =cos el Jer W | 


This is very interesting since we recognize easily that for 7=1/2) m’=1/2 the 
set of two eigenfunctions %, %, is identical with the classical expression of the 
two-component Pauli spinor expressed in terms of Euler angles by one of us 
(D. B.). One notices also that for m’=—1/2 the two eigenfunctions are the 
components of the so-called charge-conjugate spinor @ derived from @ by the 
operation C(see reference 8)). This strongly suggests that we ought to associate 
particles (and antiparticles) not with specific sub-levels but with vectors (that is 
sub-level combinations) belonging to particular sub-spaces of our general Hilbert 
space, which transforms under irreducible representations of the complex rotation 
group. foi 

Indeed, two of us (P. H. and J.P. V.) have already established elsewhere” 
that one can discover in the sub-space transforming under 9 (1/2, 0) @®*® (0,1/2) 
four different types of vectors or Dirac spinors. These vectors can be associated 
to four different types of leptons (Fermions). This will be investigated in a 


further paper. 
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The polarizations and triple scattering parameters of the nucleons elastically scattered from 
light nuclei are explained with the optical model potential by the use of the nucleon-nucleon 
scattering phase shifts. The set of the two-body scattering phase shifts meson-theoretically 
derived gives a small magnitude of the parameter of optical model potential Vsz. The small 
value of Vspz is mainly caused by the large positive 3P9 state phase shift of the two-body - 
scattering. The small value of Vsz gives a small polarization and a small absolute value of 


the triple peatier mg parameter for the nucleon scattered from the potential. Furthermore the 

value of A (h/uc)2 calculated by the use of the meson-theoretical phase shifts is smaller than 
C 

the ones based on the Gammel-Thaler and Signell-Marshak phase shifts. This difference is 


mainly due to the difference of #P9 state phase shifts in the two-body scattering. 


§ 1. Introduction 


Recently, many authors” have investigated the differential cross sections and 
polarizations of the high energy nucleons elastically scattered from light nuclei, 
using the impulse approximation with the nucleon-nucleon scattering amplitude, for 
the impulse approximation is equivalent to the use of the optical model potential 
in the first Born approximation which may be justified for the small angle scatter- 
ing from light nuclei.” The ordinary procedure is that, given several alternative 
sets of the nucleon-nucleon scattering phase shifts, the optical model potentials cor- 
responding to the sets of the phase shifts are derived, and then the differential 
cross sections and polarizations of the nucleons scattered in small angles are calcu- 
lated. The comparison of the results with the observed differential cross sections 
and polarizations may distinguish the various sets of the nuclear phase shifts re- 
jecting some of them. 

The best way of studying the nucleon-nucleon interactions by the use of these 
optical model potential is to investigate the polarizations and triple scattering pa- 
rameters of the nucleons elastically scattered from light nuclei, because when one 
calculates the polarizations and triple scattering parameters of these nucleons 
through the optical model potentials, the final results are independent of the detailed 
structure of the target nucleus and to a certain extent free from the limitation of 
the Born approximation. That is, the expressions for the polarization and triple 


scattering parameter do not contain the nuclear form factors, i.e. the Fourier trans- 
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form of square of the wave function of the target nucleus which depends upon the 
detailed structure of the nucleus, so that the expressions for the polarization and triple 
scattering parameter depend essentially on the nucleon-nucleon scattering phase 


shifts. 

The main purposes of the present paper are as follows, 

(1) to construct the optical model potentials by the use of the nucleon-neucleon 
scattering phase shifts ; °”” 

(2) to calculate the polarizations of the nucleons elastically scattered from 
light nuclei through the optical model potentials, taking into account the angular 
dependence of the nucleon-nucleon scattering for the amplitude of the scattered 
nucleon ; 

(3) to calculate preliminarily the triple scattering parameters of the scatter- 
ed nucleons by using the optical model potential, taking into account the angular 
dependence of the nucleon-nucleon scattering ; 

- (4) to study how the large positive *P,) state phase shift meson-theoretically 
derived gives rise to the effects for the polarization and triple scattering parameter. 

§ 2 is devoted to the expressions for the polarization and triple scattering pa- 
rameter. The discussions for the results are given in § 3. § 4 contains concluding 
remarks. 


§ 2. Expressions for the polarization and triple 
scattering parameter 


Since the optical model potential relates to the amplitude of nucleon-nucleon 
scattering, we use the scattering spin matrix MM to describe the amplitude of 
two-body scattering,” 


M=a-+ 7(o,+0.)n+ (ein) (on) +0(0,q) (o2.q) +& (op) (op), (1) 


where 7, p, q are three mutually perpendicular unit vectors, chosen so that 7 is 
normal to the scattering plane. The coefficients a, 8,7, 0 and € depend on the 
energy and the scattering angle in the center of mass of two-body system, and 1 
and 2 indicate the incident and the struck nucleon, respectively. 

We restrict our consideration to the nuclei with total spin zero at the ground 
state. When one constructs the amplitude of nucleon-nucleus scattering by the two- 
body scattering spin matrix M, some terms of are cancelled out, because one must 
average the scattering amplitude over the spin states of the nucleons in the target 
nucleus. Then, the terms of M containing o, drop out. This means neglects of cor- 
relations between nucleons in the nucleus during the scattering process, since the z 
components of the spin of the individual nucleons in the nucleus do not change. These 
cancelled terms do not contribute much to the polarized cross section but contrib- 
ute to the total cross section in the nucleon-nucleon scattering.” Then one obtains 
the amplitude of the nucleon scattered from the optical model potential which 
gives rise to the large polarization. 
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Now, the optical model potential is given, under some approximations,” by 


(k/\v |e) =|—Ve+ (4) iew'x k- Vs! ( oF ) Jextr) expla (hl bela 
(2) 
where 
Bee 
(3) 
rn fj ooen SF 


while k and k’ are the incident and scattered nucleon momenta in the laboratory 
system, respectively ; here k=|k|=|k’|. 7) is the total energy of the incident nucleon 
in the laboratory system divided by mc? ; Eja»/mc’,.and m is the nucleon mass. R 
is the nuclear radius and A is the mass number of the nucleus. In Eq. (2), the 
factor (f/pc)* gives the parameters of optical model potential for the central part 
V. and for the spin-orbit part Vs the dimensions of energy, and A/c is the pion 
Compton wavelength, and is the pion mass. y(7) is the nucleon density of the 
target nucleus normalized to the nuclear volume. Here it is assumed that py(r) 
for the central part of the .potential is equal to the one for the spin-orbit part of 
it, and that py(7)’s for the real terms of the potential are equal to the ones for 
the imaginary terms of it. 

Since the differential cross section divided by the square of the Fourier trans- 
form of nuclear density is not constant even for the small angular region at inter- 
ested incident energies,” we shall take account of the nucleon-nucleon angular 
dependence for the optical model potential.* Then, in Eq. (3), we use the co- 
efficients of scattering spin matrix which depend on the momentum transfer ; 


g=2k sin (4/2), 


— 


a {(A—Z) a (gq) + (A+Z)a(q)}, 
, (4) 


7=— 7 {(A—Z) n(g +(A+Z)n@} 


i ‘sind 
where Z is the atomic number of the nucleus, and the subscripts 1 and 0 indicate 
T=1 and 0, respectively. Here 0= (1/2) 9b toay: This approximation is reasonable 
in the point of view of the impulse approximation at high energies.” 

Since R= (f/pc)KA‘® where « is a dimensionless scale parameter, «~0.8, the 


parameters of optical model potential V~ and Vs do not depend on A and R of 


* The polarizations calculated by using the optical model potential which does not take account 
ucleon scattering have been reported in the previous note.) 


of the angular dependence of nucleon-n 
. ue to the fact that the 


The difference between the results of the note” and of the present paper is d 


nucleon-nucleon angular dependence is taken into account in the latter. 


fied Paap Pe 
he = en 


ay 


oe ee ee 
Pe ee 


TR Le ee a re 
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the target nucleus, when the nucleon density in the nucleus, 1/{(f/pc)*«*}, is 
assumed A-independent. 

In the first Born approximation, the amplitude of the nucleon scattered from 
a-particle type nuclei, obtained through the optical model potential, is given by 


fort duorn= (22) A Ee Fw@ {Veg +iVs Be g .) Hsindoin}, — 5) 
as 
where n=kXk'/|kXk’|, and Fy(q) is the nuclear form factor, i.e. the Fourier 
transform of the nuclear density py(r). 

When the incident nucleon is the proton, the Coulomb scattering amplitude 
may be calculated in the first Born approximation as 


fo+doon=—( ae ) 2 Fe@ {1-i@=D (1,4) sind o.n} ont) 
ho/ ¢ # 
where #4, is the magnetic moment of the proton in the units of the nuclear 
magneton. In Eq. (6) the phase factor exp[—2zq In sin’?(@/2)] is not present 
which should be included in the exact Coulomb amplitude. This approxima- 
tion, however, may be compensated by omitting the Coulomb phase shifts from 
the nuclear amplitude.” The charge form factor Fe(g) is the Fourier transform of 
the charge density of the nucleus normalized to the total charge of the nucleus, 
Ze. 

If Pc(r) is assumed to be equal to py(r), except for its normalization, from 
Eqs. (5) and (6), the polarization is given by™ 


pets cas. a eee Vs(q) (4) e+ a (yo —1) (4-—}} sind 
je Veo] + |v (A) e+ 


2 


—1) (4,—-—-] sin?@ 
oe) 


and the triple scattering parameter is given by™ 


sinf= 


ral tea ts Esmee 


Z 
a p 
+1 Ve (Te) P+ Go» (14-2) sind 
(8) 
In order to point out evidently which parameters of the optical model potential 


play essential roles for the polarization and triple scattering parameter, it is con- 
venient to write as follows, 


vi-PO| <ve@ —22 


Volg) = Vse(q) +iVer(Q), Vs(q) =Vse(q) +iVsr(q), (9) 
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where four quantities specifying the optical model potential Ver(q), Ver(g), Vse(q); 
and Vs,(q) connected with the nucleon-nucleon scattering amplitude are given as 
the functions of the nucleon-nucleon scattering phase shifts at the definite incident 
energy. Voer(0) Ver(0), Vse(0) and Vs,(0) are the parameters of optical model 


potential defined by Riesenfeld-Watson.” It is to be noted that the parameters | 


Ver(@), Verlq); Vse(g) and Vs;(q) depend on the factor (f/c)«; however, the 
expressions for the polarization and triple scattering parameter do not contain 
(f/vc)«. The expressions depend only on the nucleon-nucleon scattering phase 


shifts. 


§ 3. Results and discussions 


Figs. 1 and 2 show the results for the polarizations of the protons calculated 


through the optical model potential by taking account of the effects of the nucleon- | 
- nucleon angular dependence at incident energies near 90 and 150 Mev, respective- 


ly. The differences between the results for the polarizations calculated with the 
meson-theoretically derived phase shifts and the results based on the Gammel-Thaler 
and Signell-Marshak phase shifts are observed at very small scattering angular 
regions. We shall investigate the reasons why the results calculated with the 
meson-theoretical phase shifts are different from those based on the Gammel-Thaler 
and Signell-Marshak phase shifts. The convenient way of studying the difference 
is to use the parameters of optical model potential, since the contributions of the 
particular state phase shifts to the polarization and triple scattering parameter are 
easily investigated in the parameters. The polarization is proportional, from Eqs. 
(7) and (9), to 


Ver(0) Vex (0) + Vow(0)|Var(O)| aa; 
Vée(0) + V0) +{ h JV) + VEOHE 


po 


P(@) cc 


except for the Coulomb terms. Therefore, the small value of Vs,(0) obtained by 
the meson-theoretical phase shifts gives rise to the small polarization at small scat- 
tering angles even if the magnitude of Vc»(0) is larger than that of Ve,(0). Since 
Ve,(0) corresponds to the total cross section of the two-body scattering, the magni- 
tudes of Ve,(0) are roughly equal to each other for the ‘sets of the nuclear phase 


- shifts. Then, Vs,(0) decides the magnitude of the polarization since Ve,,(0) is 


nearly equal to or smaller than Ve,(0) at high energies. 
At the interested energies of the incident nucleons, the magnitudes of the 


parameters of optical model potential are almost determined by *P,(J=0, 1, 2), 
°-2),(J=1, 2) state phase shifts and associated mixing parameters €,(J=1, 2) in each 
set of the two-body scattering phase shifts. Especially the difference between the 
magnitudes of Vsx(0) calculated by using the meson-theoretical phase shifts and 
that based on the Gammel-Thaler phase shifts is mainly caused by the difference 


of ?P, state phase shifts. 
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Fig. 1. Polarizatrons of the nucleons elastically scattered from Het and Cl. Curves 
are calculated by the. use of the nucleon-nucleon scattering phase shifts derived 
from the meson-theoretical potential (M) at 90 Mey, the Gammel-Thaler (G.T.) 
at 90 Mev and the Signell-Marshak (S.M.) at 100 Mev. Solid curves refer to the 
polarizations of proton-a-particle type nuclei scattering and dashed curves to the 
polarizations of neutron-e-particle type nuclei scattering, the-latters are obtained 
by setting e—>0 in the expression of the polarization, Eq. (7). Experimental points 
+ indicate the values measured on p-He! (96 Mev) by Gotow and + the values 


on p-C! (95 Mev) by Dickson-Salter. 


The characters of the meson-theoretical, the Gammel-Thaler and Signell-Marshak 
potentials for the two-body system have been discussed by several authors.® The 
most visible difference is that *P) state phase shifts differ from each other in those 


—- y™ te —-i 
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Fig. 2. Polarizations of the nucleons elastically scattered from He4, Cl, O16 and Ca*®. (M) at 150 Mey, 
(G.T.) at 156 Mev and (S.M.) at 150 Mev. Solid and dashed curves correspond to the polari- 


zations of proton- and neutron-a-particle type nuclei, respectively. Experimental points ; indicate 


the values measured on p-He* (147 Mev) by Wilson, et al., a the values on«-C! (155 Mev) by 
Harding and +5 A, the values of p-Cl2, p-O%, p-Ca*? (155 Mev) by Alphonce, et al., respectively. 
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°Po state phase shift (radian) 


Fig. 3. 3P, state phase shifts calculated by using various two-body potentials. 


sets of nuclear phase shifts. Whether the two-body potential contains the spin-orbit 
force or not largely affects the magnitude of *P) state phase shift since *P, state 
phase shift is determined by the two-body potential Ve—4V,—2Vz5. Fig. 3 shows 
the differences among *P) state phase shifts. It seems that the differences among 
°P, state phase shifts may be checked by the high energy nucleon scattered trom 
a-particle type nuclei. 

Since Vs,(0) contains the term {—sin 20(?P))} except for some factors,” the 
large positive *P) state phase shift causes the small magnitude of V;,(0). Also 
the large positive *P) state phase shift gives |Vs,(0)| the large magnitude because 
Vs,(0) contains the term {—sin’0(°P,)} save for some factors.” Table I shows 
the contributions of all state phase shifts except for *P) state phase shift to Vsp(0), 
denoted by Vs,/(0), and the contribution of *P, state phase shift to Vs,(0), 
denoted by Vsz(*Po). The sum of Vse(0) and Ver(P)) gives Vsp(0). The 
larger the positive *P, state phase shift is, the larger | Vs,.(*Po)| is, and the smaller 
Vsx(0) is. Also Table Il shows the contributions of all state phase shifts save 
for *P) state phase shift to Vs,;(0), denoted by Vs;(0), and the contribution of *P, 
state phase shift to Vs,(0), denoted by Vs,(*Py). The sum-of V;,/(0) and V;(?P») 
gives Vs;(0). Then, the larger the positive *P, state phase shift is, the larger 
|VsrCPo)| is, and.the larger |V5;(0)| is. Tables III and IV show the contri- 
butions of all state phase shifts save for *P, state phase shift to Ven(0) and Ve, (0), 
denoted by Ve,x’(0) and V¢,/(0), respectively, and the contributions of °P, state 
phase shift to Ver(0) and V_,(0), denoted by Ver (Po) and Ve,(*Po), respectively. 
The sums of Vex(0) and Ver (?Po) and of Ve,'(0) and Vo,;(?P,) give Vor(0) and 
Vc1(0), respectively. It is to be noted that the large positive *P, state phase shift 
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Table I. Contribution of 8Po state phase shift to Visp(0) 


Vr’ (0) Ver@Po) Vsr(0) (Mey) 

- (M) (90 Mev) 3.22 | £2.19 1.10 | 
(G.T.) ( 90 Mey) 4.60 —0.79 3.81 
(S.M.) (100 Mev) 7.16 | 154 5.92 a 
(M) (150 Mev) 2.67 | —0.95 1.72 
(G.T.) (156 Mev) 3.05 | —0.09 2.96 
(S.M.) (150 Mev) “5.00 —0.50 4.50 

Ss Dae Seem eel I gt 2 AT WELT SE MOS epee fe ec he Pe ee 

Table Il. Contribution of 3Py state phase shift to Vs7(0) 

Vex’(0) Vis1(@Po) Visr(0) (Mev) 

(M) (90 Mev) 4:30 2433 —2.63 : 

(G.T.) ( 90 Mev) =-1.71 | —0.61 = 2.32 ; 

(S.M.) (100 Mey) a: —0.35 163 

(M) (150 Mev) | —0.37 | Saaz esha e 

(G.T.) (156 Mev) 0.77 —0.00 —0.77 p 

(S.M.) (150 Mev) | —0.94 | —0.14 —1.08 a 

. a 

Table III. Contribution of 3P) state phase shift to V¢r(0) 4: 

“ fant es : ~ a — 2 

Ver’ (0) Vor@Po) Voar(O) (Mev) My 

(M) (90 Mev) 12.3 8.9 Dilys 
(G.T.) ( 90 Mev) 30.2 3.3 33.5 
(S.M.) (100 Mev) 24.9 5.2 30.1 
(M) (150 Mev) 13.8 | 6.1 19.9 
(G.T.) (156 Mev): 20.8 0.6 21.4 
(S.M.) (150 Mev) 15.3 3.2 18.5 

os ES SR a ae Sl a ae a ee a a AE 

Table IV. Contribution of 3? state phase shift to Vg7(0) ee 

- . $$$ ____—_. —— ty; 

Var’) VerGPo) Ver(0) (Mev) tid lg 

(M) (90 Mev) | 17.6 5.6 23.2 E 

(G.T.) (90 Mev) 23.7 0.6 24.3 

i 

(S.M.) (100 Mev) 25.4 1.5 26.9 ‘a 

(M) (150 Mev) 13.6 4.9 18.5 ye 
(G.T.) (156 Mev) 18.3 0.0 18.3 
(S.M.) (150 Mev) 18.6 0.9 19.5 


a . ; 


acts to increase the magnitude of Vex(0) and Ve,;(0), while the large positive *P, 
state phase shift acts to decrease the magnitudes of Vsn(0) and Vs,(0). As j 
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shown in these Tables, the effects of the large positive °P) state phase shift on 
Ver(0) and Ve,;(0) are not so visible as Vs, (0) and Vs5,(0). 

Figs. 4 and 5 show the triple scattering parameters calculated with Eq. (8) 
at incident energies near 90 and 150 Mev, respectively. The triple scattering pa- 
rameter is, from Eqs. (8) and (9), proportional to 


= 1s ae 2 i= Ver (0) Vir (0) ae Ver (0) Vr (0) |} (11) 
V1—P?(0) Vén(0) + Ver (0) + hi/He)*{Vse(O) + Vir (0) } 


sin § oc 


without the Coulomb terms. 

The differences among the triple scattering parameters calculated by several 
sets of nucleon-nucleon scattering phase shifts are mainly caused by the magnitudes 
of Vyr(0) like the polarizations. Then, the small value of Vs,(0) obtained by 
using the meson-theoretical B 
phase shifts gives the small 
value of || at small scattering 
angles. At incident energy of 
90 Mev, the small Vs,(0) 
based on the meson-theoretical 
phase shifts gives # the posi- 
tive value at interested angular 
region since Voezp(0) < Ve,;(0) 
and Vsp(0) <|V57(0) |. 

Table V shows the ratios 
of Ver (0) to Ve, (0), of Vs, (0) 
too. Vep(O). ands of: |Ve(O)}4 
x (i/pc)? to |Ve(O)|. The ra- 
tios are independent of the a- 
particle type nuclei. These 
values depend only on the two- 


Fig. 4. Triple scattering parameters calculated by the 


body scattering phase shifts. 
The small value of (|V5(0)|/ 
|Vc(0)|) (A/pvc)* predicts a 
large 6,, the angle of the first 


use of the nucleon-nucleon scattering phase shifts of 
the meson-theoretical potential (M) at 90 Mev, the 
Gammel-Thaler (G.T.) at 90 Mev and the Signell- 
Marshak (S.M.) at 100 Mey. 


maximum in the polarization, since” 


RACE nh i 1 
[Vc(0)| \ pe RO 


The value of (|Vs(0)|/| Ve(0)|) Gi/pc)? calculated by the use of the meson- 


theoretical phase shifts is small. Then, the two-body scattering phase shifts deriv- 


ed meson-theoretically gives the large @. The large 0, is due to the large positive 
*Py state phase shifts. 


As above mentioned, the expressions for the polarization and triple scattering 
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parameter do not contain any 
factors which depend on the 
characters of a-particle type 
nuclei. They depend only on 
the amplitude of the nucleon- 
nucleus scattering calculated by 
using the two-body scattering 
phase shifts. Then Eq. (7) 
gives the prediction that the 
nucleons elastically scattered 
from a-particle type nuclei must 
have the same polarization. The 
prediction is checked by the 
available experimental data on 
the polarizations of the nucleons 
scattered from a-particle nu- 
clei?" (See Figs. 1 and 2.) 
The similarities of these data 
are observed up to about 30° 
at 90 Mev and up to about 20° 
at 150 Mey. The angular region 
in which the similarity is ob- 
served is in less than @. Eq. 
(7) is not connected with 4% 
since it does not contain any 
,-dependent factors. The value 
of 0, does not. depend on A but 
depends only on the incident 
energy, that is, 9) is proportional 
to 1/k, for lighter nuclei. It 
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Fig. 5. Triple scattering parameters calculated by the 


use of the nucleon-nucleon scattering phase shifts of 
(M) at 150 Mev, (G.T.) at 156 Mev and (S.M.) at 


150 Mev. 


seem that the above method of calculation does not apply to heavier nuclei, be- 
cause in spite of the fact that the positions of the first diffraction maxima of the 


Table V. Comparison of the parameters of optical model potentials 


Vs7(0)/Vsn(0) 


IV s(0)I/\Ve(|X Clue)? 


VerO)/Ver) 
(M) (90 Mev) 0.91 —2.39 0.181 x 107-26 cm? 
(G.T.) (90 Mev) 1.38 —0.62 0.217 X 10-26 cm? 
(S.M.) (100 Mev) 1.12 —0.28 0.305 X 10726 cm? 
(M) (150 Mev) : 1.08 —0.66 0.152 x 10-26 cm? 
(G.T.) (156 Mev) 1? —0.26 0.223 X 10-6 cm? 
(S.M.) (150 Mev) 1.00 —0.24 0.344 10726 cm? 
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experimental polarization depend slightly on A for heavier nuclei, the expression 
for the polarization cannot reproduce the A-dependence of the patterns for the 
polarization even at small angular regions. Since the diffraction effects due to the 
nuclear size and shape come into play and the multiple scattering effects play 
essential roles, it seems that the method of the above calculation might have no 
validity for such heavier nuclei. Also, since the effects of the off-energy shell of 
two-body scattering play important roles at large scattering angles, it seems that 
the above method has no justification in such angular regions. 

When one carefully compares the experimental data of the polarization for 
p-He! with the ones of p-C” scattering, one finds the large difference between 
those data at very small angular region in the incident energy near 90 Mev, 
though the polarization predicted by Eq. (7) for a-particle type nuclei must be 
equal. It is observed that the higher the incident energies are, the smaller the 
difference between the polarizations of p-He* and p-C” scattering at forward small 
angles. Then, for the polarizations of nucleon-He’ as well as nucleon-C” scattering, 
the use of Eq. (2) or (7) would not be justified in the incident energies less than 
about 100 Mev, because, although the expression for the polarization predicts the 
same polarization for @-particle type nuclei, the observed polarizations show a large 
difference between the data of p-He* and p-C” scattering at small angular region 
in the incident energy about 90 Mev. It is expected that Eq. (2) or (7) has its 
validity for the calculation of the polarization at such energies that there are no 
differences among the experimental polarizations of a-particle type nuclei. 

In Eq. (7), ey(r)’s for the real and imaginary terms of the central and of 
the spin-orbit potential have their radii different from each other, but py(r) is 
assumed to be a function of the same form for these parts of the potential. The 
difference between the polarizations of p-He* and p-C” at near 90 Mev might in- 
dicate that the forms of py(r) for the real and imaginary terms of the central and 
of the spin-orbit parts of the potential differ from each other for He* and for C”, 
respectively. Also it might be expected that the difference between the kinks of 
the experimental polarization curves of p-He‘ and p-C” at near 90 Mey would be 
due to the influence of the Coulomb potential. These problems are left for further 
investigation. 


§ 4. Concluding remarks 


At the incident energy of 150 Mev, the experimental polarizations of the 
nucleons scattered from light nuclei show similar patterns at small scattering angles ; 
this fact indicates that the origins of the polarizations of the nucleons scattered 
- from such nuclei are the same, and this is consistent with the prediction by the 
results of the optical model potential explained by the two-body scattering phase 
shifts. Then it is expected that the optical model potential connected with the 
two-body scattering phase shifts would have a sufficient validity at near 150 Mev. 
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The agreement between the calculated results and the experimental data at 150 Mev 
is not so good as at the higher energies.”*® This could either be due to the 
approximations in the derivation of the optical model potential or be due to the 
inadequacies in the two-body scattering phase shifts which do not give the accurate 
fits even to the free scattering data. However, it seems that there are more pos- 
sibilities to correct the two-body scattering phase shifts since the experimental 
polarizations of the nucleons scattered from a-particle type nuclei show the very 
similar patterns. 

The large positive *P; state phase shift derived meson-theoretically causes a 
small value of Vs,(0). The small value of Vs,(0) gives rise to the small polari- 
zation at small scattering angles. And there are large differences among the triple 
scattering parameters calculated by using several sets of the two-body scattering 
phase shifts. The differences among the triple scattering parameters calculated 
are mainly caused by the magnitudes of Vs.(0). By the comparison of the calculat- 
ed results with the accurate experiments made at very small angular regions, it 
would become evident whether the small V;,(0) is favorable or not and, moreover, 
large positive *P, state phase shifts are favorable or not. 

It is also to be noted that the polarization and triple scattering parameter 
depend little on the spin independent distortion and absorption for the wave func- 
tions of incident and scattered nucleons, though the magnitudes of the differential 
cross section as well as the polarized cross section of the scattered nucleons are 
largely affected by the absorption. This is essentially because there are consider- 
able cancellations of the matrix elements in the polarization and triple scattering 
parameter which do not occur in the differential cross section and polarized cross 
section. The polarization and triple scattering parameter would be slightly alter- 
ed by the spin dependent distortion and absorption ; however, the spin dependent 
distortion and absorption would be very small since the values of Vsp(0) and 
Vs,(0) are smaller than the values of Vex (0) and V,;(0). Then the above results 
would not be seriously altered by the effects of the distortion and absorption. 
Therefore the measurement of the polarization and triple scattering parameter of 
the nucleon scattered from nuclei would help in clarifying the nucleon-nucleon inter- 
action, and would give the best way to discriminate the sets of the two-body scat- 


tering phase shifts. 
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The static pion potential which consists of the central and tensor parts is applied to the 
calculations of the photodisintegration of the deuteron in the medium energy range (20~80 
Mev). The angular distributions are in good agreement with the observed results. The 
polarizations of final proton and neutron are also calculated. There is no observation yet to 
be compared with them. The general formulas are given for the angular distribution and 
polarization with the numerical coefficients for the lower multipole transitions. 


§ 1. Introduction and summary 


The pion theory of nuclear forces has been extensively investigated and verified 
in the analyses of the deuteron problem and the nucleon-nucleon scattering. In 
these analyses, the following points have so far been established :?” (1) One-pion- 
exchange potential in the outer region (r>1.5h/pe) can be evaluated from the 
present-day pion theory. This potential can reproduce all the low energy two- 
nucleon data, including the deuteron data, if one adopts a suitable phenomenological 
potential in the intermediate and inner regions (r<1.5h/pc).» (2) The magni- 
tude of the coupling constant for the pion-nucleon interaction is determined uniquely 
as 0.06<9?/4ahc<0.09 for the one-pion exchange potential in the deuteron state. 
This determination does not depend on the assumed shapes of the intermediate 
and inner potentials.” The value of the coupling constant is consistent with other 
low energy data and is in good agreement with the one determined from the pion 
reaction data.” (3) The two-pion exchange potential can be evaluated qualitatively 
from the pion theory and has characteristic features which are required from the 
properties of the two-nucleon system at low energies.” (4) The nucleon-nucleon 
single and double scattering data up to 100 Mev can be qualitatively reproduced 
by a static potential which has the one-pion-exchange tail.” In the intermediate 
region, the potential has the qualitative features which are characteristic of the 
two-pion exchange potential and does not contain the direct L-S coupling part. 


e International Conference of Nuclear 


* The main contents of this work were reported at th 
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Forces and the Few-Nucleon Problem which were held at University College, 
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In the light of these achievement, it seems very important to test the validity of 
the potential in other processes. The photodisintegration of the deuteron can add 
a crucial test on the potential, since it has a close connection with the properties 
of the two-nucleon system through its initial and final two-nucleon states. 

A few years ago, the angular distribution of the emitted proton in the pho- 
todisintegration of deuteron at 22.4 Mev was examined by one of the present au- 
thors (J. I.) and his collaborators with the aim of testing the validity of the pion 
potential.” The purpose of the present paper is to extend the results to the medium 
energy region, i.e. 20~80 Mev. 

The angular distribution of the proton emitted in the reaction at Jow energies 
is expressed in the following form: 


ao 4 4b sin’8 (1+28 cos0). 


dQ 
The sin’? term is mainly due to £1 transition and is given by a classical argument 
with the neglect of the retardation effects. The ,? term is due to the interference 
effect between El and E2 transitions, or in other words, due to the retardation of 
the ;-ray.” If there were no tensor forces at all, a would be entirely due to M1 
transition, and would be very small (a/b<0.03).” Whereas experimental data 
revealed a/b~0.1 and 8~0.1 for E,~20 Mev.” As the energy becomes higher, 
the a/b ratio rises to a/b~1.0 at 80 Mev, and also the total cross section becomes 
much higher than the value expected from the simple theory which assumes only 
the central forces.” (7»~0.1 mb in sharp contrast with the theoretical prediction 
of o,~0.05 mb at 80 Mev).” For a long time, -these discrepancies remained as 
a challenge to the theory. Several authors have attempted to solve these dis- 


_ crepancies, assuming various final-state interactions,” assuming a large interaction 


current in the M1 transition,” or even denouncing the Siegert theorem for the 
electric transitions.” 

In the previous attempt, I,” along the line of the pion theory of nuclear forces, 
the authors tried to explain the large value of a/b, taking proper account of the 
large d-state probability (~7%) of the deuteron,” and the strong positive tensor 
potential: in the triplet odd (°O) final states,” both of which are characteristic 


- consequences of the pion theory of nuclear forces. For 22 Mev j-ray energy, they 


found that about half of the experimental value of a comes from the £1 transition 
to *P, final states, where the large d-state mixing in the deuteron and the split- 
ting of the *P, final waves due to the tensor potential play decisive roles. Since 
the “d—*F; F1 transition was ignored in their calculations, it was thought neces- 
sary to invoke a very large M1 transition to make up the other half of the observed 
value of a. This was achieved by assuming a large hard-core radius in the S-state 
to push the wave function out, at the price of the fit to p-p scattering at 40 Mev. 

Later on, several authors pointed out that the *d—>°F, E1 transition is no 
longer negligible even at this energy and it results in an appreciable contribution 
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to a, if one assumes a large d-state mixing in the deuteron.” With this finding 
the main difficulty in the medium energy region were solved in principle. De 
Swart and Marshak and their collaborators have performed calculations along this 
line and obtained nice fits to the data up to 80 Mev using Signell-Marshak’s po- 
tential with a large direct L-S coupling.” 

In the present paper, we show that the nice fits to the data up to 80 Mev 
are reproduced in the presence of the pion-theoretical potential without assuming 
any direct L-S coupling in two-body force. The fits are again the natural con- 
sequences of the large d-state mixture in the deuteron and the strong positive 
tensor potential in the triplet odd (*O) final states. The angular distribution and 
polarization of the emitted proton are calculated for the incidence of the unpolarized 
photons at 22, 48, and 79 Mev. The angular distribution and total cross section 
show the excellent agreement with the observations. There are no available ex- 
perimental data for the polarization. These results seem to be very important. 
We have already shown that the two-nucleon scattering data up to 100 Mev can 
be well reproduced by the static pion theoretical potential.” Now we know that 
the photodisintegration of the deuteron in the corresponding energy range can be 
reproduced by the same potential. Further, there are several calculations” which 
are indicating the possibility of explaining a considerable part of the effective spin- 
orbit coupling in heavier nuclei can be explained in terms of the strong tensor 
potential between nucleons. If it turns out to be true then there would be no 
strong evidence which suggests the necessity of introducing the strong direct spin- 
orbit coupling in the outer and intermediate regions of the two-body forces, which 
is not justified from the point of view of the pion theory. Although the nucleon- 
nucleon scattering experiments at 300 Mev region suggest the existence of some 
interactions other than the central plus tensor potentials,” this is well ex- 
pected also from the pion theory of nuclear forces, because in the energy region 
the nucleons can approach very close to one another and thus be affected by the 
inner part of the interactions for which the existence of some spin-orbit coupling 
is highly plausible. We also improve the approximation in the previous work, I,” 


by including M1, £1 and E2 transitions and giving up the conventional K,7 ex- 


pansion in the evaluation of the transition amplitudes. It is found that the use 


of the conventional expression for the electric dipole interaction ({¢;r¢idr form) 


results in an appreciable underestimate of the transition amplitudes. 
General formula for the angular distribution and polarization are also given 


in the Appendices. 


§2. Details of the calculations 


2a) Wave function of the deuteron 
Many kinds of wave functions have so far been proposed. For the deuteron 


: + 5) 8)s9) 
state some authors have preferred to use some phenomenological wave functions. 
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Nevertheless, now that the validity of the pion theoretical potential has been well 
established, one should adopt the deuteron wave function which is consistent with 
the pion potential. In one of the previous works™ the deuteron problem was 
examined by one of the present authors (J.I.) and his collaborators and it was 
shown that the wave function of the deuteron is determined uniquely in the outer 
region r=fi/pe by the presence of the pion theoretical potential. Since the deu- 
teron has a large radius compared with the range of the nuclear forces, the wave 


function of the deuteron is determined only by the shape of the outer potential 


and some boundary conditions in the asymptotic region. The boundary conditions 
themselves are determined by the observed values of the parameters, that is, binding 
energy, quadrupole moment and effective range. The detailed calculations determine 
the deuteron wave function in the following shape: 


bet epel ul ay 3/2 
¢ (R) V/ 4n (ut 7 gSutw) Tm (vc/N) ? (1) 


w= 1.039 exp (— 0.3282) —1.392 exp(— 2.3602), (2) 
w=0.0262 {1+ 3/ (0.328x) +3/ (0.3282) *} exp (—0.328z) 
—1.298/x” exp (—0.962z). 


The wave function is normalized to §|¢\?dR=1, and x=(fc/h)R, R=r,—Tn. 
This gives the following values of the parameters. 


O=2.74 10°" cm’, > lim) (w/a) =0.025, 
era x 107 em ric 0:08; (3) 
(ESO 


Although the shape of the inner wave function is not very reliable, reflecting 
the lack of our knowledge about the inner potential, it does not affect the amplitude 
of the photodisintegration except the M1 transition to the 1S final state. It is to 
be noted that the wave function (2) gives a large value for the d-state mixture 
of 7% in contrast to the conventional value of 4% which was determined on the 
basis of the magnetic moment of the deuteron. This large value, however, does 
not contradict with the observation, if one takes account of the various correc- 
tions to the predicted value of the deuteron magnetic moment,” and is rather 
supported by the observation of the hyperfine structure of the deuterium.* Various 
wave functions so far proposed in connection with the theory of nuclear forces 
seem to give the large value of the d-state mixture” rather unequivocally. Our 
wave function is very similar to that obtained by Gartenhaus™ in the presence of 
his potential. However, our determination has been made on much more general 


; os See S. Machida, Prog. Theor. Phys. 9 (1953), 683. Recently papers with similar contents 
are published by A. Sessler and H. Foldy, Phys. Rev. 98 (1955), 6; 110 (1958), 995. 
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basis than his. The agreement with his result should be regarded as an evidence 
for the validity of our general argument. 


2b) Final state interaction 

The wave functions in the final state are distorted by the nuclear potential 
in the same way as in the nucleon-nucleon scattering at the corresponding energies. 
It has been shown” in the analyses of nucleon-nucleon scattering that the phase 
shifts which are given by the static pion potential without direct L-S coupling 
can reproduce the data on the single and double scattering up to 150 Mev fairly 
well. On the other hand, some authors have proposed to introduce strong phe- 
nomenological L-S couplings as the results of their analysis of the nucleon-nucleon 
scattering.’ Although+it is quite plausible that we would have some strong 
spin-orbit coupling effects at the energies as high as 300 Mey, it is not so certain 
that we have the strong L-S coupling in the intermediate region of nuclear forces 
as suggested by these authors. The pion theory predicts only a very weak L-S 
coupling potential in the outer and intermediate regions.” The strong spin-orbit 
coupling effects at high energies seem to arise from some interactions with very 
short range. Therefore it seems legitimate not to assume the existence of any 
strong L-S coupling in the analysis of medium energy phenomena. In this paper 


-we adopt the wave functions which are calculated in reference 2) by the use of 


the static pion potential. The coupling of the final *°S,—*D, waves and *P,—*F, 
waves are properly taken into account. Table I shows the values of the phase 
shifts used in the calculation. The most important final states in the photodis- 
integration process are the *P, and °F, states. The phase shifts and distortion of 
waves in these states will be mainly determined by the strong positive tensor 
potential in the triplet odd (*O) state which is given by the one-pion-exchange 
potential. 


Table I. Phase shifts by the pion-theoretical potential (radian unit). 


2 —— es 


Ejap (Mev) 40 90 150 
for M118 / 0.70 0.15 0.05 
spin flip 10, 0.04 0.08 

3p 0.296 0.55 0.68 
“f —0.122 —0.19 ee? 
for El dog 0.033 0.11 0.20 
Boy 0 —0.02 ~0.01 
e 0 ~0.52 —0.40 
dn 1.00 0.73 0.43 
bry 0 —0.24 — 0.36 
iene JOR SH 0 0.055 0.076 
dy 0 0.29 0.45 
ds 0 0 0.10 
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2c) Multipole transitions 
The angular distribution and polarization are calculated straightforwardly from 
the value of multipole moments by the use of general formula given in Appendix I. 
The multipole moments are defined by the following formula : 


_— ly s 1 ae 


M,= 
: c (1+1) 


sabes | \- (2+1) j.(er) +erjiss (er) lp (r) 


Py en Cre \—r-i@) +cV-rX M(r) | Jav, (4) 


Maile! a1 yt 
c (/+1) 
x|Yh [icf C+ 1) ju Cer) —Krjus(er)|\V-M 


+itj(er) | ic (FM) +i¥-r Xj) je Jav. (5) 


For the proton emission in the photodisintegration of the deuteron we put 
(r) =8ed,* (2r) f;(2r) (6)* 


M(r) =8eht/ (2Mc) | $y 2r) oy sh.(2r) +9" (—2r) outa —2r)}, (7) 
and for the neutron emission we have only to change 2r——2r and %3,(p, n)> 
%;,(n, p) (singlet spin function). 

If we take only the first term in «r expansion of 7,(«r), then we get the 
conventional expressions for the multipole moments. We shall now estimate the 
relative magnitude of the various terms. 


Mo £2 {4D 1+ 0 (4r)"I4.O (erg) Er.) +0 (Ee) (8) 
Myco {C+D I+ O (er)1+0 (ry? +O a} F (9) 


Therefore it is not legitimate to invoke «7 expansion when we are treating the 


energy as high as 80 Mev. We used the following estimation for the order of 
magnitude of various terms. 


lVi~r 4, rxj~ (eh/M)L, P(r) ~e, 


* Our final states are normalized to |, (R)|?'\dR~(1/2)dR. 
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jr) ~ev~ec(E,/Mc’)*, |M|~eh/2Mc, 
Pie cr ie Dh es) J aes 


Behe Fas he Bil oN BMS 
Mv’~E,, B= (~h)?/M. 


In our calculations we consider only F1, E2 and M1-spin-flip-transitions since 
it is known that the higher multipole transitions give negligible effects on the 
process in the energy range of our concern.” We neglect the second and third 
terms in the electric moments because it is small compared with the first term. 
For the first term we do not use any expansion in terms of «xr, but we treat it 
in the closed form. For magnetic transitions, they are separated into the spin-flip 
and non-flip terms. For M1 transition the contributions from the’ spin non-flip 
term may be neglected. For the spin-flip term we reduce the interaction into the 
form 


Mo =| Yoojo(«r) M,,e (r) dr (10) 


and treat the interaction again in the closed form. The datailed calculations show 
that the conventional expression for E1 interaction gives rise to an underestimate 
of the transition amplitude.”* This can also be seen by comparing the particular 
overlap integrals with those calculated for the first term of «r expansion. Here 
we show the overlap integrals between *P, wave and *S, wave at 48 and 79 Mev. 


Table Il. Effect of retardation in overlap integrals. 
a 


hy | 48 Mev | 79 Mev 
Exact interaction | 0.827 0.497 
xr term | 0.772 0.415 


en Te 


In the approximation, the reaction amplitude for proton and neutron emissions 
are related in the following way. 


R, (1, m) proton= (—)‘R; (/, m) neutron 
R, (1, m) proton= (—)‘R(/, m) neutron. (for spin-flip) (11) 


Thus as far as we consider £1 and M1-spin-flip transitions the angular distributions 
and polarizations of the proton and neutron are completely the same in reference 
to the direction of the emission of the respective particle.” If we take into ac- 
count the £2 transition or spin non-flip M1 transition, then a difference appears 
between the polarizations of the proton and neutron. If we consider only triplet 


* The conclusion obtained by Brown and Nicholson) that the retardation effects are still 
negligible at the energy of 130 Mev seems inaccurate due to their too rough estimation. 
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transitions and neglect all the spin flip transitions (including M1 transition), then 
the polarization of the proton emitted in the direction #, ¢ and that of the neutron 
emitted in the direction s—0. 2+ are again the same. 


§ 3. Results and discussions 


3a) Angular distribution at 22 Mev 

In order to show some qualitative features of the process, we shall at first 
take up the photodisintegration at 22 Mev which has been considered in detail in 
our previous work 1.2 For the sake of simplicity, we consider only £1 and M1 
transitions and neglect the M1 transition to ‘D state and the coupling between 
’P, and *F, final waves. Then the angular distribution of the emitted proton given 
in Appendix I is rewritten in the following form: 


“ =atbsin’ 0, (12) 
a=aritam, (13) 
am=B (k) (4/M) : (Hp En) Jhs ; (14) 


aE =53.(&) gleh-eth—,/Se4rTe | 


1 i i De DO ; 
+ olen ee he tee, , (15) 


| 


Sy aye 
b=B (kD 


78 a5 Views eS |? VAS) 
eI, + 3e"I,—1/6 rly oe 'e 


1) 7, 57,4 or 7,) +4 \e%1,45,/Ge%r Ia, - (16) 
5) V6 15 | 

B(k) = (1/12) (e?/hc) (ME,/h’) (1/k) (hi/ pc), (17) 
AES OMT h=I'— (/5)/3) £8, 

L=l°+ A//2) 0’, Tp= (3)/ 3/5) Le", 


T,=§v(Si)jo(eR/2)udR, 19" ®=)vCP,)6j,(«R/2) (wor w) dR. 


0, and 0, represent the phase shifts of *P, and *F, waves, I oe randicl "bei 
the overlapping integrals between s (ord) wave of the deuteron and the * Py and 
°F, final waves. The various contributions to the quantities in the absolute square 
signs in aj, are shown schematically in a complex plane in Fig. 1 for the case 
of a positive tensor potential in the triplet odd (7O) state. From the formula we 
can see that a, will vanish if we neglect tensor forces completely in both the 
initial and final states (0)=0,=0, and L=l=h, I7y=0). If we take into account 
the tensor force in the final states, the phase shifts split one from another and 
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Fig. 1. Contributions of each J; in a. 
do/dQ2Q=a+b sin?0 (1+28 cos @) 


acc{ (1/9) | Ipe#80— Lndt82—1/ 3/aT peti r|2 
+ (1/4) | het#:1— Let8247/9/3Iretsr|?}. 


the overlapping integrals split too. An attractive force in a particular state 
decreases the overlapping, while a repulsive force increases it. Then, if we include 
the transition from the d-wave of the deuteron, the component contributes also to 
a large splitting among the overlapping integrals for the *P, states. 

Finally we have to consider the transition to the */, state from the d-wave 
part of the deuteron, again having a large contribution to amy. Fig. 1 illustrates 
the situation in terms of the vector addition in the complex plane. From Fig. 1 
and Table III we see that all of these three effects interfere constructively in 
reproducing a large value of am, so long as the tensor potential in °O state is 
positive. This point together with the important role played by the large d-state 
probability of the deuteron predicted by the pion theory was already emphasized 
in our previous work I without taking account of °F, transition.” The °F, transi- 
tion is also very important particularly at high energies in reproducing the large 
value of ay1, and again the magnitude of the effect is very sensitive to the d-state 
probability of the deuteron. Magnitude of each transition amplitude is given in 
Table IV. Fig. 2 shows the results of the detailed calculations. The full line 
gives the angular distribution of the proton predicted by the theory. The effect 


Table III. Magnitude of a, in the various approximations (in y/sterad). 


Free final waves | With final state interaction 


Sao 0 | 0.5 


Sool 0.9 | 2.0 
Sel D=—> RAE 3.0 | 4.6 


OO 


of E2 transition is to give an asymmetry around 90 degrees in the angular 
distribution. The fit with the observed results are very good. Inclusion of the 
3p, °F, coupling does not appreciablly change the result at this energy, so far 
as one adopts the bar phase shifts for the uncoupled system.” 
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Table IV. Transition amplitudes and total cross sections. 


E, (Mev) 22 48 | 79 
: Bs, 1.472 0.410 0.121 
Is, 1.711 | 0.827 | 0.497 
Pra 1.595 | 0.630 | 0.338 
Is | 0.525 | 0.209 
ss MER be she Ses SAE ae : 
I, 0.505 | 0.133 0.057 
I, 0.462 | 0.317 0.202 
Ia 0.473 0.249 0.145 
It J 0.166 | 0.087 
I*pg —0.187 | —0.146 
ity, 0.367 0.281 0.281 
3 0.758 0.222 0.041 
ff; 2,038 1.051 0.640 
Ee 1.528 0.401 0.166 
Toy 0.382 0.732 0.489 
o7(E1) 469 pb 178 pb 83.9 pb 


Be 0.03 0.002 —0.143 
i 451 0.271 0.413 
I, 4,51 1.740 1.470 
I; 4.51 1.145 0.459 
or (2) 1.1 pb 0.5 pb 0.9 wb 
Ms 0.375 0.244 0.121 
La 0.126 0.120 
o7(M1) 11.6 pb 8.6 pb 4.2 pb 
(Total) 481 pb 187 pb 89.0 pb 


ACESS sa REE Maes OLS ERNE Calan ie ares Sern Soe ES 
3b) Polarization at 22 Mev 
Next we shall see the polarization of the emitted protons. The polarization 


of the protons (or neutrons) can be expressed in the following form in the same 
approximation as (12). 


oP xm) (9) =B(R) {ce sin 204+ sin O ny, (19) 
c= — (1/6) Io sin (6) — 9.) — (1/4) LI; sin (0; —6,) + (1/6) IT y sin (6) —6 5) 

— (3/8) Lr sin (0,—0,) + (5/24) ly sin (0,—0,). (20) 

d=a I, I, sin(0,—9,), (21) 

a= (Nk/ Mc) (t,— fy). (22) 


I, is the overlapping integral between s-wave of the deuteron and the 1S final wave. 
Ny» is the umit vector perpendicular to the reaction plane defined by 


— ee! 
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hv=22 Mev £4 <10-°° em?/ster 


16 
ety { ; 
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i 
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g =z 8 
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eI 
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0 
30 60 90, 220 — 150 
Angle (C. M.) 
3044 -60'= 1990 120" 150 Fig. 4. Angular distributions at the photon 
Angle (C. M.) energy 48 and 79 Mev. 


The full lines are the calculated result by the 

present theory. 

upper (48 Mev) : 

do/d2 =4.80+14.31 sin26 + (0.19 +3.30 sin?0) cosé 
—0.27 sin#é. 

op=omtongt+omy=178.0 +0.5+8.6=187.1 pd. 

lower (79 Mev) : 

do/dQ=3.91+4.11 sin?0+ (0.31+2.18 sin?0)cosé 
—0.41 sin4@. 

op=o py tore tom=83.9+0.9 +4.2=89.0 po. 


Fig. 2. The differential cross section at hy=22 
Mev. 
The soild curve is given by 
da/dQ2=(5.46+48.8 sin?@) (1+0.225 cos@). 
o7=469 pb, a/b=0.112. 


Nn) = (HX Pony) / |X Pym) |- The pure 
E1 transition gives the polarization cross 
section of the shape of sin20, while 
the interference term contributes a term 
of the shape sinf?. The polarization 
at 90 degrees is given only by this 
Fig. 3. The proton polarization at the photon interference term and will reveal an 
encray the? Bisv) information about the magnitude of M1 
transition to the 1S state.” In the presence of a strong positive tensor potential 
in the triplet odd (*O) state, all terms except the first term give positive contri- 
butions to c. Since J, in the first term is known to be the smallest of Js, it is 
clear that we have c>0 for the potential. Concerning the second term the sign 
is determined by the sign of relative phase shifts and the sign of J, overlapping 
integral. For the class of potentials which can reproduce the pp scattering data 
at the corresponding energy, the sign of d will be negative. As the result we 
have the polarization as shown in Fig. 3. The curve in Fig. 3 is calculated for 
our potential. The sign of the polarization is determined by the interference 
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Fig. 5(a). The proton polarization at hy=48, 
79 Mev. 
48 Mev: P(@)=[1.105 sin 20—1.295 sind 
—0.080 sin 20-cos@] /a (0) 
79 Mev: P(#@)= [0.518 sin 20—0.035sin@ 
—0.164 sin20 cos@] /o (0) 


P,(8) 
0.1 


mae 


48 Mev 
=P? 


Fig. 5(b). The neutron polarization at hy=48, 
79 Mev. 

48 Mev: P(@)=[1.104 sin20—1.369 siné@ 
+0.080sin2@-cos@] /o (0) 

79 Mev: P(@)= [0.650 sin2@—0.581 sind 
+0.164 sin20-cosd] /o (0) 


3d) Discussions 


term dsin9§, while the asymmetry is 
due to the csin 26 term. The pro- 
nounced dip around 90 degrees is due 
to the maximum at 90 degrees of the 
unpolarized cross section a+6 sin’é. 
When the energy becomes higher, the 
overlapping integral J, decreases and 
the polarization will change the sign 
in small angle region. (See the next 


paragraph.) 


3c) Photodisintegration at 48 and 
79 Mev 


The angular distributions and pola- 
rizations at 48 and 79 Mev can be calcu- 
lated straightforwardly by the use of 
the formula given in the Appendices. 
We consider the £1, E2 and _ spin- 
flip-/1 transitions. In the presence 
of E2 transition, we cannot make any 
simple argument about the cross section 
and polarization as in § 3. The 
similar mechanism is, however, working 
to determine the main features of the 
processes, since the contribution from 
E2 is very small. We have the large 
isotropic cross sections and the charac- 
teristic shapes for the polarizations, the 
latter of which have been modified in 
the way already remarked in §3. 
Calculated cross sections and _polariza- 
tions are shown in Figs. 4 and 5. The 
cross sections are in good agreement 
with the observations. 


The results in the previous paragraphs show that the static pion potential 
can reproduce the angular distribution of proton in the photodisintegration of 
the deuteron at medium energies. It was shown that the positive tensor potential 
in the *“P state is important in reproducing the large observed values of a/b below 
20 Mev. At higher energies, the presence of d—>*F, transition is essential for the 
large total cross section and the large a/b ratio. These features in. the angular 
distribution are common for all the classes of potentials which are essentially some 


ent I 


‘Photodisinte gration of the Deuteron in Medium Energy Range 809 


modifications of the pion potential. The addition of a small L-S potential will 
not change the situation very much. The assumptions such as the Serber force 
or a negative tensor potential are, of course, excluded on this basis. 

The general features in the polarization of the emitted proton or neutron and~ 
its energy dependence show the similar trend for the modified pion potentials. 
However, the details of the energy dependence particularly that of the P(@) at 
small angles, are rather sensitive to the phase shifts of 'S- and *P,-waves. Al- 
though there is no data available for the moment concerning the point, the future 
measurement will provide very useful information as to the shape of the inner 
wave functions in the 'S state and the magnitude of the exchange effects. 

Recently there have been a few works published on the same subject as treated 
in the present work. The main difference between the present work and those 
lies in that we used the closed form for each multipole interaction, while other 
authors resorted to the conventional power series expansion in terms of «r. It 
seems that there is some discrepancy between our results and those in reference 
28) concerning the magnitude of the /1-spin-flip transition to the ‘D, state. The 
cause of this discrepancy was not yet clarified. 
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Appendix 1 


We consider here the photodisintegration process of the deuteron caused by 
an unpolarized photon with wave number «. The transitions are classified by the 
following quantities : 

the electric or magnetic character of the transition 

p=1 for the electric radiation, 
p=0 for the magnetic radiation. 

the order of multipole radiation : l 

the total spin of the target deuteron : 1=1 

the orbital angular momentum of the target deuteron: /,=0, 2 

the parity of the final state: 7 

the total angular momentum of the final ‘state : Sif 


. 
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the spin angular momentum of the final state : Spek: 
the orbital angular momentum of the final state: La 
From the general theory of angular distribution in photoreaction the angular 


distribution is readily given by the following formula, 


de B_SNRO) RY) PV CHAD CLAD C+) C+D) 
Qa he a v 


x Crt (LO > i i 1) W (hdl: 5 1L) Zila I SD) PP; (cos) . (A 5. 13 
y=D—L4+h—pitp+2S—2I—2. 
Here we adopted conventional definitions for the W and Z. The total cross sec- 


tion is obtained by putting L=0 in (A-1) as 


primis io tees RI. (A-2) 
Sor PL CI TUR 


The polarization cross section of the outgoing particle is given by 


Bote ph / ata (3 % 
27 p_ TV 3 nB {iRQ)R*@)i (2F, 41) (241) 


XV (2441) (24,+1) (2L,4+1) (2L.+1) (2S,+1) (2S.+1) 


X Caz, (LO; 1—1) W(Iilsdy: 1L) Cz,7,(L0 : 00) WSS SD 
J a ae \ 
EXT | oe Eh Ee pe costa A-3)* 
* / fi» Roe )| Ged 
Bei RSS 


pi —l,+h—pit pot Llry+1y+2Jg+ 28s. 


Table A-I. Coefficients in the differential cross section for the photodisintegration of the deuteron. 
R(@Ppo) is the R-matrix for the F1 transition with final state 3Po, .R* means the complex conjugate 

' of R. The table gives the coefficients Cz,’ of R(1)R*(2) in the expression for the 24&2(ds/dQ). 
Differential cross section is given as 24k?(do/dQ) =2Ci/ R(DR*FDV). 


(E1—E1) 
Ra 
R*(2) is | 3Po SP; 3P5 5Fy 
SP, Py(0) 0 —P,(6) FP, (0) 
i $, 9 tat: 
P, 0 3Po(0) — Pa(0) — 7 P40) ae Pal), 
9 
'P, —P,(0) {PAO | SPoO)—FP0) | 75 PaO) 
3 9 3) 
3F, Vet 2) W612) —a7q PF 2) 5Po(@) —2P,(0) 


* In Eq. (2.4) of reference 26), the sign factor (—)*=(—)2+ZitS1t2L41+Jo+IatSe jg missing. 
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(E2—E1) 
1) — re ‘i a* “? aed rh 7 eats ae 
Pen ice ee ee 
: | 3 | 9 | 1 3 
| form | —SePKo Sor) | ~3P,(0) 
3 9/2 9 6 
Dy, V3 PAC) Sar Pca) V3 Pye) = Po) - C2 PKA) 
3D, 0 VS p(oy—v/3 Pal) pie P(0)—2y/3 P(0) — P,(0)+21/2P3(0) 
| | age Sap iieV2 a 2 
SD, | VEPs) —2VP (0) 5 VBP —EV'3 PALOV? pV? P,cay 
(E2—E2) 
R®)| 
ae 3S, 3D, 3D» e 
Sat. 
5S, 3P)(0) “V2Ps(0) 22 Px(0) 5 Pal) 
2 5 1 36 
3D, aa P,(0) 3Po(6) +7 PA(0) rE) 7 P2(8) — 7 Pa(O) 
2 25 80 10 100 
3D, ae P,(0) © P,(0) 5P9(0) +5,Px(0)—37P 9) 7 Pa(0) —"55 PaO) 
1 1 36 10 100 Sh Nad 
3D Fa Pall) PL 0)~ "7 Pal) 7 Pal) — "5, Pa) TPA 0) +7 Po (9) at 4 


Magnetic dipole contribution (triplet final states) 


(M1—M1) 
eee 3S; 3D, 3D, 
a 3S, % ~3P,(0) 22 pa) ve P,(0) 
3D, = 22 P,(0) —3P (0) +P, (0) °V5 P40) 
3D, ~*¥10p, (0) *V5 P40) —5P (6) +2 P,(0) 


(E£1—M1) 
SERA ana Ae aS SERENE 
dees 3S, 3D, 3Dy 
R*(2) te 
2P, WEAO V3P,(0) 0 
6 3V/3 3/5 
sP, vs P,(0) —¥9 P00) ee 
6 v3 _3v 15 
P, ~2¥5 pa) ~SP,(0) GP Py) 
9 | 3/0 
oF 0 ~*¥2 py) | OD 
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(M1i—M1) Singlet final states 


18) —P,(0) | Vi0 /2-P,(0) 


5 
1D, V0 /2-P,(0) | —5P)(0) +5 P2(0) 


In Tables A-I and A-II we tabulated the coefficients of each contribution.* ** 


Appendix 2 


Evaluation of the reaction amplitude R « 

The reaction amplitude R is expressed with the real amplitude R between 
standing wave solutions and phase shifts of nucleon-nucleon scattering in the fol- 
lowing way :” 

i) For the uncoupled final states 
Ry= Ris exp (70,,). 
ii) For the coupled final states 


Rez yee COS ere exp (70,4) —sin €, ee exp (70,,,,) 
RypeaSin € ty eXD (10 74) +08 €, R,, exp (id), 


where Ry and Ros are the amplitudes for the transitions to the standing wave 
solutions a and 7 of the coupled wave equation. 0 v,a9 8979 and €,; are the cor- 
responding Blatt-Biedenharn phase shifts and mixing parameter.” R is connected 
with the matrix element of the operator of the multipole transition as 


3¢J (LS) M|M, (lm) |IM,Ci,(JM ; mM) (—2/ch®) / M/k 


pe Mere). " Ba 
x| (-) pose Vd =R(I(LS) pil). 


* There are some discrepancies between our results and those in reference 26). 
** We did not make any detailed comparison of our results with those in reference 24), 
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Here M,(/m) are the multipole moments defined in the conventional way. 


9 ' pre 
Ma, my =— GED ae [jer Xi (VX j+ ce M) AV 


(for electric transitions) 


(9 '! ba ey ih? 
M(L my = ACE DE / ne 'Viuler) XAG +X MD AV 


(for magnetic transitions) 


j(r) and M(r) are the distributions of electric current and magnetization, and 
Xim(9, Y) is the vector spherical harmonics 
LY in G, 9) 

Vi+1) 
ji(r) is the spherical bessel function of order 2. These multipole moment operators 
are reduced by the partial integration 


Xim (, ¢) = Yin (9, ¢) i 


[inler) XACV xj+ce8 MV 
Ye 


(i+1) 
+ik’j,(«r) {— (r-j) +cV-rxM(r)} |dV. 


[w{— U4 I jrler) +erjua(er)} oO) 


>\ a; 


[ juler) Xk G+eVxMAV 
a | tig HeLCED ier) —erhraled}¥ 


+477, («r) {—ic(r-M) +7V- (rx j) /«} |dV, 


to give the results in (4) and (5). 


After this work was completed, various evidences have been accumulated for 
the presence of the L-S type splitting of the °P, phase shifts in nucleon-nucleon 
scattering. (For example, M. H. MacGregor and M. J. Moravesik, Phys. Rev. 
Letters 4 (1960), 524; and K. Gotow and E. Heer, to be published.) This split- 
ting seems to be due to an L-S type interaction in the innermost region of 


internucleon forces. 
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A quantitative discussion is given concerning to what degree it is plausible to regard a 
particle as a composite one in the sense of the non-relativistic quantum mechanics of particles 
(the “Compositeness”). For this purpose we calculate the probability that the system is in a 
state that cannot be regarded as a system of the constituent particles distributed with some 
probability densities. The main conclusion is that such a probability is proportional to the 
square root of the binding energy. 


§ 1. Introduction 


The notion of the composite particle is very distinct between the cases of 
the relativistic quantum theory of fields and of the non-relativistic quantum theory 
of particles. 

In the quantized theory of particles a composite particle is only a set of 
constituent particles which are distributed in a finite region of space with some 
probability density, and the constituent particles bear their own properties as in 
a free motion. Therefore there is an essential difference between an elementary 
and a composite particle. 

In the quantum field theory, on the contrary, the difference itself between an 
elementary and a composite particle is somewhat ambiguous. For instance, both 
kinds of particles can be equally well described by means of a single local field 
operator. Moreover, one cannot construct such a particle as having the properties 
of the composite particle in the strict sense of the particle dynamics. (In the 
following we shall use the term “ true composite particle” in such a limited sense, 
as in the particle dynamics). All what one can do in the quantum field theory 
ss to construct a system which can be regarded only approximately as a true 
composite particle (in the narrow sense as stated above). 

In order to facilitate the following discussions, we introduce the term 
as is used in the title of this paper. The term “ compositeness ” 
m under consideration can plausibly be 


« 


“ com- 


positeness ”’, 
here means the degree to which the syste 


regarded as a true composite particle. — 
In § 2 we shall take a view of the non-relativistic particle dynamics to find 


§ 3 will be devoted to explicit calculations in 
sonable models. In § 4 we shall draw a picture 
from the result in § 3, and conjecture that the 


a clue to the “ compositeness oy 
perturbation theory for several rea 
of the composite particle judging 


818 G. Konisi and K. Yamamoto 


conclusion in § 3, though obtained on the basis of perturbation theory, is a rather 


general feature of the composite particle. 
§ 2. Preliminary discussions 


In order to throw light on the circumstances in particle dynamics, let us first 
consider a non-relativistic quantum mechanical system of two particles with mas- 
ses m and m! respectively. In this case we have the “ probability densities” for 
finding the individual particles, and these quantities have well-defined physical 
meanings. Let P,,(x) and P,/(«) denote the probability densities of the m- and 
m’-particles at the position x of the particle measured from the center of mass 
of the system. Then there holds the following relation between P,, and P,,: 


ee (7s) f Pay) alm m ye (1) 


The derivation of this equality is given in the Appendix. This equality means 
that the probability distribution of the individual particles are mutually similar 
to a proportion 1/m:1/m’ giving the value (mm/m/’)* to the ratio of the proba- 
bility densities. The relation (1) holds strictly for any two-particle system. 
Therefore, we would like to emphasize that when we deal with a system which 
can be regarded approximately as composed of two particles, the relation (1) will 
be usuful as a clue for defining the “ compositeness”’ of the system. 

Next we shall consider, in the relativistic quantum field theory, a model in 
which a particle with mass M dissociates virtually into two particles with masses 
m and m’. In the field theory quantities such as the probability densities of the 
individual particles have no physical meanings. Instead, as quantities with well- 
defined physical meanings, we have the “ particle densities (We assume here 
that the fields describing the m- and m’-particles are neither real nor Majorana 
ones.) The particle density and the probability density coincide with each other 
if and only if the effect of particle-antiparticle pairs is negligible, and it is also 
only in this case that the probability density has a physical meaning. 

In the inner region we cannot, of course, neglect the pair effect, and in this 
region the probability densities are always meaningless. In the peripheral region 
we distinguish the following two cases. Case A: The effect of pairs is consid- 
erable even in this region, and the probability densities are still meaningless. 
Case B: The effect of pairs is negligible. In this case, therefore, the probability 
densities have physical meanings in the peripheral region. 

One of the present authors (K. Y.) asserted in the previous paper” that this 
difference in the structure in the peripheral region is useful for definition of the 
elementary particles. In addition this difference is associated with whether there 


” 


appears the so-called “anomalous threshold” in the dispersion relation for . 


F, (q’)=\d°x exp(—iq-x)F,(x) (t=m, m!), where F, (x) is the particle density 
for the iparticle. Namely, if M*<m’?+m” the M-particle belongs to Case A, 


ae 


—* 
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and if M?>m’+m” it belongs to Case B. Thus it may be conjectured that if 
M’?>m’?+m” the M-particle state is approximately a two-particle state in the 
peripheral region, and that F(x) has the meaning of probability density. 

While the above discussion is only a qualitative one, a more quantitative 
irivestigation is possible if we make use of the relation (1). Namely it is pos- 
sible to define the “ compositeness ” of the J/-particle (in Case B), making use 
of (1) as a clue. 

The explicit procedure goes as in the following. The matrix element 
<p’, M\73(0)|p, M) of the iparticle density four-vector j;(2) between the M- 
particle states with momenta / and #’, respectively, can be written in the general 
form as follows: 


(p', M\j,'(0) |p, M= (p+ 0’). Fi(@) 


for Bose M-particle, (2) 
Cp’, M|j,/(0) |p, M>=a(p’)ir, FQ) Hie wg Fi (@?) ]u(p) 
for Fermi J-particle, Bees () 


« 


where g’=(p—p’)”. We can then estimate the “ compositeness ” by investigating 
in what region and to what degree the Fourier transform F(x) of F,(q?) in (2) 
or (3) satisfies the relation (1). 

F(x) is a quantity which can, in principle, be calculated if we adopt some 
definite model, though the calculation may in general be cumbersome. The notion 
of the “compositeness”, however, is rather dependent on subjective opinions. 
Therefore it would be unnecessary to calculate F(x) exactly for a given M-particle 
and investigate it by (1). It seems sufficient to calculate F(x) in simple ex- 
amples and conjecture for more general cases. 

In the following section we shall try to investigate under what condition and 
with what accuracy F,’s satisfy the relation (1), by explicit calculations to the 
lowest order of the perturbation theory in several reasonable cases, and with these 
concrete examples we shall 
define and estimate the quan- 
tity “ compositeness ”’. 


§ 3. Explicit examples 


The simplest vertex parts 
of four types as shown in 
Fig. 1 are calculated. Let 
F,(@: m,m') be the form 
factor corresponding to each 


diagram (j=BB, FF, FB ; BF 

Rude BE Yana related:to. thes. ota rt: Pore c boson line fermion line 
m-particle density in the state photon line P=1 or its 

of M-particle composed of Fig. 1. The four types of vertex diagrams calculated. 
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m- and m’-particles. It is well known that Fi (q: m, m') has the following 


spectral representation : 


~ ¢ mo,;(K: m, m’) 
Din aes a > 4 
F(q°: m, m') = dk oe : (4) 
Ca) 
where « is given by 
Ky =211Y, (5) 
y=1 for M*<m’+m”, (6) 


vy=[1—(M?—m?—m")*/4n? mm}? — for M?>m?+m™. (7) 


Then we have 


he: mm ) == L \caha : m, m’) exp(iq-x) 
(2z)* 


ao 


3 
ue | a exp(—2myv|x|)o(4m?v? : m, m’). (8) 


~ am |x| 


Here it should be noted that the threshold value » is symmetric under the ex- 
change mom’. 

We see from Eq. (8) that the necessary and sufficient condition for F(x : m, m’) 
to satisfy the relation (1) is 


o(4m?v?: m, m’) =a (4m"v*: m’, m). (9) 


For values of » greater than 1 (i.e. «> 4m’) the contribution of 2m-(or m’-) 
particle pairs is not negligible and we cannot expect that Eq. (9) is satisfied in 
this region of v. Thus the region in which we expect the o’s to satisfy (9) is 
the interval 0<v<1. This interval correspond to the region |x|>1/2m in the 
ordinary space. Therefore it is necessary, for the M-particle to be regarded as. 
composite, that the binding energy B=M—m—m/' is sufficiently small, giving 
yy <1. (Note, for example, that »°~10~ for deuteron.) In the following we 
shall confine ourselves to such cases. 

The explicit calculation of the diagrams shown in Fig. 1 gives the following 


results for the spectral function o(4m°:* : m, m’) in the interval »<v<1 apart from 
constant factors : 


Moe 7 tO Tandy: 

MO pye=Z~*"| Emm! Z(Z—24) —m”?Z?+ (M?—3m?+ 4m") AZ — S27, 

Mopp=Z~*”(2eMmZ(Z—24) + (M?+m?+m")Z? (10) 
—2{3M*+2M*(3m"—2m?*) + (m?—m")* Z+12M24], 

Moy~=Z—*"[¢Mm! Z(Z—24) +2M2(M?+2m"—m)Z— 6M}, 
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where 
Z=4(M?— mr’), 
4=M?+m"—m’, 
©— +1) aecording. to /°=—1»or, 77. 


In the limits B-0, »>0, opp vanishes if €=+1, and op, as well as oOnr 
vanishes if €=—1. This corresponds to the fact that in the non-relativistic ap- 
Rroximation pair creation does not occur in the scalar interaction and boson emis- 
sion does not in the 7,-interaction. As the above choice of € is inappropriate as 
a model of the composite particle, we shall confine ourselves in the following to the 
choice €=—1 for FF and €=+1 for FB and BF. 

In the peripheral region only the values of v in the vicinity of the threshold 
contribute to F(x). On the other hand, it is likely that the best accuracy of (1) 
will be realized for the limit of zero binding energy (M=m-+m’) in which case 
the constituent particles behave as free ones. These considerations let us expect 
that if B=0 the o’s satisfy (9) at the threshold v=0. It can be immediately 
seen that this is indeed the case : 


opn(0: m, m') ~ opp (0: m’, m), 
orp (0: m, m’) ~ope(O: m’, m), 
opy(0: m, m’') ~opr(0: m’, m), for Bx 0. (11) 


The deviation from (9) arises only in the first order in » and B. 

Next we shall investigate with what accuracy (9) is satisfied in the region . 
yy <v<1 in case B<M. For this purpose we decompose each o into a symmetric 
and an antisymmetric part with respect to the exchange mom’. (In the boson- 
fermion case we need also the exchange of the diagrams BF and FB.) 


1(v: m, m’) =1/2[o (4m? : m, m') +oa(4m"v?: m’, m)], 
x! (vim, m') =1/2[o (4m? * : m, m’) —0(4m"?v?: m', m)]. (12) 


If Y’ is identically zero, the M-particle can be regarded as a composite one so 
that the magnitude of 7’ relative to that of 7% is expected to have something to 
do with the “ compositeness ”’. 

For simplicity we shall consider in the following only the special case of 
m=m'. In this special case Z%yn and Yin vanishes. But this cannot mean that 
the M-particle in this case may be regarded as a two-particle system, because it 
is required that the relation (9) holds for «(4m?:m, m!’) and o(4m"v*: m’', m) 
as functions of m and m’, and the coincidence only at some special values of mm 
and mm’ is insufficient that if ==’ the relation (1) is satisfied even in the inner 
region, where the effect of pairs is not negligible. As Yin and ZY are propor- 
tional to the mass difference m—m’, we may consider the coefficient of m—2m’ 
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as a quantity which is responsible to the deviation from (9). We define, there- 
fore, new quantities % instead of 7’ in case m=m': 


7 Oy = lim it —[oj(4m?v* sm, m’) —o;(4m?v?: m', m) |/2 
se ero for: y= BB, £F; 
4j(v:m)=4;'(v: m,m) for 7=FB. (13) 
Assuming B<M we expand 7 and 7% in power series in B/2m: 
X(v:m)=1 (vim) F (B/2m)XL? (Vim) +>, 
¥(v:m) =~ (v: m) + (B/2m)X% vw: m) +--. (14) 


Adopting the normalization 7° (0 :m)=1, we have the following expressions for 
the %’s defined above : 


or 2, = 47°32") 
a8 7 “4 os 3 15 
dip Bata! 2 PAR 827+ = Pe eegt he 

Ui 3 ux 15 39 15 
y Att) =—2r ts see vom afc oS 4 fe (1) pee ee 3 MMe a 5 ees 7 
a 4 4 PEN et ye pee ae are 
“A n~ 1 
eee jt! o—6a'+ 1° an vine 41 a4 423 5 AS fe ee 9 ( 5) 

8 8 2 8 : 
(OD aN yey ee a vee 
A 4 4 4 

a 3 3 Sule me 9 , 
Waa att, PRR et a22,3 = a+ 2, 
where ge[ d= (uf2) 


For every case 7 (0:m)=0 which corresponds to (11). As %® and %® are of 
the comparable order in magnitude with %° and 7, the latter quantities give the 
main information if B/2m <1. 

Let us define the following quantities by means of ¥ and 7: 


bs, foe) 


pl exp (iq: x) fe dy 
p= (On)? \atx|\d'q| de e+¢ myx ( ord m) a \ “pe te sm)x *{16) 
A ( dv he 
p= |S Re =m). (17) 


The physical meaning of or f is, roughly speaking, the relative probability that 
the M-particle is or is not considered to be a two-particle system. Therefore it 
seems to be plausible to define the “ compositeness”’ through the ratio e/p. 
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We assume that if B/2m<1 the contribution from the region »>1 to the 
integration (16) or (17) is negligible compared with that from the region »%<v<1 
and estimate the values of (16) and (17) using (15). The results are in the 
lowest order in B: 


(A/P) mn * Fav Bim, 


(6/P) rr ~V 3 V B/m, 


(2/0) wag Bim. (18) 


These results are the main conclusion of this section. 


§ 4. Discussion 


In the previous section we have seen that the quantity 6/e, which we call 
tentatively “ acompositeness”’, is almost proportional to B’?.. This fact originates 
in the following four points: 

1. % and 7 do not vary rapidly with B when B~0. 

2. % approaches approximately to 1 with a gentle slope according as v0. 
3. % approaches approximately to 0 with a gentle slope according as v->0. 
4. The threshold value » is approximately proportional to BY”. 

From these facts it can be seen that / is almost proportional to B~”” while p 
is not so sensitive to B, and thus p/poc BY. 

These circumstances allow us to draw the following picture for a composite 
particle by means of the quantities p”, ?'™", pe’ and pr" defined below. 

1. The inner structure of a composite particle is not very sensitive to variation 

of B about B~0. Namely p/p” is nearly constant with respect to B. 

2. For small values of B, p/p" almost vanishes. 
3. The division into the inner and peripheral regions is almost independent of 
B when B is small. 

Here p™, p?, p'" and er are the “ inner” and “ peripheral” parts of e and 
p and are defined respectively as the contributions to the integrals in (16) and 
(17) from the inner and the peripheral regions. The peripheral region here is 
roughly defined as the one the contribution from which to / is negligible. Thus 


we write 
p=er- prt, (19) 
p= Aim aren, (20) 


As the distribution of the constituent particles extends outward according as 
in diminishes and also #™, since p™/o™- const. Thus the 
tates other than two-particle ones is made smaller. There- 
an be understood if it is 


B becomes small, ( 
probability to be in thes 
fore, in such a model, that (/p is proportional to BY ic 
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shown that the probability to be in two-particle states is proportional to BY, 
This situation seems to be quite natural, for the solution of the non-relativistic 
Schrédinger equation is exp (—br)/r (bocB?) in the domain where the potential 
vanishes, giving a much greater value when B~0 to the probability to be in that 
domain than the one to be in the domain where the potential is finite. 

From the discussions given above we may conjecture that it is a considerably 
general feature of the composite particle that the ‘‘ acompositeness ” is proportional 
to B’? when B is small. The proportionality constant thereof is determined by 
the detail of the dynamics, but this constant is likely to be of the order of unity. 
Thus, we may conjecture, for instance, that the ‘‘ acompositeness ”’ of deuteron is 


of the order of several percent. 


< 


Appendix 


Here we give a proof for the relation (1). Let ¢(r,, r.) be the probability 
density for the two-particle system, where r;(z=1, 2) is the position of each par- 
ticle. The position of the 7z-particle measured from the center of mass of the 


system is given by 


= M17, +Mor m 
r,=Pr,— a ut ft a = (r,—Tr,),; 
4+ Ms M,+M, 
(A-1) 
= M48 y+ MP m 
r,=r,— Fit MP2 = 1 (r.—r,). 
M,+ Me M,+Ms 


The probability that the 1-particle is located at r;=m,/,-x is then calculated as 
follows: 


tee ( Mey x) = \\ d'r,d°r.|\6(r4, To) 20 (F.— My x) 


My, My 


a \ar, ip (r., eee ED x) (aire a )’ (A-2) 


my, Mes 


On the other hand, the probability that the 2-particle is located at ry=—x is 


jae PS [Jara raider, ry) [?0 (Ft x) 


= |r, 


7 (r,, ry) (atm) (A-3) 


14 114 


The ratio of (A-2) and (A-3) immediately yields the relation (1). 
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Propagation of Shock Waves in Inhomogeneous Gases. III 


——Spherical Shock Waves- 


Y6rd ONO 
Department of Physics, Hokkaido University, Sapporo 
(Received June 1, 1960) 


The propagation of spherical shock waves in the stellar interior is considered, extending 
the method developed in previous papers. A differential equation of the shock strength is 
derived, which can be applied to any stellar models. It is found that the spherical damping 
effect is pronounced near the center of stars, and this guarantees the stability of the -stellar 
core in general. In the envelope, this effect becomes negligible, and it is justified near the 
stellar surface to treat the shock waves as plane. 


In the previous papers “I” and “II”,” we treated the propagation of plane 
shock waves in an inhomogeneous medium. The result of these papers may be 
applied to the phenomena in the stellar surface, i.e. stellar atmosphere and chromo- 
sphere where the effect of the curvature of the surface is relatively small. On 
the other hand, they may not be applicable to the phenomena which are supposed 
to originate in stellar interior, e.g. the supernova and the nova explosions. In 
fact, if the result of “I” is formally applied to a finite disturbance generated in 
the stellar interior, it follows that the disturbance always grows up to a strong 
shock wave due to the enormous pressure decrease from the center to the surface, 
although an infinitesimal disturbance does not grow as stated in “I”.* This 
means that the stars must be unstable against any finite disturbances generated 
in the interior, but it is well known that this is not necessarily the case. This 
discrepancy seems to be overcome by taking into account the effect of the spher- 
ical damping of the spherical shock waves propagating from the interior to the 
surface. 

Now, the propagation of spherical shock waves in a homogeneous medium 
is treated by several authors in relation to blast waves and shock tubes.” Espe- 
cially, Chisnell® considered the problem of the change in the shock strength 4z 
for the increase in the area A of the cross section of a shock tube from A to 
A+4A, and derived a relation between 4z and 4A. Integrating the differential 
equation thus obtained, the connection between the strength z and the area A is 
derived in the first approximation. The propagation of spherical shock waves can 
be treated in this way, putting Aoc7’, where r is the distance from the center. 


* See (4-6) and (4-7) in “I”. 
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Combining this procedure with that of “I”, we finally get the following 
equation for the shock propagation : 


( Ne fis PEN 4 : 

n+1 2(1+2°) 14 (z—1) (—#’) 

ae ¥A+7)z0 +22) | (1) 
dlnr 2 1 2 ages 


z—l z+ Apes z(1+2°) 


The first and the second term of the numerator comes respectively from the 
“ pressure growing”, that is, the growth of the shock strength as the pressure 
decreases, and from the “spherical damping”. Both n+1 and V are the func- 
tions of r specified by the initial distribution, i.e. they are determined when the 
initial static model is given. » is the polytropic index usually adopted in stellar 
models :** 


d log p (2) 
l=——2_.. 
ae d logT 
1/n+1 is usually finite (or zero) in the stellar interior. V is defined by 
dlogp 
Mesa Ge De 2G} 
d logr 


which has the meaning 


; 


Veo Stavitational energy” 
internal energy 


and so increases from the value zero at the center to infinity at the surface.t 
Lastly, both functions of z in the numerator, i.e. 


1+/2 it 4 
SAG ERRORS Oh ee. SERGE 
alin ibys kes 
TAGE SP ae ee 


* The definition of the shock strength z and the parameter 2 is the same as in “I”. 


- 4 s “oe ” oe o> ul 
** This is related to k in “J” and “II” by oak SAE 
t As is known, the growth of the value of V is not always monotone, for example, when a shell 
source exists. 
77 According to Whitham,» who derived the differential equation for the “ pressure growing” 
by using the characteristic equation, this function is multiplied by 


2(1—-2)V14 Rzet2(2-1)V 20+ 2) 


e(2)= C1) a-aVv14 Bet (14 22)V 204 By’ 


for which 
¢(1) =¢(co) =1. 
In my opinion, the method of Whitham does not seem to be well grounded. Anyhow, the 


function g(z) takes the values near to unity for z between unity and infinity (the minimum value 
is ~0.91 at z~2.8 for #2=1/4), and therefore we may here neglect this factor. 


~~ e > ee « 
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are finite for the values of 
z from unity to infinity. 
Summarizing the be- 
haviours of these terms, we 
can deduce the development 
of the shock waves generat- 
ed near the center as fol- 
lows: Near the center or 
in the core of the stars, 
the strength of shock waves 
is largely reduced due to 
the spherical damping ef- 
fect. Then, after they pass 
through a critical. position 
Tery, Where dz/dr=0, the 
strength rises rapidly due 


to the increase of V, ie. 0 Gye 7) ca 
to the pressure growing 
effect. In the envelope of Fig. 1. Shock strength versus distance from the center (re- 


lative to the stellar radius R) calculated by the isoclinic 
‘ , method for the Eddington model. Dotted curves represent 
ing effect becomes negli- the isoclinic lines, where the inclination of solutions takes 
gible, and near the surface the value dz/dr=0 (for rea), —5 and —10, respectively. 
the one-dimensional treat- , 
ment of shocks employed in “I” may provide with a good approximation. In 
Fig. 1, the above behaviour of the shocks is shown graphically for the case of 
Eddington model =3, using the isoclinic method. 

The critical value of V at ren ie. Veru, varies with both z and the model 
used, but the dependency on z is found to be rather slight. For polytropes, they 


are given by 


the star, the spherical damp- 


Verie=1.9~2.0 for n=co (isothermal), 
=1.5~1.8 n=3 (Eddington), 
= ho 16 n=1.5 (convection). 


It is seen that the isothermal distribution arrests the growth of disturbances most 


effectively. 
The suppression of the shock growth may have a close connection with the 


stability of stars. Although all disturbances have been found to grow up after 
the critical position re except for the case z=1, it is necessary to note that here 
we have dealt only with the case of stationarily generated shock waves (quasista- 
tionary approximation).* As a matter of fact, we must treat the shock pulses 


* See the Introduction in “ 1 Bae 
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which are damped by dissipation. In that case it might occur that the most dis- 
turbances generated at the core are reflected and dissipated in the region r< rey. 

In order to see whether the stars are stable or unstable for the shock devel- 
opment, it is necessary to take an appropriate stellar (static) model and to settle 
the criterion of its stability. Then, the possible initial strength 2 of a disturbance 
should be determined, using nuclear reaction rates and deriving the power gene- 
rated. These will be treated in a separate paper. 

The author wishes to express his thanks to Dr. S. Sakashita and Mr. 
H. Yamazaki for helpful discussions. 
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Symmetrical Properties of Two-Dimensional Ising Lattices 


Itiro SYOZI 


Maritime Technical College, Ashiya, Hyogo 


Shigeo NAYA 


Department of Physics, Kinki University, Fuse, Osaka 


(Received June 8, 1960) 


Some symmetrical properties on the statistics of two-dimensional Ising lattices are studied. 
It is shown that such considerations give us very useful suggestions even for cases in which 
we know no exact solution. We investigate especially the cases of the square, triangular, 
honeycomb and generalized square lattices, with respect to the expressions of spontaneous 
magnetizations and susceptibilities. 


§ 1. Introduction 


As is well known, the exact treatments of the statistics for the two-dimensional 
Ising lattices have been obtained under zero magnetic field. But under finite 
magnetic field, it is very difficult to solve the problem. We know the internal 
energy, short range order, specific heat, entropy, etc., for the several types of lat- 
tices, but on their magnetic properties we know only Yang’s” work on the spon- 
taneous magnetization. It seems to us very difficult to extend the exact theory 
to know the spontaneous magnetization or the susceptibilities for other types of 
lattices. 

The thermodynamic properties of one Ising lattice can be transformed to those 
of another type of lattice. These transformations enable us to know the unknown 
solution from the known one. In fact, when there are no magnetic fields, exact 
solutions for several types of lattices are derived from the known one. Under the 
external magnetic field, such transformations have not been successfully used. 

One of us” and Fisher® derived the relations on the spontaneous magnetiza- 
tions and the susceptibilities between the honeycomb lattice and the triangular 
lattice. But it is not sufficient for knowing the solution. Fisher? have obtained 
the exact solution for a special model by a transformation method, but his model 
seems to us too specialized to know a general feature of the Ising lattice. Basing 
on the symmetry consideration, Potts” derived the expression for the spontaneous 
magnetization for a triangular lattice from that of a square lattice. 

Considerations on the symmetric properties will be very useful for the case 
in which we know no exact solution. 
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§2. Y-d4 transformation, quasi-spherical triangle 


Y-4 transformation for the anisotropic case seems very complicated at first 
sight.” But there are interesting symmetry properties between parameters. The 
equation for the Y-4 transformation is 


ae exp| Mp (Fi + Hof, + Asf's) ]=A exp (Tifotst+ Tofsf4 + T 3th) » (1) 
Lo= 


where H,, H,, H; and T,, T,, T;, are the interaction parameters for the honeycomb 
lattice and the triangular lattice respectively, and 4;(i=0, 1, 2, 3) are the Ising 
spin variables. For the possible values of “4;=+1 we get the relations 


2 ch(H, + H,+ H;) =A exp i+ Ts t+ Ta) i 
2 ch (H,— H,+ Hs) = exp(—7,+T.—Ts) 


SAR CEs PSe Ey Sa Gene ee ee i 
2 ch(—H,4+ H,+ Hs) =A exp(T:—T2—Ts) 
which are easily deformed to 
At=4 (5) + 89° + 53°+ 2c1¢2¢3 +2) \ 
coth 27; = (c1+ acs) / 5253 


> (3) 
coth 27,= (c2+¢3¢;) / 5351 


coth 27'3= (c3+ e1€2) / 5152 / 
or 
1/sh* 274=A*/4(sa5,)*\ 
1/sh? 2T.= A‘/4 (s35:)? ) , (4) 
1/sh* 27, At/AGs)? 
where s;=sh 2H, c;=ch2H,. We can write these in symmetric form 


A ta Ee Wie Z 27 1 
sh? 2T,-sh?2H, sh?2T,-sh?2H, sh? 2T;-sh? 2H, 


bs $17 + 55? + 597 + 2ereacg +2 
(si5e54)2 | 
By the dual transformation from the triangular lattice (7), T., Ts3), we get again 
the honeycomb lattice with interaction parameters (H,', Hy’, H;’). 
sh 2H,'-sh 2T;,=ch 2H,’ - th 27,=th 2H,’ -ch ae Br (6) 
With (3) and (6), we have 
en 2H (1+ acs) / (S253) 
ch 2Hy! = (ca+¢9¢1) / (S35:) (7) 
ch 23! = (c3+c1¢2) / (55) } 


(5) 


Symmetrical Properties of Two-Dimensional Ising Lattices 831 


Rearranging the terms, we get 


Cy = — CoCg + aS3Cr- 
oe / 

C= — €3C1 + 5351C2 > (8) 
pon / 

C3—— — C1Cg 4+ 51 59C3 


where c,’=ch 2H’. 
Putting s,/=sh 2H,’, with (5) and (6) we have 


/2 2 2 
Sy =e; So pH S3 at xf Sy + Sy Ab 557-1 20,CaCg +2 =p 2 
2 2 \ Fes ET Ye 
= $2 Ss (s15253) : 


(9) 


Eqs. (8) and (9) have similarity to the “cosine law” and the “sine law” of 


a spherical triangle. But the relations between H,, Hy H, and Hy; H,!,’ Hd 
are symmetric : 


fia Vipemr f fee A! 
Cy = — Co C3 + Sq $3 Cy \ 
pos fen il Ey: \ 
Cy = — C3 Cy + Sg $1 Co (> (10) 
/ / / eee } 
C3 = — Cy Cy +S, Sa C3 
~ /2 ~ (2 /2 PP INES 
Hees volt 2 kes (sietsdyt 2x 
2 Pe ~ /2 12 | ih aan 
sy Sa" 53 54/7 + 59!" + 53 + 2ey'Cq C3 +2 
2 2 2 
23 SL: + S2 + $3 + 2c12¢3 +2 =p (11) 
5 , 
(515253) 
From (8), we can get 
CCCs) +1 =ka (cyC9C3 +1). (12) 
(11) and (12) give the symmetric relations 
Ve ef fae! iA A 
sft sf is? eee 1. cred ca! 1 Gi’ Saich Sa’ Sei Se 1) ag 
is a ‘Set C1CaC3 +1 CCoC3 + 1 — (5152+ S253 + 5351) ay 
1 


According to Potts’ conjecture, the spontaneous magnetization I, for the honeycomb 
lattice will be 
= (1—k) . (14) 


The similar relations for the triangular lattice will be easily obtained. Let 
the dual lattice of the honeycomb lattice (,, Hy, Hs) be the triangular lattice 
CTREL tLe ) Then we have 


sh 2H; sh oT! =ch JA ig Be th OT? =th 2H, ch De =e (15) 
With (11), (13) and (15), putting c/=ch2T/', .=ch 2T;, we have 
52 sy”? “ sq? & si 
Sy mA sy 53. (s152) 3 (S253) 4+. (5351) 742 (si5253) 24 2.64C2€3515253 
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= (s1' 53") 7 (53/53) 74 (55' 51’) 742 (51' 50’ 53’) es Qcy! Ca! 5! 54’ Sa! Se! 


eles LENA Poa EN, PRO LOM a f Sy PN NED 
5 c $1 Sq S: $5 +5, +5 2 
= (saat “5 | =i s+ 51'su'se'— (Sr + 5a F 58) \" p22 (76) 


C1C9C3 + S150 53 C4C2C3 + 515253 — ($1 + $.+ 53) 
T; Potts proposed that the spontaneous magnetization 
2 , . 
AT for the triangular lattice should be 
H;, 2 A Prans.. \ fi g& 
re I?= (1—&,?). (17) 
Dual_ os 
Weal Trans. (17) and (14) satisfy the condition derived by one 


sek ofus:- {Ay A Ap =H=La a, eee 
Gi Ty -X-A Trans. 


: ? He /\ Hy Hy>o or T; 30, (14) or (17) is reduced 
Te *to the spontaneous magnetization for a square 
Fig. 1. Transformation of lattices. lattice : 
f 
1f=(1-—5]. (18) 
Sy Sq 


§ 3. Spontaneous magnetization of the generalized square lattice 


As a special case of the so-called chequer-type lattice, Utiyama” treated the 
partition function of a generalized square lattice. This lattice is reduced to a 
triangular, honeycomb or square lattice according as one of the parameters, for 
example, L,, tends to infinity, zero or Ly=L,, and L,=L;. As a generalization 
of (14) and (17) we arrive at the expression for the spontaneous magnetization 
for a generalized square lattice : 


y2 1 
I =| ive « S; + 201€2C3C4 + 25455554 + 2 # (19) 
ITE 2 2 2 3 
2 (545jSe) *+2 (51595354) + 201CyC3C451 50.5354 + 25, 52595, 


where the summations extend for 7,7, & from 1 to 4, excluding the congruence of 
them. Hereafter we will omit this notice on the summations which will appear 
frequently. Or with parameters for a dual lattice (L,*, L,*, L;*, Ly*), we can 
rewrite (19) as a symmetric form 


Ko Ko KK Vo2 
In=(1- Sisonh Sa; Seni (215; HF 2C1CC3C4 + 251525355 + 2) 1B 


aes (20) 
51 S95354 (235,* + 201" Ca¥ cq* c4* + 254% 59% 55* 5,* + 2) 


This symmetry on duality will suggest correctness of (19). There are several 
reasons to believe the correctness of (19). 


i) At the Curie point of a generalized square lattice 
C1€2C3Cx+ 5152535, +1 = 25; 5,, 
or in terms of Gudermannian functions gd(2L) =arctan(sh 2L), 
gd(2L,) + gd(2L,) + gd(2L;) + gd (2L,) ==, 


the expression (19) tends to zero, and at absolute zero of temperature (19) tends 


i? each 
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to unity. 

ii) When L,>0, (19) tends to (14), the spontaneous magnetization of a hon- 
eycomb lattice. 

iii) When L,->00, (19) tends to (17), the spontaneous magnetization of a tri- 
angular lattice. 

iv) When L,=L, and L,=L;, (19) becomes (18), the spontaneous magnetization 
of anisotropic square lattice. 

v) Expanding (19) in power series of x;=exp(—2L;), we have 


Lys = 1-2 (4,22%3Xs) — 224i xj Hx A 2 (Ly X2H3L4)?— 6 (My LoHsHs) Vj) x; 
A4 (xy t2XqXs) Si xp oe — AL x) xj xy' — 30 (4 ,2225%,)*S2;+O0(2"), (21) 


which coincides with the exact low temperature expansion. 


§ 4. Susceptibility of one-dimensional lattice 


On the susceptibility of a two-dimensional Ising lattice, there is no exact 
derivation. As stated in the Introduction, some of the transformations will be 
useful for the derivation of susceptibility, but, unless, at least, one exact solution 
is found for a standard Ising lattice, such transformation will hardly be used. 
Domb and Sykes,® basing on the exact high temperature expansion of the suscep- 
tibility, considered the critical behavior of the ferromagnetic susceptibility by ex- 
trapolation. And also Fisher,” basing upon the Onsager-Kaufman’s work, concluded 
that ferromagnetic susceptibility has the singularity of the following type, in a 
critical region, 


2 
y= Nt Crk aia (22) 
eras TALy 


where C is a constant which-depends on lattice type and k, T, N, » have usual 


meanings. Domb and Sykes” obtained the numerical values of C, as 0.9684 for 


square lattice and 0.9295 for triangular lattice. 
As an introduction, we want to summarize the results for one-dimensional Ising 


lattice which can be solved exactly. As is well known, the susceptibility of a 
linear chain with interaction parameter L, is, putting vi=th Lh, 


_N 14+ 03 
hi kT aft = Vi ; ( ) 
Or substitution of c=ch2Li, s:=sh 2k, gives 
2 ; 
je Nag oe (24) 
RE Are 3} 


The denominator of (24) is closely related to the expression for the partition 


function of a linear chain: 
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log in|" log (c:— 51 cos w) do. (25) 
0 


Ly Ls Ly Ly 
Fig. 2. 


To assure the correspondence between (24) and (25), we calculate the suscepti- 
bility 7,’ for a linear chain with two interaction parameters L,, L, alternatively. 


wp NE Cet St $a (26) 
kT C10Ca + 1— 559 
and the partition function is 
log 4,~ “log (Cyc, +1— 5,5, cos w) dw. (27) 
Jo 


In this case also, there occurs a close relationship between the expressions (26) 
and (27). In the so-called ‘“ semi-ferromagnetic’’. case, in which the magnetic 
atom and non-magnetic atom alternate, we have 


Ne a hs ea (28) 
kT CC, + 1 — 5455 


! — 
Aecaent at 


§ 5. A closed form related to the susceptibility of square and 
triangular lattices 


Taking into consideration the relations (24), (25) and Onsager’s™ partition 
function, 


Cre Cr 
log a~|, \ log (c,C,— $; COS W;— S,COS Wy) dw,dws, 
we can get a rough estimate of susceptibility of square lattice, 
NE 1 
RI) €1 63 > St 85 é 


(29) 


(The expression similar to this can be suggested from the combinatory consider- 
ation, for example, by Temperley.’”) The expression (29) has the singularity at 
the critical temperature, s,5,=1, but its character differs from (22). We modify 
(29) as 


Ne (1 ay cia Ss) 1/4 


= 
RT ylg— 5, — Sg 


(30) 


Notice that the numerator of (30) is closely related to the long-range order of 


the dual lattice. We can rewrite (30) as 


Xs 


SLE Ae UE 0 16v; v2 ey i 
kT (L—v1—v,— 0,0)? (1—v2)*(1—v,2)? 2 


sia iodh pecan Seal 
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where 
v;=tanh ue ae oe 


Naturally, if one of the parameters v, tends to zero, (31) tends to Eq. (23) for 
the one-dimensional lattice. Expanding .(31) in power series of v;, we have 


Ae= (NE/RT) 142 (vitv2) +2 (oPe+ vs") +80,0.+2 (ve+v,) +16 (v20,+ 0,022) 
+2 (wi + v9") +24 (v°v.+ v102°) + 48070,7 + 2 (vP+ v5) +32 (oy'v,+ v,024) 
+104 (vy3v? + v17v2°) +2 (vio +v2°) + 40 (vv. + viv2°) £180 (v,4v,2 + v27v5') 
+ 296v;>v.° + 2 (vy' + v2") + 48 (vy8v2+ V2") +280 (vi2v,? + v?v,") 
+ 656 (v,4v.3 + v;'v2*) +O, (v')}. CO) 


‘This coincides with the exact high temperature expansion up to the order of wv’. 


In the isotropic case where v;=v.=v, we have 


13= Ne (1—v’)’ ae 16v* ye (33) 
RT etl —20--c")* (1—v’)* 


= (N/2/kT) (14+40+12v" + 36v*® + 100v* + 276° + 740v° + 1972’ +O, (v*) ). 


In the critical region, near the Curie temperature, we have 


aE Ee C= G (G2) 09617, (Le= 0.4007), BH 
kT (1-T./T)™ 8\L, 


which has the singularity of the type (22), and the numerical value of C, has 
good agreement with that given by Domb and Sykes” 0.9684. 
For the triangular lattice, after the same reasoning, we have 


L= Nee [1 .Z (S's7s/ aie 201 C2C351 S953 = 25; Sa 5s) ‘e 
Ser C1CaCat 51$953— 51 — S2— Ss 

_ Ne (1—v,")? (1—v,*)?(1—vs")’ 

kT (1—v,— Vg— Vg — VyV — VqU3— Vg + UjUzV3) 


yg (ht vivivs) (Wit vivs) (Yat Uses) (Ust Vis) ib (35) 
x[1 16 (1—v;)?(1—v;)?(1— 032)? 


The expression (35) is reduced to the susceptibility of square lattice (30) or (31), 
when one of the parameters tends to zero. Expanding (35) in power series of 
Vv; we have . 
1,= (N/2/kT) {(14+220;+ 2307+ 8S v00;+220; + 163v/7v;+ 36v,v20s 
4230! +2435 ufv,+ 482070; + 1043 'v70jv, +250; + 322'v;'v; 


+1043 uF%07+ 2125 0,70j;0,+ 3762:0;7070,+O,(v)} 5 (36) 


ee ay ae 


ee rg 


ae 


ee 


ss | ah me 


Rte tee Sere it NN 


sg Fh 
pe ee iS ED 


See 


a 


eta < - 
vist ett Oe a 


= 
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which coincides. with the exact high temperature expansion up to the order of v’. 
In the isotropic case, we have 

Ne Cleo) (1 16v°(1+v*) 4 

kT (1—3v—3v’ +v')? (1—v)?(1—v’)? 
= (N/2/kT) (1+ 6v + 30v? + 138v° + 606v* + 2586v" + O,(v")). (37) 


X= 


At the neighborhood of the critical temperature, we have 


1 NE Opi 2G ek 0.9935) (202140) a8) 
AERC ey: 6y/ abet 


The numerical value of C, has good agreement with that given by Domb and 
Sykes” (0.9295). 
§ 6. Extension to the honeycomb lattice 


Fisher® derived a useful. relation which connects the susceptibility of honey- 
comb lattice with that of triangular lattice, 


1(T1, T, Ts) =X, semi (7h, Hi, Fs) ae 1%, (Fi, Td, 3) Lats —Fi,, — Hz) } ? 

a (39) 
where 7\, T:, T; and H,, Hj, H; are connected by Y-4 transformation (2). The 
middle part of (39) is the susceptibility of semi-ferromagnetic- honeycomb-lattice. 
From (35) and (39), we can get 


Ne (2s,2 + 2ere2c3-+ 2)? (1 Me S1S9°'S3" 8 


; 40 
RI CiCxCg t1— 2's; 5; DS +2¢,€5¢03+2 (40) 


208 semi — 


Extension to honeycomb lattice will be suggested by the case of linear chain. 
We have, ccmparing (40) with (26) and (28), the following expression : 


Y= Ne’ (Ss? Seis aes Si (1 S1'Sa' Sq" he 
kT C1C,C, + 1—2'5;5, 2 S74 2c,Coc3+2 
Ne 
= a (1+ U,V, + V203+ Ver) (1+ 0,0.—V2V3— V3) (1—v,v2+ VyV3— V301) 


1/2 
X (1— v,0_— 0203+ UsV3) | su de v5) oes Uz) | (1 —vyv2— V_v3 — U3) : 
x E a 16 . v2 ° Us" ; Vs / el ot UjV2 ~- UsV3 + UsV) (1 + V1V_— VeV3— UgV1) 


1) 
X (L= v1. + v.03 — V3) (1—v,0_— V203+ V3V;) |}. : (41) 


This satisfies the relation (39) and, when one of the parameters Hj tends to zero, 
it is reduced to the susceptibility of a linear chain: 
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1) = NE (si 5+ 21,42)? + 5,+5, Ne GAtats+5 
kT C1Cg +1—5,5, kT CiCa- LS; 55 


(42) 


Moreover, when one of the interaction parameters H; tends to infinity, (41) is 
reduced to that of a square lattice (30) or (31). In fact, the expression (41) 
has a singularity of the type of (22) and has high temperature expansion : 


Ua (NE (RT) {1+ 20,+ 25'0;0;+ Sv70;+ 6v,0203+ 22070; +62'0/0;0; 
+ 200; + 2S 0fv;0,4+ 12207070; 4 25 020 j +1020F070,4 24020203 
+ £v,07 + 320070, + 18203070, + 30S Fv 7 Vet 22'0;'03 + 145 0/070, 
+222 0,'0;'04 + 545 0f 070, + Sufi +45 Uz, Uj; Up t 620,070, 
+243'0,'0;'v,+ 632 0,;'0f 02 + 102v,2v,'v,? + 2S vev P+182'0/0;'0, 
+ 402'0,'0;7 0, + 962 0;'0;'07 +1525 0/002+0,(v)}, (43) 


which coincides with the exact one up to the order of v". Especially, in the 
isotropic case, we have | 


_ Ne (=v'(14 30")? +30 (1—v’) ‘(1 16v" Mie 
kT (1—3v?)? =e)? 309/" 


= (N/T) (14+3v0+ 6v? +12? + 24v* + 48v°+ 90v°+ 168v’ 
4.318v°+ 600v°-+1098v"-+0,(v")). (44) 


hr 


§ 7. Expression for generalized square lattice 
and consistency examination 


Extension to the generalized square lattice, which describe the properties for 
the square, honeycomb and triangular lattices, is now easy. We have 


i NY (357+ 2c .CoC3C4 oF 251505354 + 2) 2+ D's, 


Xo.s 
\ kT C1C2C3Ca t+ 51525354 + 1— 2's; 5; 
x (1 sf 255 Si Ste Ae 251°5q°S3 Se 251595354 (CyC2€3C4 + 1) (45) 
B57 4+ 2c1CoC3Ca + 251505354 + 2 


Of course, we have, for the semi-ferromagnetic generalized square lattice, 


1 
iy — Ne (S5f+2c,C203C4 + 251595354 + 2) B 
g°s, semi —— ’ 
kT C1CalxCa + $1895354 + 1— 25,5, 


c. (1- 35759 54° +257 52°59" Su° + 251595954 (CrC2CaCa + 1) Fe (46) 
2 56 DE sCoCaCgt 2515258542 

To show that these expressions are satisfactory in the scope of our considera- 

tion, we give a graphical representation of their consistency. 


5 ee ie 
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| Ly? sit by 2) J 


v6, midge POs U6, 


L\=L, L,=L2 
@ indicates magnetic atom 
© indicates non-magnetic atom 


Fig. 3. Graphical representation for the consistency examination of our 
expressions. 


§ 8. Discussion on antiferromagnetic case 


The formula mentioned above cannot be applied to the antiferromagnetic cases. 
As a trial to fit the expressions to the antiferromagnetic cases, we replace 


x /2 
ee cter SE Wy Le Re) =2\a-P sin’w) de, (47) 
We 7 Jo 


the complete elliptic integral of the second kind. For example, we have for the 
case of antiferromagnetic square lattice 


NY 1 2 
he) Ree Sasa 48 
RT ce, ts, +5, (4) fib fod 


1,= 


These replacements of our formulae do not affect the range of coincidence for the 
high temperature expansions (32), (36) and (43) and the consistency examina- 
tions. At the Curie point, the replaced expressions remain finite, unlike (30), 
(41) and (45) which tend to zero for the antiferromagnetic cases. Furthermore, 
the expressions behave, in the critical region, as 


Neve ie, 


) (= 
kT 


se DT aT) LOR a ete, (49) 
which can be shown by the well-known properties of elliptic functions, 
OE E-K 


Th een ae and for k-1, 


aeaie 
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K(k) ~log 4/|R’|,, k?=1—F, (50) 


where K is the complete elliptic integral of the first kind. This type of critical 
behavior for the antiferromagnetic case has been conjectured by Fisher,” and Sykes 
and Fisher” and the critical value €,=1/27=0.159 obtained from (48) for the 
square lattice has also good agreement with that given by them (kT7%/N#?= 
0.156~0.158). For the honeycomb lattice, we have €,=2/3,/37=0.123. On the 
other hand, for the triangular lattice which has no transition point, the expression 
decrease monotonically and has value 7,=0.339Nv’/kT at the temperature cor- 
responding to its ferromagnetic Curie point. 

However, these expressions diverge to infinity as (1—T./T)~, not as —7/4 
power, if applied to ferromagnetic cases. Below the critical temperature, we must 
change the expressions, about which we have no satisfactory results. 


§ 9. Conclusion 


There are no reasons to doubt the correctness of the expressions for the 
spontaneous magnetizations. However, it is obvious that the expressions for sus- 
ceptibilities cannot be exact. In fact, the high temperature expansions diverge 


slightly as in Table I. Moreover, the discrepancy between ferromagnetic and 


antiferromagnetic expressions is troublesome. Although these expressions are not 
exact, these will be a milestone for the derivation of exact expressions for the 
susceptibilities of two-dimensional Ising lattices. 


Table I 
| Square Lattice Triangular Lattice Honeycomb Lattice 
Exact Value | 5172v8 + 13492v9 + --- 10818v6 + 44574v7+ -:- 2007v11+ 3696v2+ ::: 
Be ee 5168v8 + 1349209 + --- 10814v8 44455007 +--- | 2004v114+3692v2+-.. 
‘ | 
PN iMicErO. 5180v8 + 135409 + --- 108268 + 4469407 +++» | 2004v11+370402 +... 


Mag. Expr. | ee Ee 
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P-Wave pion-pion resonance formula is derived by both the Chew-Mandelstam theory 
and the chain approximation. Adopting scattering length a=1/5~-(f/uc)3, we predict the 
resonance of 600 Mev and total width of 130 Mey, which is consistent with the results of 
Takeda et al. and Fulco and Frazer. The mean square radius of isovector part of magnetic 
moment of a nucleon is calculated by using the chain approximation. 


§ 1. Introduction 


The existence of pion-pion interaction has long been anticipated from the 
Feynman diagram occurring through the virtual nucleon-antinucleon closed loop. 
The experimental evidence for the pion-pion force has for the first time been sug- 
gested by Landau,” Takeda,” and Dyson® to explain high energy phenomena. 
Landau analysed jet shower by the meson fluid model which is based on pion-pion 
force and succeeded in the explanation of the angular spread and multiplicity of 
jet shower. Takeda and Dyson interpreted the second maximum in the pion-nucleon 
scattering cross section as the resonance scattering between incident pion and cloud 
pion around a nucleon. Ito” made also an extensive analysis of Kovacs type 
diagram and noticed the important role played by pion-pion force in the phenomena 
of Bev region. 

The clearest evidence for this force seems to be the recent experiment” on 
the double pion production in the pion-nucleon collision at 250~450 Mev (lab). 
In this energy region the cross section for the reaction z+N—->N-+2z increases 
from 0.5 to 4.5 mb, which is considerably larger than that expected from the 
collision between an incident meson and a nucleon core. We should interpret this 
reaction as the collision between an incident pion and a cloud pion, since the pion 
cloud is extended up to the distance. of meson Compton wavelength around a 
nucleon core. From the analysis of this experiment, Rodberg® obtained the scat- 
tering length for the S, P state. a=5i(H/pc), Q,=21(R/pe), A=1/10 and 
a=1/5(h/pc)*, where a,;=scattering length in isospin I state. Sato” has also 
obtained attractive scattering length a,=0.7~1.7, a,=0.20~0.27, using a new type 
of dispersion relation for z-N scattering. His value is consistent with Rodberg’s. 
Thus the pion-pion force seems to be experimentally established. 


ae eo 
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The aim of this paper is to investigate whether the present field theory 
predicts the resonance in pion-pion scattering which seems to be very important 
in the interpretation of the second maximum of z-N scattering cross section. 
Takeda assumed the resonance in the J=/=1 state, while Dyson assumed the 
resonance in the S state. But the resonance in the S state seems to be very un- 
likely in the theory of Chew and Mandelstam® on the S-wave pion-pion scattering. 
On the other hand, the resonance in the J=/=1 state is very likely, because Igi- 
Kawarabayashi’s” perturbation theoretical calculation and Sato’s dispersion theory 
indicates the strong attractive force in this state. In §2 we apply the Chew- 
Mandelstam* theory to P-wave pion-pion scattering. At the end of this section 
it is shown that the Chew-Mandelstam theory, which starts from a Hamiltonian: 
At) (P4a)°, predicts too small P-wave scattering length compared to Rodberg’s one. 
Instead, we start from —2za(¢,9,02—%9,a)? and set up the C. M. equation for 
P-wave. This equation can be solved in the same way as the C. M. equation for 
S-wave. In this case we must introduce a cutoff A, twice as large as a nucleon 
mass, and get the resonance at about 600 Mev (c. m.) and resonance width 130 Mev, 
which is consistent with the one adopted in Fulco-Frazer’s’ theory on the isovector 
part of the magnetic moment of a nucleon, and also in Takeda, Itabashi, Kato, 
and Nakagawa’s” new theory on the second and third maxima in the z-N scat- 
tering cross section. We use dispersion relation to estimate the contribution from 
negative energy integral which does not so much affect the location of resonance 
energy. 

In § 3 it is shown that we can readily obtain the same result as in §2 in 
the chain approximation of the Feynman diagram which has been used by Okubo™ 
in the S-wave case. Our approximation in §2 is found to be the solution of the - 
Bethe-Salpeter equation (Fig. 1) in which the nucleon closed loops are replaced 
by a point interaction. If the nucleon closed loops were properly taken into account, 
we should get the finite result without cutoff in the P-wave problem. By the 
uncertainty principle, the virtual nucleon and antinucleon pair is spatially extended 
up to fic/2M. Thus the integrand of virtual integral should begin to decrease at 
2M. This is the physical meaning of a cutoff A. 

The advantage of the C. M. theory is to preserve unitarity and crossing sym- 
metry, while in our chain approximation unitarity is lost by the exchange of in- 
cident and outgoing meson (the crossed diagram). The most reliable treatment 
of P-wave pion-pion scattering is to solve the coupled C. M. equations for 
z+aona+a and t+2—>N+N which has been left untouched in this paper. 

In § 4 we use our chain approximation to evaluate the mean square radius of 
the isovector part of anomalous magnetic moment of a nucleon. We can get in 
a very simple way the same result as that of Fulco and Frazer’s dispersion theo- 


retical method.” 


* We shall cite this paper as C. M. 


{ 
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§ 2. Chew-Mandelstam equation for pion-pion scattering 


i) Scattering length in the I=l=1 state 

We shall consider the pion-pion scattering (q@, 9-2) > (qv, @), where q; are 
the four-momenta of the pions, and a, # and 7, 6 are charge states of the incoming 
and outgoing pions. We define the scattering amplitude in the center of mass 


system as 
(g7, 4°|T | @, Qn 8) = — 322 31 (21+1) P,(cos9) Tia (76 | Pr-1| a3), (241) 


where 


ikaw. vt cinde® (2-2) 


and y=q* (q=magnitude of three:momentum). P)-:= (1/2) (0279 gs—%as%ey) is the 
projection operator for J=1. 
Scattering length in the 7=1 state is defined by 


lim 6/g’=a(fe-*), 4: pion mass.** 
q70 


Igi and Kawarabayashi obtained a by evaluating the Feynman diagram of 
nucleon closed loop. 


q 2 9 Ne 
a= ( == Qi peor. 
4a] 92M? 


By the analysis of the data on double pion production, Rodberg® gives 
a=0.2p5*. 
Using the dispersion relation of a new type, Sato” gives a=0.2~0.27p°. 


Table I. Sacttering length a. 


Tgi et al. | Sato | Rodberg | x-N peas 
0.35 0.2—0.27 | 0.2 | 0.1 


11) Resonance Formula in the I=l=1 state 
It can be shown by Mandelstam™ representation that 7'/=! has two branch 
cuts co>y>0 and —co <y<—1. Following Chew and Mandelstam, we put 


fb fork (2-3) 


N is analytic except the branch cut —co<y<—1. Dis analytic except the branch 
cut co>yv>0. By assumption we have 


1 
* J-1_; 45(b.— 
Ree enlees P1) 7 Gm)? 2gi9 202450200 
** We use the unit (u7=1) hereafter. 


43%» 949| TQ 215928. 
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Im N/y=DImT/y 
tim: D=0 Se rece ete 
Im N=Im D=0 —l1<v<0, 


ImD=(N/») Im»/T=—N,/—?— 
1l+v co>y>0. (2:4) 


Im N=0 
We normalize lim N(v) /v=a, and D(0)=1. We write dispersion relations for 


N/»v and D Going, (2-4) 


y j yr En TIE! DY) 


N/vy=a+— 
/v=at nz) en 
? Tet ie / 
D=14+— (— v’ ) a 
De 7a vp! (v’—y—ie) © (a) 


Neglecting the contribution from the negative cut, we have 


N/v =a, 
~ a’,/ yp’ 
D=1-(/x) | gia § 
J) (vp! —yp—ie) 


0 


With the help of cotd=—Im D/Re D, our resonance formula can be obtained : 


(2-5') 


a 2av y) = aniE: 
Com 4) 1— 222 1 2A— i; . 
5 co a e jlog A Vas In(V/v +V1+»)| (2-6) 


From zero of the right hand side of (2-6), we know the resonance level »,, 
which is related with the scattering length a@ as follows : 


—_— - peers, 
a= (x/2y,) {log2.A—,/ a log (V/».+V/1+%,)}| (2-7) 
v,. 
Comparing (2-6) with one level formula, 1 age phat Wrens Poy baie. 29% 
lige PYyFl 
we obtain the total width of resonance level, 
5/2 
ope (2-8) 
1+», 
We introduce a cutoff A to make the integral in (2-5’) convergent. If we take 
y cutoff — 


into account 7+7—>N-+WN, we may get a convergent result without an 
£ A will be clarified in the next section. In 


factor. The physical meaning 0 
nce level as a 


Table II, level width and scattering length are listed with resona 


variable. 
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Table II. Resonance level v,, level width 7’, and scattering length a. 
cut off A=M (2M). M: nucleon mass. 


df 


- at ——— rae | 
V> | Vv,+1 (c.m.) | a | 
2 480 Mev | 0.47 (0.33) | 120 (86) Mev 
3 560 Mev | 0.35 (0.24) 168 (130) Mev 


For cutoff A=2M and scattering length a=0.24 (consistent with Rodberg and 
Sato), there is a resonance at 560 Mey, which is consistent with the value adopted 
by Takeda et al.” in his recent theory for the explanation of the second and 
third maxima of z-N elastic scattering. 
ill) Estimate of the contribution from. negative cut 

We write the dispersion relation to estimate the contribution from negative 


energy cut: 


oo at 7 
ol a! Im T'/v’ v | a! Im T/y (2-9) 


z vy! (v/v) 7 v'(/—v) © 


ReT/v=a+t+ 


By crossing symmetry, Im T for »<—1 can be represented by Im T for »v>0: 


yes 


y/ 1 
ImT!- iw)=— | a (142- tt )an3 ( ae )ImT 21). 
‘ (2-10) * 


Inserting (2-10) into (2-9), the third term of (2-9) can be simplified as 


fae, v’) Im T (2) dv’, (2-11) 
0 


yee btm yee *y 
h(v, ')=—3 RGESITL N eRe e 


sri ees —| 6+6/o")1/2" +2/y v2 ED 2) iz 
L4u/ty vv! 

(2-11) is roughly A(y, »,)(1+»,)/vt?, which is almost equal to ae +»,y/v,2x 

sin 0 cos @ at resonance, since the sum of first and second terms vanishes in our 

approximation. 0 is shifted by only 6° near resonance (v=8) due to the contribu- 

tion from negative cut. 


iv) S-wave pion-pion interaction 


Two S-wave scattering lengths for J=0 and 2 are defined: by: a Hamiltonian 
AtA(PaPa)" as follows: 


* Refer to the formula (V.8) of C. M. 


tlie aa 
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a= —b)A, and Qa,= — 2A. (2572) 


Several authors adopted various values of 4, which are listed in Table III. 


Table III. coupling constant A. 


Rodberg | Sato | Miyazawa et al. | Sakuma! 


0.1 | (tae 0.34 | —0.34 | 11 


S-wave phase shift is obtained by Chew and Mandelstam in the same way as 
in (ii): 


Coa oe “ vA eas (sg - —— 
A cotd;=1/a ae In(\/v + 1+»). 2213 
ro reer bo ON GG : ) ioe 
No resonance can be expected in this formula. Finally we must point out that a 
Hamiltonian of 47/1(¢.¢.)* predicts too small P-wave scattering length. We write 
a dispersion relation to estimate P-wave scattering length a, in terms of a and a;: 


-1 


Meer et=di/ Imtiny ey dv! Im TI} pea 
soa 1 | (p’—v) yr’ 7 vi(v'—v) ( ) 
In the limit »>0, we get the scattering length a as follows: 
—1 
fae 
eee \ Sys (2-45) 
7 y 
Im 772! on negative cut is represented by Im T7725” on positive cut 
ye nat 3 : 
Sgr \ di! {142 : = | {ayy Im Te +@y IMT 755}, (2-16)* 
pel vy 
0 


where Im 7/2? is approximated by effective range theory. Then we have 


ali dv’ Teds0 I oh a 
‘os al ae ee eee 
2 tana) tana} 3x 100" (i=). 
Sz 3 a 3 ay 10 
(2-17) 


For 4=1/10, a is quite small compared to Rodberg’s value. This leads us to 
the conclusion that we should treat S- and P-wave separately and solve P-wave 
pion-pion interaction simultaneously with z+z—>N-+N, since the latter process 


* Refer to formula (V. 8) of C. M. 
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gives a fairly good scattering length even in the perturbation theory as shown by 


Igi and Kawarabayashi. 


§ 3. Chain approximation 


The physical meaning of the approximation in the foregoing section will be 
made clear by the method of chain approximation which.has been adopted by 


Okubo™ in S-wave pion-pion scattering. 
In Fig. 2 we replace a nucleon closed 
loop in the Bethe-Salpeter equation in 
Fig. 1 by a point interaction,and take the 
Hamiltonian — 27a (¢.9,82—%p 9,Pa'-) 
Then we can define the potential, where 
two incoming pions with four-mo- 
menta gi, g and isospins a, § are 
scattered into a final state with four- 
momenta g;, g, and isospins 7, 0, as 


(937s qs | Vin4,q2)= —24na(m—@, Gs—Q) 70| Pil|ap. 


Re ne LAI ee he el oa 
Fig. 1. Diagram for Bethe-Salpeter equation 
of pion-pion scattering. Straight line and 
dotted line represent nucleon and pion re- 
spectively. 
Se a ee a ees 
Fig. 2. Diagram for, chain approximation of 
pion-pion scattering. 


(3-1) 


In the chain approximation, the transition matrix is 


(7, WO|T |H @, G23 )=12 azi(qs—G%) + (0| ($29: Pa— $29: Pa)ol@, 3) 


which satisfies the following equation 


(3-2) 


(375 qo|T |g a, GP >= <Qr; qs | Vina, Gp) 


+7 (qs— Qu) sXe (0| (Pa 0:P2—Pe 9.Pa)o|a3), 


where 


(3-3) 


X,=24 nai | dix! (de {X98 A(X) 88 HX") Ade(X")) ela tnX?) 


(3-4)* 
ae —seaat | d‘qd‘d 4 
as LZ of Pra a 
(ny S@ +A trey 1° tI a ® 
Bere gullvaid 
i __q'dq 
at |u| (q?+a’)*??? a’=14 (a+q)?u(1—x). (3-4)’ 


» (3-3) can be easily solved as 


(97, %O|T | @, G3) = —247a(q—G2, %— Gs) <70| Py|aB)/(1— X). (3-5) 


* Xs:=comes from the contraction of (g,0;¢~—9,9;¢q)H. In the barycentric system Xat= X05; 
which facilitates the evaluation. 
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After the quadratic divergence in X is renormalized in a, we get the same 
result as in (2-6). 3 

In the original Bethe-Salpeter equation there is no divergence in the P-wave 
scattering, and no need of renormalization. If the effect of nucleon closed loop is 
properly taken into account, there appears a natural cutoff at g=2M in the in- 
tegrand of X. In the nucleon closed loop the uncertainty in energy is 4E=2M, 
the uncertainty in time is d¢=1/2M, and the uncertainty in spatial extention is 
c/2M. Then the range of pion-pion potential is roughly 1/2M. Therefore in the 
original B. S. equation, the integrand begins to decrease at about 1/2M. In our 
chain approximation where the nucleon closed loop is replaced by a point inter- 
action, we should introduce a cutoff at 2M to get a rough agreement with the 
solution of B. S. equation. 

In our approximation at low energy we might include the effect of inelastic 
pion-pion scattering in the scattering length “a” by taking into account a correc- 
tion due to annihilation of virtual nucleon-antinucleon pairs. 

Finally, we mention the crossed diagram in our chain approximation, which 
corresponds to the contribution from negative cut in the Chew-Mandelstam theory. 
In the crossed diagram, the unitarity is lost, while in the C. M. theory, the 
unitarity analyticity and crossing symmetry is preserved, though the latter symmetry 
is taken into account only by iteration. 


°§ 4, Mean square radius of the isovector part of magnetic 
moment of a nucleon 


There is a wide discrepancy in the perturbation theoretical value 0.16-10-” 
cm?™* and the experimental value 0.64-10~% cm* for the mean square radius of 
the isovector part of magnetic moment of a nucleon. Fulco and Frazer’ introduce 
a resonance at total center-of-mass 
energy 600 Mev in J=/=1 pion- 
pion interaction to bring about the 
ac opcenen with Ae ae pote Fig. 3. Diagram for isovector magnetic moment 
employed a rather complicated dis- in the chain approximation. The wavy line 
persion theoretical method. We re- represents a virtual photon. 
calculate this problem in our chain 
approximation to get a more physical insight. 

The Feynman diagrams in the chain approximation are given in Fig. 3: ite 
first diagram corresponds to the first term of perturbation expansion: 


eh To, (4-1) 
g oM 3 


* The authors of ref. 15) obtain this value by making a cutoff at 2M in the virtual integral, 


and by including z-N rescattering correction. 


a 
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Our chain approximation gives 


gJ- 


ch . ee ae 
BR iors == yy; 


which can be easily summed up: 


gel ae rae (4-2) 
Oh eK 


After the renormalization of quadratic divergence in charge e and scattering 


length a, 1/(1—X) can be replaced by 


t 
1/D() = (4-3) 
Zav 3 af 
1— 7 * | Iog2 A- i= — log v/ Vy. 144) | 


where D(v) is given in (2-6), and eee where gq, and gq, are the 
four-momenta of virtual mesons. But in our problem, we should put 


y= —Q?/4—1, 
where Q is the four-momenta of a virtual photon. The form factor F(Q’) is 
F(Q') =D(—1)/D(-1—-Q’/4). 


The mean square radius of isovector magnetic moment is given by 


(rt) = <4 (log2A— 4/3) {1+ 2 (log 2A — i) (4-4) 


Table IV.* (72), mss.r. of isovector magentic moment. 


Vy | «(r2) 
2 | 0.38 (0.43) 
3 | 0.30 (0.33) 


As shown in Table IV, the position of resonance seems to be about 500 Mey, to give 
agreement with experimental value. 


§5. Summary 


As shown in Table I, pion-pion force is twice as strong as pion-nucleon force 
in the J=J=3/2 state, and plays an important role in pion physics. We sum- 
marize the pheonomena which can be considered as related to pion-pion force. 

i) S-wave 7-N scattering. By including pion-pion force, Miyazawa and Kawara- 
bayashi® point out the possibility of the reduction of a large isotopic independ- 


* The value with (without) parenthesis corresponds to a cutoff A=M (2M). 


ar 
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ent term, to get an agreement with experiment on S-wave scattering length, but 
it seems very difficult to disentangle the effect of pion-pion force from that of a 
nucleon core. It is rather preferable to test pion-pion force in the D-wave 2-N 
scattering, since pion-pion interaction takes place at a larger distance from a nucleon 
core. 
ii) Electromagnetic form factor. As explained in § 4, Fulco and Frazer in- 
troduce a resonance in pion-pion scattering to bring about the agreement with 
m.s.r. of the isovector part of a magnetic moment. Takeda, Kato and Itabashi™® 
also show the possibility of the enhancement of the isoscalar part by this resonance. - 
But we cannot overlook the possibility that a large contribution to the form factor 
of a nucleon comes from cloud of mesons other than pion, such as 7’ meson of 
the Sakata model” and o meson of Nambu.” 
iii) Bev energy phenomena. It is rather startling that Takeda et al.’” show the 
possibility of the explanation of the 2nd and the 3rd maxima of z-N scattering by the 
potential due to the intermediary of /=J=1 resonance in pion-pion scattering. It 
will be an important problem to settle whether the second maximum is correctly 
described by the Takeda model, or by a more fundamental idea, such as the 
composite model* of Sakata, must be required. Pion-pion force will play a role 
in the angular correlation and multiplicity of mesons in the N-N annihilation. 
The maintenance of constant total cross section of z-N scattering indicates the 
diffraction scattering of pion by a cloud pion, because of strong pion-pion force. 
We must investigate wide angle z-N scattering to get some information on the 
internal structure of a nucleon core. 

The author would like to express his sincere gratitude to Prof. N. Fukuda 
for his encouragement concerning this work and to Prof. G. Takeda for his valu- 
able discussions on this problem. 


* Matumoto, Sawada and Yonezawa!” have discovered the mass formula of elementary particles 
which also predicts all the observed resonance levels in z-N and K-N scattering. 
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Note added in proof: As for the quadratic divergence in § 4, there is no quadratic divergence in 
the last loop which is connected with a photon line, since this divergence can be shown to vanish by 
reason of gauge invariance when the contribution from 16zae(yd,~*—y*0,~)A,g*y is added. The 
remaining quadratic divergence is renormalized in a, as stated in §4. In our chain approximation 
the magnitude of magnetic moment is not changed by pion-pion scattering correction. 
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Based on the quasi-chemical equilibrium theory of superconductivity, we give an explicitly 
gauge-invariant proof of the Meissner-Ochsenfeld effect (magnetic field expulsion from a super- 
conductor). The essential condition for a Meissner effect is the Bose-Einstein condensation 
of electron pairs. Other aspects of the problem, such as the energy gap and plasma waves, 
are not necessary for the Meissner effect and do not appear in our calculation. We do not 
make use of the random phase approximation. 


§ 1. Introduction 


In spite of the considerable progress which has been made in recent years in- 


the theory of superconductivity, the theory of the electromagnetic effects in a super- 
conductor is still not in a completely satisfactory state. There are two main 
electromagnetic effects : 

(1) The expulsion of a magnetic field from all but a thin surface layer of 
the material, known as the Meissner-Ochsenfeld effect, and f 

(2) The existence of extremely long-lived “ persistent currents 
This paper is devoted to the first of these, and aims to give a proof of the field 
expulsion free from the difficulties of alternative proofs which have appeared in 
the literature. Furthermore, our method of calculation allows us to determine 
just what feature of the theory of superconductivity is essential for the occurrence 


of a Meissner effect. Hi 
Long before there was any detailed microscopic theory of superconductivity, 


there were suggestions regarding the origin of the Meissner effect. The first 


bed 


London equation” . 
curl (Aj,) =—B/c (Te Uy 
is often written in an alternative form by introducing the vector potential A 
through 

B=curl A (1-2) 
and “cancelling the curls” in (1-1) to get 


: 1 : 
(Ree (1-3) 


Ac 


852 SVE Blatt 


This equation depends on the specification of a particular gauge for A, namely 
the London gauge 
diy A=0. (1-4) 


In any other gauge, (1-3) fails to hold. 

One suggestion concerning the origin of the Meissner-.effect was made by 
London” and has been elaborated since by Bardeen and others”: the idea of 
“ stiff’? wave functions. The expression for the expectation value of the current 
operator in the presence of a vector potential A is, for a single particle 


jr) =— © A(r) 6) [P— 1 (Y* grady—¢ gradg*). (15) 
me 2m 
Both terms vanish in the absence of a vector potential, the first because it is 
proportional to A, the second because the unperturbed wave function ¢) cannot lead 
to a current. When the field is switched on, both terms make contributions. In 
normal materials, these contributions very largely cancel, so that j is proportional, 
not to A, but to curl curl A (i.e. j=ccurl M, and the magnetization density M 
is proportional to B=curl A). London suggested that, in a superconductor, the 
wave function may be “stiff”, in the sense that ¢ in (1-5) is much more similar 
to the unperturbed ¢ than in a normal material. Since ¢ gives zero for the 
second term in (1-5), such a stiff wave function would lead to a small result for 
the second term, not enough to cancel the first term; thus we would arrive at 
Eq. (1-3). The extension of this argument to a many-particle system is straight- 
forward. One then arrives at a numerical estimate for the material constant 2 in 
the London equation, namely 


Tao iNes 


5 > 
Ac Vic 


(1-6) 


where N is the number of “ superconducting electrons”, e and m their charge and 
mass, and V the volume of the specimen (N/V is the number density). This 
estimate is in reasonable agreement with measurements on superconductors, if we 
use the ordinary electronic mass and charge for m and e, and a number N of the 
same order of magnitude as the number of conduction electrons in the metal. 
However, Eq. (1-3) holds only in one specific gauge for A, namely (1-4). 
If the wave function ¢ is “ stiff” in any one gauge, it must ipso facto be “ flexible ” 
in all other gauges. The argument as given here is at least seriously incomplete, 
since there appears to be no special reason for preferring the London gauge to- 
any other gauge. The vector potential, and with its gauge, is not a physical 
quantity at all, and all physical quantities must be independent of the gauge used 
(i.e. must depend only on the actual field B, not on the vector potential A). 
When evidence started to accumulate for an “ energy gap” in superconductors, 
it was suggested that this energy gap was responsible for producing stiffness in 


— oe. 
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the wave function.” This suggestion was disputed by. Buckingham,” who called 
attention to the existence of exact identities inconsistent with this point of view. 
Bardeen® countered Buckingham’s criticism by calling attention to the role of the 
“collective oscillations” in metals ; according to Bardeen, the collective oscillations 
play an essential role in preserving the gauge invariance of the theory. 

Thus, one strand of argument leading to a Meissner effect can be summarized 
as: energy gap plus collective effects. 

An entirely different approach to an understanding of the Meissner effect is 
based on the fact®®:” that the ideal Bose-Einstein gas below its condensation point 
exhibits a Meissner effect. This Meissner effect is obtained from a straightforward 
and completely gauge-invariant calculation, and is a consequence of the fact that 
a macroscopic number of particles occupy the same single-particle quantum state. 
This fact makes the many-particle wave function ¥ both “stiff” and “flexible” 
at the same time: It is flexible because the single-particle wave function has the 
full gauge-flexibility ; it is “ stiff’ because of the (gauge-invariant) restriction that 
a macroscopic number of particles must occupy this one state. It was then sug- 
gested”’” that superconductivity in metals can be understood as a Bose-Einstein 
condensation of correlated electron pairs. 

Whereas a theory of superconductivity can (and present theories do) lead to 
both an energy gap and the existence of correlated pairs of electrons, it must be 
realized that these two lines of argument are quite distinct. The energy-gap 
argument is based on a stiffness of the single-particle (or perhaps pair) wave 
function; the energy gap is considered essential, and collective excitations must 
be brought in to preserve gauge invariance. In the other line of argument, both 
the energy gap and the collective excitations are considered irrelevant, and the 
essential thing is the Bose-Einstein condensation. No attempt is made to keep 
the pair wave function “ stiff’; the “stiffness”? arises as a many-particle effect 
entirely, and is of statistical origin (Bose-Einstein condensation), ot of dynamical 
origin (energy gap). It has been shown™ that the Bose-Einstein condensation of 
correlated pairs does not depend on the existence of an energy gap, but takes” 
place even if the first excited state has an excitation energy of the order of h?/mL’, 
L being the linear dimension of the container. 

The energy gap line of argument for the Meissner effect is inherently weak. 
We know exceptions in both directions: Systems with energy gap and no Meis- 
sner effect (all normal insulators), and systems with a Meissner effect and no 
energy gap (the ideal Bose-Einstein gas). Nevertheless, in the absence of any 
detailed calculation, based entirely on the Bose-Einstein condensation point of view, 
the energy gap argument has found many adherents. The present paper supplies 
this missing detailed calculation, and shows that the Bose-Einstein condensation 
by itself (without any further assumptions) suffices to yield a gauge-invariant 
Meissner effect. Our calculation makes no use of the energy gap, nor of the 
collective excitations. In fact, at no time do we use an expansion in terms of 
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excited states of the system. Gauge invariance is complete to all orders (not merely 
for linear terms). 

We emphasize that we do not deny the existence of an energy gap in super- 
conductors, nor of plasma waves. Rather, we deny that they have any importance 
for an understanding of the Meissner effect. 

Since we are interested primarily in the fundamental question of what causes 
the Meissner effect, we have simplified the calculation by assuming a rather 
schematic interaction between electrons in a metal, namely just an ordinary and 
non-singular potential V(r—r’). We do not, however, restrict ourselves to any 
“reduced” interaction, i.e. we do not throw away the vast majority of matrix 
elements before we start.” Furthermore, our calculation does not make any as- 
sumptions concerning the details of the potential function V(r—7r’) ; all that we 
require is that it be sufficiently attractive to lead to a solution of Bose-Einstein 
condensation type. 

There is a serious question whether such a solution, even if established 
formally, is really consistent with an ordinary potential.” The true interaction 
producing superconductivity is of course the Frohlich interaction, which is quite 
different from an ordinary potential.” We prefer to leave that question open, 
since in any case it appears to be possible to extend the methods used in the 
present paper so as to allow explicit inclusion of the Fréhlich interaction. The 
calculation is in progress and will be reported later. 


‘There are a large number of calculations in the literature concerning the Meissner effect, and 
we cannot discuss them in detail here. The early calculations!)»>14»15) were not gauge invariant. 
Wentzel’s!® calculation was gauge-invariant, but he used an expansion in powers of the electron- 
phonon coupling constant. His result disagrees with the result of all the other calculations. A 
variational approach suggested by Blatt, Matsubara, and May!” was used in an explicit calculation 
by May and Schafroth18 This calculation has been criticized by Wentzel!% on the ground that 
the calculation exhibits gauge invariance only in the limit of infinite order, and this limit is highly 
singular. Calculations using collective excitations explicitly were made by Anderson, Rickayzen,2) 
and by Blatt and Matsubara. The latter authors believed that the collective excitations in question 
are characteristic of the superconducting state, and represent “moving bosons”. This has not been 
borne out by later calculations.22 While Anderson’s calculation is fully gauge-invariant, it makes 
use of the random phase approximation; the use of this approximation in fundamental questions 
in the theory of superconductivity has been criticized severely by Wentzel® on the ground that it 
represents an additional assumption of the theory, an assumption whose physical meaning is not 
obvious. Bogoliubov?) has extended his original theory so as to permit a fully gauge-invariant 
calculation. We believe that Bogoliubov’s new method is closely related to ours, although we have 
not established any equivalence formally. However, Bogoliubov’s calcuiation also was criticized by 
Wentzel! for the use of the random phase approximation in later stages of the calculation. Since 
no random phase approximation is used in the present work, it is likely that Bogoliubov’s calculation 
could be modified, so as to avoid use of this approximation; but this has not yet been done. 
Nambu has applied methods taken from quantum field theory to the discussion of the Meissner 


effect. As he remarks, “although the proof (of gauge nyarlance) is thus rigorous, it is still some- 


what disturbing since K@a), KQ@»), and K® are all infinite.” The cancellation of infinite terms 


against each other may be a necessary evil in quantum field theory, in its present form. In the 
theory of the solid state, however,)it should be possible to make calculations in which everything 
stays finite at all stages. The most recent work of which we are aware is by Kadanoff and Mar- 


' 


a 
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tin.44)_ Their basic approach is to break off a series of equations for Green’s functions at the Green’s 
function for motion of a pair of electrons. This is of course identical with the old quasi-chemical 
equilibrium picture,§)»® expressed in a different formalism. We feel that their paper is not altogether 
conclusive, for two reasons: (i) Terms are discarded at various stages of the calculation, so 
that it is not altogether apparent what the overall approximation is; (ii) more important, the 
paper contains no proof of the Meissner effect, but rather a discussion of the electromagnetic response 
of a superconductor subjected to external fields. Now it is the essence of the Meissner effect that 
the field expulsion occurs even when the material is placed between the poles of a magnet at a 
temperature higher than the transition temperature (so that the magnetic field penetrates), and is 
then cooled down. That is, the Meissner effect is an equilibrium phenomenon, not merely a phe- 


> 


nomenon “independent of relaxation times”. The distinction is of major importance, precisely 
because superconductors also exhibt zon-equilibrium phenomena with infinite (or at least extremely 
long) relaxation times, i. e. persistent currents. The point has been stressed particularly by London 

This discussion of previous work is not meant to be complete, but merely to indicate that 
there is some doubt, at least, about all the calculations published so far; and that one calculation!® 


leads to a result at variance with all the others. 


§2. The model 


a) The Hamiltonian : 
The Hamiltonian in the absence of a magnetic field is taken to be 


ae N 
M= > 4+ V(ri—r;) (2-1) 
t=1 2m t<j=1 


where V is some potential function which we shall not need to specify in detail. 
The choice of an ordinary potential in (2-1) makes the Hamiltonian gauge in- 
variant, but is somewhat unrealistic, as mentioned in the Introduction. Extension 
of this work to include the electron-phonon interaction explicitly is now in pro- 
gress. The only condition on V which we shall have to require is that its volume 
integral converge. This condition excludes an unscreened Coulomb interaction, but 
allows a screened Coulomb repulsion between electrons. 

The magnetic field is introduced through the usual device of replacing the 


operator p; by p:— (e/c) A(x). This gives* 


H=H,+ H+ A, (2. 2a) 
N 

Hy = ——"— >} [pv A(x) + AC) - Pil (2-2b) 

2mc t=} 
2 N 

HS SAG), (2-2c) 
2mc te 


We shall use second-quantization notation, in k-space, through most of the cal- 
culation. The operator Hy then becomes : 


Sh 4 Ex ap ant >) Kure ai ar Ay Agr (2 3) 
k k,i,kl ul 


* We ignore spin currents, since the Meissner-Ochsenfeld field expulsion is produced by the 


orbital currents. 


; 
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with 
&,=1' k’/2m (2-4) 
and 
Kaw = Cks, lo| V\ kis! Uo!) = 855 0,019 (K+1—k’-V)G(k—k’) (2-5a) 


GH =— | exp(—ik-r) V(r)d*r. (2-5b) 


In (2-5b) the V in front of the integral is the normalization volume. 

We shall prove gauge invariance exactly, in section 4, for arbitrary A(z). 
For actual calculations, however, we shall restrict ourselves to fields involving one 
Fourier component only, i.e. 


A(x) =A(q) (2/V)*? cos(q-x). (2-6) 
The operators H, and H, then become* 
H,=—c™*j.(q) -A(q) (2-7a) 
1/2 
ACD) = oh (=) Da Fe (Ges 1/2) Ae—C1)2)q + Ae 4/29 Me + 1/20) (2-7b) 
ZI Ve ie 
and 
H,= —c™ jn(q) -A(q) (2-8a) 
2 
je (q) See eALg pa (2a¢ a, + ag Ansa tap Ax-29) 5 (2-8b) 
2mc Vase 


b) TheWave Function : 


We allow an arbitrary, adjustable wave function for a correlated electron pair, 
which we shall call ¢(k, k’). This wave function is normalized through 


Sy let, #) P=. (2-9) 
We define the operator b by 
b= ae >» o* (k 5 k’) Ap Ayr - (2 5 10) 


This operator destroys one electron pair in the quantum state 9(k, k’). The wave 
function % of the many-particle system is then taken to be of the form 


P=C(b*)"|0) (2-11) 


where C is a normalization constant, N,=1/2-N is the number of electron pairs, 
and |0) is the true vacuum state (not a filled Fermi sea). 

The assumption (2-11) means that all electrons are paired up, and all pairs 
occupy the same pair quantum state ¢(&, k’), i.e. an extreme Bose-Einstein con- 


* The index k+qg is understood to mean a momentum k+q with the same spin s as in the 
index k=(k, s). 
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densation. It is quite simple to generalize the calculation so as to allow for a 
filled Fermi sea below the pairs. The general expressions for matrix elements in 
the quasi-chemical equilibrium theory” apply also to that case. However, we 
prefer to keep things simple here, and to avoid all unnecessary complications, i.e. 
complications not essential for understanding the qualitative origin of the Meissner 
effect. The assumption (2-11) includes,” as special case, the wave function for 
the original Bogoliuboy theory’? and its equivalents. It is likely (but not 
proved) that (2-11) in its full generality is equivalent to Bogoliubov’s second 
Ansatz.” The specialization in Bogoliubov’s first theory is equivalent to the as- 
sumption of “simple” pairs, namely 


g (ks, k's’) =0 unless k’=—k, s/=—-s. (2-12) 


No such restriction is implied in our present Ansatz (2-11), and in fact we shall 
work with pair wave functions ¢(k, k’) which violate (2-12). 

The Hamiltonian and the wave function described in this section represent 
our assumptions in this paper. From here on, all calculations are exact. 


§ 3. The current operator and expectation values 


The operator for the current is obtained by differentiating the Hamiltonian 
H with respect to the vector potential. The result is, for the special case of 


ID =hAM +h. (3-1) 
where j:(q) is given by (2-7b) and j,(q) by (2-8b). The London equation (1-3) 


then assumes the form 


(j(q)= aioe ees : A, (q) (3-2) 


where A,(q) denotes the component of A(q) perpendicular to the vector q. 
Equation (3-2) is supposed to hold for small A, (gq), small gq, and arbitrary A,/(q): 
small A,(g), because the London equation determines the /imear terms only ; cur- 
rents proportional to the square or higher powers of the magnetic field are ex- 
cluded ab initio; small g, because we are interested in the law of field penetration 
at large distances 2 within the superconducting specimen ; it is well known that 
the London equation in its original form does not give the correct field penetration 
law in the immediate neighbourhood of the surface, i.e. (3-2) is incorrect for g 
comparable to, or larger than, d~’*, where d is Pippard’s coherence length? >The 
parallel component Aj,/(g) can, of course, take arbitrarily large values since this” 
component can be modified at will by a gauge transformation. 

To derive (3-2) from the model of Section 2, we need expressions for the 
expectation values of typical single-particle and two-particle operators over the 


. 
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wave function (2-11). This calculation is being published separately” and we 
only quote the results here. 
We introduce an wnnormalized wave function for the pair by* 


1(k, k') =Celk, k’) (3-3) 


where C is an adjustable parameter. Thus 7(&, k’) is not subject to the norma- 
lization condition (2-9). Next we introduce the one-particle operator (x, by** 


Die SU IARC Rete? (3-4) 
KI 
This is, except for normalization, the reduced one-particle density matrix for one 


of the two particles of the pair. is Hermitean and non-negative. We introduce 
the one-particle operator Ay, by 


el | (3-5) 
ee kki 


and the two-particle operator Py:,x:2 by 
Prieur =I hihi hen- (3-6) 


We use the symbols “tr” and “tr,” for traces over the one-particle and two- 
particle spaces, respectively, that is, 


tr(h) = > hy, tt2(p) = > Pri, xi (3-7) 


We also use the ordinary notation for expectation values over a two-particle wave 
function, e.g. 


(¢, py) ee (Rk, 1) prrnrr PCR’, W’). (3-8) 

We define a series of unnormalized wave functions 7,(k, k’) by 
Ho(k, k') =X (k, BR’) (3-9a) 
n(k, k') = — > Pret Ln R", k’). (3-9b) 


Since 7%(, k’) is antisymmetric (Pauli principle), we can write the functions (3-9) 
in an expanded form, as follows: 


re (R, k') = Uh (k , k’’) ob Cee ki’) y. (pitt. k’) (3 r 10a) 


2(k, k’) eh D1 LCR, hi) X* (Ri, ha) X (Ra, Re) X* (he, hu) (Ra, BR’) (3+ 10b) 


1 ho kz hg, 


and so on.*** 


* The constant which we call C here is called (2vt)1/2 in reference 25). 
** In terms of the quantities of reference 25), p=—2vtq. 
*** In terms of reference 25), %n(k, k’) =(2ut)*1/2 gn(k, Rk’). | : 


———a oe? 
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Finally, we introduce the unnormalized function ¢(, k’) by 


HEH) = Halk, B= (4) re, Bd. (3-11) 
n=0 eit \ 1 +o / ae 
We write the typical one-particle operator J in the form 
ie 24 J get Ae Ans (3-12) 
and the typical two-particle operator K as 
K= 3), Kua ae Ay Ay Ayr. (3-13) 


It is then shown in reference 25) that the following expressions for the expectation 
values hold up to errors of relative order 1/N: 


eee ee? (3-14) 
and 
(K) Se Ee (Kp) + (f, Ky). (3-15) 


If we make the substitution J,,»=¢.., J becomes the operator for the number of 
particles. Thus (3-14) gives the condition 


tr(h) =N=2N,. (3-16) 


This condition determines the adjustable constant C in (3-3). 

As far as the expectation value of the Hamiltonian is concerned, the first 
sum in (3-3), and the quantities H, and H:, (2-7) and (2-8), are single-particle 
operators, of type J. The second term on the right of (2-3) is a two-particle 
operator. Thus Eqs. (3-14) and (3-15) suffice to determine the expectation value 
(H), and this is what we intend to do, treating the pair wave function 7 (f, k') as a 
variational trial function. . 


§4. Gauge invariance 


We now demonstrate the gauge invariance of the formalism. The gauge 
transformation is given by 
A! (x) =A(«) +grad A(x) (4-1) 
where A(x) is an arbitrary function. The pair wave function ¢(%1, ¥2) transforms 
according to | 
gp! (a1, Xo) =expl (ie/hic) (A(m) +A(m) )] eC, %2)- (4:2) 
on value of the Hamiltonian, CH); 


We are now required to show that the expectati 
is invariant under the. simultaneous replacement of A by A’ and ¢ by ¢’. 


860 J. M. Blatt 


The proof is easiest in a-space. The operator p is given in x-space by™ 


(xlpla’)=|@x"t(x, 2")0*(2', 2") (4-3) 
and therefore transforms into 
(2x\p" |x’) =exp[(ie/hc) (A(z) —A(2’)) |Xzlelz’). (4-4) 
Similarly, 
(a\h'|x’) =exp[ (ie/hc) (A(z) —A(2’)) ]{azlh|a’). (4-5) 


The two-particle operator p transforms according to 


(L1 X2| p’ | a1! x2!) =exp| (ie/fc) (A(2,) + A( 22) —A (2) =A x) )])<x1 24| p|-xi! x1') : 
(4-6) 
We have 


tr,(Kp) = | dard’, V (21— 22) (2124) p| 21 Xa) (4-7) 


and this is clearly invariant under the transformation (4-6). Furthermore, the 
function ¢(2,, x.) transforms just like y(2, 22), (4-2). Hence 


(J, Kf) = |e a*2, Vea ee (4-8) 


is also invariant. If H=J+K is the break-up of the Hamiltonian into single- 
particle and two-particle operators, then clearly 


J=—(#/2m) (v-24 i (4-9) 
Using the identity 
(alhle!)= | dix" 1(2, 2") (2, 2"), (4-10) 
we can write 


tr(Jh) = ¥ \aeae"| (¥.- ie A(x)) Mi cole 


x| (v.— iz A(x) 2(2, “") | (4-11) 


where V, means the gradient operator with respect to the variable x. We now 
make the gauge transformation, and get from (4-1) and (4-2) 


| ¥.— #2 4'(x) | pC, x!) =exp (21(@"")) |v.- i A(x) | (x, 2”) 


G 


(4-12) 


* A sum over spin indices s’” is understood in jaa’, We ignore spin indices in this sect- 
ion, since they do not affect the argument. 
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as well as an analogous equation for the other factor in the integrand of (4-11). 
Substitution of (4-12) into (4-11) then gives the identity 


inh) =1rCh). (4-13) 
Combination of (4:13) with the invariance of (4-7) and (4-8) establishes the 
gauge identity 
(0, HW!) =(0, HY). (4-14) 


Since all our subsequent equations are determined from the condition that (H) be 
a minimum, this concludes the demonstration that our formalism is fully gauge 
invariant. 

The general gauge transformation is not altogether trivial in k-space. We quote one example. | 
Let A(x) be chosen so as to yield the A;/(qg) just as in (2-6), i.e. 


A 
A(x) ous (2/V)¥2 sin(q-x) (4-15) 
and define 7 by 
A 
‘= QV (4-16) 


Then the gauge transformation changes the pair wave function g into its gauge transform 
+00 
g'(k, R= 3} In(27) Ini (27) o(h—ng, kn" q) (4-17) 
n, nli=—o 


where Jn is the Bessel function of order z. What we have shown above is that the wave function 
WY, (2-11), constructed from this yg’ instead of the original g gives the same expectation value for 
the transformed Hamiltonian as the original wave function (2-11) gives for the original Hamiltonian. 
It is apparent that a direct proof of this statement within the &-space formalism would be lengthy. 

(4-17) also shows that the “simple” pair condition (2-12) is inconsistent with gauge invariance. 
If the wave function g obeys (2-12) in one gauge, its gauge transforn g’ fails to obey (2-12). Hence 
the condition of “simple” pairs must of necessity lead to a gauge-dependent formalism. This purely 
formal restriction, rather than any real physics, requires the bringing-in of “collective excitations” 
and the use of the random phase approximation. Once this formal restriction is removed, gauge 
invariance is immediate and explicit, requiring no additional approximations or assumptions. 

For later use, we also quote the special case of the infinitesimal gauge transformation corre- 
sponding to (4-15). If Aj/(g) is considered to be small, and thus only terms linear in 7 are retain-_ 
ed in (4-17), we get the transformation 


og! (k, R) =e(k, kh’) +g (k, k’) ++ (4: 18a) 
with 
30(k, K)=rlo(k—g, B’) +0(k, —@) —9(R+g h)— Gk, + Q)1. (4-18b) 
Substitution of these expressions into our later equations results in some useful checks, as shown in 


the Appendix. 
§5. Variational equation for the pair wave function 


In order to get an equation for the pair wave function ¢(k, k’) or its unnor- 
malized counterpart 7(2, k’), we minimize the expectation value (1) subject to the 
condition that the number of particles N is given, 1. subject to (3-16). By 
using Lagrange multipliers, the variation principle becomes 
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(H)—p tr(h) =minimum (5-1)> 


where #4, the chemical potential, appears as a Lagrange multiplier. It should be 
noted that our basic wave function (2-11) describes a state with a definite, given 
number of particles. The appearance of # in (5-1) is only a mathematical device ; 
there is no failure of the law of conservation of particles in our formalism. 
Since 7(&, k’) is complex in general, its real and imaginary parts can be 
varied independently. It is well known that one gets equivalent equations by 
varying 7(k, k’) and %*(&, k’) independently ; furthermore, the two equations so ob- 
tained are complex conjugates of one another. Hence we shall vary %*(&, k’) 
only, leaving 7(&, k’) unchanged, and determine the first-order variation of the 
left side of (5-1). We write 
H—pN,,=J+K (5-2) 


where J is a one-particle operator (differing from the J of the previous two 
sections by the replacement &,—&,—y4) and K is a two-particle operator. 
The variation of (J) is 


4(J)=tr(Jdh). (5-3) 
Straightforward power series expansion gives 
4h=(1+p)7*4de(l+p)7. (5-4) 
and 
(4p) i= Si K(k, RY ALE (RY, Ri’). (5-5) 


Substitution into (5-3) gives, using (3-11), 
A¢J)=tr[(1+e)7*J (1+) 4] 


i 


<> eae ! i * / é 
kyk!,m,m! ( 1+e ) Ju P(k > M1 ) AX (m, m ts (5 6) 


Equations (5-4) and (5-5) can be used also to find the variation of tr, (Kp) 
in (3-15) ; the result can be written as follows : 


GCS aes Gees Law HR m!)dt*(m, mm!) (8-7) 
where 
| OR > hin Ber,me— Kenan). (5-8) 


Finally we have 
ACY, KP) = 31 LAd* (kD) Buran (RU) + 9*(k, D Kua AG (R' UY). (8-9) 


Since we are varying Z* but not %, the variation 4/* is: not the complex conjugate 
of df, Rather, direct substitution into the expanded formulas of type (3-10) 
yields . 
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Ap Ck, 1) = di (k, m) AL*(m, m') fp (m", 1) (5-10) 
4¢*(k, D= 3 ( 1 ( 1 AX*(m, m’) (5-11) 
m,m! \ 1 +. PL mk ak + ? m! 1 ¢ 3 


Using the fact that #(&, Z) is antisymmetric, we get 


4G, KO)= {(+-) [-_) ,/ 
(Y #) mie a | 1+, mk 1+, var ebintts Pls ED 


—f* (k, TI) Kirn PR, mel, m')| AxX*(m, m’). (5-12) 
Equation (5-1) then becomes 
4(J)>+4tr.(Kp) + 4(¢, Kp) =0. (5-18) 


We can select out the coefficient of 4Y*(m, m’) in this, since the 47*(m, m’) are 
independent of one another. We do this, premultiply by (1+/)jm(1+/) itm and 
sum over m and m’ to get the final equation 


> (Tinie + 2L mic) ACR, m’) +e ea Kinms, x1 OCR’, l') 
Kur 
meta * (k, L) Kuz,xrr XR’, mk, m’) =0. (5-14) 


k, i,k, 

This is the basic equation determining the pair wave function LE RE Me 
is highly non-linear: ¢ is related non-linearly to 7, and the quantity Aj which 
appears in the definition of L, Eq. (5-8), is also a non-linear functional of %. 

It should be noted that the full interaction operator Ky... appears in (5-14). 
There is no restriction to a “ reduced” interaction in our formalism. As it turns 
out, Eq. (5-14) is no more difficult to solve than the simplified equations obtained 
from a “reduced” interaction. There is no justification a priori for the use of 
a reduced interaction in the theory of superconductivity. There zs an a priori 
justification for the use of a trial wave function of Bose-condensed type (2-11), 
namely the calculation of reference 10). We emphasize that this a priori justi-_ 
fication does not depend on the existence of an energy gap; Bose-Einstein con- 
densation of electron pairs can occur even if the first excited state has an energy 
of the order of 7?/mL*. It is a statistical phenomenon, not (primarily) a dyna- 
mical effect. If attractively correlated pairs exist at all (due to the interaction), 
they will Bose-condense, energy gap OF not. 

Since (5-14) has been derived from a gauge-invariant equation, without re- 
strictive assumptions in the derivation, (5-14) must also be gauge invariant. 


§ 6. Solution in the absence of external fields 


In the absence of external fields the Hamiltonian Hh, (2-1), has a number 
of symmetry properties which restrict the complexity of the wave function 9(ki, k2) 


of the pair. 
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1) Translation invariance implies that K=h, +k, is a constant of motion, 
i.e. 9(k1S, ks.) contains a factor 0; K—k,—k,). 

2) Galilean invariance of (2-1) implies that the lowest energy must be associat- 
ed with a wave function belonging to the set K=0. In a solid, unlike our model 
(2-1), full Galilean invariance does not exist, since the solid lattice selects out a 
preferred frame. of reference. However, it is highly reasonable to assume that 
K=0 still leads to the lowest state of the system. Solutions with K~0 condensed 
pairs exist, of course, and are presumably required for the discussion of persistent 
currents. But the Meissner effect is an equilibrium phenomenon, and thus we are 
concerned only with the lowest state of the system. 

3) There is no spin-orbit coupling in (2-1). Hence the pair states are pure 
singlet and triplet spin states. Other things being equal, the Pauli principle leads 
to the conclusion that attractive couplings are easier in singlet states, since the 
space wave function of the pair can then have L=0. 

The arguments (1)—(3) lead directly to the “simple” pairs of Eq. (2-12). 
Finally, rotation invariance of H, implies that the pair wave function must cor- 
respond to an S-state, i.e. 


g(kt, —k|)=—¢(—k], kt) =¢(|k)). (6-1) 


This assumption is to be substituted into Eq. (5-14). With simple pairs, hy is 
diagonal, and equal to 


Flt ee EAU IR 6-2 
ore Ae ae 

Linx, (5:8), is also diagonal and given by 
ere cep > [2G(0) —G(k—-D) lhy (6-3) 


where G(k) is defined by (2-5b). Note that the sum over I in (6-3) does not 
include a sum over spin indices. Jj is of course diagonal right from the start : 


222 
Tuas = Opus (Ex— 1) = Saw ( ak —1) : (6-4) 
\ 2m 
If we put m=(m,f) in Eq. (5-14), then the first sum over & contains only a 
oe term k=m, and the simple pairing condition for 7%(k, m’) implies that 
m'=(—m, |). With these values of the indices m and m’, the second sum 
becomes 


Pa Kms PCR, l') = > G(m—k’) $(|k’|)=— C(m). (6-5) 


This equation acts as the definition of C(m). The function (Rk) is related to 
1(k) by 


Ob (E) a ee 


1+(2(2) 5") 


“> + = 


as 


The Meissner Effect in the Quasi-Chemical Equilibrium Theory 865 


and therefore has its maximum where 7(k) =1. This is in the neighbourhood of 


the Fermi momentum k,. The sum C(&) is a slowly varying function of &, and 
can be replaced by a constant in first approximation. Except for the change in 
the nature of the assumed interaction, our C(k) corresponds precisely to the C(&). in 
Bogoliubov’s theory.” Our ¢(k) is called u,v, by Bogoliubov. Following Bogo- 
liubov’s notation, we introduce the abbreviation 


E(k) =€,— pe 2L up. (6-7) 


This €(#) includes the term 2L,,, which is a slowly varying function of k. This 

term may be considered a renormalization of the single-particle energies & as a 

result of the interaction. This renormalization term is the only effect of replacing 

the “reduced” interaction by the full interaction. It has no qualitative influence 

on the nature of the solution. This explains why the completely unphysical 

“reduced” interaction of reference 11) nevertheless gave reasonable results. 
With these definitions and relations, Eq. (5-14) becomes : 


E(m)X(m) — C(m) +[% Cm) ? COm) = 9 (6-8) 
with the immediate solution 
ages Vel’ me EN 
IN) SCL. [1+ 2C(B) )| oo 
Substitution of (6-9) into (6-6) gives 
} oe Hise E(k) 27) —1/2 
erg [1+ Pe (on 


with the + signs in (6-9) and (6-10) correlated. Substitution of (6-10) into 
the defining equation (6-5) then yields the Bogoliubov integral equation 


COn) == >I Gia a8) et 
* ale (sey) | 


Here we have chosen the plus sign in (6-10), and hence also in (6:9). This 
ss consistent if C(&) turns out to be positive, for large k, for then %(&) becomes — 
small for large k, where €(%) is positive and large, and thus the pair wave 
function is normalizable. On the other hand, a negative value of (6-11) (for 
large m) gives a non-normalizable pair wave function, no matter which sign is 
chosen in (6-9). Thus, the condition of positive C(k), 1.e. a sufficiently attractive 
interaction, emerges naturally from this formalism, without having to consider 
questions of stability and of excited states. 

Integral equations of type (6-11) have been discussed in detail by Bogoliubov’” 
and we have nothing to add to this work. Bogoliubov has shown that the solution 
of (6-11) is non-analytic in the coupling constant of the interaction, ie. C(R) 


(6-11) 
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is proportional to exp(—1/y) where g is proportional to the strength parameter 


in the potential. 
If a solution exists, i.e. if C(&) is positive, the behaviour of the un-normalized 


pair wave function 7(&) for small & and large k, respectively, is: 
(Rk) =—€(k)/C(R) for k<ky (6-12a) 
1(R) =C(R) /EF(R) for k>k,y. (6-12b) 


The first of these is large and positive, the second is positive and goes down 
roughly like 1/2’, leading to a normalizable wave function. Thus the pair wave 
function obtained from the initial assumption (2-11) is by no means unreasonable, 
physically. An even more reasonable result would have been obtained if we had 
allowed for a filled Fermi sea up to some momentum &,<k,, with pairs made 
up only out of states with k>&. We have not done so purely in order to avoid 
trivial complications. 


§ 7. The variational equation in a weak external field 


We now consider Eq. (5-14) in the presence of a weak external field. This 
means adding the terms H;, (1-7), and H,, (2-8), to the Hamiltonian Hh. If we 
restrict ourselves to terms linear in A(q), we can omit H, as being quadratic.* 

In terms of Eq. (5-14), the external field then leads to a change in the 
quantities J,,,. To be precise, 


J pier = J fr + (OT ) ser ci) 


where 


(OD ane = 22 (2) (A(q) (+B) ur [ BRB +g) +9 9) 


(7-2) 
and Jf) is given by (6-4). 
We shall now make a perturbation treatment of Eq. (5-14). That is, we 


assume that the solution 7%,(k, k’) of the unperturbed equation (5-14) is known, 
and we write 


L(k, k!) =Xo(k, kh’) + 0x(k, B') (7-3a) 
UCR, RY =Lo*(k, kh’) +0L* (hk, k’). (7-3b) 


We intend to substitute this into (5-14) and keep only linear terms in 0¥. Note 


* This would be wrong if we wished to compute the perturbed energy ; however, we merely 
need the perturbed wave function in order to find the expectation value of the current operator 
(3.1) over that wave function. The quadratic term in the Hamiltonian, Hy, which we neglect in 
ue section, does contribute a term j,(q) to the current operator, and this latter term will be retained 
in § 8. : 


PT ae 


« , Sih A ae 
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that this variation has nothing to do with the formal variation 4%* used in 
Section 5. Since the basic Hamiltonian has altered, both % and 7* must alter, 
and certainly 07* = (07%) *. 

Straightforward substitution into the definitions gives 


ab(k, Ky = 33] ( 1 )_( 1 ) pdt UY sulk, Doak, Lane CL, 0) |. 


2,2? 1+ 1+% 
(U4) 
Furthermore, 0¢*=(0¢)*. The variation of the operator h is: 
9 1 1 
oh= 0p 7°53 
1+/% 1+ 


with 
(90) kx = > [Ox (RB, BR) Lo* (RB, R’) HHo(R, R)ON* CR’, RY] (7-6). 


Substitution of these expressions into the defining equation (5-8) gives 


(OL) w= od (Kiara ne— Kern) 


,l!,m,m! 


1 1 
x | (<2), axon, m! got (mn!, Dt du, moat on, pte a 
ere po (m, m')do* (m’, 1) +40 m)0x*(m, m’) Raed 


(7-7) 
Retaining all first-order variations in (5-14), we then get 
S3[COT)mntlo(hs m2") +2 (OL) muah, mm!) + (Tek+ 2Lnh) O1CK, mi) 
ay 33 Krai Og (R', U’) Se A) L) Kr, wri Lo (R's m)%o(l’, m') 


+ bo* (Ry 1) Kis,ar LCR, m) tol’, mr’) 
+ bo* (Ry L) Kuru to(R!, m) Ox, m') |=. (7-8) 


This is an inhomogeneous linear equation for 07; the first term is the in- 
homogeneity, proportional to the vector potential according to (7-2) ; all the other 
terms contain 0% or 0%* linearly. 

As an immediate check on this equation, we can use gauge invariance. For 
the special case of a longitudinal vector potential, A(q) =A)/(q), the first-order 
variation in the pair wave function is given by (4-18b). Since % differs from 
the normalized pair wave function 9 merely by a constant factor, we can put 


Ox(h, k!)=1[tolk—9s B) +H0Ck, k’—G) —Molk +9, ky) —o(k, k’+q)] (7-9) 


This value of 0% must give an exact solution of 


where 7 is given by (4-16). 
The explicit proof of this 


(7-8), no matter what potential function we assume. 
statement is contained in the Appendix. 
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The inhomogeneous term (0J),,, connects the index m=(m, 1) with k= 
(m+q, t). If %(k, m’) corresponds to “simple” pairs as it does in our case, 
the first term of (7-8) connects this value of m with a value m'=(—m+q, |). 
Thus, to first order already, components are introduced into the wave function in 
violation of the “simple pairing” condition. This is true even in the London 
gauge. The cause has nothing to do with the gauge as such; rather, we used 
translation invariance in order to get “simple” pairs, and the sinusoidal vector 
potential (2-6) destroys translation invariance of the Hamiltonian, in any gauge. 

We now use the fact that the zero-order solution obeys the “simple pairing ” 
condition in order to reduce (7-8) to a more manageable form. We introduce a 
number of notations, as follows : 

9 EDs 1 il 9 i i 
0. (k) =07 (k+ at, —k+*q\) +01 (k———at, —k-—q}) (7-10a) 


3_(k) =84 (k+—-at. —k+—ql)—% (kat, —k-—a\). (7-10b) 


The components of 0% which enter into (7-10) are the only non-vanishing com- 
ponents of that function. Next, we define: 


h° i) 1 
es (k) = es (v— 4 ) = PA LP apg tle ajyg t%o (k+— a) Cy (+ a) 
+% (kg) Co (ka) (7-11a) 
2 2 
h’ ) 0 
F(R) ae ee (k-q) $e OD ajay ED ay2)9 (7- 11b) 


e 


where we have omitted the second index on L{?? since L® is diagonal, see (6-3), 
and where C, is defined by (6:5) with X=Z). Further definitions are 


lus La) ane 


T1= 31 (2G(q) —G(k—k’) | 3.(k! 

Ke! ad + PP 4/20) a + Pi_aj2yq) iy 

(v4 24)—m(v—2-«) 
+ >) G(k—k’) = O_(k’ 
ki qd + PEP, jaya) qa + P_q/20) ‘ : : a 
= > GK’) (1+ 8. ajay) * (1+ airy) 104 CK’) | (7-13) 
(4) is 1 1 

T= 3GR—B) 0 (bi + 4g) f(b — 1g) 0.0, (7-14) 


With these definitions, the set of Eqs. (7-8) can be transformed into two simul- 
taneous linear integral equations for 0,(k) and 0_(k), namely, 
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F(R) 0, (2) + F_(k) d_(R) +| 2 (t+ 4) +Xo (k--q) | 71 
+|1—% (4+ +-¢) m (2-9) |[TI— Ty 
0 5 q} 40 Bu RPS ead Sil 


= (eh/2me) (2/V)""| 46 (A434) +%(k-@) | A) 


e (7-15a) 
F_(8) 9,8) +F. (8) 0_(&) =| % (k+ Bain a oe 
(83, ) +P )9_(&) —| to (4+ 2g) — 0 (t— 2 @) | 7, 
1 1 
+1 +Xo (4+ —<) Xo (k—— a) Ug ee Ew Aes 
—— (eff /2n 1/2 i ‘Es ae 
(eh/2mc) (2/ V)**| % Saree Xo u. (k- A(q)). 
(7-15b) 
In terms of this notation, the gauge solution (7-9) is given by: 
a(E=0 : (7- 16a) 


8_(B) = (e/ftcq) (2/V) A, (@) [z (4+ 2-4) Ley, (1-4) |. (7-16b) 


It can be shown (by specialization of the general methods used in the Appendix) 
that (7-16) is the exact solution of (7-15) if the vector potential is purely 
longitudinal. 

Since our primary interest is the Meissner effect, we wish to investigate the 
limiting forms of all the quantities in (7-15) as the wave number q of the applied 
field becomes small. Keeping lowest-order terms only, we get in this limit: 


F(b) 9 Ep— H+ BLP +2fo (8) CB) = FIT) Cal) (7-10) 


where we have used (6-8) in the last step. 


He yo dO 

ie ads, 7-18) 
F_(k) > ( a (4+ ee Se 

ates > [2G¢q) —G(k—k’) J 2g (R') 0, (A) [1+ 0 J 

/ 
Sey gk 1 dhs 7.19 
Ce) oe or gar S® (7-19) 
TP > VG(k—k) [1+ 00). 8) (7-20) 
kl F 


TS > GK) [fo (R) FO). (7-21) 
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In this same limit, the gauge solution (7-16) becomes 
8, (BE) =0 (7 -22a) 
0_(k) = (2e/hcq) CAE Gla: 1 (gq) ZR). (7-22b) 


As a function of the direction of the vector k, this limiting form of the gauge 
solution is angle-independent. Such a solution can exist only. for the longitudinal 
part of the vector potential, since only for this part do we get an angle depen- 
dence of form k-q on the right-hand side of Eq. (7-15a).* ‘ 

We now turn our attention to the transverse part A,(q) of the vector potenti- 
al; the angle-dependence of the right-hand side of (7-15a) is k-A, (in the limit 
of small g), of (7-15b) is (k-q)(k-A,). We therefore attempt a solution of the 
following form : 


0, (k) = (k- A,) R, (k) (7 - 23a) 

d_(k) = (k-q) (k- Ay) R_(B) (7-23b) 
where the functions R(k) depend only on the absolute value of the vector k, in 
the limit of small g, and (in that same limit) have a magnitude proportional to 


|A4,(q)| but independent of g. We substitute this Ansatz into Eq. (7-19) to 
obtain the limiting form: 


T,= —2(k-A,)S,+Order ¢ (7-24a) 
where 
kS,(k) = SIG (k—k’) LOPIR RD yy (7 -24b) 
ki aif +, o® 


The fact that the sum on the right of (7-24b) has the same direction as the 
vector k follows immediately from the assumed symmetry of R.(k). By a similar 
argument, we obtain 


Tx0-—T}?= (k-A,)S,4+Order ¢ (7-25a) 
where 
Be (1—p?) R, (2’) 
kS,(k) = >1G(k—F) ieee Sa! (7 -25b) 
and 
TS? +T$?= (k-q) (k- A,)S,(k) +Order g? (7 - 26a) 


where S, is defined by (# and » are Cartesian components) 


S1G(k—-®) Bie he! B,! = Se(k) 6, +S. (RRB, (7 -26b) 


(0) 


* In Eq. (7.15b), there are terms independent of angle which cancel identically with this solution ; 
terms with angle-dependence (k-q)? need more accuracy than the simple limits (7+17)-(7+22) can 
provide, but we know from the Appendix that the gauge solution is exact. 


et 
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With these limiting forms, Eqs. (7:15) become, except for terms of relative 
order q’, 


aah Co (h) Rs (k) — Ato (k) Sa (R) +11 — 20" (R) | Sa(k) = (eh/me) (2/V)*? Lo) 
f, (7-27a) 


and 


( h° re i aE”) R.@) 41th’) © (4 R_(k) 


2m kee dk %o(k) 
2 dX dy 
+ S,(Rk) + [14+ 2%" (A) | Ss(R) = — 2mck) ——.. 
ap i(k) +[1+ 0° (A) | Si () (eh, 2mck) ib (7-27b) 


The angle dependences k-A, and (k-q)(k-A,) have cancelled out in these 
equations, and there is no explicit dependence on the quantity q; hence the Ansatz 
(7-23) provides a consistent solution in the limit of small g. We shall not need 
to solve the system of Eqs. (7-27), since we shall obtain all we need for the 
Meissner effect from the form (7-23). 


§ 8. The Meissner effect 


We now use the weak-field solutions obtained in Section 7 to calculate the 


expectation value of the current operator (3-1). Keeping terms linear in A(q) 


only, and remembering that the field-free state carries no current, we get 

(j>=tr (j(q)A) = tr (jr(q) oh) +r (je (@) h®) +Order A’. (8-1) 
Straightforward use of (2-8b), (6-2), and (3-16) gives for the second term on 
the right : 


tr(jalqyh®) =—- N= aq). (8-2) 


This is the part of the current corresponding to the first term on the right of 
(1-5). The result (8-2) by itself is gauge-dependent, and not in agreement with 


the London equation (3-2). 
The first term on the right of (8-1) is associated with the “ flexibility” of 


the wave function 7, (2-11). Straightforward use of (2-7b), (7-5), (7-6), and 


(7-10) gives 
aie belbeaes tea) 
sony (2)"3 
tr (jug) oh) m \"V ke (1+ © aj2yq) (1 + e290) 


Since this expression is linear in the wave function perturbation 
d_(k), we can add the results obtained from the gauge perturbation, (7:16), and 


from the transverse vector potential perturbation, (7-23). 


b_(k). (8-8) 


contained in 
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It is shown in the Appendix that substitution of (7-16b) into (8-3) leads 
exactly, for all g, to the result 


Ne A ays (8-4) 
bG. 


its (ji (q) oh 1) =+ Vi 


This contribution therefore cancels exactly the undesirable portion of (8-2); the 
wave function is “flexible” with respect to a longitudinal vector potential. 

The situation is completely different for the perturbation induced by a trans- 
verse vector potential, (7-23). When. we substitute (7-23b) into (8-3) and go 
to the limit of small g, we are led to a sum of the form 


eh a ask PAG" R_(k). 1 dh 
m oe os ed) (1+)? k dk 


= S5q°0,,+S69.Q- (8-5) 


The quantities S; and S,; defined by this equation are independent of g, since R_(k) 
is itself independent of g. Using. this, we obtain the result : 


tr(j:(g) hy) =Ssq’ A, (q) +Order q?. (8-6) 


Since g’A,(q) is the Fourier transform of VX Vx A=VXB, this term is just 
ordinary magnetism, of no interest for the Meissner effect. In the limit of small 
g, we therefore obtain: 


(P=tr(j(Mh)= ease Se (q) + Order’ g’. (8-7) 
Vmece 


This is precisely the London equation (3-2). 


§ 9. Discussion 


The proof of the Meissner effect in the quasi-chemical equilibrium theory of 
superconductivity, contained in this paper, is subject only to the initial assumptions 
listed in Section 2. No approximation of any kind was made thereafter. In 
particular, the restriction to small g in Sections 7 and 8 is not an approximation, 
but is a restriction imposed by the nature of the phenomenon: The Meissner 
effect is related to field expulsion at large distances 2x into the specimen; in 
Fourier transform language, large 2 means small g. The integral equations (7-15) 
are valid for arbitrary g, and their solution would yield the law of field penetration 
not only at large distances x, but also within the London skin depth region, i.e. 
ax of order 10-°cm. We prefer not to go into this here, since the initial as- 
sumption of an ordinary potential V(r—r’) as electron-electron interaction is too 
unrealistic to make such a calculation worth the trouble. Extension of this cal- 
culation to include the electron-phonon interaction is now under way, and will be 
reported later. 

The discussion of the field-free case, in Section 6, is of interest in connection 
with the problem of “ dirty” superconductors.” In Section 6, we used full trans- 
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lation invariance of the Hamiltonian H, as one of the assumptions in the proof 
of the “simple pairing”’ condition on the pair wave function. Anderson™ has 
conjectured that the electron pairs in “dirty” superconductors also have “ simple ” 
pair wave functions, with the pairing involving pairs of single-particle states which 
are inverse under the time reversal operation. We cannot agree with this: Once 
translation invariance, and hence conservation of k,+k, is lost, there is no reason 
to expect “simple” pair wave functions ¢(f,, &) ; in fact, our own calculation 
already provides a counter-example, since the introduction of the vector potential, 
which destroys full translation invariance, also destroys the “simple pairing ” 
property of the pair wave function. The Bose-Einstein condensation of electron 
pairs into one pair state ¢(k,, &) is not equivalent to a simple ‘pairing of one- 
particle states; thus, the methods developed here and in reference 25) are necessa- 
ry, not only for a discussion of the Meissner effect in “ clean” superconductors, 
but also for many other aspects of the theory of superconductivity. 

In conclusion, it is our pleasant duty to acknowledge useful and informative 
discussions on these matters with Professors S. T. Butler, H. Fréhlich, R. M. 
May, J. E. and M. G. Mayer, and G. Wentzel. 


Appendix 


In this Appendix we give an explicit treatment of the infinitesimal gauge 
transformation (7-9). In order to get the variation of ¢, we can use the x-space 
result 


df! (a1, £2) =exp[ (ie/Tic) (A(a1) +A (22) ) 16 (ar, 22) (A-1) 


together with (4-15) and the assumption that Aj,/(q) is small; or alternatively 
we may use the general expression (7-4) together with the Fourier transform of 


the identity (4-10) : 


hw = > 1k, RY PR, R") (A-2) 
ql 
and the related identity : 
hin > ORs ROCCE, R’)- (A-3) 
kit 


By either method, we arrive at the result : 
Ob (k, kh!) =r[fo(R—@, B!) +H0(k, k’—-9g) — Polk +aq, F’) —y(k, k’+q)]. (A-4) 


Let us now discuss the various terms in Eq. (7-8). Consider the middle 
term (sum over ’ and /’) for a start. We define @rn: by 


PD mi! = >a, Kojo! ,Kt! MN (R’, ri . (A 3 5) 
kris 


me 


There is only one property of K which we need to establish gauge invariance, 


namely the “ translation” property : 
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Ki 3 png = pnt: Eis Kor: x,t 4g Kri-o: eu . (A j 6) 


This property holds for arbitrary g. It is a direct consequence of (2-5). Sub- 
stitution of (A-4) and the use of (A-6) leads to the result : 


» Kom! eeu Og CR’, bo) Sp ( Deg m! =/ Ds pelea Ore mi O49 96) 2 (A y dog 
Kit 


Similarly, let us define Q,,,,.. by 
Os = pe or (k > ) Kua, er Xo ts m) Xo Us m’) ° (A . 8) 
he, 0, hf, i 


a 


Then a straightforward calculation gives, for the quadruple sum in (7-8), 


Last sum in (7 4 8) — f° (Ola ee OS as Arey § Me’ Oat) . (A i 9) 


.. Next, we define P,,,,,, by 


Prt = 33 L245 (hk, m!). | (A-10) 
k 


Then a somewhat more complicated calculation, using the identities (A-2) and 
(A-3) as well as the translation property (A-6) and the variation (7-7), leads 
to the result : 


> [ (OL) mie Xo (k, m’') +L Ox (k, [ON e 8 ale OP lng L tyre Oo os lead - 
(A-11) 


When we consider the term in (7-8) involving J‘, the translation property 
no longer holds. Rather, direct use of (6-4) gives the identities : 


Sipping) Biya Oh aah (h?/m) q: (x — 4) (A: 1) 
Spal eyed Beg ek Oma (h?/m) q- (x + q) i (A: 13) 


With the definition 
Le > Parke es m') (A; 15) 


we get the result 
>3 J ih Ox (k, m’) = Ma llimiec eat Rae ee ee et ela) 
+ (7h?/m) [a (m—— a) %.(m—q, m')+q- (m += a) X(m+q, m') |. 


(A-15) 
Finally, we get from (7-2) 


>I (OF) meto(k, m!) = — (eh/2meq) A, (q) (2/V)? 


x la: (m+ 1-4) Xo(m+q, m')+q- (m— a) eae my |. (A-16) 
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We now have all the terms we need for (7-8). When everything is substituted, 
the result is identically zero, because the zero-order function satisfies (5-14) by 
assumption, 1.e. 


Y ne) Ar Aleut tn Prim + Ohi oe 0 (A 17) 


for all values of m and m/’, including, for example, ™—g, m', etc. The only 
terms not covered by this argument are the second line of (A-15) and the whole 
of (A-16) ; these, however, just cancel identically when use is made of the de- 
finition (4-16) of 7. 

Our proof here uses only one property of the interaction, namely (A-6). The 
“translation” involved here is a translation in k-space, not in x-space. Thus, in 
particular, we need not assume that V(r, r’) is invariant with respect to trans- 
lation in x-space, in order to establish gauge invariance. The assumption V@, r’) 
—=V(r—r’) does simplify other aspects of the calculations, however, since it is 
necessary to get the “simple pairing” condition for the zero-order pair wave 
function. 

In conclusion, we establish the identity (8-4) for this gauge solution. Sub- 
stitution of (7-16b) into (8-3) gives, using (6-2), 


2 2 ; 
tr (ug) oh) =o AY Shayne — AP ae) = SAY. (A-18) 
Vincq k Vmcq  ® 


Since A;,(q) = (q/q)Ai/(q) and since the sum over k in the last line of (A-18) 
is just half the trace of the operator h which equals N by (3-16), the relation 


(8-4) follows. 
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A unified model of elementary particles based upon a renewed idea of “ ether” is propos- 


ed. In this paper a general classical theory of the relativistic elastic continuum is developed. 
From the result of the general theory a hypothetical relativistic elastic medium “ether” is 
introduced. It is an unusual elastic medium which has no mass and no energy in the unde- 
formed state but has mass and energy in the deformed states which are due entirely to the 
elastic self-interaction of it. It is shown that if the ether is elastically isotropic then it has 
a conserving quantity called “the Lagrange spin” which has very similar property as that 
of the iso-spin. It is not conserved if the elastic property of the ether is anisotropic. In our 
model the elementary particles are viewed as the excited states of the ether and the strong, 
the electro-magnetic and the weak interactions of them are ascribed to the isotropic, cylin- 
drically symmetric and anisotropic elastic self-interaction of the ether, respectively. | 


Introduction 


In the present day formulation of elementary particle theory every elementary 


particle is represented by a wave field. To represent an elementary particle by 
a wave field has its origin in the classical Faraday-Maxwell theory of electro- 
magnetism. Since the discovery of the de Broglie wave and the establishment of 
quantum mechanics it has become the general trend to interpret the wave field 
as the probability field representing the state of the elementary particle. 


However, in the old time before the appearance of special theory of relativity 


the concept of wave field was often considered in connection with the motion of 
the continuously extended substance such as the elastic medium or fluid. In order 
to interpret the optical and the electro-magnetic phenomena the hypothetical medium 
“ ether”? was introduced and the light was interpreted as the elastic wave in it 


Since the appearance of special theory of relativity this line of thought toge- 


ther with the ether has been abandoned and disregarded for long time. 


However, the present day field theory of elementary particles has completely 


failed to explain the hierarchy of the elementary particles and their interactions 
and, moreover, it has the fundamental divergence difficulty inherent to it. Con- 
sequently, several attempts to revise the present day concept of matter and to 
construct the unified theory of elementary particles have been proposed. 


We can find one of the oldest approaches to the unified theory of matter in 


the attempt of the vortex atom.” It was proposed to interpret the atom as the 


878 H. Fukutome 


vortex motion of the ether. Although the attempt was then not successful it 
seems to us an attractive idea in constructing the unified theory of elementary 
particles. 

The wave as the probability wave and the wave as the motion of the con- 
tinuous medium are essentially different concepts. The former is an essentially 
quantum mechanical concept and the latter is completely classical. We have the 
probability wave even if we quantize the point particle. Hence if we start with 
a local field which is to be interpreted as the probability wave as the basis of 
the unified theory it seems to be very difficult to escape from the point particle 
character underlying it. On the other hand, the wave field representing the motion 
of the continuous matter is related to the spacially extended substance even if it 
is a local field and the degrees of freedom of the field is larger than the local 
probability field. So we may expect essentially different results in this case. 

In this and subsequent papers we will try to reexamine the old idea of ether 
from the modern point of view and to construct a unified theory of elementary 
particles in terms of the ether. 

In this paper we develop a general classical theory of relativistic elastic con- 
tinua. The method used in this paper is in close analogy with the non-relativistic 
theory of elasticity with finite deformation. A modern version of it can be found 
in the book by Green and Zerna® (especially Chapter II). 

In §1 the coordinate systems which are suitable for the description of the 
relativistic continuous medium are introduced. They are the Euler .system of 
coordinates and the Lagrange system of coordinates. In § 2 the definition of the 
strain tensor is generalized to the relativistic case. In §3 the general form of 
the energy momentum tensor of the relativistic continuous medium is derived. In 
§ 4 we derive the condition for the existence of the action from which the equations 
of motion, which represent the conservation of energy and momenta of the medium, 
_ is derived by the variation principle. Such class of media is called “ elastic”. 
In §5 and §6 more detailed discussions on the energy momentum tensor and the 
equation of motion of the elastic medium are given. A generalization of the theory 
to include the effects of gravitational field is suggested. In §7 we discuss on 
' the conserving quantities of the elastic medium. It is shown that if it is isotropic, 
then it has another conserving quantity called “the Lagrange spin” besides the 
four momenta and the angular momenta. The Lagrange spin is invariant under 
the Lorentz transformation of the Euler coordinates but behaves as an angular 
momentum under the rotation of the Lagrange coordinates. If the medium is not 
isotropic then it does not conserve. In § 8 a possible model of “ether” is 
given. The ether is the hypothetical relativistic medium which fills whole space 
and it has no mass and no energy in the undeformed state but it may have mass 
and energy owing to its elastic self-interaction in the deformed states. In $9 a 
detailed discussion on the, conserving quantities is given. The motion of the elastic 
medium is separated into the motion of the proper center of mass and the internal 
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motion. The expressions for the mass, the spin and the Lagrange spin in terms 
of the variable of the internal motion are derived. In § 10 the canonical formalism 
of the relativistic elastic medium is given. The expressions of the mass, the spin 
and the Lagrange spin in terms of the canonical variables are given. Finally, in 
§ 11 a unified model of the elementary particles and their interactions in terms 
of the ether is proposed. The elementary particles are viewed as the excited 
states of the ether and the Lagrange spin is identified with the isospin. The 
strong, the electromagnetic and the weak interactions are attributed to isotropic, 
the cylindrically symmetric and the anisotropic elastic self-interactions of the ether 
respectively. 

In this paper we will not discuss the quantum theory of the ether. It shall 
be given in the subsequent paper. 

Throughout this paper the Greek indices of vectors and tensors run from 1 
to 4 and the Latin ones from 1 to 3. The usual summation convention for the 
dummy indices is used. The Minkowskian covariant vector x, is related to the 
contravariant vector x” by x,;=2' and x,=—x‘* where x*=t and we use the scale 
of time in which the light velocity is unity. Occasionally, a four vector (2”) is 
written by a single letter 2 and the spacial three vector (x*) by a Gothic letter x. 


§ 1. Deformation of a relativistic continuous medium 


Let us consider a relativistic continuous medium with three dimensional ex- 
tension. The medium is called undeformed, .if there is an inertial system of 
coordinates relative to which every points of the medium are at rest throughout 
all time. Let the medium be undeformed and consider an inertial system of 
coordinates relative to which the medium is at rest. Then let €* be the spacial 
cartesian coordinates of a typical point of the medium in this inertial system. 
The point of the medium at = (¢") is called the point &. Now, let the medium 
be in a deformed and moving state. Then consider an arbitrary inertial system 


of coordinates x”. Let the equation of the trajectory of the point € in the x. 


system of coordinates be 
tha (Eas) (1-1) 


where &‘ is a time parameter measured by an arbitrary coordinate clock. Solving 
(1-1) with respect to ¢”, we have 


ci=S' (x), Sal ae (1-2) 


The first equations of (1-2) give which point of the medium is at the world 
point 2 and the second equation gives the equation of the spacelike surfaces on 
which the coordinate clock shows the equal time. 

The coordinate system of 2“ is an arbitrarily chosen inertial system of co- 
ordinates without regard to the state of the medium and we call it ‘“ Euler frame 
(E-frame)”. Any inertial system of coordinates may be used as an E-frame and 
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the theory must be covariant under the inhomogeneous ° Lorentz transformation 
between E-frames. The coordinate system of §” is an accelerated system of co- 
ordinates fixed to the medium and moving along with the motion of it. The 
space part € of the € coordinate system is the name given for the point of the 
medium rather than the point in the abstract space. We call the coordinate system 


of € “Lagrange frame (L-frame)”. There are also arbitrarinesses in the choice 
of L-frame. Namely any €’ which is related to ¢ by 
EN = Qh E54 Hf (1-3) 
Shae (=) (1-4) 


may equally be used as a L-frame where (a”)-is an arbitrary orthogonal trans- 
formation of the spacial axes of L-frame. The transformation (1-4) represents a 
change of the rate of the coordinate clock and the theory must be invariant under 
the transformation (1-4) since the coordinate clock may be chosen arbitrarily. 
However, the theory is not necessarily covariant under the transformation (1-3) since 
(1-3) represents a change of the name of the points of the medium and it may 
cause non-covariant effects if the medium has anisotropic mechanical properties. 
It must be noted that the coordinate transformations in #-frame and L-frame are 
made independently. 

If the medium is in the undeformed state, then by choosing suitable clock 
(1-1) is given in the form 

atma,re’ +r (1-5) 

where (a,”) is the Lorentz transformation which represents the uniform motion 
of the medium. 

By the transformation (1-2) the line element of E-frame is transformed to 


(asP=dzx* drs=Y ws ids (1-6) 
where Yag=9x"/d5"-dx,/05° is the metric tensor of L-frame. The four-velocity 
of the medium is given by 


il Ox" 
U*= 
Vt Gas 205 


(1-7) 


Let us consider two points E and E+dEé of the medium with an infinitesimal 
separation. In order to correctly measure the rate of deformation of the relativ- 
istic medium we have to eliminate the effect of Lorentz contraction which does 
not represent a real deformation. This is accomplished by measuring the rate of 
deformation at a point of the medium in the spacial orientations which are ortho- 
gonal to the four velocity U“ of the medium at the point under consideration. 
The separation dx“ between the point € at time <! and the point €+dé at time 
ft dé is 

Ox" 
fea 


age = 


as”. 
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We choose d¢* so as to let dx* be orthogonal to U“ and write the value of dx” 
with this orientation by dxf. Then from the equation 


Uda =U, di*=0, 
we have 
& af Or" en 
a= —— UU, d*", 
Vv —Gu ie sy 
so we have 
dxt=Atdé, Av = 22" 4U*7,, (1-8) 


ae 
where 

Ox? Iai 

r= U, eT oe = 

Sure V —Iu 


This A,“ correctly represents the rate of deformation in the infinitesimal 
neighbourhood of the point under consideration. 
From the definition of Af it is easy to see 


ey = AJ BK Os" 
=0,/, A; . 
On" Ox 


=0/%4+U4U;; (1-9) 


hence the inverse relation of (1-8) is given by 


poe ye (1-10) 


(Oge 


§ 2. Strain tensor 


Although the quantity A,“ correctly represents the rate of deformation, its 
value depends on the choice of E-frame. In order to eliminate this defect it suf- 
fices to use the length of the vector dx as the measure of deformation. From 
(1-8) we have 


dxt dx, ,=1iy de ds? @t) 
where 

T= At Ayg=Iyu thi: (2-2) 
This 7,; coincides with the covariant spacial metric tensor of L-frame. We call 
7 “the covariant strain tensor ” +, is invariant for the inhomogeneous Lorentz 


transformation of E-frame and the transformation (1-4) of L-frame and transforms 
as a symmetric tensor for the transformation (1-3) of L-frame. Let us define 


the tensor 7” by 


ti 


EeBet cae! (2-3) 


7 Axe Ox, : 
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From (1-11) we see 

ran =0/. (2-4) 
This tensor 7 is called “contravariant strain tensor ” and coincides with the 
contravariant spacial metric tensor of L-frame. If the medium is undeformed, then 
we have 

T=" = 95. (2-5) 

Since the strain tensor 7; is symmetric, we may construct from 7,; three in- 

dependent invariants for the transformation (1-3) of L-frame. They are 


J1=Fa» ihe: (Jeg Veg)» Jg=7 = det (74) - (2-6) 


Also, from 7” we have 


K,=9", K,=1/2(K’—7"7"), K:=7=det (Gs). (2-6)’ 
J; and K, are not independent : 
Oe Diy etd Lele eee te 
HF as a 


We call these invariants ‘“‘ the strain invariants ”’. 

Since the matrix (7) is a symmetric and positive definite, it has three real 
positive eigenvalues €; These eigenvalues, €;, are called “ principal strains ”’. 
The strain invariants J; depend only on &;. 


Jp=E, +6, +6&3, JE 6, +E, Es HE, E,, Jg=€,& 65, (2-7) 


hence they are symmetric function of the principal strains. 
Let 4 be the Jacobian of the transformation from L-frame to E-frame: 


4=det ( es dia= dd'€. (2-8) 
Then it is easy to see 
4=V7 /—Gu, 7=det (7s). (2:9) 


_ The volume element in L-frame and the invariant volume element in E-frame are 
related by the relation 


Udixr=y 7 dé, (2-10) 


so ;/7 is the expansion ratio of the volume of E-frame to the volume of L-frame. 


§ 3. Energy momentum tensor“) 


Let the system of the medium be closed. As is well known, for any rela- 


tivistic closed system there is a symmetric energy momentum tensor J” satisfying 
the equation 
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aT 
=O (3-1) 
Ox" 


_Let ¢**(a) be the energy momentum tensor in the local rest inertial frame of the 
point of the medium at x. Then 


r?=7“=—0. (3:2) 
Denote ¢“ by p. p is the proper mass density of the medium. Using ¢t*”, T”” is 
expressed in the form 
Te =Lt?L,’ (3-3) 
where (L,”) is the Lorentz transformation from the local rest inertial frame to 
E-frame. The explicit forms of L,” are 


1 Big hae Leas ae ea ey ees a (3-4) 


Uu 
where wz; is the velocity of the medium. From (3:2), (3-3) and (3-4) we have 
Dias 9) @ Lol O hae Bit 28 Br (3-5) 


From (3-5) we see ek 
UT? =—pe, U;T” (6,"+.0, U*) =0, 
hence we have 
3 T’=pU* U" + (8,*+ U*U,) T™ (6,7 + U, U"). 
Using (1-9), we have 


T =pU* U + Apt Ay, (3-6) 
Vr 
where 
$ — o€ 064 
= 42 a 3 A i 
V7 oe: ee (3-7) 


is the stress tensor measured in L-frame. (3-6) is the general form of the energy 
momentum tensor of the relativistic continuous medium. . 
Define the tensor T* by 


Fv g OO pwr, (3-8) 
Ox" 
The explicit form of T* are 
T°’ =V/ —Ju o Aj, T? =n" +7; Be Aj’, (3- 9) 


where k=/1/7 is the proper mass density measured in L-frame. 
By definition of T™ holds the relation 
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Then we have 
Otte bs Og : fe) ( 1 Ox" T*) 
On" Ort o0&% 
SUR Eee Oa ae ee eae 


4 0&4 dA dAxt dE OEF 4 0&4 


Using Eq. (3-1) and the identity 
Od ee a 
Ai aose Oat Oe" QEe ’ 


we have 
ch het Bs SETI (3-10) 
On" Aa ase 


The tensor T* is not symmetric and the index @ is referred to L-frame while 
the index » to E-frame. 


§ 4. Variation principle, elastic mass density 


Let us derive the condition that the equation of motion (3-10) of the medium 
is derived by the variation principle. 

Let dx’(€) be any small virtual displacement that vanishes on the boundary 
of the medium and at infinite past and future. 

Consider the action of the virtual displacement, 


otL=—\ ST dn, até, (4-1) 


where the integration is made over the interior of the medium and from the in- 
finite past to future. By the integration by part, (4-1) becomes 


s*L= | Too (2%) Ce (4-1)! 
OE@ 


where we have used the boundary condition for the virtual displacement. Inserting 
(3-9), (4-1)’ becomes 


o* L= \[V = cw AY a St) ae (eU"+y, zd A,’) a( st Jaz. (4- 1) Ad 


Using the relations 
Ox" Ks tet 
eae V age UO, AU 0. andes C= = 15 (4-2) 


we have the relations 


_—s 
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Ea Oct eae ie poe Ne. rm 
uo ( ee) =-80/ =H), Ajo ( ee) =u Ay OU,. (4-3) 


Inserting the relations (4-2) into (4-1)”, we have 


aie {|v = Guo (A; 4 ( | Ae su,) = «0 (/=9u) |a'e. (4-4) 


Using again the second relation of (4-2), we have 
role y0U,= A; 7) (ri Ds (4- 5) 
Noting (1-8), (2-2) and (4-5), we have 
a*E= {| 0d 0/— gu) + -V Se dry] ag, (4-6) 
where we have used that the stress tensor 7” is symmetric. 
Suppose that the proper mass density « in L-frame is a function of €* and 74, 
c=K(&, i) . 


Then Eq. (4-6) shows that the action 0*L is a complete differential if the proper 
mass density « and the stress tensor 7,; are related by the relation 


OK 


rhe Ps : (4-7) 
Ors 
Then the action 0*L becomes 
*L=dL=—9 |e dud’? (4-8) 
The medium satisfying the relation (4-7) is called “elastic”. For the elastic 
medium the equation of motion is derived by the variation of the Lagrangian L 
L=—\n/ Gud. (4-9) 


Write the value of the proper mass density « when the medium is undeformed as % : 
Ko =K (22 ) 5 


x, is.a function depending only on i and represents the proper mass density of 
the medium of its own. We can split the proper mass density « in the deformed 
state as 

K=K+é, (4-10) 


where the function e satisfies a fortiori 


e(&', 0,;) =0. (4-11) 


The stress tensor is given in terms of e as 
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BROS OE (4-7)! 
Oras 
If we assume that the stress in the undeformed state vanishes, then e has to 
satisfy 
aes =: (4-12) 
Oa "ap 8i5 


The function e is the density of the mass measured in L-frame which is produced 
by the elastic force. So we call it “the elastic mass density”. It is what is 
called “the elastic potential” in the non-relativistic theory of elasticity. 

Since the matrix (7;;) is the inverse of the matrix (7”) the proper mass 
density « in L-frame may be regarded as the function of €* and 7. Hence by the 
coordinate transformation from L-frame to E-frame the Lagrangian (4-9) may be 
rewritten as 


aes \ed'x, (4-9)/ 
where p= (&", 7”) =«/,/7 is the proper mass density measured in E-frame. This 
form of the Lagrangian is sometimes more convenient than (4-9). 

§ 5. Stress strain relation in the elastic medium 


From Eqs. (3:6) and (4-7) we have the energy momentum tensor of the 
elastic medium in terms of the strain as 


Te = 7 («U* U’—2A;* A;). (5-1) 
ag 


Substituting «=,/7 p, the formula (5-1) becomes 


pee ? (Ue U*— o ApoVt A;) —2A,* iG Ave 
Vir Ors Or ss 
Using the relations 


Vers agi 


Or s4 9 WV AT ae (5-2) 
and the second equation of (1-9), this becomes 
T’=—0,"p—2A," - Ay, (5-3) 
Using the relation | 
OD OEE I OO 4 
Ores Aytt ? 


and the second equation of (5-2) again, we have 
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l 


5. F" do 06 
Ox, On Oz” 


tots 


—0d,"p. (5-4) 


This form of the energy momentum tensor coincides with the one derived from 
the Lagrangian (4-9)’ by the usual procedure. 

In order to get more detailed information on the relation between the energy 
momentum tensor and the strain it is necessary to make a further assumption 
about the functional dependence of the elastic mass density e on the strain tensor. 

The elastic medium is called “ elastically homogeneous” if the elastic mass 
density e does not depend on ¢* but depends only on the strain tensor. The 
elastic medium is called “ elastically isotropic” if the elastic mass density depends 
on the strain tensor only through the strain invariants and is invariant for the 
rotation of the spacial axes of L-frame, i.e. it depends on ¢’ through scalar functions 
of €’. If the medium is elastically homogeneous and isotropic, then the elastic mass 
density is a function of the strain invariants J; (or K,) only, 


e=e;/;). 


In the following we assume that the medium is elastically isotropic. 
-From the definition (2-6) of the strain invariants we have 


OS; } OSs sy OJ, nts 
=i oo 1885 fad? =7" Js. (5-5) 
Bry j Bn, 19433 om Vie 
Accordingly, we have the stress tensor as 
Ss de Oe a 0e de ti 
a — HE 0;,; + 2—_— 4g — 2d |: #5 (5-6) 
ae SEK Sa peg at le PRS FE 


Inserting Eq. (5-6) into Eq. (3-6) and using the relation 
Afn? Ay, =06,4+ U*U,, 


we have 
de —— Oe xy 2 0e Oe , 
i JJ, 22\ 0" U,-2V' i sta + Ji; — )o, 
asi (° Ae PROV A WA corte) 
= . fs ee O,* op [ (5 ° 7) 


where O,“=A;"A,;. Assume further that the elastic mass density e depends on the 
strain tensor only through J; 

. e=e(S; Ja) 
and put 


0e 


=—2V J, 
p V Ia ae 


Then the formula (5-7) becomes 
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PA (0) UU 4-0,t p- (5-8) 


This is just the energy momentum tensor of the relativistic perfect fluid with the 
pressure 7p.” 


§ 6. The equation of; motion 


The equation of motion of the elastic medium can be derived by the variation 
of the Lagrangian (4-9) or (4-9)’. The equation of motion derived from the 
Lagrangian (4-9) coincides a fortiori with the equation of motion (3-10). The 
equation of motion derived from the Lagrangian (4-9)’ is 
fe) ( 00 od 00 


——_1_=0. (6-1) 
Ox” og* 


Oy"? Ox, 


This form of the equation of motion is simpler than Eq. (3-10). 
Now we shall show that we can completely eliminate the coordinates of E-frame 
from the equation of motion of the elastic medium. 


Define the symmetric tensor 74 by 
Toe — Og” Te ef 


Ox" Ox” 


(6-2) 


T** is the energy momentum tensor in L-frame. Then it is easy to see that 7°” 
satisfies the equation 


7a 8 YY VY 
we soe Bas Eada a Pet foske h (6-3) 


where /’% is Christoffel’s symbol in L-frame : 


O? rH gee 


ies — 
> mas = = . 
OS® OS* Aa” 


It is well known that Christoffel’s symbols 7% can be written in terms of the 
metric tensor Jag of L-frame as 


a mp ap Og Og Og ) 
if = ( J vr Five SI AX 3 322! 
EE Re aT SRD st ee 
The explicit form of the tensor T** for the elastic medium is given by 
g_ 1 2. OK feu 2 On TA 
V7 Oy" Vr V — Is Ors et 
(6-5) 
a 


Noting that 


> hs 6-6 
G44 Vi ~oE ( ) 


ory * 
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and the proper mass density « in L-frame is a function of ¢’ and 7,;, we can see that 
the tensor T“° depends only on the metric tensor 74, and ¢’. So the equation of 
motion (6-3) with (6-4) can be regarded as the equation which determines the 
metric tensor of L-frame. However, Eq. (6-3) is insufficient to determine Je, 
completely. To determine 7; completely it suffices to add the equation which 
secure that the metric of L-frame is integrable. This is accomplished by adding 
the equations which assert that the curvature tensor R**’ in L-frame is zero: 


R“=0. (6-7) 


From Eqs. (6-7) we have that Je, is of the form Jaga Or" /0e"-Ox,/05"* and 
inserting this form of Y,, into Eq. (6-3) we can completely determine the motion 
of the elastic medium. In Eqs. (6-3) and (6-7) the coordinates of E-frame are 
completely eliminated. 

This formulation of the theory of the relativistic elastic continua suggests 
itself the way of the generalization of the theory to include the effect of the 
permanent gravitational field produced by the elastic medium. This is done by 
replacing Eq. (6-7) with the Einstein equation 


Reg R= kT (6-8) 
where R=R,* and & is the gravitational constant. 

Eq. (6-8) contains Eq. (6-3) since the covariant divergence of the left-hand 
side of Eq. (6-8) always vanishes so that from the right-hand side of Eq. (6-8) 
Eq. (6-3) follows. Thus, Eq. (6-8) with (6-5) and (6-6) is a closed system 
of equation for the metric tensor Yag and determines the motion of the elastic 
medium together with the gravitational field produced by it. It must be noted 
that Eq. (6-8) is referred to a special system of coordinates (the Lagrange frame) 
relative to which the medium is at rest throughout all time, so that the state of 
motion of the medium is represented by the time variation of the metric tensor. 
Jag statisfying (6-8) cannot be integrable and in this case we cannot define 
E-frame as an inertial coordinate system. 

Noting (6-6), we can write the expression (6-5) for T*’ compactly as 


e ag Ban (Cava Jas) » 
where g=det(Jas). So Eq. (6-8) can be derived by the variation of the Lagrangian 
L= | (RY =9+2keV/ Wa) a, (6-10) 


where we have used that” 


o| RV —9d'e= as | (Re—_9** R) Bguav —9 a6. 
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§ 7. Conservation laws 


There are several conserving quantities for the elastic medium. Since we have 
had the Lagrangian for the elastic medium, we may obtain them by applying 
Noether’s principle” for it. 

The total four momentum P*” and the total angular momentum M”” are con- 
serving quantities for any elastic medium: 


p= | TP do (7-1) 


M”’= | (2*T”— 2’ T) ny, do (7-2) 
where the integrations are made over an arbitrary spacelike hypersurface, do is 
the surface element of the hypersurface and m, is the timelike unit vector pointing 
the normal direction of the hypersurface. If we take the hypersurface as the one 
on which the coordinate. clock used in L-frame shows the equal time, then we 
have 
og a 

Ade. (7-3) 


Ny AO 7 
Ee 


Using the formula (7-3) we have another expression for P* and M”’: 


Bree | Dents, (7:1)! 


MY = \ (at T*— 2° T) PE. (7-2)! 


If the medium is elastically isotropic and further the undeformed proper mass 
density «) of the medium is spherically symmetric, then the Lagrangian L is 
invariant for the rotation of the spacial axes of L-frame. Thus, we have an im- 
portant conserving quantity 2;: 

Ms | eae se mig 
2,=2) & Sipe Ne as ba ee 71 do - 
ik On Ox, & (7 4) 
where €,,, is the antisymmetric unit tensor. These 2, transform like an angular 
momentum vector under the rotation of the spacial axes of L-frame and are invariant 
for the Lorentz transformation of E-frame. We call this polar vector in L-frame 
“Lagrange spin (L-spin) ”. Using the formula (7-3) and the relations 


hel Tae ca dp a ae ; 
ay aS “jo V4 ax, SLA ye5 (7-5) 
{ 0p il ( OK il x a" 
a = — |e fies 5 YAN hi = = ri - 
Cony ia WYO "Ot 4/9, Ore, 


we have another expression for 2; : 


ee. ne ee 
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2.= | cant! (ers — 27 "7 n) a. (7-4)! 
OF im 

If the proper mass density « of the medium is only cylindrically symmetric, 
i.e. invariant only for the rotation of L-frame around, say, ¢* axis, then only the 
third component 2; of the L-spin is the conserving quantity. 

If the medium is elastically anisotropic, i.e. the proper mass density « is not 
invariant for the rotation of the spacial axes of L-frame, then the L-spin is not 


a conserving quantity. 


§ 8. The ether 


Let us imagine an elastic medium such that the undeformed proper mass 
density is zero but the elastic mass density e has non-zero values when the 
medium is in strained states and also assume that the stress of the medium in the 
undeformed state vanishes. Such medium has no mass of its own and if it is 
undeformed then it has no mass, no energy, no momentum and all other physical- 
ly observable quantities vanish. However, if it deforms in any way, then it may | 
have a finite mass, energy and momentum and nonvanishing values for the other 
physically observable quantities. Moreover, it may extend over whole space without | 
making its total energy infinite. This is impossible for the medium with an un- 
deformed mass density which is finite and constant. Such a hypothetical elastic 
medium filling whole space is called “ether”. Possibility of the ether rests 
on the special theory of relativity which asserts the equivalence of mass and energy. 
Through the motion of the relativistic elastic medium the proper mass is not con- 
served because the elastic force produces mass. This makes it possible that the 
ether which has no mass of its own becomes to have a mass in the deformed 
states. The mass and energy of the ether are entirely due to its elastic self-interaction. | 

In the undeformed state of the ether all physically observable quantities vanish, | 
so we may regard such state as the vacuum. The ether in the undeformed 
state may move uniformly relative to an inertial system of coordinates. So the 
vacuum has degeneracy corresponding to the possible uniform motions of the 


ether. 
In order that the ether in the deformed state has finite energy it has to be 


undeformed at the infinitely remote place. The inertial system of coordinates 
relative to which the ether is at rest at infinity may be called ‘the absolute 
inertial system of coordinates ” (briefly we call it “the absolute inertial frame’). 
The Lagrange system of coordinates which is fixed to the ether and moves along its 
motion may be regarded as “ the absolute coordinate system”. In the deformed 
state the Lagrange coordinate system is an accelerated coordinate system and it 
is in principle possible to distinguish one mode of acceleration of the ether from 
the other because they produce different distributions of mass, energy and other 
physical observables. However, it is impossible to determine the absolute inertial 
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frame from physical observations because it is related only to the undeformed 
portion of the ether where all physical observables vanish. Moreover, the dynamics 
of the ether is constructed so as to be covariant with respect to the Lorentz trans- 
formation between E-frames. Therefore, though the absolute inertial frame has a 
conceptional meaning there is no way to determine it by physical observation. 
The principle of the special relativity (equivalence of any inertial frame) is 
maintained in our ether. 

The ether has another conserving quantity besides the ones introduced in § 5 
if we assume the homogeneity of the elastic property of the ether. For the ether 
the undeformed mass density « is zero, so if the ether is elastically homogeneous, 
then the Lagrangian density (the proper mass density) does not depend on §* and 
is invariant for the translation of the spacial axes of L-frame. Hence we have a 
conserving quantity 9,. 


622 20 nado (8-1) 
On S02. 
This 9, transforms as a vector for the rotation of L-frame and has the property of 
momentum (it is related to the translation of L-frame). We call this vector 9; 
“Lagrange momentum (L-momentum)”. The L-momentum conserves for any 
homogeneous ether irrespective of its rotational symmetry. 

Using the relations (7-5), we have another expression for 0,: 


jk 


In the case of the homogeneous ether the proper mass density depends only 
on the strain tensor and the equation of motion is given by 


) ee os do O53 eal O Ste et sige 
Ox" \dy% Ox,/ Oy Ox"dx, Ayn" Ox,0x, Ox" Ox” 


=0 (8-2) 


where (7:;) has to satisfy 


(9:3) =0, ae = 


cw) oe 
On ne) O65 


§9. Conserving quantities-resumed 


Now let us make clear the physical meanings of conserving quantities introduced 
in the previous sections. 


' We define the mass m and the spin S” of the elastic medium by 
MW =—P* P'. (9-1) 


‘le ~~ 
S*=- hy p,, ; 
M0 oe 2) 


eo 
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where M’ is the dual tensor of M*’. 
Let X*“ be the proper center of mass” of the medium. Then 


where t is the proper time of the proper center of mass. Now, decompose the 
Euler coordinates x“ of the medium into the coordinates of the proper center of 
mass and the relative coordinates 7“: 


aha Xt tre. (9-3) 
In the E-frame in which the proper center of mass is at rest we have r‘=0 since 
in such E-frame x'=X‘=r. So, in arbitrary E-frame we have 

Pr =U: (9-4) 


Choose the standard clock of the proper center of mass, as the coordinate clock 
namely let €* be the proper time < of the proper center of mass. Then we have 


Ox" = arrose ES 4 Or" | 

ag? pe Or m Oc” 

s FS hate. Lede) 5s Ca) 
ry Or” Or, ( m ors 


Ji= JEN Ot 


Accordingly, the strain tensor 7; and J, become 


Or” Or 
— =1— Es 
a @r Or | 
(9-6) 
aie Or ar, L OF Or, Ore Ory, 
a" ggt Bes eas Ore ar, O86 Or OM Oz : 
OPM 
and 7; and A,“ are given by 
= i Or’ Or, 
& At Or, Ore OF OT 
i= - ae 
are 1 P* , drt Oa 
gate sek 
5" Ree Or" Or, \ m ure 
Or). Or 
Inserting (9-5) and (9-7) into (3-9), we have 
Tite KATE NT é FP ge (9-8) 
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where 
grates Bye eee lee (9-9) 
ep alate eee i 
ee 


Mia \ ATH ge (9-10) 
Ral Ort Or, 
and 
\qra’é=0. (9-11) 


(9-11) shows that g“ may be interpreted as the internal momentum flux which 
does not contribute to the total momentum. 
Substituting (9-8) in (7-2)’ and (9-2), we have 


Sea) Fe P, (9-12) 


m 
where 7” is the dual of 2“” and n” is given by 
n= | org—r'g) ae. (9-13) 
In the inertial rest frame of the proper center of mass (9-12) becomes 
S'=eye| rigs, Sree! (9-12) 


Namely the spin S* is the moment of the internal momentum with respect to the 
proper center of mass, so that it deserves the name of spin. 
From (9-9), (9-6) and (9-7) we have 


£=0; (9-14) 
where 6; is 
G,=Kp +745 Ci ge 


As is seen from (8-1)’ 0; coincide with the densities of the L-momenta, hence 
(9-14) shows that the L-mementum density 0; is the projection of the internal 
momentum flux gq” into L-frame. Thus the L-momentum is the total internal 
momentum measured in L-frame, 


ppt 
= (eee die (9-15) 


Contrary to (9-11), the L-momentum 6, does not necessarily vanish. However, 
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for many cases 9, also vanish. For example, if the deformation is symmetric with 
respect to the proper center of mass, ie. if 7'(&, 7) satisfy 7*(—&, 7) =~—7'(€, 7) 
then 9, vanish. 

From (9-14) wé have 


ae Or a 
2,= on Mar ee, (9-16) 
namely the L-spin is the internal angular momentum measured in L-frame. 


§ 10. Canonical formalism 


In order to proceed to quantum theory it is necessary to write down’ the 
theory in the canonical formalism. Let us choose E-frame in such a way that 
the proper center of mass is at rest. Then r'=0 and x‘=c. Since €*(2x) do not 
change their values along the trajectory of the point under consideration, their 
derivatives with respect to the proper time of the point are zero. Therefore the 
values of €*(x) at the proper center of mass do not depend on 7, ie. €’(X) are 
constant. Thus we may choose the origin of L-frame in such a way that ¢*(X) 
are zero. Then, of course, 7*(0, 7) =0. 

Now we expand 7;(&,<) by spherical harmonics as follows : 


= ee X W) a Cele £2N+1 oN { ce 10-1 
rs(E; 7) 2 Cas seeees nS, BSAtENT DS a Bee Qe" é ? ( ) 


N members 


where € denotes the length of &; ¢ =,/ & and the functions CE, care 
symmetric and have vanishing traces with respect to the suffices after comma. 
When the medium is the undeformed state, 7;(€, 7) have to be in the form 


} ri(&, 7) =a e 
where the matrix (a,;) is a constant orthogonal matrix. So, if we assume that the 


deformation of the medium is restricted in finite region, then the functions 
CH, 7) have to satisfy the boundary conditions 


CY (F, 7) > aif; 
CEOs (Fy ay AN ld 
when €->0o, and they may be expanded as follows : 
CHE, 1) =ayF+ 3. CHP OL 0), 
peay (10-2) 
CHEE) 4 CHO) fads OON> VY) 
A= 
where {f4(¢)} is an arbitray orthogonal complete system of functions satisfying 


fs(0) =0 and f4(0) =9. We use these C{%:s(z) as the canonical coordinates of 
the elastic medium. 
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The conjugate momenta 7/7? (+) of CQ? (<) are given by 
ay, at { fe) oe Or; af 
oer Og) hea Dek Ee een, — male eked 8B 10-3 
Z eA )= ac A) (z ) Or, (Ca Js) aC (4 (z) C ( ) 
(not summed for 7) 


where the dot denotes the derivative with respect to t, and € is the Lagrangian 
density 


L=— Je —dudé 
Using (10-1), (10-2) and the relation 


fo) = 
SS (k/ —7h) Sa, (10-4) 


Or; 


(10-3) becomes 


VV 
aita(s) =(qf.@)(—ynem— 7 (2) ate. (10-5) 


Substituting (10-1) and (10-2) in (9-12)’ and using (10-5), the spin is 


represented by the canonical variables as follows: 


SOS as 


E¢, ch A) AN, Ay 10- 
Nia=1 NV! ee ( 6) 


Noting the relation 
rato aes eS ay 
ce Cite | ome = 4 (ay 
5 OS OSA" ONE 
1 
E 


N 
a (N, A 2N+1 fe) 
=—NEéEnC§ Sues ii Ay ee ( ), 
asmas Os" 


we similarly have the expression for the L-spin as follows: 
= 1 
pe tre) pees at a (Ny) (A). ; 
ea (Nay Ean Cf am-n 41, km n © (10 7) 
The Hamiltonian in our theory coincides with the mass and it is given as 
usual by 


m= 2) Ss ai CMA OL, (10-8) 
It is easy to see that the expression (10-8) for the mass coincides with the ex- 
pression (9-10) if we note the relation 


= Reo Fog ee 
Ui = sj He 1 rr; 
Vi ve 


The formulae (10-6), (10-7) and (10-8) provide the clue for the transition 
to quantum theory. However, we will not enter into quantum theory in this 


iE ea 
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paper. It shall be given in a subsequent paper. 

Contrary to the expressions (10-6) and (10-7) for the spin and the L-spin 
which are given in terms of the canonical variables only, it is difficult to derive 
an explicit form of the functional dependence of the mass on the canonical varia- 
bles and to eliminate the time derivatives of them from (10-8) because of the 
complicated non-linear character of the dynamics of the relativistic elastic medium. 


§11. A model of elementary particles and their interactions 
in terms of the ether 


As was shown in § 8 we may imagine a relativistic elastic medium “ ether ” 
which fills the whole space. The elastic wave of the ether may propagates through 
space, and since it obeys a non-linear equation it interacts with itself. Although 
the ether itself has no mass of its own, it may have mass in the deformed states 
owing to the elastic self-interaction. The most important fact is that if the elastic ° 
property of the ether is homogeneous and isotropic, then it has conserving quan- 
tities such as the L-momentum and the L-spin which are invariant for the Lorentz 
transformation of E-frame. Especially, the L-spin has the property of the angular 
momentum for the rotation of the spacial axes of L-frame. Therefore, if we 
quantize the homogeneous and isotropic ether, we may have an array of particles 
which have a symmetry property resembling that of the baryon family of elementary 
particles. Moreover, the conservation of the L-spin is destroyed if the elastic 
property of the ether deviates from isotropy. If the elastic property of the ether 
is only cylindrically symmetric with respect to the rotation around the third axis 
of L-frame, then only the third component of the L-spin is conserved, and if it is 
anisotropic then the L-spin is not conserved. 

This strongly stggests the following speculation. Suppose that the proper 
mass density « of the ether is composed of three parts: the large isotropic part 
x, the cylindrically symmetric part «, of an intermediate magnitude and the small 
anisotropic part «,, so that 


K=K,+k.+Ka, 


The elementary particles are considered to be the excited states of the quan- 
tized ether, and the L-spin is identified with the isospin. The strong interaction, 
the electro-magnetic interaction and the weak interaction between them are con- 
sidered to arise from the elastic self-interaction of the ether which originates from 
iegekts, anid. Ke, respectively. 

If we assume the homogeneity of the ether, then the L-momentum conserves 
without regard to the rotational symmetry of the ether, so the transition between. 
states which have different values of the L-momentum does not occur. Therefore 
we may assume that only the states which have zero L-momenta are realized in 
nature. This is not a severe restriction but in avery large class of deformations 
the condition is fulfilled. 
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We shall give the detailed discussions on this model in the subsequent paper. 
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Various collective oscillations of electrons are examined in an idealized metallic p-band 
model. It is concluded that the other oscillations than the density oscillation are unstable 


unless rather inconceivable conditions are satisfied. 


When a metallic band contains an orbital degeneracy (cf. p-band, d-band, and 
so forth), one may expect that various bound states of an electron and a hole 
might be obtained in addition to the plasmon states. In this report an idealized 
metallic p-band model is taken as an example in order to investigate the pos- 
sibilities of the various bound states. The model considered here is as follows: 
(I) A simple cubic array of p-orbitals with lattice constant a. The three p- 

orbitals at each lattice point are directed along the three crystal axes re- 
spectively. 
(Il) The average number of the valence p-electrons belonging to each lattice 
point is taken to be three. 
(Ill) The core electrons are supposed to contribute only to the electro-static field 
3e” 
Bs av asaR, 
for the valence p-electrons. (aR denotes the position vector of a lattice 
point.) Thus, representing the p-electron field by ¢(x, €) (x.and € being re- 


spectively the space- and the spin-coordinate), we start from the Hamiltonian 
2 
H= (gre, o[-# aru@ |e, oe 
2m 
2. 
OSE (Chg Oe ater le kanal eee 
2 “— 


* An outline of this work was reported in Progress Report, Research Group for the Study of 


Molecular Structure, (1959). ; 
** Present Address: Department of Physics, 


Tokyo. 


Faculty of Science, Tokyo University, Bunkyo-ku, 
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where dte=dx df, and 
d(x, C)= dV" a,4, R)pr(*)o ©), 


R 


ed 


where o is a spin function and pA(/=z, y or z) is the p-orbital of the R-th 

atom. (p#, p#, pH) transform like (x—X, y—Y, z—Z) under a_ three- 

dimensional rotation around the lattice point R=(X, Y, Z). The three 

cartesian coordinate axes are taken along the three crystal axes respectively. 
(IV) The overlaps of the form 


p(x) pix) (RAR) 


are neglected except in the following integral : 
B= | px (@) (— 2-4) pit. ede, 


where r is a unit vector of the cartesian representation and /, denotes 
the coordinate axis indicated by the unit vector r. 

(V) The intra-atomic repulsion of our valence electrons is neglected, since we 
here consider only the collective oscillations with long wavelengths which are 
induced obviously by the long range part of the Coulomb interaction between 
valence electrons. (This last restriction imposed on our model might be open 
to question. Such questions, however, belong to another kind of problem, 
which is much more complicated.) 

We adopt the following transformation : 


a,(, P)= Fe en ip Ra, R) 
and 
Me PO=—, >) Fie CR) exp (iq: R), 
where 
yy ! e 
Bedb = \f = aa 3, (m) DE, (4) D2 en (0) Dhl (ar) day dy 


and G is the number of atoms in our crystal. Then Hamiltonian (1) may be 
written as follows: 


erie (2) 


fhh= 31 Ex (p)a,* CA, P) a, (A, P)> (3) 
un al Noe Nl Nal UPAR! j 
Hy =—— D1 2 2 a a (qa.*G, p+q)a. 5 pact Uy pan, p44), 


Z MN pl ool G0 p,pl 


(4) 


ms, Bd + en ay oy oF 
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where we have omitted constant terms. In the above 


E\(p) == /6\ COS py (Cao y or 2), 
Wp Se, 


constitutes the energy-momentum relation of the p-band. If we neglect H, the 
ground state of our f-electron system is characterized by the occupation number 
representation as follows: 

[The occupation number of the one-electron level (/, p)] 


0; ipl eee, 


2 


The Fermi levels are now given by 
E,(p) =9. 


Now, we will adopt the following conventional notation : 


: (=a,(/, p) if E,(p) > 0, 
ce(/, p) 
=0 if E,(p)S0, 
Vie! if E,(p) >0, 
b,(4, Pp) ‘ ' 
|==a,*(, p) if Ex(p) <0, 
and O,(A1, P| 72; P2) == b, (A, pr) Co 7a, Pr) + 


In quantitative discussions, we adopt Sawada’s approximation,” i.e. | 
(oe) dae aes > ve (@) a3 {I,*(p, PlA, pt+qt+éV; —plt, —p—q)} 
Q G0 pr! pl Pp 
x Si {9% (Y', —p' |i’, —p’—q) +0,1(7', PIE, p+} > (5) 
p! 
[9A Pi|42 Pr)» oF (Ay! p22’, po’) J=8 (oo) 8 (AA) OGal a?) x O(p,|pr’) 2 (p2|p2’) » 
[9 (Ar, P| 22, Pa) » 9,1 (A1', pr |Z2’, Pa’) |=9. (6) 


In order to simplify mathematical treatments, here we consider the collective oscil- 
lations travelling along the z-axis. Further, by means of New Tam-Dancoff’s 
picture, we seek the eigenstates of the Hamiltonian given by (2), (3), (4) and 
(5) which correspond to these collective oscillations. Then we get the following 


collective modes. 


[1] Sound waves (lonicity-propagating waves) 
The sound wave with wave vector q is represented by the following state 


vector : 
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B= SK, p)oe* (4, Plt, PtM +Ia(t, POH, —PI-, —P—D} 
BD 
and 
¥,=State vector representing the ground state. 


The frequency w of this sound wave is given by the equation of motion 


me ie Hes (8) 


z 


[H, =, 
Now, using (5) and (6), we get 
[46., 3 -* (4 plisp+q) l= > 1 Je (q)- Det {8% (H, p'|4, p’' +4) + Fe, p'|Y’, p’—)} - 


Since we are now ae the col aee oscillations whose wave vector q is 
parallel to the z-axis, we may use the following relation: 


Jak (q) =Ji (q) OU). 
Further, for sufficiently small |q}|, 


ipa Che ate ee am 


Thus, we get 


(16. I MuploP + DI= Ces > Be {5.7 (A,p'|A,p' +4) +421 (4,p'|4,p'—q)}- (9) 
Similarly, we obtain 
As 
[26., JA, — ply, Stee 23 10 (A, p'|2, p’ +4) +51 (4,p'|2,p’—4)}. 


(9)' 


Further, it is obvious that 
[400, 9.* (4 ple, p+q)J=E(/, ply, P+Q4.* (4, pit, p+q), 
[460, J-(H, — pl, —p—q) |=—E(r, =p\e, —p—q)9.(4, —ple, —p—q), 


(10) 
where E(A, pil, ps) =E,(p.) —E, (pi). 
Substituting (7), (9), (9)’ and (10) in (8), we get 


Sktep ho EY, pl p+M\= 3 {faAs PY — Ia, PY} ee, | 
aq 


and 


Galt P)ihot+Epl4p+@l= ST (fy, p')—Iald, p')} aN 
re? ag 


From these, we obtain 


“=> om | 
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1 
ho— E(/, p\t, p+q), 
1 
lo+E(p, PIF pt q) 


Salt; P) =C, 


Iqg(#; P) =G, 


and the dispersion relation 
1 ( Are” a t 
and st pia | SI Gen 
G ag / «pe \ho—E(¢p|4,p+ q) hot+E(¢,p|\44p +4) oe 


In the above, C, is a constant independent of p, and the summation over p should 


read 


>I eee (p< -0N E,(p+q)> 0). 


BP 


Eq. (11) has a solution for a whose value is separated from the level continu- 
um given by E(/, p|v, p+ q), or 
hiw> Max {E(p, pl, p+q)}, for p(Z,(p) S09 E,(p+4) > 9), 


at least in the case of q—>0. This solution corresponds to a density oscillating 
wave. For sufficiently small q, we obtain 


ho=v 12(e?/a)|B| +O) 


[2] Quadrupole polarization wave of 1st kind 
In this case we adopt 


EY = 3 (falxy, P)I" (2, Ply P+) tha P)% *(y ple, P+) 


tay pix, —ply, —P-—D +Iq(9e; p)5-(y, ~piz, —P-M} 
? (12) 
instead of (7), a 


Now, 

(Ho. BC, pls P+ gDI= IFC) DI Paw +O +9 (HPD). 
Since q is now taken to be parallel 
sideration the following relation: 

Ie (qg) = OA) OHA) FOG 8 HAD ) Iie 4(q). GAP) (13) 
Therefore, we get 
Sas 9,*(x, ply, P+ D1=[%o, 9e* (o> Pie, P+) 
Jen(q) >) (er (x, ply, p’ +4) +91 (9 P!lx, P’+4) 


+9,(2, —p'|y, —p’— —q) + daly, —p'|xz, —p’—} 


=—[#,, V(x, —ply, —p—q)]=—[4., W(y, — Plz, —p—q)]. (4) 


nd seek solutions of Eq. (8) by means of the method used in [1]. 


to the z-axis, we get from a symmetry con- 


a 
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Further, it is obvious that 
[H, 0-*(, ple, ptayl=EQ, ple, P+9)9*(; Pits PT)» 
[E, 9,2, —ple, —p—a) ]=—EQ, ple, p+ 9)5-,— Plt —P—@)- 


(15) 


Substituting (13), (14) and (15) in Eq. (8), we obtain the following dispersion 
relation : 

La comes Let fo &, = ae oe FOES ee oe 

hw—E(x, Pi», P+@q) ho—E(y, p\x, P+) 


Ca 


Se AG ce AIOE ta ieee ar aes bei AG 
ho+E(x, ply,p+q) ho+E(y, plz, p+q) ’ 
Thus, the state represented by (12) has been completely separated from the density 
oscillating state represented by (7). 
Now 


5 Oe (aoe = AY 
JS ore \ age ee \, 


where R=(X, Y, Z) +0 and Q is the quadrupole moment arising from the overlap 
charge epy(x) p(x). Then we adopt the following continuum approximation 


2 f 2 72 V2 
Iaq@y=22 { ar), 4-92 35 * 2 exptiq-R) 


G ae (ak) 5 R Re 
q>0 1 87 Q? 9 : 
a ee gt). (ef. Appendix): et75 
G 105 @ : a 


Hence, Eq. (15) has no solution for Aw whose value is separated from the level 
continuum given by E(2z, p|y, p+q) or E(y, p|x, p+q). Thus we may reason- 
ably conclude that the polarization wave considered above will not form a stable 
collective oscillations. 


[3] Quadrupole polarization wave of 2nd kind 
Here we consider the one-pair states ¥,\) and ¥%,') defined by 


Ox) — FOz)? 
ve, Be = 


ETP = SASL OP, P)Ie* (A, pit, P+q) thar, p)d.* (44 p|4, p+q) 


pe 
+9qVH; P)IA, — pl\t,-—p—q) +9q(¥4, p)O.(4,;—p|4, —p—q)}, (18) 


where (//)=(xz) or (yz). ¥,°* and P,’ are mutually orthogonal and con- 
stitute a degenerate state. They are orthogonal to the states considered in {1] 


and [2]. 
Substituting (18) in Eq. (8), and using (13) as in [2], we obtain 
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OM pO g ee 
: hwo—E(/, p\|v, p+q) | : 
(19) 
Ia (Aus P) =C,— Se 1 Se Ey we Sart: 
ho+E(/, p\r, p+) 
where C, is a constant independent of p, and ‘ 
Jkq)>) ie ahs eae += ar, 
YP \ ho—E(a, plz, p+q) ho—E(z, p\x, p+ 4q) 
ae ee Bs I Se eer ee (20) 
hw+E(a, p\z, p+q) ho+E(z, p|x, p+ q) 
Now for R40 
oe a 2 alee | 5 Z De Ag 
J2(R)=—- -j1- X?+7? ~- 
ae oe (REL 88 . 
Then 
Lot AS EO 1 5 AL 
i fe eA. sy dR} ete oe 2 2 eA NAGI. Sete 
ene ay oe espn ke Or rap | expCiq me 
under the continuum approximation. Thus, we obtain 
. a oo, 1 : 16z e N2 2 1 
lim Jz(q) 5 vz ( = a xq, (cf. Appendix) (21) 


where 6 is a dimensionless constant defined by 
O=ea’ 0. 

0 is expected to be “much smaller than unity. 

Substituting (21) in (20), we obtain the energy-momentum relation of the 
quanta of the quadrupole-polarization waves as shown in Figs. 1 and 2. (The 
dispersion relations plotted in these figures are valid only for sufficiently small g 
as compared with =). 

In case of |B|>(e?/a)o” (Fig. 1), the excitation energies of the states 
under consideration practically contact 
with the continuum of the pair exci- i 
tation energies of scattering states. 
Then, from (19), we should say that 
the collective nature of those states 


is almost faded away. 


Excitation Energies of One-Pair States 


S. “Continuum’ \A* ‘ 


Ta ease ot |B)<(e/a)éi (Big. 2), Oe ng 
the eectason Nene y, of the polari- fiw =2|B|{1+const x exp[—8/9"] }, 
zation wave with g>v |Bi/(e'/a)™ 8 = (105/16) (|B|/(e/a) 8 
is fairly apart from the continuum. Fig. 1. In case of |B|>(e?/a)6%. 
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‘ However, the condition |B] <(e?/a)0 


is rather inconceivable in metals. Excitation Energies of One-Pair Statvs 

Under this condition, electrons will I iF 

be localized to each lattice point one ee 

by one because of the intra-atomic A 

Coulomb repulsion which has been aan we [228 JB) 20-14 

neglected in this paper. | 105 a 
In. any case limf#iw, coincides 

: ? 970 : 2(B] —A___—_—_—. ETS 

with the maximum value of the pair p aatiseontinuum sa “lq 

excitation energies. Therefore, the 

oscillation of the quadrupole-polariza- Fig. 2. In case of |B|<(¢%/a)6?. 


tion wave with a long wavelength 


will have a short life in any case. Thus, the quadrupole polarization waves, even 
if they could exist, would play minor roles in physical phenomena. (The waves 
which can be detected by optical absorptions or characteristic energy losses of 
electron beams are limited to those with extremely long wavelengths.) 

The sound wave is the propagation of the sheets of negatively ionized atoms 
and the sheets of positively ionized atoms, the sheets being perpendicular to the 
direction of the propagation. If the wavelength is extremely long, a sufficiently 
ionized negative sheet should be extremely separated from a sufficiently ionized 
positive sheet. However, the attractive force between both sheets which are mut- 
ually parallel is irrespective of their separation. This is the reason why the excitation 
energy of the sound wave with a long wavelength can be separated from the 
continuous excitation energies of the scattering states. In the case of quadrupole 
polarization waves, the sheet of ionized atoms should be replaced by a sheet of 
neutral atoms with quadrupole-polarizations. Then the electro-static interaction 
between two sheets becomes smaller and smaller as the distance of the two she- 
ets becomes larger. Therefore, this interaction is too weak to separate appreciably 
the excitation energies of the polarization waves from the continuum of the excita- 
tion energies of the pair scattering states. 


Our result suggests that the anomalous characteristic energy losses” of energy 
lower than the plasmon energy, which have been found in some metals, could 
not be attributed to any bulk oscillations of electrons in the metals. Ritchie” 
and Ferrell have attributed the anomalous characteristic energy losses to quantized 
surface waves of the degenerate electron gas. Their idea is preferable from theo- 
retical point of view as well as experimental one.” 

Finally, we wish to mention the following fact: J%(q), J%(q), etc., with 


sufficiently small q (q being parallel to z-axis) cannot be screened by means of 
the process 


eet iene: Cate OD a OD ee LD ; 
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while J%(q) is strongly screened by means of the above process. Pea 
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; | _ eet 1 cos ie & 20? Eh: eS 

: ne) G a acl R i(qR) = a re a | (x) -¢ 

4 ; Ht 

: (dx. r a 

t | Geil) =—\de Fle til l=a*n@ 

- g ny : 

: tes Ue SPL are 
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Remarks on the Viscous Dissipation 
in Relativistic Hydrodynamics 


Minoru Hamaguchi 


Department of Physics 
Kyoto University, Kyoto 


May 17, 1960 


For the description of dynamical sys- 
tem in relativistic hydrodynamics, we 
make use of the covariant energy- 
momentum tensor” containing the vis- 
cous stress. We can derive the equation 
of motion in hydrodynamic process from 
the 4-divergence of this tensor. Some 
remarks on the order estimation of 
viscous terms in the above derivation 
‘will be given in this note. 

At the initial stage of high energy 
nucleon-nucleon collisions, the system 
has the shape of an oblate spheroid 
concentrated in the forward direction 
by the factor ;=2Mc?/E, where M and 
E are the nucleon mass and its energy 
in c-m-system, respectively. Its volume 
is given by Vwxza"y, using the trans- 
versal spread of system a(~h/pc). As 
the development of the time, the system 
will expand into the direction of the 
x-axis parallel to the forward direction 
of incident nucleon. Now, the spread 
of its system in the forward direction 
at a given time ¢ being assumed. as 


Do not forget to count in enough space for 


a(x>ay), the system has the volume 
Vweaa'x at this time. Here, we may 
use the mean energy density of the 
system €=E/V=E/ (xa’x)* instead of 
the energy density measured in a local 
system at rest of fluid element. Sup- 
posing the dependence of energy density 
on the temperature approximately as 
EocT’*, we obtain Tocz-"* In ‘the 
case in which the J-dependence” of 
viscous coefficients is assumed as 70CT™, 
the a-dependence of 7 is automatically 
decided, 7~D-x~*", where D 
numerical constant. 

Generally, the momentum transport 
by the viscous effects is given with the 
quantity 7-0v/dx2=—7-0v/9F, introduc- 
ing the new coordinate variable =t— zx. 


isso 


A one-dimensional equation of motion” 
will contain the derivatives of (7 -dv/92), 
besides the derivatives of the above 
transport capacity with respect to new 
space-time variables (¢, 2). In the ultra- 
relativistic region considered, the former 
can be neglected by the relation (0v/9¢)/ 
(dv/0t) ~t/¢~v">1, induced from the 
condition w%~w=v>1, (t>¢>d=az), 
in which wo, v; are the components of 


* This approximation is not always rigorous 
because of the non-uniformity of energy density 
in the system, but we may think that its settle- 
ment is still valid for the hydrodynamic expans- 
ion, where Reynolds number is large. For in the 
domain considered there is only a small fluctuation 
of energy density. 


we 


2 


Awe 


eae et Ba 
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four velocity. In the derivatives of 
(7-0v/95) by (t, €), the inequality 


|8/0£(4 -Ov/95) | <|A/¢ (7 -dv/9E) | 


holds also by the same discussion as 
the above. Then, we can conclude that 
the most remarkable viscous effect in 
one-dimensional motion is brought by 
the term 0/05 (7-0v/9¢). 

Further, we pay attention to the 
following serious facts as regards the 
viscous term. We shall discuss the 
order of magnitude of two terms in 
the right-hand side of the expression 


8/84 (7 -0v/32) =37/34- (v/34) 
+4-0/08 (0v/9). 


—a/4 


Here, if we take into account 7~D-x 
=]D- (t—€)-** mentioned above, these 
terms become as follows: 


9/85 - (89/34) \ 
=. (—a/4) /(t—£) - (80/88), | 
4-0/0 (Av/9) | 
=9-(—3/2)/- (8v/95). "| 


Applying the condition ¢>>4 in the 
above expressions, we can explicitly 
set up a relation 


7 -0/05 (Av/9E) > 0n/95- (0v/9F). 


This narrates the fact that the ¢-depen- 
dence of velocity is stronger than that of 
the viscous coefficient “even if the 
viscous coefficient depends on the tem- 
perature”, that is, the change of velocity 
with the drop of temperature is very 
intense. Therefore, we can expect the 
reasonable results in the derivation and 
the solution of a one-dimensional equa- 
tion of motion even when the viscous 
coefficients are treated just as the 


constant parameters. 

The models of elementary particles 
and those multiple production using 
such a simplified viscous fluid model 
as mentioned above will be given in a 
full paper in near future. 

1) L. D. Landau and E. M. Lifshitz, Theory 
of Elasticity. G. A. Kluitenberg, Relativistic 
Thermodynamics (Printed in Leiden). 

M. Hamaguchi, Nuovo Cimento 4 (1956), 
1242; Prog. Theor. Phys. 19 (1958), 741. 
Referred to as I, III, respectively. 

2) In the case of a=3, the viscous coefficients 
strongly depend on the temperature, yoeT®. 
See, C. Iso et al., Prog. Theor. Phys. 22 
(959)5 403: 

3) See, Eq. (8), in I and. Eq.(1) in IIL. 


A Note on Exciton Multiplicities* 
RSX 


Solid State Science Division 
Argonne National Laboratory, 
Argonne Illinois, U. S. A. 


July 20, 1960 


In a recent publication in a Supple- 
ment to this Journal, Takeuti” has com- 
mented on the relative positions of 
singlet and triplet exciton states. He 
maintains that it is impossible to find 
a case in which a singlet state will lie 
below a triplet (a violation of an ex- 
citon ‘“Hund’s Rule”). Since the 
author has found such a case in solid 
argon,” and has discussed it recently 


* Based on work performed under the auspices 
of the U.S. Atomic Energy Commission. 

** Address after August, 1960: University of 
Rochester, Rochester 20, New York, UssSpae 
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in another connection,” some doubt is 
cast upon his calculation and it appears 
worthwhile to examine Takeuti’s com- 
ment carefully. 

Let us rewrite Eq. (4-14) of reference 
1), the energy of an exciton of multi- 
plicity MM, as follows: 


MV 7" (0, 0) =0,,0 Ver +Ou2 Vix 
+042V_+" Vor). (4-14) 


Here 0,=1, 0;=0, K is the wave vector 
of the exciton, and / and v label various 
states of polarization. This equation 
differs from (4-14) in that V2 and V(;, 
are allowed to depend on multiplicity. 
The remaining notation follows reference 
1). Now 


*VE*(0, 0) —*Vx* (0, 0) 
=2(Vixvt V3) +4V*, ~ (4-20”) 


where» 4V*='V3—*V3+' Viz —' Voz. 
Takeuti has shown that V?y+V) is 
always positive ;? but the term JV* and 
others which appear in the complete 
formalism make it possible for (4-20’’) 
to be negative. 4V* does not appear 
in reference 1) because the same 
-Wannier functions were used in the 
triplet and singlet states and V,; was 
neglected. 4V* does appear in the 
tight-binding model when proper 
Hartree-Fock atomic functions are used 
for states of different multiplicity, and 
it will arise in the effective mass 
model when different Wannier functions 
are assumed for the two branches (j= 
1/2 and 3/2) of the valence band. In 
the author’s previous work» 2V}, 
and 4V”* were essentially considered as 
a single term and 2V;? was discussed 
separately. The possibility of a Hund’s 


rule violation does not depend, as im- 
plied in reference 1) on the use of the 
dipole wave sum approximation to 2V7 ; 
neither is it caused solely by 2V7 itself, 
as implied in reference 2). 

It is to be emphasized that the author 
agrees with Takeuti’s result within the 
framework of the standard approxi- 
mations, but wishes to make clear that 
inequality (4-20) does not imply the 
general inviolability of the exciton 
Hund rule. 


1) Y. Takeuti, Prog. Theor. Phys. Suppl. No. 
12 (1959), 75. 

2) R. S. Knox, J. Phys. Chem. Solids 9 (1959), 
265. 

3) R.S. Knox, Phys. Rev. 116 (1959), 1093. 


On Mass Formula and New Image 
of Elementary Particles 


Akira Ohmae 


Department of Applied Mathematics . 


Faculty of Engineering 
Hiroshima University, Hiroshima 


July 25, 1960 


In order to pick up hidden charac- 
teristic elements of the internal structure 
of elementary particle, we carefully ex- 
amined the experimental results con- 
cerning the total cross sections of high 
energy pion-proton scattering.” When 
we arranged the resonance levels in 
order of magnitudes of energies regard- 
less of the charge of incident pion, we 
could discover the following remarkable 
rule among the magnitudes of each total 


> +. eae ee 
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energy in the centre-of-mass system : 


Ry {1/4—1/ (4+m)’}, 
m=1, 2; 3, Ayo, (1) 


where Ry=36~37 Bev. m=2 corres- 
ponds to the Ist, m=3 to the 2nd, 
m=A to the 3rd resonance levels, and 
m=5~7 to the 4th one with broad 
width respectively. This rule is ana- 
logous to a series of line-spectrum 
which was established in a period of 
the old quantum theory. We. shall 
call this series the ‘‘ Nucleon-series ”’. 
Nucleon-series is also applicable to the 
resonance energies (total in C. M. 
system) of the measured total cross 
sections of high energy 7+po7+p 
process.” If such a series has some 
connection with the internal structure 
of elementary particle, we can expect 
that similar formula must come into 
existence, not only for the resonance 
levels, but also for the well-known 
elementary particles. 

Now, let us turn our attention only 
to the elementary particles possessing 
strangeness. Marking only the rest 
masses of particles? regardless of the 
statistics, we found out the following 
series : 

Rx {1/8°—1/ (8+m)*}, m=1, 2, 3, --, 

(2) 
where Rx is about 150Bev. and K- 
meson, 4 particle, and 2 particle have 
m=1, 3, and 4 respectively. The par- 
ticle with m=2 has not yet been ob- 
served. Moreover, it is especially in- 
teresting that the observed 1st resonance 
level (K-meson kinetic energy is about 
25 Mev) of the total cross section of 
K--+p scattering” has m=5. We call 


this series the “ Kaon-series”. This 
Kaon-series explains the observed masses 
of K, A, and © particles and K~+ 
resonance energy within the error of 
1%. These very accurate formulas, 
(1) and (2), suggest the existence of 
a new kind of quantum number. Es- 
pecially we should like to note the 
following relation, 


Rx/ Rw RS 4, (3): 


Here we can_ expect that a new 
constant Ry will play an important role 
for elementary particle physics just as 
the role of Rydberg’s constant in atomic 
physics. With the help of constant Ry, 
we find that pion mass is almost ex- 
pressed by the form 


Ry il/S- Wires (4) 


Formula (4) also suggests existence of | 


“ Pion-series ” similar to the proceeding 

series (1) and (2). But others of those 

levels have not yet been observed. 
The appearance of the above series 


suggests us taking and checking the © 


corresponding relation to Bohr’s theory 
of hydrogen atom. As is well known, 
in the case of hydrogen atom, Rydberg’s 
constant is given by 
R,= 22 m,e'/h?c=1.097 X 10° cm™, 
(5) 
where m, and e are electron mass and 
electric charge respectively. This wave 
number R, is about 14ev. in energy 
unit. Corresponding to this R,, we 
tentatively assume our constant Ry to 
be as follows : 


Ry= 22" Mg*/h'c, (6) 


If g is the strong coupling constant in 
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ps-ps meson theory and M is a reduced 
mass of two bodies in a composite 
system (presumably M~500 m,), then 
Ry/R.~2X10°. Accordingly, Ry is 
about 28 Bev. This order of magnitude is 
consistent with that of constant Ry(36~ 
37 Bev) in (1). This consistency is 
interesting enough for us to expect a 
characteristic length corresponding to 
Bohr’s radius. 

Here, let us consider the following 
for interpreting the above series. If 
we suppose a composite model whose 
constituent particles are strongly 
bounded probably by Yukawa _ force, 
the fact that Yukawa potential is ap- 
proximately equal to Coulomb’s one at 
small distance will permit us applying 
Bohr’s quantum condition to the particle 
making the orbital motion in the in- 
ternal domain of elementary particle. 
Then the second term of the above 
formulas seems to come out from Bohr’s 
condition and therefore corresponds to 
the binding energy of composite parti- 
cles, and then the first term will be a 
sum of rest masses of constituent 
particles. But in this case the character 
of the new quantum number in the 
first term becomes obscure. Therefore, 
in order to revive the new quantum 
number, as it was done in Bohr’s theory, 
in the equal capacity for both terms in 
the above formula, it will be necessary 
to introduce the drastic new concept 
for an image of elementary particle, 
i.e. we can understand only the observed 
‘particle by means of the difference be- 
tween two terms. When we advance 
the theory following the corresponding 
logic, we must notice that it may be 


similar to Bohr’s theory in form but it 
may not beso inreality. Wecan conceive 
the following: For example, there 
exist plausible levels in ether or vacuum 
(In the present field theory, we cannot 
understand these kinds of state in 
vacuum. ‘These states just correspond 
to those of electron in atomic physics) 
and the observed real particle is created 
or annihilated by a transition between 
them as light is so in atom. But now 


we do not know the selection rules of 
these transitions. Finally, we have a 
fancy that a new universal constant 
will probably appear in Ry instead of 
Plank’s constant A. 


The author would like to express 
his sincere thanks to Professor K. 
Sakuma, Drs. T. Ouchi and K. Senba 
for their helpful discussions. Also he 


would like to express his thanks to 
Drs. S. Machida, M. Sawamura and 
other members of Rikkyo University 
for their kind advices and encourage- 


ment. 
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On the New Constant and the 
Strangeness 


Akira Ohmae 


Department of Applied Mathematics 
Faculty of Engineering 
Hiroshima University, Hiroshima 


July 25, 1960 


In the previous note’ we described 
that there exist a new constant Ry and 
a new quantum number. In this note 
we refine on our mass formula by means 
of the introduction of correction corres- 
ponding to Rydberg’s correction in atom. 
Here it comes into question how to 
determine Ry. To answer this, we 


proceed to the following consideration. 


- When we adopt Ry=37 Mev., Ry{1/ 


(8+ 1/2)?—1/(9+ 1/2)"} =102 Mev. 
This value is approximately equal to 
the #-meson mass. So far as we know, 
muon which belongs to the lepton 
family probably has the simpler internal 
structure than nucleon, In our formula 
nucleon is Ry {1/(4+0’—1/(5 +e) = 
2Ry{1/ (8 +20’)?—1/(10 + 2¢)"} , where 
6’ and 6 are corrections and 2” has a 
correspondence to Z* (Z is atomic 
number) in atom. The magnitude of 
Rydberg’s correction in atom generally 
has the following characteristic feature : 
When Z becomes large, correction in- 
Along this line, let us fix Ry 
so as to take the larger correction on 
nucleon than that on /+meson. Here, 
for convenience sake, we choose zero 
for correction on muon. Thus, utilizing 
the experimental value of muon mass 
105.70 Mev., we decide Ry for the pre- 


sent as follows: 


R= Ry=38.29 Bev. 


Now, the rest masses of the well- 
known all elementary particles above 
muon mass and the total energies at 
resonances of total cross sections of 
z+ p and K~-+ p scatterings are written 
as 


1 


M=R} 


a a 
(m+l+4s+0)?)’ 


where 2 and m,/, s and s’, and 0 and 
0’ are named respectively to be the 
mass quantum numbers, the internal 
azimutal quantum number*™*, the strange- 
ness spin quantum numbers, and their 
corrections. Tables I, II and III were 


obtained under the following conditions 


(a) 0’=0 and 00, and (b) the same | 


value was taken on all o’s at n=4 
and s‘=0. As is shwon in Table I, 
corrections 6s which correspond to those 
due to the screening effect of electrons 
in atom, have the characteristic feature 
somewhat similar to Rydberg’s ones: 
When / becomes large, ¢ decreases. We 
also see in Table II that statistics is inde- 
pendent of the above quantum numbers 
and the strangeness of elementary parti- 


cle is just s’—s which corresponds to 


representing the attribute of elementary 
particle by the difference between two 
terms as was pointed out in the previous 
note. (But there exists a possibility of 
defining the strangeness by —s, a8 s’ is 
zero except muon at present stage.) By 


* At present we know only n=4 or 8 and 
4dn=m—n=1. 
** Of course, it is also possible to consider 1 


as mass quantum number. 
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Table I 


results 


our formula 


experimental 
scattering pion kinetic | Total energy | n=4, m=5, and s’=s=0 
(isotopic spin, energy (C. of ML) z E 
spin) (Lab.) (Mev) (Mev) 1 yA 0 mt (Mev) 

nucleon (4, 4) 940 0 0.10 0.35 940 
i SH, E74 190 WA! 

the Ist bps ogee 1 0.10 | 0.07 | 1238 
se ea y+pon+p 200 1241 
oe Pi 2rd 2 570 1494 

the 2nd eee ge 2 0.10 | 0.01 | 1499 
Scams r+prr+p 620 1526 
n+p (1/2, >5/2) 880 1678 

the 3rd_ P aad ; } 3 0.10 0 1679 
resonance y+tportp 900 1689 

the 4th 1100 1797 4 0.10 0 1805 

resonance nt+p (3/2, ?) l ] 5 0.10 0 1895 

(broad width) 1450 1971 6 0.10 0 1961 

Total cross sections become almost constant i 0.10 0 2012 

limit 
55 0.10 0 2278 
| 


Table II 


mass (Mev) ® 


n—A) m=). andes —0 


| 1 ag eS) o*) 4s mt (Mev) 
Fc ae Sie 7 . o | a 
7 he Fn Ba. | 
Pee (kK 49404020 “| 4 Bethe M ee glee Olea les 492 
Ko, Ko 497.9 £0.6 | 0.14 499 
A-particle Ao 1115.45+0,12 0 sige | 0.10 0.24 +4 1116 
Sie 1189.55+0.21 : : 
0.43 **) 1189 
J-particle 50 1191.94+0.53 0 +1 0.10 —4+4343 
Sabet: 119689084 | 0.45 1196 
ae. = ee ot | 
a =0 3 | | 
8-particle ss ete ot 0 +2 | 010 |-0.32 | +443 | 1819 
aa 1319.1 +0.5 | | arts 
the Ist Total energy (C.M.) | | 
resonance | 1449 ES) 
of K-+p ) | K-meson kinetic 1 +1 0.10 0.30 +3 1450 
scattering energy 25 Mev (Lab.) | 


*) If we omit condition (b), then the smaller corrections are possible, e.g. when 6/=é=0 


our formulas explain, within 1% error, the observed masses of K, A and 


Table I. But as 6 is correction of n=4, in Table IL we took = 


value of 6’ in Table I. 


4k) 
0K) 


As 6 of & particle is large, we consider tentatively yS=—}h+44H. 
Correction 6 of (1,1), which means (J, s), is nearly equal to a sum of correction és of A 


(0,1) and the first resonance of z+ scattering belonging to (1, 0). 


par 


ticles in 


0.10 equal to the - 


bi 


=F 
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Table III 
mass®) (Mev) | n | m sf | s ry “ge ; nt (Mev) 
pemeson| po | 105.70+0.06 | 8 | 9 hae | ae eee ae eae ok: 
0 | ; ka, yea ai 
adm tae T 135.04+0.16 | | 9 0 0 0*) 0.09*) 134.9 
m= 139.63+0.06 | 0 0.14 140.1 


*) These are trial errors. At present stage we cannot give definite corrections. 


this fact it may be possible to express 
and reinterplet the strangeness in the 
representation different from the present 
one. We consider that the attribute of 
the antiparticle is obtained by mutual ex- 
change between both terms in the above 
mass formula, though the difficulty in 
the sign of the rest mass remains. 


1) A. Ohmae, Prog. Theor. Phys. 24 (1960), 
910. As for the experimental results, see 
the references of this note. 


Birkhoff’s Theorem for Electro- 
magnetic Fields in General Relativity 


Anadijiban Das 


Dublin Institute for Advanced 
Studies, Dublin, Treland 


July 26, 1960 


Exact solutions for combined electro- 
magnetic and gravitational field equa- 
tions with non-static spherical symmetry 
are obtained. Besides electric fields, the 
contributions of the magnetic pole are 
included. It is shown that the solutions 
may be transformed to the static form, 
and thus Birkhoff’s theorem” is extended 
from the purely gravitational case to the 
combined electromagnetic and gravi- 
tational case. 


In our units, c=8*G=1. The Roman 
indices will stand for space-time com- 
ponents and commas and strokes will 
denote partial and covariant derivatives 
respectively. 

The combined Maxwell-Einstein field 


equations in the absence of matter are 


tL et a b) 
Bie Fs FO 
i FA aes ik 

O1,= Riy—— ORF“ Fg 


Bi Ni a 
Bh see dbl . 


Now, the most general non-static sphe- 
rically symmetric metric form can be 
reduced to” 


O=— OO dr? — r'd?— r? sin’ @ de? 
+e dr’, (2) 


From considerations of spherical sym- 
metry we retain only the radial com- 
ponents of electromagnetic fields, and 
put . 


F,=F y= lai = 9. (3) 


Without this choice, the transverse com- 
ponents would define a physically dis- . 
tinguishable direction on the surface of 
a sphere, which would destroy the 
spherical symmetry of the field. It may 
be noted that we demand no other 
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symmetry conditions on the surviving 
components Ff, and F%3. 

We shall briefly outline the main 
steps of our argument, without showing 
explicit calculations. By virtue of (2) 
and (3), the field equations Q:,=Q:;= 
O.4=OQu=Q.,;=0 are identically satis- 
fied. 

From O;=0 and O,;—QO,'=0, one 
gets respectively 

AAO (4) 
Cite) == 0, AVP). (5) 

By the choice (3), the electromagne- 
tic field equations D'=D*=E’?=K*=0 
ang. D?= D*=E'=E*=0-yield 

Pus oe elto 
a2 3 
; (6) 
Bagh sin8, 
where &, / are constants of integration. 


Utilizing (3), (4), (5) and (6), one 
obtains from the equations O,?=Q,'=0, 


ae ie |1- 2m 4 E+) is 
r 2r* 


> 


eine (7) 
e=([1- 2m % (2+ p’) Jer. 
r 27? 

Introducing a transformation d= 
e’J dt, and dropping primes after- 
wards, we pass over from (6) and (7) 
to the corresponding static field strengths 
and metric form 


Pye / 7", Fy =p sing, 
Rad il Pee ere (8+ 2) “a 
nee E é a ar | aah 
—r'dP—?r sin?) d¢ 


: +{1- 2mE 5 NET SUE) Jae. (8) 


r aie 


The constants € and / can be inter- 


preted as the electric charge and mag- 
netic pole strength of the point source. 
It was possible to include the magnetic 
contribution because we worked directly 
with the field strengths F\,, 7; instead 
of potentials and. did not assume that 
they have any spatial symmetry. When 
yt vanishes the set (8) go over to the 
Nordstrém-Reissner-Jeffrey solutions. 

The existence of Birkhoff's theorem, 
that is, the possibility of transforming 
away the explicit time-dependence, is 
due to the fact that an electromagnetic 
monopole cannot radiate. 

In the case of a vector-meson field” 
the corresponding Q,;)=C gives e*-/.4/r 
=/'¢'¢,40, so that the present method 
fails to prove the existence of Birkhoff’s 
theorem. This failure can be understood 
by the argument that in the vector- 
meson case even in the absence of 
transverse fields the longitudinal com- 
ponent can carry out energy. Birkhoff’s 
theorem does not hold also in the case 
of a scalar field with or. without rest 
mass”, because Q,'=0 gives e~*-/4/r= 
$° 9440. 

My thanks are due to Professor J. 
L. Synge, F. R. S., for his kind interest 
and discussions. 


1) G.D.Birkhoff, Relativity and Modern Physics 
(Harvard University Press, 1923). 

2) R. C. Tolman, Relativity, Thermodynamics, 
and Cosmology (Oxford, 1944). 

3) R.Utiyama, Progr. Theor. Phys. 2 (1947), 38. 

4) O. Bergmann and R. Leipnik, Phys. Rev. 
107 (1958), 1157. 
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Moving Effect of Nucleon to 
Meson Field 


Tatsuya Sasakawa* 


Department of Physics 
Kyoto University, Kyoto 


August 1, 1960 


Following the proposal by Taketani 
et al.,? Iwadare and others” determined 
the coupling constant from the analysis 
of nuclear force at below 20 Mev. 
Later, they extended their work to 
150 Mev.” These papers are based on 
the static potential, of which the inner 
part is given phenomenologically and 
its tail by the pion theory. Their recent 
prediction? on the negative depolari- 
zation seems, however, to suggest the 
importance of the non-static effect. 

In order to begin to examine the 
non-static. effect, here we shall discuss 
the moving effect of a nucleon to the 
meson field. To get a direct insight 
into the effect, it would be rather suit- 
able to treat the classical scalar field. 
We neglect all such effects as recoil, 
relativity, heavy meson and eigen-fre- 
quency of the nucleon. Here we shall 
consider only the low frequency part. 

Let the nucleon move with a constant 
velocity v, its direction be z-axis, the 
initial position of the center of the 
nucleon be —|zo|, and its density be 
a(r, 0, 2) in the cylindrical coordinate. 


Solving the field equation with this 


source and with the initial conditions, 
¢=0¢6/8t=0 at t=0, we obtain 


* Now at Laboratory for Nuclear Science, Ma- 
ssachusetts Institute of Technology, Cambridge, 
Massachusetts, U.S. A. 


o(r, t) = (g/4z) | do" | eth ae 


. | de"'o(r", Ga a) | de’ | dv'| do 


L(— yt! +2/+ [2d 2") 
> exp|i / (w/c)? *— c* R—wr} (1) 
2aR : 


where R=|r—r’| and t=z—7’. If we 


neglect the high frequency part, w/c>x, 


Eq. (1) is reduced to 
b(r, t) = (9/4e) | do” | pie 


2 \de"'o(r" le 2!) 


: exp[—«|r—(v pt —|Zol +2”) ne I 
|r—(vot—|zol +2") n. 


(2) 


Tore ls 


Assuming the source to be a sphere, 
of which the radius is a, and putting 


r— (vot—|2z0|) ".= P> 


we obtain from (2), 


d(r, 2 = (9/47) ——, (ie Se 


ce =e (a ne, en) 

ata 

_exp[—«|p—2"n-]_ 
|lp—2"'n,| 


At a point removed far from the source, 


it becomes 


aye es eee es Se ee 
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é(r, t) = (9'/4n) ae (3) 


with use of 
|lp—2”'n,| = p—z" cos(p-n,). 


Here 


g’ = 9 (3/ (x a)*) - (cosh «’ a— ae =) 
Ka 


and 
«'=« cos (p-n,). (5) 


In its form, (3) is identical with the 
conventional solution. However, g’ de- 
pends on p through (4) and (5). This 
suggests that the nuclear force in the 
pseudo-scalar field contains not only the 
usual central and tensor potentials but 
also the potential derived from the 
gradient of gy’. The coupling constant 
of the central and tensor potentials  it- 
self should be modified from g to 9’. 

Evidently from (4) and (5), only 

when p is perpendicular to the z-axis, 
we get the conventional field. In gene- 
ral, g'/g is given by Fig. 2. When p 
is parallel to the z-axis, the field in- 


gle 
si 
1.05 
1.0 Ls 
0.5 1.0 
Ka 
Piga 2s 


creases about 10% compared with the 
usual one. This suggests an increase 
of the nuclear potential of about 20%. 
This effect becomes significant with 
increasing energy. Then we may be 
careful of literally taking the value” 
g?=0.080+0.010 of the coupling con- 
stant as a true constant independent of 
energy. 

The above stated is only a crude 
However, it may be taken as 
meaning the significance of the non- 


story. 


static effect in general. 


1) Taketani, Nakamura and Sasaki, Prog. 
Theor. Phys. 6 (1951), 581. 

2) Iwadare, Otsuki, Tamagaki and Watari, 
Supplement of Prog. Theor. Phys. 3 (1956), 
32. 

3) S. Otsuki, Prog. Theor. Phys. 20 (1958), 171. 
W. Watari, Prog. Theor. Phys. 20 (1958), 181. 
R. Tamagaki, Prog. Theor. Phys. 20 (1958), 
505. 

4) Hamada, Iwadare, Otsuki, Tamagaki and 
Watari, Prog. Theor. Phys. 28 (1960), 366. 


O* Second Excited State of °S 


T. Wakatsuki, Y. Hirao, E. Okada 
and I. Miura 


Department of Physics and 
Laboratory of Nuclear Studies 
Faculty of Science 
Osaka University, Osaka 


August 9, 1960 


The spins and parities a the ground 
state and the first excited state at 
2.24 Mev of *S have been assigned as 
0* and 2* respectively, while the second 


er 
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excited state at 3.78 Mev was assigned 
ae. 

The appearance of 1* in low-lying 
excited state of “S is difficult to un- 
derstand.”” 

This note will briefly describe some 
of the results of our experiments in 
which we could conclude that the spin 
parity of the second excited state of 
291s) 0* andsnot 1°. 

The experiments which led to the 
conclusion of 1* for the second state 
of 2S were as follows. El Bedewi and 
El Wahal” have measured the angular 
distribution of neutrons from “P(d, 2)”S 
reaction. The neutron group corre- 
sponding to the second excited state of 
8S showed the angular distribution con- 
sistent with the assignment of /,=0. 
As the ground state of *P is 1/2*, it 
is concluded that the spin-parity for the 
eecondaestate of “Si is 07 or Its." On 
the other hand, there are several reports 
that the gamma ray of 3.8 Mev energy 
was observed in the reactions, *P(, 
7)®S? and “C1 (8*)"S(7) 29 The au- 
thors of these papers concluded that 
this gamma ray was due to the direct 
transition from the second to the ground 
state. Therefore, 0° was discarded and 
1* was assigned to the second excited 


state of *’S. 

Huby and Newns” suggested that the 
second excited state of 2S is a doublet 
of spacing closer than 20 Kev which 
is difficult to separate by the magnetic 
analysis.” The spins and parities were 
suggested to be 0° for the one level 
gad oe) 84° = 4for! the “other: They 
thought the former is responsible for 
the angular distribution of neutrons 


while the latter is responsible for the 
gamma ray transition. 


We should, however, suspect that the 
gamma ray of 3.8 Mev energy is not 
due to the transition from the second 
state, but to the transition between the 
higher excited states of °S. 


We have observed gamma ray spectra 
in the reaction “S(p, p’7) at proton 
energy of 5.7 Mev using single and three 
crystal scintillation spectrometers. 


An intense 2.24 Mev gamma ray cor- 
responding to the first to ground state 
transition and a 1.54 Mev gamma ray 
corresponding to the second to first 
state transition were observed. The 
peak corresponding to the 3.78 Mev 
cross over gamma ray was not found ° 
in the pulse height distribution of the 
scintillater and its intensity relative to 
the 1.54 Mev and 2.24 Mev gamma rays 
was estimated to be less than 2X 107° 
and 2107* respectively. 

The gamma-gamma cascade coinci- 
dence measurement and the sum coin- 
cidence measurement also indicate that 
the decay of the second state is of 
cascade through the first state. 

Next, we observed the angular distri- 
bution of the 1.54 Mev gamma ray in 
coincidence with the 2.24 Mev gamma 
ray, rotating two scintillaters for the 
two gamma rays with fixed angle to 
each other about the axis through, the 
target position and perpendicular to the 
plane which includes both detectors and 
the incident proton direction. The 
distribution was isotropic. Next, one 
detector was moved on to the rotating 
axis and another was rotated about the 


same axis. In this case also, the distri-, 
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bution was found to be isotropic. 
These results indicate that the nuclei 


followed by the gamma emission are © 


not polarized and gamma-gamma angular 
correlation can be treated in the same 
way as for radioactive nuclei. 

The 1.54 Mev—2.24 Mev 
gamma angular correlation data shows 


gamma- 


’ good agreement with the theoretical 


calculation for 0*(#2)2*(£2)0* as 
shown in Fig. 1. One cannot fit the 
data with 1* (M1, E2)2* (£2)0* even if 
any mixing ratio is assumed. 

Thus it is concluded that the spin- 
parity of the second state of “S is 0°. 

The details of the experiment will 
be published in the Journal of the 
Physical Society of Japan. 


Relative No. of Concidences 


Fig. 1. Angular correlation of cascade gamma 
rays (1.54 Mevy—2.24 Mev) from the second 
excited state of 82S, 
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Distribution of Paticles in a Low 
Density Fermion System with 
Attractive Interactions 


Yasushi Wada 


Department of Physics 
University of Tokyo, Tokyo 


July 8, 1960 


Theories of nuclear matter developed 
by Brueckner and various other authors 
are established upon two assumptions.” 
One of them is the restriction to con- 
sider only the processes arising from 
the couplings of particle-particle and 
hole-hole pairs of the same total mo- 
mentum. The other assumption is that 
the configuration of the system. is not 
altered so drastically from that of de- 
generate Fermi gas. Although these 
two assumptions do not seem to be in- 
dependent we may suppose the former 
one to be correct in order to investigate 
the validity of the latter. Among the 
interaction Hamiltonian we shall parti- — 
cularly take into account the terms for 
the pairs of particles with the total 
momentum zero.” The Hamiltonian 
thus reduced can be rewritten in terms 
of spin variables assigned to each one 
pair state k.» The classical minimum 
of the reduced Hamiltonian is given 


rmars > Ye NS EP 


Letters to 


by the spin orientations determined by 
cos 6;,=€ (k) /\/ E(k)? +f (k)?, 
where | 
E(k) = (k’—;*) /2m, 


m is the effective mass and k,; is the 
Fermi momentum. The one particle 
state which is definitely occupied is 
characterized by @,=2z and the one 
which is not occupied is specialized by 
#,=0. Function f(k) satisfies the in- 
tegral equation” 


f(k) =— (1/22) 
VEE) £EY/V ERP + FRY. 


2 means the normalization volume and 
Vk) is the Fourier transform of two- 
body potential As /(k) is expected 
to be a slowly varying function of k, 
f(k’)? in the denominator may be re- 
placed by a constant &’°=/(k,)*. Now 
this ‘denominator will be further sim- 
plified. The most important feature 
of this denominator is that it does not 
vanish at k’/=k,. If &=0, we have a 
divergence in the k’-integral at k’=kr. 
At k’ far from k;, &° may be neglected 
in comparison with €(k’)®. These two 


properties can be reproduced by making 


use of |&(k’)|+& instead of 1/&(k’)?+€,’. 
The weaker the coupling, that is, the 
smaller the value of &, the better the 
replacement is. Physically speaking, 
this replacement changes the exponential 
decrement in the region of large distance 
of the correlation function %(x) whose 
Fourier transform is defined by 


Ce hd A eee 
2 V E(k) +f (k)* 


1(k) = 
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to the inverse power decrement. How- 
ever, the correlation function can be 
well reproduced in the region of small 
distance even with this replacement. 
Thus the integral equation takes the 
form” 


|k?—ky | (k) 
Mm - 
ee Bay A) / 
$1 V (kB) Z(k) 


—2mEoX (k). (1) 


Let us first consider S-wave solution of 
Eq. (1). If we put 


1 (4) =u) [r, T=hees 
Eq. (1) is found to be® 


du m 
Z Uu —_ 


dr’ Rice 


co 


. [emu =2| dsv(s)u( 407 ) | 


0 


+9 [ury—2 | doutoncr, 9) (2). 3 


where 5 

Lr, )=— ote _ sin(r+s) \, 
rs PN r+s 

and 


B=2m&o/ kr’ 


The two-body potential V(x) =v(r) is 
now assumed to have a hard core at. 
0<r<c and a square well with depth 
V at c<r<a=b+e. Ina low density 
system range parameters a, 0 and c 
are small as compared with unity, but 
the well depth parameter a’=mV/k; 
becomes large. In this case the solution — 

of Eq. (2) can be obtained by means 3 
of sine transform as follows: 


nal = 
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u(r) =(A/m) sints(r—c), if c<r<a, 


ey SINK 


if a<f, 


ycand 


- (Ko a COS Ko b 


— Sin ky b) +e]. 


The two boundary conditions, continui- 


ties of « and w’ at r=a, give the con- 
dition for the existence of the non-trivial 


solution for Eq. (2) and it is shown 


Soe bap) lei ek aie alae 


to be 


5 Y 1 ee) 


- tanab]log # =ma/2-+slowly varying 
function of §? which is independent 
of density in the low density limit. 


_ The coefficient of log 7’ on the left-hand 


¢ 
i 


5 


gas. 


ean conclude that 


a distribution which js 


side has a negative value at §?=0 if 
 aa—tanab<0. 


In such a case Eq. 
(2) always has a solution. On the 
other hand, the scattering lengh of the 
“two particle system is now nothing but 
(@a—tanabh)/\/mV. Therefore we 
if the 


scattering 


- length of two particle system is nega- 


tive the low density system must have 
drastically 
changed from that of degenerate Fermi 
This conclusion may be valid 
irrespective of the interaction force. 


Letters to the Editor 


Since the singlet scattering length of 
two nucleons is actually negative, the 
low density nuclear matter must have 
such a distribution. This result is 
qualitatively in accordance with that 
of numerical calculations by Emery and 
Sessler”. 

Although the actual nuclear matter 
is of rather high density, it might be 
somewhat interesting to estimate the 
magnitudes of 3? and the shift of the 
ground state energy from that of Fermi 
energy by means of the above results. 
The hard core radius is taken to be 
0.40 10-" cm and the other two para- 
meters are adjusted to give the low 
energy data of the singlet scattering 
and the Fermi momentum is taken to 
be £,=1.48X10"'cm—*.> * Then’. 3 
found to have the magnitude $’=0. re 
The shift of the ground state energy 
per particle can be estimated by making 
use of the expression given in CMS” 
and is given by 


4E=—0.04 k,/2m. 
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A detailed investigation is made on the self-consistent determination of the vector potential 
due to a magnetic point dipole imbedded in a medium of degenerate free electrons. The 
Thomas-Fermi method shows that the screening by an induced electric current is Landau- 
diamagnetic, and practically negligible. A dynaminal method is then applied to the same 
problem so as to investigate the effect of a flip motion of the point dipole on the screening. 
In this case another type of the screening arises which is due to the inability of some electrons 
to follow the non-adiabatic change of force induced by the flip motion. Some discussion 1s 
given of the discrepancy between the result and that of Abrahams, and of Bohm and Pines. 
The derived potential is used for the calculation of the spin lattice relaxation time in ferio- 
magnetic metals, and Kasuya’s estimation of its order of magnitude is proved to be reasonable. 
As to its temperature dependence, some discussion is also given. 


§ 1. Introduction 


In the previous article,”* it was shown that the Thomas-Fermi method can _ 
be used so as to include some customarily neglected correlation between electrons, 
and that this method is equivalent to the familiar method of many particle pro- 
blem within its present framework of usage. This implies that the conditions for 
the applicability of both methods are essentially the same. For example, it can 
be said that the conditions for discarding certain diagrams in, say, Gellmann and 
Bruckner’s method” are the conditions as they are for the definition of field vari- 
ables in Maxwell’s equation in matter. 

There is another method which is equivalent to the above. This is a trans- 
formation method in the field theory, which can be applied with a slight modification 
to the self-consistent determination of the electro-magnetic interaction in a deformable 
medium. The renormalization of the electron-phonon interaction as well as of the 
impurity potential was made by this method.” This method (will often be re- 
ferred to as a dynamical method in the following) has an advantage over G-Bs 
in that one can reach the result rather quickly, but it makes it difficult strict- 
ly to examine the legitimacy of some simplifying assumptions introduced in the 
derivation. Such an examination is, however, a fundamental problem to be in- 


* Hereafter referred to as I. 


924 N. Takimoto 


vestigated separately, and will nct be made in this article. 

In this article, the aforementioned two methods, T-F’s and the field theoretical 
one, will be applied to the detailed investigation of a self-consistent magnetic 
interaction in an assembly of degenerate free electrons. The same problem was 
investigated by Bohm and Pines.” They derived the screened residual interaction 
between orbital motions of the electrons. In the present article, the original inter- 
action is taken to be due to a magnetic point dipole imbedded in a medium of 
free electrons. The same interaction was taken up independently by Kasuya” and 
Abrahams” in their calculations of the spin lattice relaxation time TJ, in ferro- 
magnetic metals. Kasuya used the bare Biot-Savart interaction, whereas Abrahams 
took over Bohm and Pines’ result with some modification. Of course, their es- 
timates of 7, contradicted each other. 

If the interaction adopted by Abrahams is correct, an unacceptable result 
follows. Suppose that two magnetic point dipoles are imbedded in a medium of 
free electrons, then his interaction implies that the magnetic dipole-dipole inter- 
action between these two dipoles is screened by an induced orbital motion of 
electrons just as the Coulomb interaction between two point charges in the medium 
is screened by a density modification of electrons. This leads furthermore to the 
fact that in a ferromagnetic metal, the corrective Lorentz field as well as the de- 
magnetization field is reduced to a great extent from their values in a ferromagnetic 
insulator, a fact which seems highly improbable in a normal metal. At present, 
such a reduction of a magnetic interaction by conduction electrons is known only 
in superconducting materials. It might well be that in Abrahams’ interaction, 
some spurious supercurrent plays an essential role in the screening. 

Meanwhile, the bare Biot-Savart interaction cannot be accepted as it stands, 
because it-is obvious that the screening due to the normal diamagnetic current 
exists, and because it is possible that some yet unknown effects modify the original 
interaction so much that the bare potential is hardly applicable. It is one of the 
main objects of the present article to clear up these points by treating the screen- 
ing more rigorously. 

In § 2, the Thomas-Fermi method is applied to the problem in hand. Instead 
of the scalar potential treated in I, the vector potential now comes into play. The 
calculation is rather straightforward. This is due to the fact that all the assump- 
tions are introduced a priori in the formalism itself, and no further assumptions 
are introduced in the way of the calculation. It is shown that the behaviour of 
the screening is quite normal, and no absurdity as described above comes about. 
(The superconductivity will not be considered.) However, in order for this method 
to be precisely applicable, a motion of a perturber, a flip motion of the point dipole 
in the present case, must be adiabatic. This is a restriction inherent to the 
statistical method. Otherwise, some other method must be employed. 

In §3, the transformation method is applied to the same problem, treating 
the interaction from the atomistic point of view. Thereby, another difficulty 


eee 
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arises, which is due to the fact that the rigorous form of the interaction among 
electron’s orbital motions is yet unknown. Therefore, a guiding principle is in- 
troduced in the calculation so that when the method is applied to the problem 
for which the Thomas-Fermi method is also in its realm of applicability, the re- 
sults of the two methods should agree. Then the same procedure is applied to 
the problem to which the Thomas-Fermi methed is no more applicable. This pre- 
scription seems to us not unpromising, but its legitimacy naturally depends on the 
reasonableness of the results obtained. It is shown that for those processes in which 
the flip motion of the point dipole occurs, the screening effect alters to some extent 
from the result of § 2. A similar alteration in the screening was already known in 
the case of the electron- (longitudinal) phonon interaction, but in this case the altera- 
tion was slight owing to the presence of an otherwise large screening factor as well 
as to the characteristic dispersion formula for the longitudinal phonons. In the present 
case the alteration is more remarkable so that for a nearly forward scattering there 
comes out a screening whose extent depends on the Zeeman energy transferred at 
the flip motion. 

In § 4, the method of Bohm and Pines is examined, and it is found that if 
their treatment is supposed to be of a macroscopic nature, it is not self-consistent 
in that only the spurious supercurrent prevails in the screening. | 

In § 5, the derived effective potential is used for the calculation of the spin 
lattice relaxation time in ferromagnetic metals. It is found that about its order 
of magnitude Kasuya’s estimation is reasonable, but as for its temperature depen- 
dence, further consideration is needed. In this connection some speculation is given 
in analogy with the anomalous skin effect. That is, using Herring’s formula of 
spin wave’s velocity, it is pointed out that the mean free path of those spin waves 
responsible for the ferromagnetic resonance absorption in metals may, at moderate- 
ly low temperatures, be longer than the skin depth. If this is the case, a special 
treatment is needed as in the anomalous skin effect. This is not tried in the present 
article, but a qualitative argument shows that the phenomenon is not so simple as 


is implied by an ordinary theory. 


§ 2. Statistical method 


Suppose that a magnetic point dipole with moment vector M is imbedded in 
a medium of degenerate free electrons and that this vector is fixed both in space 
and time at the origin of a Cartesian coordinate system. Thus a field of the 
vector potential is introduced, and it is required to calculate the vector potential, 
which is determined by solving the Poisson equation 


4A(x,) =— * je), (2-1) 


where A(x) is the vector potential at x», and j(%») is the electric current density 
at the same place. In the use of phenomenological equations, any quantity ap- 
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pearing therein should be understood as averaged in a suitable manner. j(%o) 1s 
formally divided into two constituents : 


j (%) =j" (%0) +F° (0) » (2-2) 
where j”(%:) is the magnetic current of the point dipole 
j” (%) =c rot [Mo (xp) | (2-3) 


and j*(x,) is the orbital electric current. The absence of j’(%)) in (2-2) would 
give the solution 


(2-4) 


A'(x9) = rot | eh | = be 0] ; 
\ [ao] / |%o| 
It is expected that j’(x)) screens (2:4). Qualitatively, this is the same as in the 
case of the scalar potential, but quantitatively quite different from it as one will 
see below. 

Let f(#6) be the distribution function of an electron with one particle 
Hamiltonian 36, then j’(x,) is calculated from 


ie (%) = —e Tr{v,(%), f(46)}, (2-5) 
where v,(%)) is “component of the velocity density operator 
V(X) = {v, 0(x—x,)} oe |(p+ 2 A) ; iar (2-6) 
m c ) 
and 
= (p+ £4). (2-7) 
2m c 


All the other parameters have usual meanings, and the curly brackets mean the 
symmetrized products. From (2:5) and (2-7) one gets 


i (0) =f (wo) +J5 (a0), (2-8) 
with fs 
is(x) =" A(x) (2-9) 
and 
ji(m)=——"- Tr {{p, 9(e—%)}, FOO}. (2-10) 


Hereafter, j%(*o) and j%(xo) will be called respectively the “kinematical” and 
the “dynamical” current. In the expression of Jx(%), 2 denotes the number of 
the free electrons in unit volume. 

Now, let us try to see what happens if we tentatively retain only j%(%) in 
(2:8). (2-1) is written in this case as 


On the Screening of Magnetic Interaction 927 


Ane’ 
4A (%) =" A(x) — 4 rot[M, 8(x)], (2-11) 
mc 
whence we obtain 
aN ( e77|*ol ) 
A(x) = rot \M- coe (2-12) 
|Xo| 
with 
Mele. 
2 4zne (2-18) 


mc 


Thus in the presence of the free electrons with the spurious current (2-9), 
the interaction is altered from a long-range nature to a short-range one. The 
screening constant g is the same as in the simplest theory of the superconductivity. 
This is natural, because what we have retained is nothing but the simplest equation 
known as the ‘‘ London equation” in this phenomenon.” In this sense, the screen- 
ing may be called “‘ superconductive”’.* (2-12) is the same in character as what 
Bohm and Pines derived in their first paper as the residual magnetic interaction 
among the free electrons. This means that in their case the screening is “ super- 
conductive’, and this is in disagreement with the result which will be obtained 
below in the normal case. The detail of this problem will be discussed in § 4. 

It is well known that in the normal state, the dynamical current cancels out 
the kinematical one, and there remains only weak, Landau-diamagnetic current.” 
In the linear approximation one obtains after some simple manipulations 
Ox f Em) —f Ee)” 


(ji (*)) ,=— se fi [a op 


x 1 (Rl fp., A) IDC lp.) Ik 6. e. (2-14) 


In the above expresson, F;, is the kinetic energy of a free electron whose state is 
specified as usual by a wave vector k (spin is disregarded), and (k|F\k’) is the 
matrix element of an operator F. The convention is used for the summation over 
the repeated Greek indices. Using the explicit expressions 


PROT eh 
2m 
(k’ Pu (xp) i oo & (k+ k’) Pree. | (2 > 15) 
and (k|A,|k)= NU shai dx, ; 


* This terminology may not be properly chosen, for the treatment cannot in any way lead to 
the supercurrent because of the lack of the interaction responsible for the phenomenon. However, 
in the lack of a suitable way of expression, we dare to use the word “superconductive” here and 
hereafter. This word should be read with due reserve. 
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(2:14) is written down as 


OM sf Eu) —f En) 


ya) 
mc kk Ex — Ex 


(jn(%)),= — 


9 


a a 


x a a A Se eterno A, (x) ee Ix (2-16) 
9 
(wave functions are taken to be normalized in unit volume). Let the Fourier 
transform of A(x) be introduced: 
Ok) = \4(@) eo" dx. (2-17) 


Then, from (2-1), (2-8), (2:9), (2-16) and (2-17), we obtain an equation for 
a(«), 
— Ka, (K) =a, («) + 4zi[ eX M], 
a Anet as) =F kine) (k+*) (a+ _ a, (#«). (2-18) 


Ti Coe ke VO pe 


Let the gauge of A be chosen in such a way that div A=O,.or, «,a,(«) =0, then 
it is easily shown by a symmetry reasoning that the last term of the right side of 
(2:18) has only diagonal elements. Consequently, we obtain 


[xx M]} 


aA(K) = —4zi “ 2-19 
eA PECANS, eee 
where 
Seale ie Fae) —f Ep) 2 
F =F (4) = wa ee Rey 
Ww) @) 2mn Eve —Ex KIC 
os eae ert ] |At1 | 2.9 
16 | Seiko eas mera: 2 20 


In this expression, k, denotes the component of k perpendicular to «, and 


ees 2-21 
hy ( ) 
where k, is the Fermi wave number. In calculating F(A), the perfect degeneracy 
of the electron was assumed. 


The electric current induced by the inhomogenous field @(«) is, from (2-9), 
We ioyeands (2:1 7)< 


MG G{1—F (A) Jace). (2-22) 


The same formula was obtained by Ferrell in another connection,* who pointed 


* The function 1—F (4) corresponds to his function 220, (z). 


There is a trivial misprint in 
his Eq. (19). 
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out its importance in screening the local magnetic interaction. 
For small 4, F(/) is expanded into a series 


BC ee a 
() =1—7 4-4-4 - aN Se 
Saree oo (2-23) 
Therefore, 
es 

(1—47%) 

where 
fe Sd 
16zk," 


is Landau’s diamagnetic susceptibility. In the space coordinate 


ik 
he hae arly adarees ea OY Wy 
(%)) = ey (Xo) 
with A°(x,) defined by (2-4). Since % is of order of 107° at most, we obtain an 
ordinary relation 


A (xp) = pA? (xp) (2-24) ~ 


where / is the permeability. 

In Fig. 1, F(A) is plotted as a function of 4. In the limit of 20, or in the 
limit of a homogeneous field, the screening effect is only weakly diamagnetic and 
practically negligible, but in the limit of j->co,* or in the limit of a violently 
spatially varying field, the screening comes out. This character is contrary to the 
case of the scalar potential, where the screening is the strongest in the limit of 
7-0, and tends to be ineffective as 4 increases. One will return to this point in 
the next section. 


1.0 


1.0 2.0 3.0 


— aA 


Laster, ab, 


The result so far obtained depends more or less on the assumption introduced 
implicitly in the derivation. Some discussions were given of most of them when 
the present author studied the screening of the scalar potential. In the present 


* Strictly speaking, such 4’s will be out of the realm of the applicability of the method. 
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case another assumption is added. Namely, the point dipole is fixed in its direc- 
tion; this assumption is peculiar to the vector case. Although it changes its di- 
rection, the method of the present section will still be applicable if this change 
is adiabatic, but breaks down otherwise. The distinction between adiabatic and 
non-adiabatic changes will depend on the dynamical properties of the system, but 
it is vague at present. In the next section, the same problem will be treated from 
a more dynamical point of view, and the above statement will become clearer. 
Quantum-mechanically, such a description is allowed only when an external magne- 
tic field of suitable magnitude is present. 

The present method can be applied to the self-consistent determination of other 
transverse electro-magnetic interaction in metals. Yosida’” applied the method 
independently to the problem of the transverse electron-phonon interaction in metals. 


§ 3. Dynamical method 


The restriction that the imbedded point dipole is fixed in its direction is re- 
moved in this section. The transformation method in the field theory is applied 
to the problem. Some simplifying assumptions are found to be inevitable in the 
way of the calculation before one reaches a definite result. There might be some 
internal inconsistencies among these assumptions. However, detailed examination 
of them is beyond the scope of the present article and will not be made. 

The problem is divided into two parts according as a flip motion of the point 
dipole occurs or not. In the first place, the method is applied to renorrnalize the 
interaction in which the flip does not occur. Obviously, the statistical method 
also is applicable to this problem, and the solution was already obtained in §2. 
Our belief is that the dynamical method should give the identical solution in this 
ease. Of course, this should not be expected in a strict sense, and it is the object 
of the first problem to see what procedure the method undergoes to reach the 
result, or, in other words, what approximations and assumptions will inevitably be 
introduced in order for the method to have a common result with the statistical 
method. ‘Thus a prescription, as it were, for the solution of the second problem 
is prepared. In the second place, the same procedure as in the first case is 
applied to the second problem, that is, to derive the self-consistent vector potential 
in the case where the flip does occur, a problem to which the statistical method 
is no more applicable. 

Let the system be subject to an external magnetic field of magnitude H ap- 


plied in the z-direction, then the Hamiltonian of the system, so far as one needs, 
is given by 


H=H +H, +u, (3-1) 


where 


2 
16 =3) (PE — po.) — pol, elem OEE! 
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y= ny Bae. {A, Pit » (3-2b) 


z NLC 
and 


2 
He (SY Blo e142 eta). am 

In the Hamiltonian (3-1), only the linear terms in y; are actually taken up, and 
the effect of the external magnetic field on the orbital motion is neglected. A rough 
estimation shows that this effect is of the order of (hw/f)*, where ¢ is the Fermi 
energy and w) is the Larmour frequency of a free electron. It is easily shown 
that the Coulomb interaction discarded in 26 has no direct effect on the screen- 
ing. Each term in #€ is explained in the following. 

2¢, is the unperturbed Hamiltonian consisting of the kinetic energy of the 
electrons, and of Zeemann energy of the electrons as well as of the point dipole. 
/ and o are the Bohr magneton and the spin operator of the electron respective- 
ly. The point dipole is treated as having spin J and the effective Bohr magneton 
fz- #6, denotes the Biot-Savart interaction between the point dipole and the elec- 
trons, and A is the vector potential due to the point dipole 


Age See (3-3) 


It is convenient to divide A; into three parts: 


A,= A,,+ A,, Ass (3-4) 
where 
Ap = tr 11 as (3- da) 
and 
Ap = pp V2 LeEX#i] (3-4b) 
z |;|° 
In these expressions 
| a fee? & 
. and 
er = 1/2 (e, Ea iey) (3 = 5) 


with (e,, e,, e.) denoting the three unit vectors in respective direction. Jy is 3 
the magnetic interaction among the electrons. In this expression, (e/c)[A;] is the 
kinetic momentum of the i-th electron and is given by 


[4]=4,+—<— 3" {2 (pet [4))}, (3-6) 


mc & Ty 


which consists of two parts: One is due to the point dipole, and the other to 
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the orbital motions of all electrons but itself. Note that, owing to the expression 
(3-6), 364 cannot be written in a closed form. (As for the choice of Hy in a 
form like (3:2c) with [A,] given by (3-6), see the discussion in the later part 
of this section and of § 6, and also Appendix I.) iy is divided into two parts: 


Hy=IH YP He) 


where 
die P| (3-7a) 
and 


P= a (2) yy ({p. fe 14 1} ze Ps oa “[4,]}}) AA Se 
DING i rij lange 
In all the above expressions, the curly brackets again mean the symmetrized pro- 
ducts, and the sums are taken over the electrons with the usual exceptions in the 
double sums. 
One needs the matrix elements of the operators in (3-2). These are written 
down in the following: 


Cm’ |L|my=0,, mM, | 
is ae eee nae (3-8) 
Ce |\E lon y= OR eV (Laem) I4m+)),) 
where m is z-component of I. 
K Ai 
foal enlabemalee 2) a 


/ 
(ae k,| \P. Ss 


Ti 


(hte, k| |P. A +44, | |ky, hyn) 


T12 Tia 


ps} Ik, hy+ 6) = - (x +e )(+). (3-10) 


Ax K 
=n\% (is +S) x(n’) + (h yaks “ ) ace! —«)|, (3-11) 
where @(«) is the Fourier transform of A, 
Ge Ae*dx=—Anip, UX) (3-12) 
’ K 


From now on, the problem will be treated in the number representation. In the 
same notation as adopted in I, and using the expressions (3-9)—(3-12), one has 


KG on pate — Prt lds (3-13) 
where 


Exe=E,—opH ; (3 13a) 


le ale Sé~ 
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with o denoting the spin quantum number of an electron. 


M8 n= BI {eto(e) +eL, (e) + (1e)} (CRA 8) CB aeChey (3-14) 


vo 


where @,(«) and @. («) are the Fourier transforms of (3-4a) and (3-4b) re- 
spectively, and are given explicitly by (3-12) with due modifications. 


fy we Pas sd ng Ax 
Hip =—— poy Diy (ky) (Qk +) CE, one Che Cher Chgr net (8-15) 


kyo Kool! 


2 2 | Ag 7 y 
t= > es i SE oF (r+ © ate’) +96 (t+ © ace’ e)} 
K a 


2 Feacdnadty cat mc ae We 
x x 
x Chey + Ko Chyo Cho a! Chron + klol 
+terms of six order in c* and c+:::. (3-16) 


In deriving (3-15) and (3-16), certain terms are dropped out which are sure to 
vanish on account of a symmetry reasoning. (3-2c) and (3-6) show that there 
appear in 6, the interaction terms simultaneously containing more than three electron 
coordinates, so that the rigorous treatment will be prohibitively difficult. One 
is forced to truncate #64 half-way by making an assumption described later. 

The program is now sketched the details of which are given in §3 of I 
(Nakajima’s method). A transformation is made 


e~* 6 =H —i[S, I |+ ai 


with the generating function S to be determined so that the renormalized inter- 
action #6 ,,’—whose determination is our final goal—may be transformed away 


—i[S, %o]+6 ,°=0. (3-27) 
3€,° is to be obtained by solving the equation of the self-consistency 
—i[S, HP+HP]4+HP +H, — 2, =0. (3-18) 


Superscript 0 means the renormalized interaction, and the renormalization will be 
made on the vector potential @(«). ; 

As mentioned at the beginning of this section, the procedure is required to be 
such that when it is applied to renormalize @)(«) in (3-14), it leads to the 
identical result with that of § 2. For this, as one will see immediately, a further 
assumption is inevitable: 


—iLS, HK P}+K P— (246 )°= 0; (3-19) 
where (369 )° has the same form as 36$? except that a(«) in 36%? is replaced by 
a’(«). Then (3-18) is simplified to 

—i[S, 4.2P]+ 4 ®)°+2,—2,°=0. (3-20) 


Assumption (3-19) is vital in this article. Some justification for it is tried 
in Appendix I, and it is found that the second term of the right side of (3-6) 


934 N. Takimoto 


is essential. Since (3-6) has a form like a power series in (e?/r)/(mc’), the 
justification must be made step by step in each order, so that it cannot be done 
in a closed form just as the vector potential has no closed form. It is expected 
that we will not have bitterly mistaken with assumption (3-19). 

To begin with, one renormalizes the interaction 


H py —6 $1 Se) (e+ Jez. rd GPS 
(3:17) is easily solved to be given by 


0 
—iS)= > yo see («) (2k+«) : Ciekece Che > (3-21) 
ko « E;, 4 KO! joes 


where @,’(«#) is the renormalized vector potential.* Assumption (3-19) gives 


‘Lon 
2 mC hie Waa! a 


PAC Pi ee (jams a os >> | (2+) (a; («’ —K) +a!(n’—«) 
tat (ea) 9 + (2k +H!) (i (e! 0) +00" (Ke! — 4) +a8(K!—e)) “att 
2 


* * ; 
OG ertha Cheapo Chel Gime cials (3-22 


From (3-15) and (3-21), using the random phase approximation (R.P.A.) and 
dropping out the exchange terms, one obtains 


Q - (2k! 
re LS, 2S it 3) ee ar 
ko « kela! Lg ae — Exres 


eee ay ay (Oke) - (2k'+«) (14, Bt fica! sean Te) . (3- 23) 
Then (3-20) is explicitly written down: 


(+m), \as'(e) -—a4() +a (x), 


Arye (@k'+«), (2k’+4),. 
a Ke kot ats ios — Eyre * tte 0 
In deriving (3-24), the R.P.A. is used for (62)°, too.** 


When a,’(«) is so chosen that «,a,°(#) =0 holds, it is easily shown as before 
that the last term in the curly bracket has only diagonal elements. Then one has 


sae) / —0. (3-24) 


Kl («) 
+¢(1—F (x, 0)) ” 


ay («) = (3-25) 


* The principal value is taken. The same is the case in the following. 
** Thereby, certain terms vanish on account of the symmetry. 


ere 
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F (kt, 0) = Sarasin > NK? Gis no — Mike) ; (3-26) 
q ne ps Sad Oe 
When the Fermi distribution f(E;,) is inserted into 7;,, (3-25) agrees with (2:19). 
It is shown that the spin paramagnetism of the free electrons has little effect on 
the screening, being of the order of (4H/¢)’, hence is negligible. This is due to the 
fact that throughout the interaction the spin of an electron is conserved and its 
effect is only through a slight modification of the distribution function. Thus, the 
same result as in § 2 follows. This is what is aimed at from the beginning. 
Now, the same procedure is applied to renormalize the interaction which flips 
the spin of the point dipole. Instead of (3-17), one has 


~i Se, Ho]+ Og) ce0: (3-27) 
where 
Oe =- s pm 2 (Ke) (2h+K) Ci. ce Che 


The solution is 


a? 
S(e)-(k-+0) os a 
iSi.=f 2 Xo = Te ise EL Chine Che + ( ) 


It is a straightforward matter to obtain 


a! ety (et) (3-29) 
a8) e+gI1—F(x, 4))’ 
where 
—* i OT (Re P Gtiesed Moe) eye af (3-30) 
Bt, 4) he ¢ = Exscec—Eke +4 (« ) 
with 
4=p,H. (3-31) 
In perfectly degenerate case, F(x, 4) is calculated to be given by 
F(e, ) =F) = IE) +90}, (3-32) 
where 
a] aioe ee tl+s (—22 4) | =2F@) (3-33) 
g(x) = (he 27) log = 3) , 
orally (3-34) 
epatetebs (3-35) 


and @ is defined by (2-21). Rene . 
The function F(/,7) is plotted in Fig. 2 against 4, and in Fig. 9 against 7 
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with all the other parameters having some typical values. The magnitude of this 
function signifies the extent to which the dynamical current cancels out the screen: 
ing effect due to the kinematical current. Fig. 2 shows that this cancellation is 
imperfect both in the limit of 7-0 and 4->co. In the former case, the presence 
of 4 in the denominator of (3-30) is responsible for this fact. From its expres- 
sion, the presence of 4 is equivalent to saying that the perturbation is varying in 
time with a frequency w=4/h, or the Larmor frequency, because then (q°/x’) 
(1—F(«, w)) is nothing but the polarizability constant (the effect of displacement 
current being neglected) of the free electrons for a varying transversal electro- 
magnetic field. Owing to the inertia of the electrons, there occurs a time lag and 
so a reduction in their response to the field. The dynamical current alone being 
affected by this, it is not sufficiently strong this time to cancel out the kine- 
matical current. 

.An intuitive interpretation is offered. Associated with the flip motion of the 
point dipole, a pulsive force is generated around it. Some electrons cannot follow 
this change of force adiabatically, thus the magnitude of the polarization (i.e. the 
dynamical current) being somewhat diminished. Roughly speaking, each mode of 
the scattering distinguished by the parameter / has its own screening electrons. 
The flip motion of the point dipole is adiabatic for some electrons (with large /), 
while non-adiabatic for some other electrons (with small 7). In the first case, the 
screening effect is nearly the same as in the statistical method, but in the second 
case, the screening is governed by the kinematical current. 


108 


——> 


Fig. 3. 
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It is easily understood that, as Fig. 3 indicates, the number of screening 
electrons for which the flip motion is non-adiabatic increases as the external 
magnetic field, or the parameter 7, increases.* 

In Figs. 2 and 3, the crosses of the curves with the abscissae remind us of 
the well-known dispersion curves of electro-magnetic polarization phenomena, and 
may be interpreted in the language of these phenomena. However, since one has 
assumed the adiabatic deformation of the electronic states independently of the 
motion of the point dipole (this assumption is inherent to the dynamical method), 
and this assumption seems most unjustifiable at these crossing points, too much 
attention should not be paid on this behaviour. 


§ 4. Remarks on Bohm and Pines’ method 


In this section, we review the method of Bohm and Pines asking for the reason 
why their method, though applied in a little different connection from the present 
case, should have led to the result corresponding to the case in which, in our 
language, only the kinematical screening current is present. 

They started from the Hamiltonian 


Ha (pt A(x,))?/2m+ | ((E*(x) +H? (x) 8x) dx, (4-1) 


with E and H denoting the transverse electromagnetic field. They introduced then 
canonical field variables in the classical treatment, or, quantized the field in the 
quantum mechanical treatment. After that, new variables were defined by a trans- 
formation determined so that the interaction between the electrons and the field, 
written in the new variables, should vanish in the lowest order. So electrons were 
_ dressed with the transversal photons. This gave rise to a new Hamiltonian con- 

sisting, in the lowest order, of the kinetic energy, the field energy with a renew- 
ed dispersion relation, and of the screened Biot-Savart interaction whose screening 
is just ‘‘ superconductive ”. 

Such a transformation method is ordinary, and has been successful for the 
treatment of the longitudinal interactions. It has been employed both in the 
quantum electrodynamics where an elementary interaction between two elementary 
particles is the subject,” and in the many-particle problem where the correlation 
between the particles with a known or assumed interaction is the subject. In the 
longitudinal cases, the potential between two particles is determined (apart from 
a relativistic or similar correction) at their instantaneous positions. On the other 
hand, for the determination of the vector potential in question, the motion of the 
electrons (not necessarily limited to two) are essential. Therefore, it cannot in 


* One can define a sort of coherence length 9 in such a way that the equality y/A=1 holds for 
the value e=£ 71. From (3-35) and (2-21), one gets &)>=V/o, where vp is the Fermi velocity and 
wo is the Larmor frequency (hop=nH). 
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a microscopic sense be written as a function of the position and the (single) time 
only. It can be so only after proper averages are taken over space and time just 
like the field variables in classical electrodynamics. 
If one supposes (indeed, one is forced to suppose) that the field variables in 
(4-1) are interpreted in this way, they must be correctly connected with the 
average motion of the electrons via some phenomenological equations. By introduc- 
ing the canonical field variables (classical), or by quantizing the field (quantal), 
such connections are involved, which are Maxwell’s equations.’” One can derive 
from these an equation for the vector potential. Namely, Hamiltonian (4-1) with 
the field variables treated in the above way implies from the beginning the con- 


nection 
; es . ; 
d(x) 1. 7A — 6 53 |(p.4-£ Ate) ),8@—a)}. 4-2) 
Cavor mc = c 
Neglecting the retardation effect and putting 
n= ))0(x—%), (4-3) 
(4-2) is simplified to 
=, 2 
AA (x) — AE" 4 (x) = 4 472 © fp, (x—m,)}. (4-4) 
mc mc 7 


From now on 2 is taken to be a constant, because an average is taken over the 
space coordinate. Use of the R.P.A. is equivalent to this averaging operation. 
This is shown in Appendix II. Then one obtains 


e ex —xal. | 

A(z) =--2_ Yo |p, <I, (4:5) 
mc ot |x—x;,| 

where q is the screening constant defined by (2-13). This is identical with Bohm 

and Pines’ residual interaction. 

_ However, it is clear that in the above treatment the average is not correctly 
taken over the electronic motion (p;), and that it is the kinematical current 
which screens the interaction. Actually, correct quantum statistical average must 
be taken, then one will return to §2. The result there suggests that in normal 
cases the screening is weakly diamagnetic and practically negligible. However, 
the result of § 3 will impose on this statement some restrictive condition. That 
is, in order for the above statement to be precise, there must not be a non- 
adiabatic change in the interacting systems. Otherwise, one must employ the 
method of §3 for this interaction in question. This will be a much more 
complicated problem than that of §§ 2 and 3 in which one of the interacting 
units is prescribed in its motion. Generally speaking, the result of § 2 seems 
valid for an elastic scattering of the magnetic origin. 

As a conclusive remark of this section, the following can be said: A micro- 
scopic treatment cannot be executed by assuming the vector potential as a func- 
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tion of the position and the (single) time only, whereas a macroscopic treatment 
must be such that its basic phenomenological equations or the procedures leading 
to these equations are self-consistent. 


§ 5. Spin-lattice relaxation in ferromagnetic metals 


Now that the effective potential has a form different from the usually accept- 
ed one, it will be interesting to see its effect on relevant problems. One example | 
of them is taken up here. 

The mechanism which governs the spin-lattice relaxation in ferromagnetic 
metals has been obscure.” Abrahams carried out the calculation of JT, with the 
Biot-Savart interaction screened “superconductively”’,* and concluded that T, 
obtained by using this interaction was too long to explain the line width of a fer- 
romagnetic absorption line. On the other hand, Kasuya carried out the same 
calculation with the same interaction but without the screening and obtained a rea- 
sonable result. The result of the present article shows that neither is exactly true. 
The method of § 3 will be applied to this problem. 

Suppose that the conduction electrons are described as before and the system 
responsible for the ferromagnetism is described in terms of spin waves. Then the 
Hamiltonian of the system is given by 


H=H thet, (5-1) 

where 
Ho= Y) Exo Mne + aes (N.+ =|) (5 - 2a) 
H p=PS) (A, (0) (2k +) CI Chee + A-(u) (2h +0) Ci ce Cret, (5 2b) 


kno 


and #6y is the same as (3-15) and (3-16). In (5-2a) &, is the energy of a spin 
wave with a wave number «, 


2pAK® 
Cet ds (5-3) 
M, f 


S 


where A is the exchange stiffness introduced by Herring and Kittel,’” and M, is 


the saturation magnetization. 
N, is the occupation operator of a spin wave « and is defined by 


Nee aera (5-4) 


where a* and a, are respectively the creation and the annihilation operators of the 
spin wave with the commutation relations 


* His interaction was such that the original interaction (3-3) is multiplied simply by the 
screening factor exp(—qr) of Bohm and Pines. Even if the screening were “ superconductive ”, 
this would not be true. Instead, (2-12) should replace it. 
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[@., a]=[a.*, a,4]=0} 


Rao eee 


(5:5) 


3¢ is the Biot-Savart interaction written in terms of the spin wave variables, and 
@..(«) are given by 


, (1) = (2Ms) vs Anile Xe] a,*, 
(6-6) 
10, 401 | ea Xx 
a_(«#) = — (24Ms) Pease xis ax 5 


where e* are given by (3-5). 2¢, was written in such a form by previous 
authors, but due modification is made here to facilitate the comparison with § 3. 
Now the correspondence of (5-2) to (3:14) is obvious. &, in (5-2a) does the 
job of —vH in (3-2a). It is again a straightforward matter to obtain the re- 
normalized vector potential 


2 
CN a), etree ERO (5-7) 
ay e+g[1—F(A,7)] 
where F'(/, 7) is defined by (3-26), or explicitly by (3-32). Instead of (3-34) 
one has now 
jtaRgre (5-8) 


BG ie 


Comparing (5-7) with Abrahams’ formula (7), it is seen that if his inter- 
action is multiplied by a factor S(«): 


S7(0) = E + ~. (i— FQ, ))| E ~L ten = (5-6) 


it coincides with (5-7). From now on, one can follow Abrahams’ calculation, and 
the relaxation time 7(«) of spin wave « is given by 


7(k) =T4(e) X |S) |, (5-10) 


where 74(«) is Abrahams’ value, or explicitly 


_1_ 32ame? "uM, , &, [ ¢g(1—F(i,7)) te 
7 = -| 1 2fre : D-11 
Sen js ¢ Ke a K ( ) 
For the values of practical interest, F(2,7) is expanded as 
ine ey ies ( r_\’ 
= see, 5-1 
i 3a \ j ) 3 (5-12) 


If one accepts the argument that the phenomenon is governed by those spin 
waves whose wave number is the reciprocal of the skin depth 0, the second and 
the following terms in the expansion (5-12) are entirely negligible for actual 
values of «=07". This means that for this «, the result of § 2 can be safely 


oie aaa aed 
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applied and there is no practical screening in the interaction. Taking M,~500, 
ko~7X10* corresponding to a room temperature value, €,~2.4x10-" and €~10-®, 
one obtains t,~ 4 10-”, which is reasonable for explaining the line width. Though 
our estimation agrees numerically with that of Kasuya who made the estimation 
at «~10°, his argument concerning this value together with its temperature 
independence is not clear. 

Since 0 depends on the temperature 7 through the electric conductivity, our 
mechanism fails to explain the experimentally observed temperature independence of 
the line width. However, the above argument needs some revision. Actually, micro- 
wave in a specimen has many other components which are the Fourier transforms 
of itself. Let a coordinate system be chosen in such a way that a static magnetic 
field is in the z-direction, an oscillating magnetic field H,(y, ¢) is in the x-direc- 
tion and the oscillating field propagates in the y-direction which is also the inward 
normal of the surface of the specimen. Then one has 


Fy; 2) = Ds BOCK eye, (5-13) 
where H’(0, ¢) is the value of 3/0y H,(y, t) at the surface. Normal skin effect 
with permeability (x, w) gives 


zB 
1+ (21/0) BK, w) | 


O(kK,w) = (5-14) 


Let the surface impedance due to single spin wave « be Z,(w), which is 


Z,'(w) = 2 ¢(K, w), (5-15) 


wo 


then, the total impedance Z(w) is given by 


Z"(w) = DZ," (). (5-16) 
If one neglects the exchange effect for simplicity, “#(«, w) is given by 
4a (H+42Ms) Ms (p/h)? 
=]. eo : (5-17) 
PNEre? zs (t0+1/7,)? +a 


where w, is the resonance frequency 


cene,/T se V H(H+42Ms). (5-18) 


Brief derivation of Eqs. (5-14) to (5-18) is given in Appendix III. The 
sum over « in (5-16) will yield a line width somewhat differing from the value 
estimated above and at the same time will render its temperature dependence a 
little weaker than is indicated by the single c,,. Yet the dependence seems still 
too strong to agree with the experimental fact. To be freed from this Cree 
we introduce here the ineffectiveness concept known in the anomalous skin effect. 
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In this phenomenon, the mean freé path of conduction electrons is much larger 
‘ than the apparent skin depth determined by the ordinary theory. Therefore, those 
electrons whose velocities have larger inclinations with the surface of a specimen 
are ineffective in absorbing the applied microwave. This is because these electrons 
spend most of their mean free time in the region where the microwave does not 
penetrate. The absorption is participated exclusively by the electrons with velo- 
cities nearly parallel to the surface. Let this concept be applied to the problem 
in hand. 

From the facts that @ decreases and «) increases as temperature decreases, and 
thatpe,! 
low temperatures, the mean free path of the spin waves responsible for the ab- 
sorption will become larger than the skin depth. Then, a spin wave with a small 
normal velocity component (i.e. with small «) will become much more important 
for the absorption than a spin wave with a larger one. The most important «’s 
should be determined in a self-consistent way, a complicated problem which will 
not be treated here. However, the above qualitative argument is enough to sug- 
gest that the temperature dependence in question will be much weaker than is 
indicated by the single 7,,. The reason is as follows. On the one hand the de- 
crease of the skin depth makes the spin waves with larger wave vectors come 
into play in the absorption, and on the other hand the ineffectiveness concept shows 
that at the same time the spin waves with the smaller wave vectors are more 
effective for the absorption than those with the larger ones. These two opposite 
trends will compete to make the effect of the temperature indefinite. 

A rough numerical estimation shows that this situation is quite probable. 
From Herring’s expression for the velocity of the spin wave’ 


increases as K) increases (see Eq. (5-11)), it can be said that at sufficiently 


eee (5-19) 


m* 


where m™ is the effective mass of the magnetic electrons, the critical wave number 
is determined by 


ule kts Oo 
m* cert 
or, since m/h~1,- 
* 
ec, (% Ja. (5-20) 


At room temperature m~7X10', 7,,~4x10", so that KoTp5~ 2-8 X107-> and 
d~1.5X10~*, so the situation will not be far from the anomalous region. 

The discussion has so far been made on the supposition that the line width 
is determined only by the interaction in question. One cannot, however, discard 
the possibility that the inhomogeneous exchange interaction, or the dipole-dipole 
interaction in the magnetic system might change the spin wave structure so much 


we 


. a. 
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that there exists a temperature independent broadening of comparable or eventual- 
ly larger order.’® 

Recently, Rado and Weertmann™ suggested that the inhomogeneous exchange 
interaction is essential for determining the absorption line. Their argument was 
based on the following two facts. (1) /4°— f° diagram in which “4, and p,\% 
are defined by the equation 


HO —ip = —2i(Z(w) c/w), 


is not a sphere with H as a parameter as is the case if the absorption line would 
be of a relaxation type taking no accout of the exchange broadening (Eq. (5-17) 
of the present article with 7, replaced by some constant). (1) 42°? is negative for 
small values of H. However, it is remarked here that if the relaxation time has 
an H-dependence as is indicated by (5-11) together with (5-18), a case which 
was not examined by Rado et al., (5-17) yields a 4,°—y, diagram very similar 
to their case though +“? can never be negative. The actual situation is more 
complicated because of the «-dependence of the relaxation time. 
We can neglect the exchange interaction when the condition 


ee 
AM; “kK ‘ 
is satisfied for the broadening, and 
2 
aT 


S 


for the eigen-frequency. At the numerical values introduced before and A~10~, 
the two inequalities are found to hold. However, the decrease in JT’ as well as in 
H makes the exchange effect dominant. The fact that the «-dependence of the 
two broadening effects are nearly inverse to each other will weaken the T-depend- 
ence of the resultant line width still further. Anyhow, more rigorous treatment 
is required in the anomalous region before one deduces a quantitative conclusion. 


§ 6. Summary and discussions 


The statistical method was applied to derive the self-consistent vector potential 
due to a point dipole imbedded in a medium of degenerate free electrons. The 
derived potential depends on the mode of scattering in such a way that for a near- 
ly forward scattering (A<1) the screening is weakly diamagnetic and practically 
negligible, but it increases as a momentum change throughout the scattering in- 
creases. This is just reverse to the case of the impurity potential. 

The dynamical method was then applied to the same problem with particular 
emphasis on the scattering process by which the point dipole flips its direction in 
an applied external magnetic field. It was shown that for a scattering with a 
large momentum change, the result of the statistical method is approximately 
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valid. For a scattering with a small momentum change (i/7 <1), on the other 
hand, a screening arises. This screening was interpreted as due to the inability of 
some screening electrons to follow the induction force generated by the flip motion. 
In the intermediate case (4/7~1), a behaviour like a magnetic dispersion was observed. 

Bohm and Pines’, and Abrahams’ potential were shown to be such that only 
the spurious supercurrent was taken into account in the screening. 

Estimation of 7; in ferromagnetic metals gave a reasonable result as to its 
order of magnitude, but a difficulty arose as for its temperature dependence. ‘T'wo 
discussions were given which might weaken the temperature dependence, but no 
decisive conclusion was obtained. It is required to treat the problem in the 
anomalous region more rigorously. 

Our aim was first to be freed from the unacceptable results of the previous 
authors mentioned in §1, and this was achieved by the statistical method in § 2. 
Our second aim was then to establish a method in a natural way and to apply 
it to the problem for which the statistical method is beyond its realm of appli- 
cability. This was,achieved in a sense by a dynamical treatment in §3 with re- 
sults which allowed reasonable interpretations. However, in contrast to the 
statistical treatment where the calculation was rather straightforward, one en- 
countered some mathematical difficulties this time, and the calculation was per- 
formed only after making some simplifying assumptions. These were: the random 
phase approximation, the neglect of the exchange terms, the convergence of the 
transformation leading to the renormalization of the potential, the assumption of 
adiabatic deformation of the electronic states in the perturbing field, and so on. 

In addition to these, another more basic assumption was introduced with re- 
spect to the form of the magnetic interaction among the electrons. (See (3-2c).) 
On the one hand, there is no definite reasoning for supporting it except that the 
classical interaction between two préscribed electric currents is applied as it is to 
the many-electron system with each electron having no prescribed motion. On the 
‘other hand, there seems to be no decisive reasoning for refuting it at present. 
It will not be fruitful to discuss this point, because it has an intimate connection 
with the yet unsolved many-electron problem. 

Under these circumstances, a conclusive remark on the content of the present 
article, especially of § 3, is necessarily confined in stating that a trial was offered 
of solving the problem set up in § 1, and that in the trial the dynamical method 
showed a practical usefulness over the statistical one. 

The result of § 4 indicates that one must be careful in treating the problem 
of the transversal electromagnetic interaction lest one should deal only with the 
spurious supercurrent. ‘The spurious supercurrent arises from the inconsistent use 
of the random phase approximation. At present, there is no definite rule for the 
use of the R.P.A., and we can only say that the legitimacy of its use will be 
manifested in the reasonableness of the result. There are some articles in which 
the inconsistencies of the treatment reveal themselves in the fact that some relations 
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therein are not gauge invariant. Detailed investigation will be made in a forth- 
coming article. 
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Appendix I 


Justification of (3-19) 

The outline of the justification of (3-19) is sketched here. For the illus- 
tration, the space coordinate representation is found to be more convenient than the 
number representation. One must note that the higher order terms in (3 -2c) and 
(3-6) have no correct numerical coefficients, which will be considered here. In 
this representation, Eq. (3-20) is written as 


¢ 4 il it at 1 
1 [s. Bae pM {Ps Tee p:| |- mE De |Po Ag Dy, = — Ast 
ees 143 2 4) Tj Tj 


a pa {A,, pi} — x a Ray hi) (AI-1) 


For simplicity, one has put e=c=m=1, and only the interaction terms simul-_ 
taneously containing two electron coordinates at most were retained. S is the solu- 
tion of (3-17) and is a sum of functions of one electron coordinate (%;, p;), whose 
matrix elements are the summand of (3-21) or (3-28) with the operators c* and 
c removed. Namely, 


Sa PUSS (AI-2) 


where S; is a function of (%,, p,). Then (AI-1) is written as 


eT oth er Lp, es ieee Hp apeas 2 
aa i[S: p. Tig se Be 7 Pith 2 a iP rij iaPig ra ey 
+ 30 {A pp — do {A;’, pi; =9, (AI-3) 
4 a 
whence one gets 
iS {[ Se pe : |= att 4,—4f=0. (AI-4) 
ree Tig ¢ 7% 


This separation of the equation is not strictly correct, but it may be so in the 
sense that by the summation an average is implied (a sort of the R.P.A.). 
In order for (AI-1) to hold, (3-19) must hold, which is written down as 
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ijk Vey Tne ajk Vij se Tr Tx 
~ 1 yy {pt Atpy att vy [pt 4+ past =0. (ALS) 
DEES, 54 Vij } Pie oo Vig Ta 


The first triple sum in the above expression follows from 


1 1 . 
oa {pe tes PtP ‘pi 
Sal ajk V4 V jk Vij Vik Tak Vij 
after a suitable permutation among the indices. The factor 1/3! is the correct 
numerical coefficient for the three-particle interaction. The other terms follow in 
a similar manner. For (AI-5), the following equality is assumed : 


DARA ars eee >a iP: : = =e De ee 1 A,| 
2 Gia Vg V jk kj V5 
gy A = we a aa) KITES at " Aves: (AI-6) 
2 ie Taj Vik Tr 15 } 


In this expression, #6 includes the interaction terms simultaneously containing 


more than four electron coordinates. Eq. (AI-5) can be separated in the above 
sense 


il il ) 
pifsen2}nl-pl a taller elar nln 
V 56 V 5k 5k U 5k ] 
(AI-7) 
which is a direct consequence of (AI-4). In writing (AI-7), the term 


was ignored. The sum over 7 will reduce this to a negligible magnitude. The 
repeated use of the procedure will justify (AI-6), and so on. 


Appendix II 


Derivation of (4-5) by the R.P.A. 
The Fourier transform of (4-2) gives 


—Ka(Ke) = sie 
mc 


a Ax / 
3 (ps, eH} ie Dae’) ele (ATI-1) 


Use of the R.P.A. in the double sum gives 


Are 


° 3 {pee} +g'et(n), 


—Ka(Kk) = 


whence one gets 


ene 
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— (4re/mc) S) {p;, e**4 
tg ; 
which is the Fourier transform of (4-5). This use of the R.P.A. is not legitimate. 


a(«e) = 


Appendix III 


Derivation of the surface impedance 
In the same coordinate system as that introduced in § 5, Maxwell’s equations 
in a specimen are written as 
Pxe=i i’ (h+4zm) , 
c 
(AIII-1) 


where e, A and mare oscillating components of electromagnetic field and magnetiz- 
ation in the specimen (the displacement current is ignored), and o is the electric 
conductivity. The equation of motion for the magnetization is 
iom=—- i. x | ask — (zim aaa m) | +relaxation term, 
K 
where i, is the unit vector in the z-direction. 
In addition to the usual boundary conditions, one has 


i .) ae) (AIII-2) 
y 


indicating that the magnetization vibrates freely at the surface. (It is assumed that 
no surface torque is present.) Taking account of (AIII-2), one obtains the Fourier 
transform of the equation of motion, 


iam (1) =i, X [ Moh («) —(H,.+ 24" )m @|4—4 


, (AIIL-3 
v2 ee mix), ( ) 


where m(«) and h(x) are defined by 
(mm («) , h(«)) = |e (m, h)dy. (AUII-4) 

Elimination. of e from (AIII-1). gives 
ord div enh 2 Redan (AIII-5). 


where 0 is the skin depth in the absence of the magnetization. y-component of 


this equation yields 
(h+ 42m) ,=0. 


From this and (AIII-3), one obtains 
m,(«) =X (x) -h.(«), (AIII-6) 


where 
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_ (p/h)? (H+42Ms) -Ms (AIII-7) 
Gwt+1/t,)?+o0 

with w given by (5-18), and the exchange term is dropped out. zx-comporent of 

(AIIL-5) together with (AIII-6 and 7) gives 


x(x) 


_ 2(9/Ay-hz)o (AIII-8) 
ha(e) K+ 27/0": L(K) : 
here 
bye p(w) =1 Ant (x). | (AIII-9) 


The inverse Fourier transform of (AIII-8) gives 
i i? 2(9/0y-he)o enn 
hy) = do 2424/8 1(6) ; 
From the definition of the surface impedance, one finally obtains 
é, (0) e. wd? sf 
h(O) 4c QU1/(e + 2ip(«) /e) 


Zw) = (AIII- 10) 


Note added in proof: It is shown that in the itinerant electron model of spin waves, there exists a 
cut-off wave number above which spin waves are dissolved into the individual excitations of Stoner 
type. This means a damping of the spin waves. The same situation was met in the plasma oscilla- 
tions. The effect of this fact on the present problem depends on the magnitude of the cut-off 
wave number. Details will be published in future. 
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Macroscopic Causality and Lower Limit for the Momentum 
Derivative of the Scattering Phase Shift 


Takesi OGIMOTO 
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Some investigations are made for a lower bound of the momentum derivative of the 
scattering phase shift on the basis of macroscopic causality in quantum field theory. 


The aim of this paper is to derive Wigner’s inequality” which is well known 
in quantum mechanics on the standpoint of quantum field theory. This purpose 
is achieved by using the macroscopic causality and wave-packet-formalism. Some 
further discussions will also be made on the validity of this inequality. 

The use of the macroscopic causality and wave-packet-formalism in quantum 
field theory has been made first by K. Yamamoto,” by means of which he could 
derive the analytic properties of the scattering amplitude. Our method is on the 
basis of his formulation. 

Suppose a wave packet initially localized at the position x which is separated 
by a sufficiently large distance from the scattering centre in comparison with the 
extention of the wave packet. If such a packet is approaching to or departing 
from the scatterer with an average momentum p at this instant, then we can cor- 
rectly define the incident or scattered wave packet in terms of the outgoing or 
incoming solution of the Schrédinger equation, |k)* or |k)~, as follows: 


ip, »*= | dk FC, x, k)|k)*, (1) 


with 
F(p, x, k) ~e*" * f(k, p), (2) 


where F(p, x, k) is responsible for the shape of the packet, and +sign stands for 
the state of incident wave packet and —sign stands for the state of scattered wave 


packet. Here we have assumed that f(k, p) is nearly equal to zero except for | 


k~p. Of course, the uncertainties of the momentum and position, dp and a 


are related to each other by the uncertainty principle as dp: 4x~1. 
Using the definition (1) for the states of the incident and scattered wave 


packets, we can now write the transition matrix for the collision : 


~<p’, x/\e~""*|p, Lae | ak! dk F'(p’, x’, k’) F(p, x, k) ete ~{k'|k)*, (3) 
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where E’(k’) is the energy of the scattered particle and -<k'|k>* is the so-called 
S-matrix.2 In general, the exponential factor in (3) gives rise to some deforma- 
tion of wave packets while traveling, but as it is usual in the wave-packet-formalism 
we are concerned with the case in which this kind of deformation can be neglect- 
ed. (Low and Chew® showed that such a case is actually realized in the condi- 
tion |4x|>|x/p|"?.) The S-matrix can be represented in terms of the phase 
shift 0,(£) as 


-(k! |k)* =6 (E’—E) (1/2) (dE/dk) ¥} (214+1)/42-Pi(cos#ye"™, — (4) 
where @ is the angle between k and k’. In order that (3) be not zero, the varia- 


tion with respect to k and k’ of the phase of the integrand in (3) must be equal 
to zero apart from the error of dp or dx” 


Ak! «x! — Ak-x—WV" (p!)t- dk! +2(p'/p) 0, (p') - dk’ =0, (5) 
where dk and Jk’ are restricted by virtue of the conservation law of total energy 
as follows : 

Ak - V (p) — dk! -V'(p') =0. (6) 


Here we have set V(p)==p/m and 0,'(p)=|d0,(k)/dk\,-,. Using the undeter- 
minate multiplier 7, we obtain from (5) and (6) 


x+V(p)T=0, (7) 
x! —V"(p')t+V"(p')T +2(p'/p) or (p’) =0. (8) 

Consider the forward scattering, V(p)=V’(p’)=V and p=p’ then we have 
x!—x=Vt—2(p/p)0/(p). (9) 


This means the following fact that the incident particle which is initially localized 
at the position x is scattered in the forward direction by the scattering centre and 
then arrive at the position x’ after the time ¢ with the retardation 20,/(p). It 
may be permissible that the causality is violated at most by the range 2a of the 
interaction between scattered particle and scatterer. However, the violation of 
more than the range 2a is unacceptable. Therefore, we get 


x! —x%x=Vt—2(p/p)d/(p) SVt+2(p/p)a, (10) 
so that 
3! (p)=—a, (10’) 


namely, d0,/dk cannot be less than —a, a being the radius of the interaction. 
This inequality is, of course, assured only in the case in which the extension of 
the wave packet can be neglected in comparison with the radius a. It should be 


* We shall consider the case where the variation of the absolute value of (4) can be neglected. 
Such a case can be actually realized at high momentum. 
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noted that at low energy the inequality does not hold, since the wave packet can 
not be confined in a small region of space, besides the variation of the absolute 
value of (4) must be taken into consideration. Let us consider, as an illustration 
the S-wave scattering at low energy. We know 


lim4y'(k) =—hy, (11) 


where /) is the scattering length. If the inequality (10’) also holds at low energy, 
we get J,<a. This is incorrect because 2, must be greater than a, provided that 
the bound states exist. 

As another example, we shall consider van Kampen’s one.” He has given 
the S-matrix on the basis of the principle of causality as follows :* 


__. p— ak k+iA k—=y k-+y, 
SKS m_ 7 n n 
ey Say Te go eae 2) 


where @ is a real number, 0Xa<a, 2/,, are positive real numbers, and v,=a,+77, 
are complex numbers with a, >0 and $,>0. The poles 74,, correspond to bound 
states, and —v, and »Y, correspond to resonance states. From (12) the derivative 
of the S-wave phase shift 0,/(&) is easily obtained as 


0) (k) =— Hire Ae Cae) | Pn rob he ] 
: a BA (k—a,)? +3," iH (k+a,)? +2," 4 Ce 


where 4,/(co)=0 has been assumed. As is’ easily seen, if the inequality 


= <2a (14) 


holds for any value of 2,,, the following inequality is valid: 


9 A 

MOE ie ga e a ea; (15) 
that is, 0)/(k) cannot be less than —a only in the momentum region k>M/2a, 
M being the number of bound states. It is a striking fact that if we consider 
M/k as the order of the extension of the wave packet; the inequality (14) 1s 
consistent with the assumption that we are concerned with the case in which the 
extension of the wave packet can be neglected in comparison with the interaction 
radius a, and that although the bound states contribute to violating the macroscopic — 
causality (See (13)), the magnitude of these violations lies within the order of the 
extension of the wave packet, as is seen from the second inequality in (15). 

The author would like to express his sincere thanks to Prof. R. Utiyama 

for his kind interest and encouragement in this work. Thanks are also due to 
Dr. K. Yamamoto for his constant help and guidance. 


* The principle of causality stated by van Kampen is as follows: At any time the total 
probability of finding the particle outside the scattering centre shall not be greater than 1, for every 


form of the incident wave packet. (See ref. 4) 


_T. Ogimoto 
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Note added in proof : Relativistic treatments on this problem, which involve the inelastic scattering, 


' ill be done in the next paper. 
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Possible polarization experiments from which information about baryon parity can be 
gained are investigated using the reactions 3-+p—>49+n, 3-+p—>(49+ A), (39+), (S++57), 
and 2-+He!t—,H‘+ 4°. In our experiments, the transversely polarized hyperon beam is scattered 
on the unpolarized target, p or He‘, and useful information is obtainable by measuring the 


transverse components of polarization of the final products. All experiments presented here 
appear to be possible in the near future. 


§ 1. Introduction 


Parity violation has been established in weak interactions, but parity conserva- 
tion seems to be inherent in strong interactions. Thus it is important to determine 
the baryon parity as unambigously as possible within the present status of our 
knowledge about strongly interacting particles. 

For this purpose, the experiments we have in mind here are the “ polariza- 
tion experiments” using the reactions : 


s-+pro+n, (a) \ 

E-4+ p35 24M, (b) 
+P 42, (0) | 
ESD RE TND Son (d) 

E-+Het> ,Ht+/. (e) (1-2) 


Of these reactions, (1-1b) has been investigated by S. B. Treiman” and L. B. 
Okun et al as follows. If the reaction (1-1b) takes place from a low-lying 
atomic orbit, the allowed nature of the final orbital state constitutes the particular 
polarization pattern of the A’s. This polarization pattern might reflect on the 
directional correlation of emerging pions of the subsequent A’-decay, hence useful 
information on the (2~, p) parity is obtainable by measuring the pion-pion cor- 
relation. In their approach, however, they had to require additional information 
on the initial orbital state from which the capture reaction takes place, and their 
formulae are not applicable to the case of higher incident energy. Therefore, in 
this paper, we will adopt a different method of polarization experiment, and give 
the general formulae, applicable to the higher energy region, from which definite 
information on the baryon parity can be obtained. 


(1-1) 


Se aL a ee 
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In our experiments, the transversely polarized hyperon beam is scattered on 
the unpolarized target, p or He’, and useful information is obtainable by measur- 
ing the transverse components of polarization of the final products as will be 
described in §3 and §5. We can express any quantity that can be obtained from 
such experiments in terms of the coefficients of the scattering matrix. The general 
form of this scattering matrix is written down based only upon the well-accepted 
assumptions (see § 2 and § 4). Except for these assumptions, there is no ambiguity 
in our phenomenological approaches. 

Before the derivation of the formulae necessary for the proposed experiment, 
we touch upon the problem of the “polarizer” for the incident beam and the 
“analyzer”? for the final polarization. We take the production processes of hy- 
perons, such as 

K-+p>9 2" +2*, 

(1-3) 

KA pS ark 
If we assume that K~ meson spin is zero and hyperon spin is 1/2, these reactions 
provide polarized hyperons perpendicular to the production plane, irrespective of 
particle parities. After the main reaction, (1-1) or (1-2), we need to measure 
the transverse components of polarization of the final products. In such analyses, 
decay asymmetry is efficient for /°(3°) or %*, and the scattering by complex 
nuclei, such as carbon, are efficient for others (if they have sufficient kinetic 
energy). 

According to these status of experiment, discussions on the examples of the 
reaction (1-1b) and (1-2) will follow since these two reactions appear to be pos- 
sible in the nearest future. Other reactions, of course, are the same in principle. 


§ 2. General formulae (1) 


In this section we calculate the formulae necessary for the (1-1) type ex- 
periment. 


Here we introduce two fundamental assumptions : 
I) A, 2, & are spin 1/2 particles. 
II) P- and T-invariance are not violated in strong interactions. 
The scattering matrix for the reaction (1-1) is given in the form of general re- 
presentation in spin space: 
M (even) =A+BS+C(oe,-n) + D(o,-n) 
+ N(o,-1n) (o,-n) +F(o,-k) (o,-k) +G(o,-p) (o2-p), 
S=1/4-[1—(o,-0) | (2-1) 
M (odd) =a(o,-p) +b(e,:p) 


+f (o1:p) (o,-m) +9(o1-m) (a2: p) +h[(o.X o2) -kl, (2-2) 
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where o, and o, are the spin matrices relating to the incident particle and target 
particle respectively ; (A, B, C, D, N, F, G) or (a, b, f, g, h) are energy depend- 
ent functions of the reaction angle in the center-of-mass system; and n, k, p, unit 
vectors along the directions k;X k;, k;—k,, and k,+k,, respectively. Here k,; and 
k; are unit vectors along the center-of-mass momentum vectors for the initial and 
final states. Notation ¢even) (or ¢odd)) means that the total intrinsic parity of 
the initial state is equal (or opposite) to that of the final state. If we take = es 
poA+, for example, ¢odd) case means that =7 parity is opposite to the 
proton parity. 

In what follows baryons are considered to have non-relativistic energy, and 
o, and o, are therefore treated as Pauli spin vectors. For the description of 
polarization experiment it is convenient to employ the formalism of the density 
matrix for spin 1/2 particles.*” 

The density matrix before reaction is 


p= [14 (ora), (2-3) 
which is normalized to Tr(;)=1. The average value of o, in the initial state is 
iri 0,a4; i : 
= ! =A=p,e. e 4) 
{o) Tr(p,) P 


Accordingly a@=p,e is the polarization vector of the incident hyperon beam. Unit 
vector e is fixed by the polarizer for the beam. /,; indicates the polarization 
degree (both magnitude and direction) along the vector e. After the main reaction 
the density matrix has the form 


y= Mp. M* = MM* + M(o-@) M*. (2-5) 


The average value of any quantity related to spin space operator 2, is given by 


Tr {p,2 
(2) (2), =. 


With this equation, we can easily calculate the average values of (01-8) and 
(o,-B). Here B is a unit vector, and will be chosen in accordance with the 
suitable experimental condition. Tr(p,;)((o1-8)> and Tr(~,)<(o2-8) >) are given 
in the forms 


Tr (?)< (01:8) >= (B-n) Ait (@-B) Ar+ (@-k) (Bk) As 

+ (a-p) (B-p) Ast (a@-n) (B-n) As+ (a@-k) (Bp) Ao 

+ (a-p) (B-k) A;+ (@X f) -nAs, (2-7a) 
Tr (7) < (62:8) >= (Bm) Ai’ + (a@-B) Ay + (@-k) (Bk) As 

+ (a@-p) (B-p) Ad + (@-n) (B-n) As! + (a@-k) (Bp) Ao’ 

+ (a@-p) (B-k) Ai’ + (@X B) -n Ay’. (2-7b) 


(2-6) 
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The coefficients, A; and A, (i=1, 2,-::,8), are written explicitly in Tables I and 
II respectively. 


Table I. Tr(py)< (a1: B)> 


i A, (even) | A, (odd) 
q (B-n) 2Re(AC* + DN*) +4 Re(BC*— BD*) 2Re{b*(g—h) } 
2 (a-B) Ce RULED NUPRCOTS Ae ae a ee ee 
3 (a-k) (B-k) 2|F\2—Re(BF*) —2|h|2—2 Re {h*(f—g)} 
4 (a-p) (B:Pp) 2|G|?— Re( BG*) 2(ja/2+|f|2) +2Re{h*(f+9)} 
5 (a-m) (B-n) 2(|C/2?+|Nj?) —-Re(BN*) 2|9|?—2 Re {h*(f+9)} 
6 (a-k) (B-p) —2Im(bh*) 
7 (a+p) (B+k) 2Im(bh*) 
8 (aX B)-n 2Im(AC*+ DN*) +4Im(BC*+ BD*) 2Im(dg*) 
Table II. Tr(oys) ((o2:8)> 
a Ay (even) 23) Aj (odd) 
1 (B-n) 2Re(AD*+CN*) +}Re(BD*-BC*) | 2Refa*(f+h)} 
2 (a-B) —}Re{B*(A+N+F+G)} 
3 (a-k) (B-k) Re {2(AF*+NG*) + BF*} 2|h|2+2 Re( fh*— gh*— fg*) 
4 (a-p) (B-p) Re (BG* + NF*) 2 Re (ab*) 
5 (a:n)(B:n) | Re{2(AN*+CD*+FG*) 4 BN* 
6 (a-k) (B-p) ~—2Im(DF*+CG*) 2Im {a(g*—h*)} 
7 (a-p) (B-k) 2 Re(AG*) +2 Im(DG*+ CF*) —2Im {b(f*+h*)} 
8 (aX B)+n —4Im(BC*+ BD*) 


In Eq. (2-7), Tr(p,) has the fellowine form : 
Tr(e,) even=|A]?+|C/?+|D?+|N?+|F)?+ |G)? 
+ 7-[|Bl'+2Re{B*(A—F—G—N)}] 
aot eure) | 2Re(AC*+DN*) os Re(BC*—Bb*) ], (2:8a) 


Tr(e,) odd=|al?+ |bP?+|£)?+ |g/?+2] A? 
+2Re{h* (f—9)} + (a-n)[2Re {b* (g—h)} J. (2-8b) 
In the next section, we shall use the conventional notation : 
Uss|A?+|C)P+ (D+ |N?+|FP+ |G? 
+~-[|BI'-+2Re{B*(A—F-G—N)}}], 


u=lal’+|bP+(f\'+|9?+2|h?+2Re th*(f—g)}, 
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V=2Re(AC*+DN*) + Re(BC*—BD*), 
v =2Re {b* (g—h)}, 
W=2Re(AD*+CN*) te Re(BD*—BC*), 
w=2Re{a*(f+h)}, 


X=— Re {B*(A+F+G—N)} +2Re(AN*+CD*+FG*), 


La U. 
Using the above notation, Tr(,;), for example, has the following form: 
Tr(,) even=U+ (a-n) V, (2-9a) 
Tr(e,) odd=u+ (a-n)v. (2-9b) 


§ 3. Experiment (1) 


In this section we propose an experiment with the reaction (1-1), from which 
definite information on baryon relative parity can be obtained. Detailed discussions 
will be made only on an example of the reaction (1-1b). Other (1:1) type 
reactions, of course, are the same in principle. 

Now experimental conditions are as follows: The transversely polarized £7 
beam with definite kinetic energy is incident on the unpolarized hydrogen target, 
and two /° particles are produced with the reaction angle 0; and 0, to the direc- 
tion of =~ motion. The coordinate system o-xyz (see Fig. 1) is so chosen that 
oz coincides with the direction of the incoming =~ beam, and oz is parallel to 
the polarization of =~ beam, @=p;e. The reaction plane [ (k,, k;) =(k, p) |, which 
has the normal n, is fixed by the angle ¢ which vector nm forms with vector e, 
the positive direction of the axis ox. 

The reaction angles (@, and 9.) and incident energy are kept constant through- 
out our present consideration, hence we know the energies of the emerging 
particles. Thus we are to + 
regard (A,B, ’C;-D,-N, F, 
Gineot \(ap-b, 43g, hh) as 
constants under the definite 
experimental condition. On 
the other hand, o, is the spin 
vector relating to both =7 
and A°(6,), A° produced with 


A aR 
the reaction angle ,, having 


7 a 
ON/ 0, 
Ao 
Reaction Pl. 
the matrix element between 


A°(6,) and £-. Similarly, Fig. 1. Geometric condition of experiment. 


Production PI. 
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o, has the matrix element between /°(4,) and proton. 

Now we are going to propose the polarization experiment. We must perform 
four kinds of experiments. In each experiment we measure the transverse com- 
ponent of polarization for one of the final products. All experiments can be made 
“under the same incident energy and the definite reaction angles, 7, and 4,. There- 
fore, we indicate the experimental condition only with the angle ¢, which will 
be different for different experiments, and with the unit vector 8 along which we 
measure the polarization component of the final product ; namely we are to observe 
the quantity, such as ((0;-8)) or ((o,-8)). In Table II we give a summary 
of the observing quantities, experimental conditions, and the theoretical information 
obtained from the measurement. For the expression of fp, it should be noted 
that 


W+p:X _l,+pix 


= A 3-1 
ps (even) a itp Ty (3-1a) 
petedd) == fs (3-1b) 


ut piv itp: 


where suffixes (+) correspond to the initial polarization, a=p;(+m) respectively. 
The geometric conditions for various experiments are sketched in Fig. 2, where 
the bold arrow indicates the unit vector relating to the initial polarization or the 
direction in analyzing the polarization component. 


Table III. Elements of polarization experiment (I) 


Polarization Component Theoretical Information 
No. of Exp. | pis <(a,-B)> Geometric <even) | «oddy 
<(a_-B)> Conditions case | case 
ue ; ¢=90° ; V | 3 v 
1 I, =((o;-n)) pen LA | 3 
= (ge | 6=90° | Ww w 
2 I’, = ( (2°) ) Ban = A Se 5 9 
3 p+ = (G2-n) > Pea p+= Eo Pete | ese eS 
B=n 1+piTy 1+ pil, 
4 p-=(ap-n)) $=180° pees Pramas > 
B=n yo Laps 
note pr= oe ee | 
+= bP no. yes. 
ee nn eS ee re Seu SN Rk 


[Analysis] First, we assume the form of p, as 


Doe ae 
a2 ely pean (3-2) 


p.=—"2_, 
Lees & vena 


ideale. *Y, 
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Fig. 2. Sketches of four experiments. The bold arrow 
indicates the unit vector relating to the initial polari- 
zation or the direction in analyzing the polarization 
component. The mark @ shows the direction which 
does not lie on the plane of this figure. 


Then, we caluculate the ; using the observed values of [4, />, and p,. Next, 
we calculate the quantity, />/(1—p;/1), with p, thus obtained and J’ and [% 


observed. If 1%/(1—p; 11) coincides with the observed value of p_,(=~, p) parity 
is Codd); if not, (=~, p) parity is (even): 
Be a te for <even) case, (3-3) 
1—p,I, ‘\=p- or odd) case 


where p; is given by Eq. (3-2). 
Here it should be noted that the above analysis is applicable as long as x0. 


§ 4. General formulae (II) 


In this section, we will present an elementary discussion of polarization ex- 


periment with the reaction (1-2): 
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&- 4+ He! ,H!+/A°. (4-1) 


Our investigation is based on the following fundamental assumptions : 
I) &- and A’ are spin 1/2 particles, 
Il) Ht‘ is spin zero hyper-nucleus, and has no excited state, 
Ill) P-invariance is guaranteed in the reaction (4-1). 
Here we have not assumed the T-invariance in the reaction (4-1). 
Without confusion we follow the notation which have been used in §2. As 
He! and ,H‘ are considered to be spin zero particles, the general matrix for the 


reaction (4-1) is in the following form: 
M (even) =A+B(o-n), (4-2a) 
M (odd) =a(o-k) +b(o-p), (4-2b) 


where o is the spin matrix relating to F~ and 4°, and, of course, will be treated 
as the Pauli spin vector in the following discussions. 
As in § 2, we can caluculate the expectation value ¢(a0- A) ): 


Tr(a,)<{ (o- 8) )=(B-n) A+ (@-8) A.+ (a-k) (B-k) As 
+ (@-p) (B-p) Ast (a-n) (B-n) A;+ (@-k) (Bp) As 
+ (a@-p)(8-k) A;+ (aX B) -n As. (4-3) 
A,;s (=1, 2,:--, 8) and Tr(;) are given in Table IV: 


Table IV. Tr(o;s) <((a-B8)> 


i | A, even) | A, (odd) 
1 (B-n) | 2 Re (AB*) —2Im (ab*) 
2 (a-f) | |Aj2?—| Bl? | — (|a|?+ ||) 
3 (a-k) (B-k) | | 2\al? 
4 (a-p) (B-p) 2|d|2 
5 (a-n) (B-n) 2 | B2| 
6 (a-k) (B-p) 2 Re (ab*) 
7 (a-p)(B-k) 2 Re (ab*) 
8 (ax B)-n 2Im (AB*) 
Tr(op) |Aj?+|Bl2+ (a-n)2 Re(AB*) |a|2+ |b|2+ (a-n)2 Im(ad*) 


Neen ne ss 


§ 5. Experiment (II) 


In this section we propose the polarization experiment with the reaction (4-1), 
from which definite information on (27, p) parity is gained. Now we are to 
perform three experiments under the same incident energy and the definite emerg- 
ing angle of A’ particle. 

As the experimental conditions and the analysis of these experiments are 


$ 
4 
5 
z 
. 
& 
* 
= 
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similar to that of Experiment (I), we give a brief summary of the present ex- 
periment in Table V, and also sketch the geometric conditions in Figr de 


Table V. Elements of polarization experiment (ID) 


eeeeeeannaeae==SeaeeeeEeEeEee—e—EeeEeEeEEEeee 


Polarization Component Theoretical Information 
No. of Exp. Geometric (even) (odd) 
<(o:B)> a: 
Conditions case case 
¢=90° 2Re(AB*) —2Im(ab*) 
1 rp Nd ~~ (en a ES C= kee a — ae +, 4 ae 
pie Fey 3: oe |AP+ [BP jal2+ |d)? 
i | o=0° __ +p; rahe 
2 p+=((a-n)> | ore P+ 1£A,f P+= 1-piFr 
aa | ¢=180° See Mel ad Panis 6 3) 0 
3 = ((¢-n)> | Bn p-= eee is 2 1+),T 


Exp. (3) 


Fig. 3. Sketches of three experiments. The bold arrow 
indicates the unit vector relating to the initial polari- 
zation or the direction in analyzing the polarization 
component. The mark © shows the direction which 
does not lie on the plane of this figure. 
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§ 6. Discussions 


The amount of information concerning the baryon relative parity that can be 
obtained from the above mentioned experiment (I) is as follows: 


“+poA+M: (2, p) parity, 


[ry 


Mw 


-+p>A+n: (2, A) parity, 
E-+p>3°4+A": (2, A) parity, 
Gf (2, p) parity is known.) 


E-+p > 5'+27: (4, p) parity. 
As we have discussed in §2 and § 3, definite information is obtainable as long 
as x%0. This condition, 240, is satisfied if, for example, Re (A*B) 40. 
In Experiment (IL), from which (5, ~) parity is determined, it should be 
noted that 


p. (even) =1, ~p, (odd) =—1 
if p;=1, and 
I’ (even) 40, I’ (odd) =0, 


if T-invariance (a=0) is assumed. In this type of experiment, the conclusion 
depends strongly upon the assumption II) in § 4. Validity of this assumption is 
not clear now.” 

Our proposed experiments have not been carried out, largely because they 
require a hyperon beam (such as = -beam) and the analysing experiments are 
difficult except for /’-polarization. It is desirable that these difficulties are overcome 
in the near future. 
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The formal theory of rearrangement collisions is developed from the standpoint of the 
S-matrix, and is formulated in such a way that the asymptotic Hamiltonian is the same for 
the final and initial states. The orthogonality of these states makes it possible to formulate 
the theory of rearrangement collisions in a way similar to that of single potential scattering. 
The “ prior-post” discrepancy is discussed and the generalized optical theorem is derived. 


§ 1. Introduction 


Following Dyson’s development of the theory of the S-matrix,” the formalism 
was extensively used in treating scattering problems. The validity of this theory, 
however, is restricted to the case in which the initial and final states are eigen- 
states of the same free Hamiltonian. In the case of rearrangement collisions, 
however, the initial and final states are eigenstates of different unperturbed Hamil- 
tonians. Because of this fact, it becomes difficult for us to follow the argument 
of the usual S-matrix theory. 

In order to clarify our problems, let us consider a system whose total Hamil- 
tonian H can be divided in various ways such as 


He Ait VS Hy Ve es Sat Vos (T-d) fe 


where H, is a part which does not vanish even in the asymptotic region and V;, 
is a part which does. Let us assume that the initial state %,; is given by an 
eigenstate of the unperturbed Hamiltonian Hh, i.e., that 
: A, %,,,=E;%,:. 
Subscripts i and f will designate initial and final states, respectively. The final 
: states which correspond to the various final channels are specified by the eigen- 
states D,,,, Ds,;,.. and %,,, which satisfy 
y ; FL, D;,, =E,%,7 

and 
Hy, ®n,p= Ep Pn,z- (1-2) 


The outgoing (incoming) scattering state Vf"? (Wi?) generated by the interaction 


* Work performed under the auspices of the U.S. Atomic Energy Commission. 
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V,(V,) from the state %,; (%,,7) satisfies the Lippmann-Schwinger equation” 


fa i + 
Pep, hte eee VS Ue (1-3) 
, iy E, H,+:ie sb 
or 
al ie 
ig ey, Ranta ae VE. 1-4 
a7 A a = eS Tf (1-4) 


Now the extended S-matrix which is applicable to this case as well is defined 
by? 
Sopa ( lef ees (1-5) 


Contrary to the case of single-channel scattering, the final states %,,%,---and @,, 
which correspond to the respective channels, are in general not orthogonal to each 
other, because they are eigenstates of different unperturbed Hamiltonians.” Never- 
theless every channel can be distinguished and is observable independently in ex- 
periments. This means that these channels should be orthogonal to each other. 
The aim of the present paper is to resolve this dilemma in the case of a 
typical example of rearrangement collisions, and to investigate in detail the pro- 
perties of the extended S-matrix defined by Eq. (1.5). In Sec. 2, the initial and 
final states will be modified®»” so as to be eigenstates of the ‘same unperturbed 
Hamiltonian” and to be orthogonal to each other. By virtue of this orthogonality, 
it will become possible for us to treat our problem in a way similar to the Dyson 
theory of the S-matrix, and the correspondence of our S-matrix to Dyson’s S-matrix 
will become very clear. In Sec. 3, we shall give the explicit expressions for the 
S-matrix elements for the various channels. By virtue of our knowledge of the 
general property of our S-matrix, the physical meaning of approximations to this 
theory can be easily understood. As an example, it will be shown that the so- 
called “prior-post discrepancy”” is a spurious one which is due to incorrect ap- 
proximations. In Sec. 4, we shall investigate the unitary character of the S-matrix 
and, by use of the orthogonality and completeness of the modified initial and final 
states, derive the optical theorem for the case of rearrangement scattering. For 
brevity, our treatment will be confined to the case of distinguishable particles. 


§ 2. Modification of the initial and final states 


In order to explain our method lucidly, we consider the following typical 
rearrangement collisions as an example. A proton is bound to a fixed nucleus by. 
a potential V» and is bombarded by a neutron which interacts with the proton 
and the nucleus through the potentials V,y and Vy, respectively. The total 
Hamiltonian H of this system is 


H=Kp+ Vep+Kyt+ Vut+ Voy, (2 “ 1) 


ERP Kn 
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where K, and Ky are the kinetic energy of the proton and the neutron, respec- 
tively. This Hamiltonian can be divided in various ways corresponding to the 
different channels, as in Eq. (1-1). 

In our case, the initial state %,; is given by 


A, ;=E;9;,:, (2-2) 
where H=H,+ Vi, 

H,=Kp+ Vp+Ky (2-3) 
and Vi= Vpyt Vy. | 


The state %,; is a product of the state of the bound proton ¢/ (E£,*) and that 
of the plane wave uy(E,;—E;”) of the free neutron, i. e. 


PD, -=O2 (E,”) un Co eae) > (2 t 4) 


where £,” is the binding energy of the proton. 

If the initial energy is sufficient to produce them, the various final states after 
the collision can be produced. 
(i) Elastic and inelastic collisions 

In this case, the proton will remain bound to the nucleus and the neutron 
will come out after the collision. The Hamiltonian is divided in the same way 
as in Eq. (2-3) and the final state is given by 


D;, =P (E;") un (E,—E,”). (2-5) 
Gi) Exchange scattering 


The bound proton is knocked out by the neutron which in turn becomes 
bound to the nucleus. Then the Hamiltonian should be divided as 


H=H,+ LAP 
A,=Kp+Kyt+ Vy (2-6) 
and Vi= Vey at Ve, 


where the final state will be given by 
Hi, D>, ,= EDs; 
and D>, ,=Up (Ey — Ey”) ox Ey”). (2-7) 
(iii) Ionization process 
The bound proton will be knocked out by the neutron and both the proton 


and the neutron will be scattered by their interaction with the nucleus and each 
other. The Hamiltonian will be split in the following way, 


H=,-+- Vs, 
H;=Kp+Ky 
and / V3= Vewt Vet Vy; (2 -8) 
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and the final state is given by 
A; DP; -= E; Ds, ¢ 
and Os, ;=up(E;/’) uy(E,—E/’), (2-9) 


where E/’ is the energy of the final free proton. 
(iv) Pickup process 

The proton and the neutron form a deuteron in the final state, and we see 
that 


H=H,+V,, 
H=KA Ke Vor (2-10) 
Vi= Vet Vy, 
H,@,;=E;®,; 
and Dey ial Ke Bee NG MER, (2315 


where X is the coordinate of the center of mass of the deuteron and 7 is the in- 
ternal coordinate of the deuteron. For later convenience, we introduce the nota- 
tions H, and V, which are defined respectively by 


H= less Vo, 
Hy=Kp+ Vept+Kyt+ Vy 
and Yo= V py. (2-42) 


The final states given by Eqs. (2-5), (2-7), (2-9), and (2-11) are eigenstates 
of the different Hamiltonians H;, so they are in general not orthogonal to each 
other. We shall modify the initial and final states into eigenstates of the same 
Hamiltonian Hj, which will be orthogonal to each other. 

(A) Initial state 


From Eqs. (2.2) and (2.3), we can obtain the outgoing wave solution in the 
form 


, 1 
PP =O,.+ View r ae 4 
1, Ue SETA ge (Vey+ Vw) Pr; (2-13) 
This may be rewritten as 
e ik 
Pi = Os areas VewP,: 
+(e ) Vive 
BE, Hy+ie-< Ej-Hive 2) RE ese 


= hip +—__4 


E;—H+ie Vew as (2-14) 
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where 


(se il 
bee ee VG, 2: 
$ 1, 1, E; ; ie NY14 ( LD) 


‘By using Eq. (2-4), we have 
bP = P(E”) uy E;—E;”) 


Al 
E,— (Kp+ Vp+Ky+ Vw) +i€ 


Vy? (E,") uy (Bi; —£,”) 


if 
= bp (E;” E w(E,— E,”) + ; = a ; - Vyuy(E;—E,” | 
is ae : (Hi — Le") — (Ky Vy) £2 ees 


=¢2 (E;”) 6S (E;—E,;”). (2-16) 


Therefore, the modified initial state ¢,,‘"? is the product of the bound state of the 
proton and the state ¢*> of the neutron scattered by the potential Vy. 
(B) Final states 
(i) Elastic and inelastic collisions 

In this case, the modification is the same as above. The incoming wave solu- 
tion ¥, is given by 


eas =D, + E; ae (Vewt+ Vy) D, Ey y4 eee Vow? fo 
(2-17) 
where pip =P — Vy 1, ,= 62 Ey”) 63 (Ey — Ey”) (2-18) 


E,—Hy—ie 
and ¢%~ is the incoming state of the neutron scattered by the potential Vy. 
(ii) Hachange scattering 


By using the same are as was employed in obtaining Eq. (2-14), the 
incoming scattering state 75, which is given by 


PS =D, ; +— E, as ( Veyt+ Vp) Dz ff 
is deformed in such a way that 
al! 
ar fs CGEM - pairs Vew PS 5 (2-19) 
where 
VD, ;. (2-20) 
E; 2 Jel a= 1€ ‘ rt 


From Eq. (2-7), we see that 
PP =O (Ey— Ey") bx E") (2-21) 
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and ¢{~ is the state of the proton scattered by the potential V>. 
(ili). Jonization process 
The incoming wave solution ¥;5" is written as 


at , Det SEE WS >; 
SP = Day t Ke Vert Vet Vid ny =P) + ae peg Vow? 
(2-22) 
where 
1 9 
K=O, pa ie + Vy) ®s,7 (2-23) 
foe Sig was 


In order to obtain an expression similar to Eqs. (2-18) and (2-21), we rewrite Eq. 
(2-23) in the form: 


i: 


b> =@, ,-+—__—_—_— Vy, 
ae 9 ge Hy—i€ < 
1 1 
PEL RIESE ROR E 
Gas: Ef teze E,—Hy—té ‘ E,— H,—1¢ of 
st i 
iat Va (1 see VA) Oe ; (2-24) 
( ‘p Wa ood loa 3 : : FT 26 4 mS 
Introducing Eq. (2-9) into Eq. (2-24), we have 
1 
ls (Eaten egy aM its (+= Ve) E 
oe lgpeerer: x) u(y ED) See ee 
a 
chee Oe Vx) CE BeOS (EE 
=(1 toe ppg Va) EB OP E/) 
1 
Soo (he (1+ = Vx) (E,—E? 
De (E,—Ef) —(Ky+Vy)—ie * pet ee 
= $5 (E/) ox (E;—E,/’). (2-25) 


Therefore, ¢;5° is the product of the states of the proton and the neutron scat- 
tered by the potentials Vp and Vy, respectively. 
(iv) Pickup process 
As will be seen in the following discussion, this process has some different 
aspects from the other processes. We start from the integral equation 
1 
E,— Hy—té 
instead of its formal solution (like (2-13)). This equation can be rewritten as 
= 1 
1 


“BS Hieh ee eee, 


Pp =O, p+ (Vet Vy) ES (2-26) 


Boe | Coney 


x 
+ 
: 
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aT 
=@ a ete tA Rn a (=) 
4,f BH se (Vpt+ Vy) Uae 
itt 
Tee ot ae oa 
OYE We i a Soe Vertu 2-27 
E,—H,—ie ue ( ) 
where 
hD — eet anh ae 
Pip =Pipt+ ae Hate (Vp+ Vu— Vow) P,- (2-28) 


Now, let us inspect Eq. (2-28). Deforming it, we have 


mA) t : 
PP =D y+ HS (Vet Vw) %,z 
1 uk 1 
oe —-+ Vet V. 
( E;— (Ko Ky) ae E,— Hy—ie K pt wy) Lee (Kei) Wipe Ver D7 
ik at 
SapiNta eke CY +Vx) |-[1- V ] 
Noting Eq. (2-11), we can see that 
[1- N Vow | as 
E,— (Kp+ Ky) —i€ 
1 
Se OC Bn? l\-sa ee | Rr, E®)=0, (2-2 
ii f ) Ef?—K(r) PN Opn (r f ) ( 9) 


where we used the fact that ¢p% is the bound state produced by the potential 
Vpy. The inhomogeneous term of Eq. (2-27) vanishes and we have for the pickup 
process the homogeneous equation 


Ne 1 
Gog RE I EM A 2-30 
4,f Bono PN Fay ( ) 


If we write Eqs. (2-17), (2-19), and (2-22) as integral equations of the form 


il a 
Witla eee NY: J=1, 2 and 3 
LF Py E,— H)—ie PN * 1,f ( ) 
these equations may be in contradiction with Eq. (2-30), as was shown by Foldy 
and Tobocman” and by Epstein. Therefore, we always used the formal solution 
(2-17), (2-19) and (2-22) instead of the integral equations in order to avoid the 


superfluous solutions. Eq. (2-30) should be solved in such a way that it in- 
-) represents 


corporates the boundary condition that in the asymptotic region ¥ 49 
an incoming deuteron wave which is scattered by the potentials Vp and Vy. © 
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So far we have considered only the case of the special initial channel 1. 
However, we can easily see that it is possible to apply our method to the cases 
of other initial channels 2,3 and 4. Therefore, collecting our results, we have 


the following expressions 

PP =U(Vew; 0, F0) 67 (E,”) 6X? (E.— E”), 

PSP =U (Vow; 0, £00) 6 (E,— Es”) bx" (Es) (2-31) 
and VP =U(Vpw; 0, F 00) d8° (Ei) 6x? (E.— EV), 


where U(Vpy; 0, + ©) is the Mdller wave operator whose interaction term is Vpn 
and which is defined by” 


0 


VO es eg | dt! e~"""' U(0, t’) Vow(t") (2-32) 
Fo 
ame Vek cre es es | dt! e—"""| Vey (t) U(t", 0); 
0 
where U(t, z’) — e*Hot p-iHt-t!) —iHot! 
and View A) 6 POV pyle On 


Eqs. (2-31) correspond to the equation 
,9=U(0, Fo)d, (2-33) 


in the formal theory of single channel scattering. In Eqs. (2-31), we must note 
that the modified initial and final states ¢p-¢y are eigenstates of the same Hamil- 
tonian H and are apparently orthogonal to each other, since the scattering state 
and the bound state are orthogonal. Therefore, it becomes possible for us to treat 
our problem in the same way as the usual formal theory of scattering as was 
mentioned in the introduction. From Eqs. (2-31) it follows that the scattering 
states Y) are orthogonal to each other, since 


CE LEP =m |U (View; F 00,¢0)U (Vey; 0, Fo) Ip.) 
= (Pi | OP Y=4,,,1 0; 45° 62 % 34) 
where m and / denote the channels and run from 1 to 3, and 7 and 7 mean the 
momenta and other variables which specify the state. 

The state vector of the pickup process is given by the solution of the homo- 
geneous Eq. (2-30); it can not be expressed in the form (2-31) * This: fact “ts 
very natural from the view-point of the usual formal theory of scattering, because 
the state ¥, is a bound state (deuteron) resulting from the interaction Vpy and 
the Méller wave operator U(Vpy) cannot produce the bound state. The incoming 


wave solutions ¥;°, ¥,° and ¥;° which are orthogonal to each other (see 
(2-34)) correspond to the scattering states resulting from the interaction Von, 


Te ee ee 
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whereas ¥’, corresponds to the bound state produced by the hiss Vpn, SO 
that the state ¥,‘~ will be orthogonal to the scattering states ¥,{- ) (m=1;2 “and 


3). The proof of this orthogonality is as follows: With the aid of (2-31) and 
(2-32), we have 


(Pint PEP =P? |O(Vew; Foo, 0)| PP 


a : 
= (Yn 2 | Ber aie Vex) EP =O |EP)—- CB PP =O 
(2-35) 
for m=1, 2 and 3, where ¥,5° is the outgoing scattering state of a deuteron by 


the cetera vaks V,p and Vy and satisfies the equation ; 
; ; . 
GO ee ye Pye ts 2-36 
4,f BS Hybde PN +t 4 f ( ) 
In the third equality of (2-35), we used Eqs. (2-30) and (2-36), respectively. 


§ 3. Evaluation of the S-matrix 


In this section, we shall discuss the properties of the S-matrix. The explicit 
expressions for the S-matrix corresponding to the transitions to the various final 
channels will be given and the properties of the approximations will be studied. 

The S-matrix for the rearrangement collisions is defined, as (1-5), by 


See ae es (3-1) 


m,% 


where f and i mean the momenta and other variables and m and m mean channels 
1,2, 3 and 4. In the simple scattering theory, we can define, of course, the S- 
matrix in the same form as (3-1), and have a single “S-operator” defined by 


s=1-i| av@ U(t, —co), 


too. If we use the states %,,; defined by (2-4), (2:5), (2-7), (2-9) and (2-11) 
as the initial and final states, Eq. (3-1) becomes 

Sn,f: mt =< Pnz| OCVGs + oo, 0) Bj Cae: 0, — oo) IDnjeds 
where POS UW ead, 00) Of es 
and the Mdller wave operators U(V,,; 0, +o) depend on the corresponding 
channels m. Therefore, it is impossible to define a single S-operator which is 
common to. every channel. However, our modification of the initial and final 
states will make it possible to define such an operator. By virtue of Eq. (2:31); 
the S-matrix (3-1) can be written as 


Sn, fj my =(bn?? |UC Ven; = ©O, 0) U( Von; 0, e100.) lone 
= (Pcp |S (View) |Pmne Ds (3-2) 
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where 2 and mr run from 1 to 3 and the operator S(V>py) is defined by 
S(Vpx) =1=i | dt Vow(t) UViws ty — 2), (3-3) 


which is common to the channels 1, 2 and 3. In the case of channel 4 (pickup 
process), special consideration is necessary as will be discussed later, because the 
pickup process corresponds to the production of the bound state resulting from the 
potential Vpy. 

Let us now calculate the elements of the S-matrix for the various channels. 
(i) Elastic and inelastic collisions 

From Eq. (3-3), one obtains the elements of the elastic and inelastic scatter- 
ing matrix in the form 


S1,5:4,6= (hap |S Vow) PP) =e |p?) — 200 (Ey — Ex) (hilp| Vew| Pa”). 
(3-4) 


By using (2-14) and (2-17), the reciprocal form of Eq. (3-4) can be obtained in 
the following way : 


Sip; 42 = (HP |i ) — 2ai0 (E, — E,) hho | View (1 ee Ve) Ign?) 
=X bilo) )) — anid (EB, ((14 1 V ) bS| View| ae 
¢ Wap |g > ( f ) Eh de PN} V1, | pw lg ike 

= bP tid )— 210 (Ey— E) AP | Vew| a). (3-5) 


With the aid of (2-15) and (2-18), we can rewrite Eqs. (3-4) and (3-5) in the 
familiar form, i. e. 


S1,6;1,2= (Pi, 5|Pi,i) — 2010 (EH, — E;) {(@r| Val) + P| Vew| AA? | 


=8,,— 2718 (Ey— Ey) || Voigh’?) + (Oi (1+ Ve Z ) View| #2)| 
Lp ERY : 


I 


9 9 y " al R 
07,4 — 2710 (E, — Ei) (Ps Valdas wen ek Hokre Vow PG i I (A,, ;| Voew!| TS | 


0; ¢— 2710 (Ey—E;) (P1,7| Vw t+ Vew| Pi). (3-6) 


| 


Starting from (3-5), we get the reciprocal form of (8-5) : 
S1,7;1,4= Oy,1— 200 (E,— E;) CFD Vie Vino (3-7) 


These results (3-6) and (3-7) coincide with those of the usual treatment. 
(ii) Exchange scattering 
The S-matrix element for the exchange scattering is given by 


See 


AK eo 
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Se 7; 12= Co? |S ( Von) lai = Chay |fiP>— Qr10 (E;—E,) (oF | Vpn 


oe 
(3-8) 
The first term of the right-hand side of Eq. (3-8) vanichesmie el 
PoP PO 2=COE 162") Gx? | G8) =0 


because of the orthogonality between the bound states and the scattering: states. 
By the same procedure as used in the derivation of Eq. (3-5), we get the recipro- 


cal form of (3-6); i.e. 


So,¢51,2= — 27710 (B,— Ei) PP | Vew|fiG?). (3-9) 
Equation (3-8) can be rewritten in the following way. Remembering the existence 


of the @-function in Eq. (3*8), we have 


(p> | Vpr| te = (Dz, ¢| Vex| eee) =F (0s Vp Voy| Ps?) 


1 
E,—- Hy+ 1€ 
= (Pr, 5| Vex Pa) + Pa,5| Vel Py — Pa) = (Da, | Vew + Vol Pui?) —(Pa,4| Vel oue?). 


Therefore, we obtain the result 


So, ¢;1,4= — 2d (HE, — E;) (Ds, 5| Vewt Vol Pi), (3-10) 
where we have used the important fact that 

(Pz | Volga?) = Curl Velde’) (ox lox” )=0. (3-11) 
If we start from Eq. (3-9), we get the reciprocal form 

So, ¢;1,2= — 2710 (Ey—E,;) {PLD | Vew+ Vu \ Gi); (3-12) 


where we have used the fact that 

(PoP | Viv| Pr. = bE |b2') (by | Vivi ew) =. (3-13) 
From (3-11) and (3-13), we can obtain some information on approximation proce- 
dures. Namely, if we take the Born approximation directly in Eqs. (3-10) and 
(3-12), we have the results, respectively, 

Sore a= — 210 (Ey— E;) (P2,z| Vew + Ver|P1,<) (3:14) 

= — 2710 (E,— E;) (Po, ¢| Vew+ Vy|P,:)- (3-15) 

The potential V, in (3-14) is replaced by the potential Vy in Eq. (3-15). This 
situation is known as the “‘prior-post” discrepancy.*” Remembering the fact that 


* However, Professor W. Tobocman kindly informed me of the equality of (3-14) and (3-15). 
The proof is as follows: By using the equation (E;?—Kp) dp? (E;”) =Vrdp? (E;”), we have 
Oo, ¢|Vp|O1,;) = (up (Ey— Ez”) |Veldr? (E;”) (by? Ey”) uw (Bi— 25”)? 
=(up(Es—Eyz”)|E,?—Kpl|op? (E;”) by? (Ep?) |e (Ei— Ei”). 
(Continued on back page) 
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@, and @, do not involve the influence of the interaction Vey, let us switch off the 
interaction Vpy. Even if Vpy becomes zero, however, Eqs. (3-14) and (3-15) do 
not vanish and the exchange scattering takes place. From the physical point of 
view, this result is not natural, because, if there exists no interaction between the 
proton and the neutron, the exchange process is not expected to occur. This 
difficulty, however, is a spurious one which appeared because of the inadequate 
approximation. This situation can be seen from the fact that the rigorous expres- 
sions (3-11) and (3-13) vanish, but that the approximations. to them given by 


(Pz, ¢| V7|P1.>=Cup| Vr|b2") (bn’ |uw) #0 (3-16) 
and 


(D2, ¢| Viv|Vr,1) =CurlO?’ > (oy’ | Vrluw) #0 (3-17) 


do not vanish. Therefore, if we take into account the higher order effects of Vy 
and V> in Eqs. (3-14) and (3-15) respectively, the second terms in (3-14) and 
(3-15) vanish. Therefore, the approximations in Eqs. (3-14) and (3-15) cannot 
be correct. At this place, we must emphasize that this situation became clear by 
virtue of our modification of the initial and final states. If we do not use them 
and start from the original initial and final states which are not orthogonal to 
each other, it will be very difficult to find this situation. The correct Born 
approximation can be obtained by using the expressions (3-8) and (3-9) without 
mistake. The first step is to take the term which is first order in the interaction 
Vpy, and we get 


Sof, 1,2== — 2710 (E;—E;) (hy | View| fi? : (3-18) 


This expression is still exact in the potentials Vp and Vy. The second step gives 
the correct Born approximation ; i. e. 


Sah = — 21d (Ey—E,) (Da,y 


Vpx|P,i)- (3-19) 
Gu) Jonization process 


The S-matrix element for the ionization process becomes 


Ss7:n2= (Psp |S (View) |Pir = Pap Pua’ )— 27d (Ey—E,) (bsp | View| OP 


(3-20) 
= (Par Pa? )— 2nd (Ey—E,) P| Vew| fa ). (3-21) 


Here we should note that Kp is hermitian, because the wave function @p® is the bound state and 
the surface integral vanishes. Then we have 


(3 4|Vp|14,) = (E,?—Ey+Ey?)(up|op®)(by2|uy). 
On the other hand, we have 
(92,4| Vin |O14,) = (Ey?—E;+E;3) (up|pp?)<dy®luy), 
in the same way as above. Noting the existence of the 6-function in(3-14) and (3-15), we have 
(2, \V 210, =a, s|Viv| O54). | 


RES yey ye 


& 
§ 
4 
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From Eqs. (2-16) and (2-25), the first terms of (3-20) and (3-21) vanish by 
virtue of the fact that the scattering state and bound state of the proton are ortho- 
gonal to each other. After a simple modification, Eq. (3-20) leads to 


Ss, 6:16 — 2710 (Ey— E;) {(Ps,¢| Vewt+ Vet Vl Pi )— (Ds, ¢| Ve+ Val fi}, 
(3-22) 
and Eq. (3-21) becomes 
Ss, 71,0 — 2010 (E,;— E,) {Usp | Vew+ Vl P12 CPF? | Vr\Pr,sp}. (3-23) 


Now let us examine the last terms of the right-hand sides of Eqs. (3-22) and 
(3-23). With the aid of (2-25), we see that 


(Pap | Vl Pr,.2=C OS B72 bx | Vxluw) =O, (3-24) 


because of the orthogonality of the proton bound state and the proton scattering 
state. Using Eqs. (2-9) and (2-16), we have 


CDs, 5| Vet+ VulfiS =(up(E/) | Vp\or" (E,”) ) {un Ey — Ef) \ox? (H;—E,”) » 
ois (up (E/’) lbp (E.”) ) {ux (E,—E;) | Vyléx”? (is Hie") )- 


Introducing the equations 


R ud if 
6 (E,—E,”) =ux(E:— E,”) + Oe EB” ae Vues” (E,—E;*) 


and 


a (E;”) a -Vp: - (72) 


P 
into the above expression, we have 
6 (E,— Ep -( %s,5| Vet Vali )=9 (Ei — Ey) (ur (Ey) | Vel br (E,”) 
uy Ey—By)| Vil gE Ee) | 


x {uy (Ey— Ei) \uey(E;—E,”) )+ — EP 
$9 (By Ey) pee (ur Ef) | Vol Bs") Xen (By B#) | Virl 68? Ee Ee) )- 


The second term and the last term cancel and the first term vanishes because of 
the fact that (E,—E/) 4 (E;—E,”). Therefore 


0(E;— Ey) (®,4| Ve+ Valor? >=9, (3-25) 
and the S-matrix elements become 
Sop,6= — 2710 (Ey—E,) (Ps,4| Vewt Vet Val Pye? (3-26) 
and 
Sapi10= — 2010 (Ey— E) 57 | Vew + Vx ,1)- (3-27) 
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If we take the Born approximations in Eqs. (3-26) and (3-27), we have the ex- 
pressions, 1. e. 


Sapte = 2710 (2,5) CDs, ;| Vewt Vet Vy|;, i) (3 ; 28) 
from (3-26) and 
Sneek a = —_ 2710 (E;— E;) (Ds, ;| Vewt Vu|P, Pe (3 Fs 29) 


from (3-27). However, by the same argument as in the case of exchange scatter- 
ing, both of these are incorrect. The correct Born term is given by 


ern = — 2210 (E,— E,) (Ps, ¢| Vew|P1,) (3-30) 

by starting from the expressions (3-20) and (3-21). 
(iv) Pickup process 

Finally let us consider the case of the pickup process. In this case, we can- 
not use the S-operator (3-3) and cannot express the S-matrix element in such a 
form as (3-2). This fact reflects the special situation of the pickup process which 
corresponds to the production of the bound state resulting from the interaction 
Vpy. Therefore, we must start directly from the original expression for the ex- 
tended S-matrix (3-1). With the aid of Eqs. (2-14) and (2-30), we have 


Saye lag ea) 


acre) + (092 Velo?) 
Pap Wie) +4 Fee” | Free py $s, 
eS 1 Ws Uy Capel) al eS ht) 
ey Rey PN 44,7 | AS Rene pares Pf | View| aS 
1 1 
ae a ae | oe) Vex hy 
Spee a He, 4-1€ Par | Vewl ds 


= — 2ri0 (E,-E) (E> | Vewl bP), | (3-31) 


which is the same form as those of other channels. In this case, it is impossible 
to get the reciprocal formula of (3-31) corresponding to Eqs. (3-4), (3-8) and 
(3-20), because #,5? vanishes. This expression, however, can be rewritten in 
more familiar forms in the following way. By using (2-15) and (2-30), we have 


rete ayat (-) oh 
S41 — 2n19(Ey— Es) (009) Vor] (14 Vi) Oya) 
pene, et Ve nn (yop (-) / ul f 
2710 (E; E;) Pa | Vey PD, 5) ap Vpn oe Vow 25 2 Vy} D;, t 
= — 2710 (Ey—E,) (PP | Vevt VulOs,0). (3-32) 


Or, with the aid of (2-26), we obtain 


: 
» 
7 
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Tak 
Sar: 1,4 — 2210 (E,— By {1+ sue = —(Vp+ Vy) ) | Oa Voslgh’?) 
Ose 


— 2718 (E,— ween r+ Vi) -Vewldis??)| 
0 ‘ 


= — 2710 (E;—E;) (Ps, rLV. py\ Piz? > + (Da, s| (Ve+ Vw) [PsP — dG} 

= — 2710 (Ey— E;) ((%, *\Ve zi Vy |PiG PYG, 5| Vew— Ve— Vulfa>}. (3-33) 
Comparing Eq. (3-31) with Eqs. (3-32) and (3-33), we can see that the former 
is preferable to the latter ones from the theoretical point of view, since the treat- 
ment of V, and Vy in Eg. (3-31) is more symmetric than those of the others. 


If we replace #7, in the above expressions by @,; as an approximation, we have 
the result 


S4,4:1,49 — 2700 (E;— Ey) (D4, 7| Vew| i? (3-34) 
from (3-31) and (3-33). However, Eq. (3-32) becomes 
Si,4;1,4 > — 2200 (E,— Ey) (Px,5| Vewt Vivi P12). (3-35) 


The expression (3-34) includes the higher order effect of Vy, but Eq. (3-35) in- 
volves only the first order effect of Vy. 

So far, we considered only the cases of the initial channel 1. However, our 
theory is applicable even in the case of other initial channels. Let us, for ex-~ 
ample, give the elements of the S-matrix for the following cases, and the reader 
will be able to get their expressions for other cases easily. 

(a) Initial channel 2 and final channel 1 (Exchangé scattering) 

In this case, we have 


S1,4:32= (AP |S(Vew) Pa r>- (3-36) 
(b) Initial channel 2 and final channel 4 ae process) 
In this case, we get 
S4f;2 pa PPY= — 2ni0 (H,—E, FF | Vew|Pahi om (3-37) 
in the same way as (3-31). 
(c) Initial channel 4 and final channel 4 (Scattering of a deuteron by a eis 
The result is 
Saf; 4, =CEEP | ED = (Ds, |Pu, — 2x10 (E; —E,) (Ds, 4 Vet Vyl| EO? ) (3-38) 


where Eq. (2-26) was used. 
(d) Initial channel 4 and final channel 1 (Deuteron stripping) 


The element of S-matrix becomes 
Si pega IP EMP =—2A19 EEN P| Vow €P), (8-39) 
after the similar calculation to Eq. (8331) 2 “lf we replace. iP by Opp we have 


a distorted wave approximation : 
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S1,7:4,4— — 2210 (E,— E;) (bp ox | Vew|te’ brn) (3-40) 


which is a symmetrical expression for the potentials Vp and Vy. 


§4. The unitary character of the S-matrix 


In this section, we shall discuss the unitary character of the S-matrix and 
derive the generalized optical theorem. 
By using the fact that the state vectors 


io= as by’, 
(iP =62 6, 
fs ager y (Cay - Ox” 
and f, > =¢s~> ox”’s (4-1) 


constitute complete sets in the Hilbert space, let us investigate the property of the 
S-operator S(Vpw). Inserting this complete set, we have 


Cb? |S* (Vey) - S( V py) aes » 


= SEVAS* Ved PPP 1S Vow) bP) 


= => PCAVILZ mp Emp Pua? 
mak 


where the eigenstates ¥, of the total Hamiltonian are the bound states produced 
by the interaction V,y, and are orthogonal to the scattering states Y,5°>. The 
summation over the bound states will have two terms; i.e. the first corresponds 
to the pickup process 


PP 5 CPO |P py CP a| FD > (4-2) 
RB 


SE PEPY LPP), 


and the second is the bound state of the nuclear core and the deuteron, which do 


not contribute to the S-matrix by virtue of the energy conservation law. By using 
Eq. (2-34) in (4-2), we have 


DEY PGIS* View) Pap <P IS(Vew) Pat) + 33 Pmd Pag Deep |e? 


=O, 97,55 (4-3) 


where the contribution from the term 2=0 vanishes because of the energy conser- 
vation law. From Eq. (4-3), we see that the S-matrix is unitary, and that the 
operator S(Vpy) is not unitary. This fact is quite natural from the physical point 
of view, because the formation of the bound state produced by the interaction Vow 
corresponds to absorption of incident light in optics. 


sets iaiacdaliniatiadiadlii taint 
*/ 
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Inserting the expressions for the S-matrices (3-6), (3-10), (3-26), and (3-32) 
in Eq. (4-3) and putting m= J=1 and Jj = 1, we obtain the generalized optical 
theorem : 


2 
> {w,; (elastic) + >» Wap: =—2ImT;;, (4-4) 


where T,,; is the forward scattering amplitude of the elastic scattering and is given 
by 
T,2= (A, 1| Vv-+ View| Pi? (4-5) 
and w,,; are the transition probabilities defined by 
ws, (elastic) =220(E,—E,) |(1,,| V+ Vew| Pi)? 
and Wh, f 1,6 270 (Hy— E,) | P55 | View| frZ)|?, 


(4-6) 
where wi ;.:,; corresponds to inelastic scattering. 
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The unsubtracted dispersion relations of Chew et al. are reinterpreted as the approximate 
equations for low-energy pion-nucleon scattering with the additional function only of invariant 
momentum transfer (x2), in which the effect of the pion-pion interaction is partially included. 
Using this reinterpreted unsubtracted dispersion relations of Chew et al., we shall discuss the 
effect of the pion-pion interaction to the pion-nucleon scattering and the unsubtracted dispersion 
relations of Goldberger et al. for the forward pion-nucleon scattering in the laboratory system. 


$1. Introduction 


Previously, Chew, Goldberger, Low and Nambu (CGLN)” have derived the 
integral equations for the partial waves in the pion-nucleon scattering by using 
the unsubtracted dispersion relations in which the momentum transfer between the 
initial and final pions is held fixed. It is assumed there that the imaginary parts 
that appear in the dispersion integrals are dominated by the S- and P-waves at 
low energies, and that the undetermined function of only the invariant momentum 
transfer (x*) may be small. Thus it has been shown that the equations of P- 
waves agree with those obtained by the static theory in the lowest order of 1/M 
expansion, except the source function introduced in the static theory, and that, for 
the S-wave phase shifts a, and a;, the theoretical a;—a; agrees with experiment 
very well, and a,+2a; is also not inconsistent with experiment. Further, Gold- 
berger, Miyazawa and Oehme (GMO)” have shown that a,—a; obtained from the 
unsubtracted dispersion relation for the forward scattering amplitude in the labora- 
tory system agrees with experiment very well, and recently, Minami* has stressed 
that @,+2a@, obtained from another unsubtracted GMO’s dispersion relation agrees 
with experiment, if one cuts off the dispersion integral properly. However, as the 
dispersion relations for CGLN’s A‘?(», «) and GMO’s T®(w) which are respon- 
sible for a,+2a;,, may not hold without one-subtraction, it seems curious to us 
that the theoretical a,-+-2a; is numerically not inconsistent with experiment. 

Here, we shall first give an interpretation for the dispersion relations of CGLN, 
which will be mathematically consistent. We start with the consideration of 
ImA“?(y, «*), which may be approximated by S- and P-waves at low energies. 
Then, if one takes ImA§*)(», «*) approximated by S- and P-waves instead of actual 
A“ (», x), CGLN’s dispersion integral in the right-hand side of the equation will 
converge, and the remaining, such as the contributions from D- and higher partial 
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waves, etc., may be expressed by the one-subtracted dispersion integrals with the 
imaginary part _Im(A‘?(», «) — Ao‘ (», «”)). However, it may be approximately 
expressed by the function only of «’, A‘*)(«’), at low energies, Bene to the fact 
that Im(A‘?(, «) — Ay'*?(», «)) becomes appreciable at high energies. In the 
above mentioned meaning, CGLN’s unsubtracted dispersion relations may be correct, 


except for the undetermined A‘*)(x*) which may be interpreted as the high 
energy effects. 


We shall next consider the effect of the pion-pion interaction to the pion-nucleon 
scattering. The importance of the pion-pion interaction in the additional pion 
production,” the electromagnetic structure of nucleon,” etc., has been stressed by 
many authors. The effect on the pion-nucleon scattering may be illustrated gra- 
phically as in Fig. 2. Now, if one can approximate the pion-pion interaction as 
4¢* with the renormalized coupling constant 7, the contribution to the pion-nucleon 
scattering amplitude is apparently expressed by the function of only «’, then it 
will be shown that it is completely included in A‘? («*). CGLN have shown, 
however, that even if one takes A‘*?(x?) to be zero, S-wave phase shifts are not 
inconsistent with experiment. Thus, it will be concluded that the effect of the 
pion-pion interaction 7¢* on the S-wave pion-nucleon scattering may not be so large 
as to cancell the large Born term contribution as has been discussed by Kawara- 
bayashi and Miyazawa.” : 

Finally, we shall derive the unsubtracted dispersion relations for the forward 
scattering amplitude in the laboratory system by using thus reinterpreted CGLN’s 
unsubtracted dispersion relations. As is expected, they agree with GMO’s unsub- 
tracted dispersion relations except for an additional constant that appears in the 
relations of T’(w), but it will be estimated to be small. In this meaning, GMO’s 
unsubtracted dispersion relations may hold at low energies. 

In § 2 CGLN’s unsubtracted dispersion relations will be discussed. In § 3 
GMO’s unsubtracted dispersion relations will be derived, and the effects of the 
pion-pion interaction on the pion-nucleon scattering will be discussed. 


§ 2. CGLN’s dispersion relations 


Following Chew, Goldberger, Low and Nambu (CGLN),” one can write the 
invariant scattering matrix element of pion-nucleon system as 
—A-+i77QB, 
where 
fA, B)=[A™ (@, 3 BO (a, *) |Oap t[A™ (a, &’); BO (wx?) | [tas Call 2- 
(2-1) 
In the above, a and # are the final and the initial pion’s isotopic spin indexes, w 


is the laboratory pion energy and «’ is the invariant momentum transfer between 
the initial and the final pions. Then, if A(w, «) and B(w, «’) are assumed to 
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tend to zero sufficiently rapidly, the following unsubtracted dispersion relations may 


hold : 


foo) o 


K 


ah Im A™ (w’, x’) 1S im Atma ye) ; 

(4) Pe deter 009 ICI, Rb aa NS Pa SP 2.2 
pe Cie = z \ aes dw’ + = o! tw—202/M 7) ( ) 

B HB 

and 
2 2 
(aS Ga Nee CAE WE G ; 
——2Mw — (P+2Mo—4k 
1 ImB®(o'; 2), , <1 ( ImB@(o’, 2) 
ee a Oc : Ws Ep pve 2.3 
z iv \ wo! —w es T | vw +e—20/M ee 
K 


where G is rationalized renormalized Ps-Ps coupling constant, M and v are nucleon 
and pion masses respectively. However, at least A‘*’(w, x?) may behave like 
constant when wo, thus it may be necessary to carry out a subtraction in the 
dispersion relation of A‘*)(w, «*) once.” Here, we shall obtain the subtracted 
dispersion relation as follows, observing that Im A‘? (w, «*) may well be approximat- 
ed by S- and P-waves at low energies. Then, if one takes ImA§*(w, «?) expres- 
sed by finite partial waves S and P instead of actual ImA“?(«, x), CGLN’s dis- 
persion integrals for A“(w, «) in the right-hand side of (2-2) will be shown to 
converge, from the unitarity conditions for partial waves, thus this expression may 
be well defined mathematically ; the remainder will be written as follows: 


OTC es op pe (ae) 
77) 


d /_——— 5 vy! 
7 3 ow! +w—2/M oe 


/ 
oO w@ CL eda | 
77 


( W—W ) Im AS? (w’, «) da! 


wo’ — wy 


=Asroe) + — | 
T 


ow! — wo 


at ek OR | 
mJ wo! +@—2K/M / (0! +0—28?/M) ee Cy) 
where ImA‘, (a, «) =Im(A (a, «) — A,(w, «)), which will have appreciable amount 
only at high energies. Therfore the right-hand side of (2-4) may be approximated 
by the function of only «* at low energies. Thus, (2-4) may be approximated 
as follows : 


{ Im A§*?(o’, «) da! At nt \ Im A§*?(o’, «) do! 
4 wo’ +0—2%/M : 


/ 
wo—-w Tv 


AM (wy 2) =A (et) 4-1 


4 


(2-5) 
which expresses just CGLN’s unsubtracted dispersion relation for A‘ (w, K’), except 
the undetermined A‘? («?). The same form may be derived by the following 
different way: As A‘?(, «) may be analytic function with respect to w in the 


f 
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complex upper half plane, Cauchy’s integral representation of A‘(«, x?) may be 
written as follows, by taking the contour of integration as in Fig. 1, 


A 
A (a, rapes | Im AS? (o’, K*) do! oss (2 (ace 2. 


/ . 
wo—w TL Whip) 


- 
fin 
-A 


du!) Pats ss 
where the last term is integrated on the semicircle 
of radius A. Now, when w<A, the last term is 
approximately independent of w, hence is written as 
A (x), and if, for —A <a! <A, ImA“ (w’, «’) is ap- 
proximated by S- and P-waves, (2-6) becomes (2-5). 

Here, we consider the effect of the pion-pion 
interaction to the pion-nucleon scattering. It may be 
illustrated graphically as in Fig. 2. Now, if one can ! 
approximate the pion-pion interaction by /¢*, with the D 
renormalized coupling constant 4 (or by S-wave pion- ; 
pion interaction), the contribution to the pion-nucleon E© 
scattering amplitude A‘? («, «’) may be expressed as \ 
a real function of only «’ independent of w, same as \ 
the vertex function that appears in the electromagnetic 4 
structure. In view of (2-6), this function may be 
included in A‘*?{x’). 

Now, CGLN have shown that, using (2-2) and (2-3), S-wave phase shifts 
a, and a, are not inconsistent with experiment, assuming that the imaginary parts 
in the dispersion integrals of (2-2) and (2-3) are approximated by S- and P- 
waves (and especially dominated by 3-3 state). This means according to our 
interpretation that the large Born term contributions in (2-3) to S-waves may be | 
almost cancelled out by the 3-3 state contribution, thus the contribution of the pion- 
pion interaction to S-waves, which is included in A‘)(«) of (2-5), may not be 
so large as to cancell the Born term contributions as has been discussed by Kawara- 
bayashi and Miyazawa.” In Appendix, we will more explicitly express the pion- 
pion effects on the pion-nucleon scattering by using Mandelstam representation for 
the pion-nucleon scattering.” 


Fig. 2 


§ 3. GMO’s unsubtracted dispersion relations. Discussion 
Following the reinterpretation of CGLN’s dispersion relations stated in § 2, 
we can derive the unsubtracted dispersion relations for the forward scattering 
amplitudes in the laboratory system, 
T (w) = (1/42) (A™ (a, 0) +wB™ (a, 0)) C35) 


and 
T®(w) = (1/42) (A™ (a, 0) +wB(w, 0)). (3-2) 


Substituting (2-2) and (2-3) in (3-1) and (3-2), we have 
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of22/2M  _G*/4n eee Im A‘? (o!)/42 4 
BK 


1 ees ah iets Sa 
LO Tia EZ OME SEs vo 
foo} ee 
tae | 20 3 Im B‘ Ee Aa (3-3) 
AG ww 
& 
and 
2uf? 20 ¢ ImT (w’) ; 
(2) = ~ ' 3-4 
Ee) w'— (f?/2M )* ar 7 | ww cate ee 


where imaginary parts in (3-3) are assumed to be approximated by S- and P- 
waves, and {?=(Gu/2M)?/42=0.08. (3-4) agrees with GMO’s unsubtracted 
dispersion relation and has been estimated to be consistent with experiments by 
Haber-Schaim® and GMO.” The last term of the right-hand side of (3-3) may 
be formally rewritten as follows : 


w 


“ YOY) / Aor 
— | 20 ImB (w ) [4x . , 


o 12 2 


Oe: wo 2g 
K 


| 20” LIS Mea) [Ax sda! 


Bees | mB (0!) /4z dol. (3-5) 


Substituting (3-5) in (3-3), we have 


T® (w) =— 


a 


ee {2 , ImT (odo! __(G*/4a) 
wo — (47/2M )?* 4 ow M 
D) foe} 
—-—-| (Im B“ (w!) /4n) da’. (3-6) 


As is expected, this agrees with GMO’s unsubtracted dispersion relation, “except 
the last two terms. But even if ImB“?(w) is expressed by partial waves, the 
dispersion integrals in (3-5) and in (3-6) may not be convergent, thus we must 
cut off the integrals in the spirit of (2-6) in § 2. Now, one can estimate with 
‘eine cutoff energy 124 that the last two terms in (3-6) cancel out each 
other, 


Oy) 
C2/da = — 2M f 


') [42] do’. (3-7) 


In this meaning, we have the eerie of T(w), which agrees with GMO’s 
unsubtracted dispersion relation : 


T%(wo)= ig 5 da’. (3-8) 


nee ONT 1¢ 5,¢ MT” (o!) 
w'— (7/2M )? t \ Lee 
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Thus, we can see that this approximate equation results from (3-7) which shows 
the large Born term contribution to S-waves cancelled out by the 3-3 state contri- 
bution as has been stated in § 2. 


CGLN have shown that the contribution of 3-3 state to S-wave scattering 
amplitude f$* (q) (= (e™ sin a, + 2e™ sin a@;)/3q) does not show the resonance like 
energy behaviour and is almost constant over the energy range #< wSM; this 
may mean that this contribution gives the attractive S-wave interaction of the range 
of about 1/M same as the range of the Born term contribution, in terms of the pion- 
nucleon potential. This may be consistent from the observation that the S-wave con- 
tribution of 3-3 state may be graphically described as 
in Fig. 3a, as the relativistic dispersion relation (2-2) 
and (2-3) must include the graphs of Fig. 3a and of 


SN 
Fig. 3b equally in the sense of Feynman’s overall y 
space-time picture, and the latter may describe the 3-3 ee 
state resonance. ase 
Finally, we shall discuss the contribution of the, ‘S 
a b 


pion-pion interaction to the pion-nucleon scattering. We 
have inferred in § 2 that it may give only higher Fig. 3 
order correction to S-wave pion-nucleon scattering. To estimate this effect actually 
seems, however, to be considerably difficult, because S-wave may penetrate deeply 
into the nucleon core and is affected by the small range interactions, and thus 
(in terms of momentum representation) it may be necessary to estimate the high 
energy pion-pion interaction and 4-pions exchange interaction, etc. The higher 
the angular momentum of the partial wave, however, the larger the relative im- 
portance of the long range (about 1/2/) interaction from the pion-pion interac- 
tion may become compared with the short range (about 1/2M) Born term 
interaction, and the treatment of the effect of the pion-pion interaction may become 
easier, for the higher partial wave goes through the farther distance from the nu- 
cleon core. 
In fact, according to the preliminary estimates by-LSato, “A. Takahashi, Y. 
Ueda and the author,” the attractive pion-pion S-wave interaction with the scatter- 
ing length of about 1/pi gives an attractive P-wave pion-nucleon interaction and 
is rather consistent with the experimental P-wave scattering amplitudes. Therefore, 
we believe that the pion-pion interaction will give the more definite effect on 
the D-wave pion-nucleon scattering comparable with CGLN’s result,” in which the 
pion-pion interaction has been neglected. Further investigation on this point is 


now in progress. 
The author wishes to express his gratitude to Professor K. Nakabayasi for his 


+ It has been stated by Rodberg that this order of S-wave pion-pion interaction may be favorable 
in order to explain the cross section of additional pion production by pion-nucleon scattering near 


_ threshold, see ref. 4). 
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interest taken in this work. He also wishes to thank Professor I. Sato and the 
other members of Tohoku University for valuable discussions. 


Appendix 


Further consideration on the pion-pion effect 


Here, we shall more explicitly express the pion-pion effect on the pion-nucleon 
scattering (“the pion-pion correction” to CGLN’s dispersion relation) by the use 
of Mandelstam representation for the pion-nucleon scattering amplitude.” We 
first specify the momenta of the incoming and outgoing pions as % and q, those 
of the incoming and outgoing nucleons as p; and p;. Then we must simultaneously 
treat the reactions (I), (II) and (HI), which are 


(qr) + N(pi) —>z(q.) +N(po), Be 
a(—q) +N(p:) >2(—-mM) +N(p2), (II ) 
N(p:1) + N(—p:) >2(—@) +2(m), (II) 


respectively. Introducing the variables s, uw and ¢, the squares of the center-of- 
mass energies for the reactions (I), (II) and (III), respectively, 
s=—(fitq)’?=M7?++2Ma, 
u=—(pi-—G)’, 
t=— (a—H)*= —Ae’, (A-1) 


the invariant functions A™ and B™ defined in (2-1) are written as follows :” 


oe 

us, us / 

ONES paneaamiea D ai; (s’, t’) 
=; E , 


(s’— 5) (s’=s) (£2) 


ds’ \ dt’ 


it — du'| dt! asp (u’, rae “a ul | ae! aS Cre So> Uo) 
Es 7S a ies 
Bates (a! — uo) (u' —u) (t/—t) T on prey 
if " P alt (s! ‘) oe re 
ey , 12 u 1 a Ss 
se 2 ds du’ (u! —u) (i ) aP pigs 
Of y)2 te y)2 acne aie 
rie a» (u’) 
me. [ae NE 
12 7 \ 3 u—u ’ (A-2) 
(M+ 4)? 


where the first and second terms have been subtracted at the points s=s, and 
w=u, for the spectrum functions a, (s, ¢) and Q3(u, t) will behave as like as 
constants when s—>co and woo, respectively, (Similarly, B™ is written without 
subtraction and adding the ‘“ Born terms ”’.) By means of the symmetry relation 


> 
+ 
¥ 
a 
g 
- 
> 
¢ 
+ 
S 
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for the invariant functions A‘ (¢, s, «) and B‘)(t, s, «w), the spectrum functions 
must satisfy the following relations: 


Gr (sy) = ants, t), -G2 Cs; t= Fba(ss Dd, 

ae CS. te) a X71, 5S) ie Cs, 2) = + Dy, (4:;\5), 

ar (s) = +a)(s), Os) =F 6"(s), 

Ga CEs Son tg) = + a(t, gst Sa) (A-3) 


Then, we may derive the one-dimensional dispersion relations for which the 
momentum transfer, t= —4x’, is held fixed, but thus obtained expression for A‘™? 
is not similar to the CGLN’s dispersion relation owing to the fact that A‘ in 
(A-2) is once subtracted. Here, we shall first cut off the integrations with re- 
spect to s’ and w’ in (A-2) at the points S)>s and U,>w. (Hereafter, we put 
S)= U,= for simplicity.) Then, using the following relations, 


ao oo 


- ag as c. t) 
| ds | a (s’— 5) (s'—s) (t'—2) 


Si 56 
2 


Jv “ 
(M+ 2)? 44? 


A2 co A2 food 
ik e a> s/ t! al as® s/ t! 
eS \ ds'| dt’ ( — ‘ (! - mech ds at. Aas es , etc., 
43 (M+ 2)? 4? P (+ 2)? 42 j 
(A-4) 
(A-3) is rewritten as 
A2 [o-) A2 ie) 
: (CWA Ii ° . CVT 
SDs eee 1 lobes MY Fi 
Awa \ Pld (aw a 
nal (s’—s) (t’—t) 7 J (u' —u) (t’—t) 
(M+ p)2 Ap2 ; (M+ 4)2 4p? 
© 2 A2 
CE) (7! /P 1 e asx sf u') 
x 1 dt! a3 (t py ae ) by S ds! al — (s ? 
Se fi 7 : (u' —u) (s’—s) 
42 (M+ y)2 = (M+p)2 
1 ar (s') af ° aS» (u’) ; 
+— be Soe rea CS eee oon (A-5) 
pe 4 ie 
Oat aya opty (i. mw)? 


In this expression, each of the first three terms might diverge when /’>0o, but 
as the whole they must converge when /’>0, if the same cutoff A’ for each 
term is used. ‘The first three terms in (A-95) also can be interpreted, apart from 
the above derivation from (A-2), as the result of the application of Cauchy’s 
integral representation, where the integrals in the variables s’ and wu’ have been 
performed on the circles of radius /? with the branch cuts (M+ Pee and 
(M+p)?<u< on the complex s- and u-planes, and thus the third term is oon 
spond to the integrals on the circles. Thus, we have been able to rewrite A® 
apparently in the unsubtracted form introducing the cutoff energy vA This = 
pression is very useful for our purpose. We then can write down the dispersion 
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relations, when the momentum transfer ¢ is held fixed, as follows: 


5 (+) oe (4) ul. t ale, A) 
AGS ee BONES, yt BLED - Lae , 
706 s/— 5 v1 \ We Lt 
(T+ p)2 (M+ p)2 4y2 
(A-6) 
similarly, 
2 2 rr (+) 
Bie = Ce == Ca Li i | NG BEG, PS eo BY Ww, £2 Dy 
M?’—s M?~u Tore. si—s I u’—Uu 
(M+ 4)? (M+ 2)? 
(A:7) 


where (A, B), and (A, B), are the imaginary parts of the reactions (I) and (II), 
and are expressed as follows: 
© A2 
sh als? (s’, t’) az? (s’, u’) 
By cae Go ey re eee cc EE Seek ea ps Se 
AM (S, 4) ear’ (1) + ra ae t/—t gt kote ee u' —u(s’, t) 


4p? (M+ 4)? 


7 LG 


(A-8) 


Further, the a (¢, 4) is related with the imaginary part of the reaction (III), 
BAL 2 (Ey 5S; c), as 


A2 
CE) Goh a> 
Ae tr. oy u) Bah Gp ft) + ast Di : re: PACS aE ATS 
(OL 2)? ? oes fer 
(A-9) 


especially a$(t, A”) =0 by means of Pauli principle for reaction (IIL). Therefore, 
CGLN’s dispersion relations will hold for A‘ and B®, when, in A‘, the same 
cutoff A” is introduced in the integrals in s’ and w’ as in (A-6). 

Next, we will more carefully consider the low energy behaviour of the scat- 
tering amplitude than in Sec. 2. We first consider the A,(s, £), As(u, ¢) and 
A;(t, s, «), which will be expressed as the sums of the contributions from the 
various intermediate states by means of the unitary conditions imposed on the 
reactions (I), (II) and (IIL), respectively. The lowest contributions to (1) and 
(II) come from the elastic pion-nucleon scattering. (We denote them as Ai, and 
Axe, respectively.) However, the related spectrum functions a,3(s, 2) and a3 (wz, t) 
in (A-8) do not include the lowest 2z-contribution to A; by means of Furry’s 
theorem. We will then divide the regions of the integrals in s’ and w’ in (A-6) 
into the two parts ((M+¥ y)’, 2) and (2, 1’), taking &? so as to be able to 
approximate (Aj(s’, t), A2(w’, t)) as (Arey(s’, t), Aaen(w’, t)) in the former 
region. Then, we have 

A? Q2 
Ais Ai(s', 1) ds! Arn (s’, a8 


ds! 
ire : sis 
(M+ mw)? (M+ 4)? mars 


site ee) 


ra! shar 3 


ZLitnety lS a bd 
s'—s5 


an 


+ og wens 


ee ae a rns 
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where the second term, which is the contribution from the inelastic scattering, 
will be the small correction. However, we will extract from this second term 
the lowest 2z-contribution to the reaction (III), which is written as 

02 


. t'—t t ot 
4y2 (M+2,)2 =) * 


Then, A“ is rewritten as follows: 


Q2 22 
a / A / 
woes: ds’ Asen(s, ¢) 4 -_ dt Livers 0) 
T s'—s rr u'—Uu 
(M+ p)2 (M+ p)2 


ir 1 
+ | dt! Fis Ais! (2S; 24,627); 
4u 


2 


ae f / ue / / 
A;' (t’, s, u, 2) =a;(t', #Y+ : | as ants 58) = s | dal! asl, i) 


—s yg ul —u 
2 a2 
at ¥ v d. , Q13(2%) Cs t’) pu at r d 1 23 (2x) (uv, t') (A 11) 
——_ Ss a ee a ee . 
sis ra ul—Uu 5 
(M+ 24)2 (M+ 2p)2 


where it is assumed that the upper limit A’ of the integrals in the convergent last 
three terms in (A-5) will be replaced by 2 at low energies. Comparing (A-11) 
with (A-9), we see that the 2z-contribution to A,’ is exactly equal to the 2z7- 
contribution to A;, which we denote as Asa). Then, our final convergent expres- 


sion for A is as follows: 


2 2 
Pete) mg kD ds’ Axe (s', t) fe Ach f du! Age (w’, t) 
a dy 7 Vind 
a (M+ gp)? 4 bs @ (I+ #)2 ye ta 
she AS, (t’, s, u LAr At’) (t', s, u 
ph fay Mois 1 gy MOE SD ae) 
TA) ib sKE : mh 
2 1642 


cs 


BK 
. 


where the related spectrum functions a; and as for A;” will be non zero only 
when s, «>. Similar expression will hold for B® by adding the Born terms. 
Thus, we have been able to express “ the pion-pion correction”? to CGLN’s dis- 
persion relation. The first two terms in (A-12) will be approximately equal to 
the last two terms in (2-5), because the most dominant contribution from the 
3-3 state will be included in the region ((M+y)’, 2°), thus the A(x’) in (2-5) 
will be equal to the last two terms of (A-12), which might be approximately 
independent of s and wz at low energies. (A-12) are approximately equivalent to 
those used by Frazer and Fulco in the problem of the nucleon structure,” and also 
are approximately equivalent to those used by ours in ref. 9). Similar expressions 


990 
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to (A-12) also have been derived by Cini and Fubini,* but they start with the 
unsubtracted dispersion relation, which will hold only for B%~’. 


1) 
2) 
3) 
4) 
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We develope a collective description of the many-particle system interacting through 
an arbitrary two-body potential. The description is given both in terms of the second quantized 
form and in terms of an auxiliary field analogous to the longitudinal electromagnetic field. 

As Bohm-Pines theory of the collective description has some unsatisfactory features con- 
cerning the subsidiary condition imposed on the auxiliary field, we propose here a strict 
method of treatment on the subsidiary condition. To obtain the useful result of the collective 
representation, we have to take the three steps of the canonical transformations. Though the 
first two transformations are the same as those of B-P, the third transformation, which is not 
applied by B-P and is characteristic of our theory, is necessary for obtaining a meaningful result. 
By using both the strict subsidiary condition and the three canonical transformations, the 
collective field coordinate and the particle coordinate are separated not only in the total Ha- 
miltonian but also in the subsidiary condition. Moreover, we are able to clarify the correct 
meaning of the subsidiary condition and clarify also the connections between our theory and 
the theory of Sawada-Brueckner-Fukuda-Brout. 


§ 1. Introduction 


The collective motion of a many-particle system has been known early. Among 
many examples of collective motions, a well-known example is the plasma oscilla- 
tion of a system of electrons, as empirically observed first by Penning (1926) and 
by Langmuir (1929). The same was investigated theoretically by many authors,” 
among whom Bohm and Pines” have developed most interesting theories. Another 
example is, as is well known, the collective motion of the liquid helium. This 
was pointed out first by Landau,” who explained behaviors of He’ in the very low 
temperature region based on quantum-hydrodynamics. Thereafter, the procedure 
of the quantum-hydrodynamics was investigated minutely by several authors.” . 
Moreover, to give justification to Landau’s theory starting from the Schrodinger 
equation of the particle system, various approaches have been attempted by several 
authors.» Most of the theories mentioned above are interesting not only as tke 
proper method for each problem but also in suggestive aspects for a general method 
to solve the many-particle problem. Especially the Bohm-Pines theory seems im- 
portant, though it deals only with a system of particles interacting through Coulomb 


* This is the revised and enlarged one of the paper which was read at the annual meeting 


of the Physical Society of Japan held in Hiroshima, Oct., 1959. 
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force. On the other hand, Tomonaga” proposed a wide theory applicable to a 
system of particles interacting through non-Coulombian force. 

The present work begins with the Hamiltonian which is essentially concerned 
with Tomonaga’s “ E-field,” which is a generalization of the Bohm-Pines method. 
Although Tomonaga’s and Bohm-Pines’ theories were not, our formulation will be 
developed in the second-quantized form. This seems especially necessary for clari- 
fying the differences in the collective representation according to the difference of 


statistical character of the particles. 
In § 2 we shall give the fundamental Hamiltonian of the system and a strict 


definition of the subsidiary condition. The Hamiltonian taken at the start will be 
replaced by another equivalent Hamiltonian expressed in terms of an auxiliary field, 
i.e. the “E-field. But here, the pivotal point is in the treatment of the subsidiary 
condition imposed upon the auxiliary field. In the theory of quantum-electrody- 
namics, the difficulty in the subsidiary condition has already been pointed out by 
Belinfante and others,” that is to say, the state vector Y which satisfies the condi- 
tion (V-E—4ze0)@=0 cannot be normalized. If we adopt such a type of condi- 
tion for the present auxiliary field, as Bohm-Pines and Tomonaga did, the same 
difficulty as met in the case of quantum-electrodynamics will appear. The difficulty 
in the subsidiary condition of the Bohm-Pines theory was discussed by Adams and 
Kuper.” In this paper we shall propose a strict method of treatment of the sub- 
sidiary condition with special care. 

In § 3, by using a canonical transformation we shall strictly verify the equiva- 
lence between the original Hamiltonian and the Hamiltonian expressed in terms 


of the auxiliary field. The meaning of the subsidiary condition will also be clari- 
fied there. 


In § 4, we shall apply the first canonical transformation, which was applied 
by Bohm-Pines and by which a collectively oscillatory: part of long wavelength 
will be separated from the Hamiltonian expressed in terms of the auxiliary field. 
The frequency of the collective oscillation thus obtained is, however, an expression 
at the lowest order in an approximation. At the same time, in this section, we 


shall explain the necessary condition for the existence of the collective oscilla- 
tion. 


In § 5, the second and the third canonical transformations will be applied, 
thus obtaining the collective representation in which the collective field variable 
and the particle variable are separated not only in the total Hamiltonian but also 
in the subsidiary condition. The second transformation is also the same as that 
of Bohm-Pines, but the third one is not applied by Bohm-Pines and is characteristic 
of our theory. When only the first two transformations are applied, the collective 
field variable and the particle variable are not separated either in the total Hamil- 
tonian or in the subsidiary condition. This circumstance is caused by the new 
facts around the subsidiary condition which is correctly revised by us from the 


customary expression. Thus, to obtain a meaningful result, the third transforma- 
tion 1s necessary. 
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In § 6, we shall clarify the meaning of the subsidiary condition in the col- 
lective representation, and reduce the total Hamiltonian by taking the subsidiary 
condition into account. The Hamiltonian thus obtained is independent of the 
subsidiary condition, and is applicable to the discussions not only of the ground 
state but also of the excited state. There, at the same time, the connection between 
our theory and the theory of Sawada-Brueckner-Fukuda-Brout” will be shown. 


§ 2. Fundamental Hamiltonian of the system 


We start from the following Hamiltonian of the second quantized form: 


— 2 2 
A= Z pz ee. (4) b,-dv 


2m J c=1 t 
+ -\\ dg" @)o"@) G2) t,(2)$.() dodo’. (la) 


Spin index o or # should be omitted for a system of Bose particles. In the case 
of Fermi particles, as only the nonrelativistic energy region is being considered, 
the negative energy state (or anti-particle) is neglected, and the potential G(a—z ) 
is conveniently assumed as spin-independent. The essential argument of the theory 
will not be affected, however, by these abbreviations. Commutation relations for 
the particle variables are well known as follows : 


[¥.*(x), (2) ]e= F 4,,,0°(2-2'), 
[b.*(x), ¢,* (2) le=[¢. (2); $02’) ]-=0. 
In the double signs,* here and hereafter, the upper and lower signs respectively 
correspond to the Bose and Fermi particles. | 
If the density operator, p=)).21.*., is used, (1a) may be rewritten as 


— | Si g,* (4 V) $.-do 


2m o 


(2) 


+} [fo @e@-299@) dodv'— 1 G@) \p-dv. (1b) 


Instead of working directly with (la) or (1b), we introduce an equivalent 
Hamiltonian expressed in terms of an auxiliary field analogous to the longitudinal 
electromagnetic field. This is convenient for describing the longitudinal collective 
oscillation of the density and is the essence of the “ # »feld method proposed by 
Tomonaga.” That is, we use the following Hamiltonian in place of (1b) : 


+2 {fev Me@-2) (WT) de a’-16@|p-d. 


“a 


* [A, B]z=AB+BA. 
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Here, the operators of the auxiliary field, A and II, have characters similar to 
those of the electromagnetic field, A and E: A and Il correspond. respectively to 
the longitudinal part of A and to the longitudinal part of E, which is canonically 
conjugate to A. When G(2—2’) is the Coulomb potential, there stands the equa- 
tion 4JG(x—.2’) = —4ze’d*(x—.'), and consequently, the second term of (3) be- 
comes 1/82) E?-dv, provided II=E/4ze. At the same time we should replace A 
by e/c-A. Thus (3) is the natural generalization of the Coulombian case. The 
commutation relation for the auxiliary field operators is given by 


[II (x), A(a’)]-=iho*(x—2z'). (4) 


To assure the equivalence of (3) and (1), we have to impose a subsidiary 
condition upon the auxiliary field. An expression of the subsidiary condition acting 
on the wave function of (3), (V-II—) =0, is not, as pointed out by several 
authors, considered correct. Difficulties around this point were investigated already 
in the theory of quantum-electrodynamics by Gupta and others.” In the collective 
description of Bohm-Pines, essentially the same difficulty as this was pointed out 
by Adams and others.” ! . 

Comparing (3) and (1b), we can first assume the following condition in the 
form of the expectation value of the operator : 


CLA OEY CALA WiC mea ak (5) 


As the Schrédinger function @ is a function of time (¢), relation (5) should be 
demanded for all (¢). Fortunately, however, there stands the relationship 
[ 36, 2(x) |.=0; accordingly, 


£0) (a) WD) = 4 POG, 2a) 1-9) =0. (6) 


Therefore, condition (5) actually stands for all (¢) when the following initial 
condition stands at the time t=“: 


(D* (to) 2 (ax) O (to) ) =0. (5’) 
Secondly, we can impose the following condition on the other auxiliary field oper- 
ator A: 

(O* (1) A(x) 9) =0. (7) 


At this time, as A(z) is not commutable with 3¢,, there appears a difficulty. We 
shall find it possible, however, to remove this difficulty by adding an extra energy 
J¢, upon (3), by which there stands the relationship, 


[4, A() ==, MEH iAH, (8) 


On the other hand, #, should be selected so as to retain condition (6), say, so 


that [26,, 2(x)|.=0. As a most simple form of #¢, which satisfies the above 
conditions we may take 
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gua —|\ O@Gle= 2 Ok) .dodw— \\e (x) G(a—2') 2 (x") -dudv'. 


(9) 
Thus, we obtained the second subsidiary condition (7) for all (¢) under the initial 
condition, 


(O* (to) A (x) P(t) ) =0. (7) 
When 26, is introduced into the Hamiltonian we should put the third condition 
(O* () 2 (x) O(t)) =P, (10) 


where P is a c-number independent of any dynamical variable and should be 
determined so as to establish the equivalence (%*H,%) =(@* 26%). As the relation- 
ship [#6, 2 (x) |_=0 is evident, (10) stands for all (¢) under the initial condition 


(O* (to) 2 (x) P (to)) =P. (10’) 


Furthermore, as the quantity A’ is contained in (3), it seems necessary to put the 
fourth condition 


(O* (2) A’ (x) 9()) =Q, (11) 


where Q is another c-number independent of any dynamical variable. At this time 
as well, as there stands the relation [76, A?(x)].=0, (11) stands for all (¢) under 
the initial condition, . 


(O* (¢,) A? (x) P(t) ) =Q. 11’) 


Thus, we obtained the necessary and sufficient subsidiary conditions assuring 
the equivalence between the original Hamiltonian (1) and the Hamiltonian expres- 
sed in terms of the auxiliary field. We summarize here the results obtained: 
The fundamental Hamiltonian for future discussion is 


m 1 / 


++{\ (V, M)G(e—2') (W’, W) -dudv'—) G0) \e-do 
te lil 2G (a—~ 2x!) 2! dodo! — \\ee (x—2x') 2 -dudv', (12) 
2 


and it can be expected that this Hamiltonian be equivalent to (1) under the sub- 


sidiary conditions, 


(O*2(x) 0) =0, (W*2"(x)%) =P, (13) 


(O*A (x) 0) =0, (@*A?(x)%) =Q. 


If we pay attention here to the fact that A is not independent of 2 according to 
(4), we can easily understand that Q is not independent of P. In the coming 
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calculations we shall actually illustrate that Q is determined by P (or vice versa). 
Further calculations will be worked out in the momentum space and more 
detailed circumstances on the subsidiary conditions will also be clarified. 


§ 3. Equivalence between (1) and (12) 


We hereafter consider the whole system to be in a cubic box of volume V 
and transform every operator into Fourier series, thus working out calculations in 
the momentum space. The fundamental formulae associated with the Fourier 


transformation are given by 


$,(x)=V-" a Cert MG (a) VN yigeee ne, 

: (14) 
[be,, Su, x0 le =r OO One ? Loe, oie Sali, op + =0, 
A(z) = Wine Say I Are it II (x) Ss Waals ys E,p_.,e"* : €,=k/|k| | 
k d (15) 
[ pe 5 Gur |- =— iNO%, x1 ; 
The Fourier-analyzed form of the operator 2(2) is 
2(z)=V-l—p=V-? S2k| Ge"; 
‘ (16) 
Qe= pat (/|k\) (; 
where (x) =V~"? ya o,e"" and 

Pr=V Re a pe KI P,, Bree Vows ip pa Ps. —kikl Pe, kis (17) 


If we assume the subsidiary condition to be 2(2) 0=0, the one in the momentum 
space becomes 2,0=0. We should not, however, adopt this subsidiary condition. 
The expression of our subsidiary condition (13) in the momentum space are given 
(for all k) by 

(D* 2,0) =0). (D* 2, 2),D) = —f? (k) On KR, 


(18) 
(D* a?) =0, (P* Qu gy. P) = — 9° (Rk) Ob), x, 


where f*(k) and g?() are the c-number functions of &, to be determined later. 
The total Hamiltonian (12) is expressed in the momentum space by 


AS ae OE baten— Sst (k— k!/2) - Ex Qe PE rYo,k- het 


k 


ee 1 
SEDATE oe (Ex, Oe a pm k? J(k) (p-npr— 2_2 2, 


4.93/|K)- p42.) — x 


(19) 


Here, N is the total number of particles defined by 


PES eh LS OA. 
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e 


N= ay PE Pon = \e -dv=V/ V po, (20) 


and J(k) is the matrix element of the potential G corresponding to the momentum 
transfer of k, and is a function of |k| only when G(x—2’) is spherically sym- 
metric, that is, 


G(z—2z')=V" pe Rarer: (21) 
Now we shall apply the canonical transformation 2=U@%’=exp(S)@’ by 


which the equivalence between (12) and (1) will be verified. Here the generating 
function S is given by 


sS= ue ak as Gk P—x : (22) 


In the new representation where the state function is %, any operator transformed 
is given by the well-known formula, 


e-SOe=O0+[0, S}-+3-[10. SPAY ee (23) 


In the calculations of the transformed operators we use the following relationships, 
[peep y,2 ? Dern Purul HO rot OF, is PEEP wt,2t at Cay Of, penn Puts 
1/2 > 
[pen Py,2 » Prt L =V , (PXx P wish! Ss DE wet Put) ? (24) 


[Px > Px |- =0, 


which stand both for the Bose and Fermi particles. ; 
First, the new subsidiary conditions transformed from (18) are given (for al 


k) by 
(D* p,.P) =0, (D* pu peO’) =f? (A) Opyhe pels 
(D* g,9) =0,  (O* qu geP) = — G9 (A) Fes, -4- 
Secondly, when we put 36 of (19) for O in formula (23), the fourth term and 


the following terms vanish precisely, and the result 1s expressed by 


-1 o WR ox 1 N 6 
U2 KU = ve bt abet DI PoP — Fay I). 28) 
ra} 2% aver Ie ; 


(25) 


This is exactly the momentum representation Ot yita ohn (Lee | 
Now, in order to clarify the meaning of subsidiary condition (25), we trans- 


form (qm px) into (a, a%*) by 


=f (gat), p= (arta*), 27 
Di: 5f(F) (a,—a*,.), pe=if(k) (arta ) (27) 


where f(&) is the same as that of (18) or (25), and the new operators, a and 
a,*, obey the well-known commutation relations, 
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[apna loo tae dy. =|ae", atl 0. (28) 


Then, we can easily verify that the solution satisfying the four conditions of (25) 
is uniquely given by the following simple form, provided 9’ (’) =f (4p (R= 


a,0'=0. (29) 


The relationship 9?(k) =f?/4f?(k) fmeans that Q is not independent of P (and 
vice versa) in (13). Hereafter we will always adopt this relationship. 

@' which satisfies (29) is the state vector of the vacuum (or the ground state) 
for the auxiliary field and accordingly, in this state, no auxiliary field quanta exist. 
This is a very natural result; thus, the equivalence between (1) and (12) is 
verified. 


§ 4. Separation of collective parts from the Hamiltonian 


In this section we shall proceed to a representation in which the collective 
mode of the motion will be explicitly presented, though it will be an expression 
at the lowest order in an approximation. And we shall illustrate in this represen- 
tation as well that (12) is equivalent to the original Hamiltonian (1) under the 
subsidiary conditions.. The expected representation may be obtained by applying 
the canonical transformation @= 70’ =exp(S,) 0’, where 


a Te 
—— ——_——- J}, 7 
os ike A\k| ce She 


At this time, there is the limitation k>k, in the generating function; thus ac- 
cordingly, (22) is considered as the special case, k.=0, from the viewpoint of 
(30). 

The new subsidiary conditions transformed from (18) are divided into two 
groups for k<k, and k>k,. The first group for k<k, is essentially the same as 
(13)< Thus, for’ 2.< 2. 


(O* 2,0") =0 (1), (O* Qu 2.0’) =—f2 (RO, (2), 
(a 
Lister 

4f*(k) 


where 2, is the same form as (16). The second group for k>&, is essentially 
the same as (25) : 


Ik / 1K / (31) 
(P gq. B) =0 (3), (P ‘dn QP) = — 


he, —k (4) ? 


(32) 


(O™ p.P") =0, (PO pu pO’) =—f? (B) Ot, 5, 
(WG) =0, qa) =— 


te 
FO 
As is easily seen from the discussion of (25), the state vector satisfying (32) 1s 


given by 


a,?’=0 (for k>k,). (33) 


PROGR IE NS TE 4 
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That is to say, the state vector for k>k, represents the vacuum for the auxiliary 
field and accordingly, not any auxiliary field quantum of k>&, is excited. 

On the other hand, in order to consider the meaning of (31), we shall find 
it convenient to decompose 2, as 2,=2';)+2'*2, where 


—k»> 


QO =if (Rk) fax t+ A/2| KFC) ) er} 5 
, 34 
QE = af (Rk) {an* + 1/2| hI F(R)) 0-2 5 Se 
and there stand the relationships 
[2, OD |=? (A) Law, an" =f? (2) Siu 
(35) 
(QE) *¥=— 20, (OF)*=— 24. 


Then we can easily obtain the relations (0/*2';)0’) =0 and (O* 9010) Ds by 
taking both (31-1) and (31-3) into consideration. As (O'* 250") =0 is the 
Hermite conjugate expression of (@’*2%0’)=0, it is sufficient to take only 
(@'* 2°50’) =0 as the subsidiary condition which is equivalent to (31-1) and 
(31-3), that is, 
(d'* > 0’) =0 Cor RAE) 4 (36) 


Now, we can easily verify that the solution satisfying (36), (31-2) and (31-4) 
is uniquely determined by the simple expression, 


Q> @'=0 (for k<k,). (37) 
This is an expression corresponding to (33). 
The state vector which satisfies the subsidiary conditions (33) and (37) is 
given by 


where @, is the eigen-vector of a,*a with eigen-value zero, say, the eigen-vector 
of the vacuum for the auxiliary field. 9% of (38) explicitly illustrates that the 
auxiliary field quanta are excited in the region of k<&,, though not in R> Re. 

Now, the total Hamiltonian (19) is transformed as follows by the canonical 
transformation (30) (cf. Appendix I) : 


2 22 
Ma f hih= pid UF (sd ee PE i CT oa pina ye (k—k’'/2) - Eier Qt PF i Do,u—Kt 
E 2m my Vis, 


al 
+ it DY) (Ex, Exe) We er P-n-01 — DY RI) p-x be 


Inv V bk R<he Za k<ke , 
4 Lt BIB (B-n Qe— 2i/ || «10-0 2x) 
2 kK<khe 
1 NS 39 
ee BV pe J(k). (39) 
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Here, it should be noticed that this expression is not approximated and is inde- 
pendent of the auxiliary field variables for k>k.. If we calculate the expectation 
value of (39), (#’*6'@’), by using (38), we can show that this coincides with 
the momentum representation of (1). However, at this time, we do not neces- 
sarily have to emphasize the equivalence, because the equivalence between (19) 
(or (12)) and (1) was already verified in the previous section. 

We easily find that the part derived by putting k’=—k in the third term of 
(39) is independent of the particle coordinates, and that those plus the fourth 
term of (39) are the energies of a harmonic oscillator defined by 


Sessa Do 09-1 Ge— a Dt RS (Rk) p-xpe- (40) 
Q2nV V kK<ke PON yas 
Here, when the relationship %=N/\/ V is taken into account, the frequency of 
this harmonic oscillation is found to be 


vp= (NR (Rk) /mV)*?, (41) 


which is the characteristic frequency of the collective oscillation. 

. Now, we shall find it convenient for further study to rewrite Hamiltonian 
(39) in the following form by using the transformation of (27) and the definition 
fF? (k) = hw, / 2k J (k) =Nho,/2VmvZ, the definition of which is conveniently taken 
to draw out the higher-order collective oscillation of frequency w,, though the 
lowest-order frequency is », as given by (41). The rewritten form of the Hamil- 
‘tonian is 

= T+ cont Ht +36, +4 Bi | eee ae J(k), (42a) 
2V k<k, 
where, 
2 22 
T= ye ht k 


k 2m 


* 
ee Peyk» 


Gon ME ha, (a.* a+), 


I <he 


1 \ 
%,= = 3 I(p) (?-nPp-}, 


P>k 


2 
1 
A ast a t (2) ho; (a_.—a;*) Pas a k) PE nVe,tats 


U<he 


7 ( 


4 ee h(i, k+0/2 
= (SEV, ee, by = BG E+Y/2) 
NAP oy, a Mw; ‘ 


< 


Dy ‘TD \2 er ee ite. 121, (42b) 


ow 
2 
‘=> hv? —«7?) (a,* 


i<ko 4w, 


x 


aq ae a; as Ny) Aaa as, | : 


ee ‘> »* 


a 
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At the end of this section, we refer to the necessary condition for the exist- 
ence of the collective oscillation. As is easily seen from the expression of », 
(41), the collective ‘oscillation does not exist unless J(k) is positive-definite for 
the region k<&,, although it is not necessary for J(k) to be positive for the 
region k>k,. The case where G is wholly attractive should be excluded from 
the present consideration. Even though G contains an attractive part, if it contains 
a strongly repulsive part at the same time, the case where J(k) is positive-definite 
for the region k<k, may exist. Where J(&) can be expanded in powers of k for 
the region k<k,, J(k) =Q)t+GP+C,.B+:-- {Col > (Gl >|CGl>--), the condition 
C,>0 should be satisfied at least for the above circumstances. Though we de- 
veloped here the discussions based on the expressions of »%; the essence of the 
present discussion will be retained also in the coming collective representation, as 
will be seen in expression (47) for the higher-order frequency «,. 


§ 5. Collective representation 


In this section, the collective representation will be investigated, in which Wea 
of (42) will be eliminated and the total Hamiltonian will be separated into two 
independent parts, one for a set of particles moving at random in a field of screen- 
ed potential, and the other for the collective phonons of frequency m. At the 
same time in this representation, the subsidiary condition will also be separated 
with respect to the particle variables and the phonon variables. 

The canonical transformation eliminating 26, from (42) is given by # =T,¥'= 
exp (S,) 2", where the generating function S218 


1 a(l, k) a(l, k) + x 
BPM eres (yy, ec CD Sg, pet NE EL ah aie, Robe ea 
B= GO % Cea i ie alls B) er NE. 
The transformation T, is the Bohm-Pines transformation itself, and there stands 
the relationship 


[T+ Hons Sj-=—4. (44) 


For this generating function, the expansion parameter for the perturbation series 


derived by T, is given by 
pa (( ENS ae 
ma, | 1a 
where the average should be taken over the particle momenta ik and the col- 
lective field wave vectors I. In the practical calculations, the condition @°<1 is 
assumed and the effects higher than the order of @* will be neglected. (Hereafter, 


we call this the @-approximation.) 
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First of all, to derive from (31), the new expressions of the subsidiary condi- 
tion for 1<k, we have to calculate the quantities (Ty72-E,) sang is st 3) 
After straightforward calculations we shall obtain 


T,7 2; Ti =i 2F) &,, ls Ua ae (a;—a*,+i/ 22-1), (46a) 


2f (2) 
where 
z z (2) me a ; ; 
a oF ~ (ares Ee wees, oa 
2 aed, _ a(—l, k) pains: | 
Ty ve) z 1—a*( 1 k) Me kYo,k—l 


(46a) are expressions in the @’-approximation, and are derived by using the fol- 
lowing dispersion relation in the process of the calculations (cf. Appendix ID) : 


We ee for 1<k,). 47 
sb NF {w,— (h/m) (L, k)}?— (AP/2m)? (for 1<k,) (47) 


Now we introduce the new operators I, and I; (=(/7'~)*) in the defini- 
tion, 


NES es aes :+€) = = yy J ae ae | 
, flee (48) 
pee ae % a mS tees ara 
Then we can show that there stand the relationships 
(r,°, PPL =e8,, (2°, LOLS, PL =0, (49a) 
[3 5-Sy b= 20; vy Ly, tu | = [Sig Sir =. (49b) 


These commutation relations approximately stand under the random phase ap- 
proximation ; for example, we can show for an arbitrary function F(Z) the fol- 
lowing relationship, 


TFOLM, HOL= OOF O) Wy Phe donso- 


ir 


x 1 i ei ] 
iia 0.1) nian tL k) Lal; kya Sal ey, 
= FO) (= ONO, FOLF@). (50) 


Thus, by using (46) and (49), we can verify that the solution of the new sub- 
_sidiary conditions transformed from (31) by T, is given uniquely by 


+ Cae ay TAPP Md ioie ioe te (51) 
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On the other hand, this is the same as the new expression which is directly trans- 
formed from (37) by T>. 
Kanazawa” has said that there is no normalizable state vector Y’ which 


satisfies (51), but we can actually obtain the following normalizable satisfying 
Gb: 


v’—T,0 =exp(S;) Y, 


i! * 4 : (52) 
S3=— = Pea = 027) 57S =— 83), 
V 2 ixKk,. 
where ¥ satisfies the equation 
WAL coe Gx, te) 00: (for 12h). (53) 


' The expressions (51), (52) and (53) show that the subsidiary condition in the 


state Y’(=T,.~*’), namely in the Bohm-Pines representation, is not separated with 
respect to the particle variables and the collective field variables, but the one in 
the state (=Tys'¥’=T;'Tr'@’) can be separated as given by (53). This indi- 
cates at the same time that we should add the third canonical transformation 7%. 
defined by (52) upon the Bohm-Pines transformation TJ, in order to obtain satis- 
factory results. In other words, we can show that the subsidiary condition (53) 
is obtained as the unique solution of the following conditions transformed from 
GL) oby. O=T.ELF, 


(W*E,W) =0, (WEE, V) = 1 83,_,, 
: (54) 
(Bm P) =0, P* Ry mF) = 2-9-1. 
These expressions are evident from (46) and (49), that is, we can easily obtain 
the relations 


Tole OTe =11/ 27 ey, Te Te gids (55) 


iN 
Fre tat ei 
ive es 
On the other hand, the subsidiary condition (33) for k>&, is retained also in 
the state ¥, because a, for k>k, is commutable with both the generating operators 


Sevan. 1935. Loat sis 
GeO (fore k,) = (56) 
Now, when we obtain the expressions of the new Hamiltonian transformed 
from 36’ of (42), we first neglect the term W in ' as very small, after the 
random phase approximation. After straightforward but tedious calculations (cf. 
Appendix II), we arrive at the following results, 


H=Ty1 Ty! T,T1= Hout Hy-N/2V 0 IO; (57a) 
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where 
eal oni = ye ha, (ae a, ate 1/2) 7 
1<he 


H,=T+ loki Wels 


i 7 = hk ae Evans (57b) 


i 2m 


P ; pa 7? (2) Rey Xe pa nS aC ae : a : - $F. bPo,k-1 Pie! Puhr +t 
1<ke 


— Sho, {é_,—Y V/2r (1) p=} Fr, 


oe a 2 IP) (0 —plp NV Ni 
These expressions were obtained by the @’- and random phase approximation. And 
moreover, the dispersion relation (47) was used in the process of the calculations. 
(The subsidiary condition has not yet been taken into account for the expression 
of this Hamiltonian.) . As is easily seen from the result, H..,, is expressed only 
by the collective field variables, and H, only by the particle variables. 


§ 6. Meaning of the subsidiary condition 


In this section, we first consider the meaning of the subsidiary condition (53), 
and then reduce the total Hamiltonian (57) by taking the subsidiary condition into 
account. 

The commutation relations (49) mean that €, and 7, are the canonically con- 
jugate variables of a Bose field, and that J’;“~ and J’, are respectively the an- 
nihilation and the creation operators of the Bose field quanta. Then (53) (or 
(54)) indicates that the Bose field is in the ground state (or the vacuum state) ; 


namely the state vector satisfying (53) is given by the following form in the 
representation where ¢, is diagonal : 


POE =- (5 - : -+4)) 8 en E)=C-exp| 2 £61], (58) 
where C is the normalization constant. 


Here, to clarify the meaning of the subsidiary condition (58), it is convenient 
to notice that there stand the following relationships for the original Hamiltionian 


Fig: of (1) ; 
[Mh POL=—te TO, [CO L=he,T. (59a) 


Accordingly, for the original Hamiltonian, we can immediately derive the equation 
of motion, 


€+02¢,=0 (for 1<k,). (59b) 
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That is, ¢,(7<k,) is exactly the collective coordinate in the original representation 
where the auxiliary field variables are not introduced. In the present theories 
utilizing the auxiliary field variables, however, the collective oscillation is described 
by the other collective coordinate g,(Z<k,) ; in other words, q, stands for €,(or, a, 
and a,* stand respectively for I,“ and 1’,“). These circumstances are expressed 
mathematically by the following relationship for Hamiltonian (57) ; 


Lao, a, a =e; a;*; (60a) 
accordingly 
Gitwfq=0 (for 1<k). (60b) 


In the collective representation in which the collective coordinate g, is intro- 
duced and the collective energy is expressed stably by H,,,,, the freedom of the 
collective coordinate expressed directly in terms of the original. particle variables, 
say €,, should be eliminated. The elimination of €, is assured by the subsidiary 
condition (58). Thus subsidiary condition (58) does not indicate that the col- 
lective oscillation is always in the vacuum state, but only that one of the double 
freedoms for the collective coordinates is eliminated. This is a very natural result. 
It should be noticed here that our operators 7" and /’? correspond respectively 
to the operators A and A* defined by Sawada-Brueckner-Fukuda-Brout” in their 
theory of the electron gas; A and A* are respectively the annihilation and crea- 
tion operator for a plasmon. 

Now, the state vector ¥ of the collective representation is given by the fol- 
lowing separated form ; 


=FyZ20, (61) | 


where Q is the function of only the collective field variable q,(J<k.). When we 
define the internal coordinate of the individual particles by ¢, Z is a function of 
¢. Though Z may as well depend upon the ¢-coordinate, we shall be able to show 
later that Hamiltonian (57) does not contain the intersecting terms between * and 
¢. Thus Z is a function of only the internal coordinate ¢. 

As £,(é) is explicitly given by (58), we first take the expectation value of 
Hamiltonian (57) with respect to 5). In the calculations of (5 )*H5)) we can 
naturally take the subsidiary condition into account. | 

First of all, it is evident that (20% Heo Zo) = Aeon. Secondly we can easily see — 
that (=,*H,.=.) =H, because there stand the following relations under the same 


sr) 


circumstance as (49) : 
Pe as Perle =[fk; PE sts Ve (2) O01 ks (62a) 
accordingly 


[€;5 Px |-=0: and [im;, Prl-=1// V/27 (2) Oh (62b) 


Thirdly, we can show that 
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(Zy* Hy Zo) = Y he, — 


“l 


l< 


because the terms contained in Hf can be rewritten as follows : 


a(—L, kad], K) 


* 
PE Po, k-1P aye! Py ki + 


=) oe LNw, fs 


1 he T= ol Ce k') 
he DD) ha YY (1, bbe eer ai - V2) 
L<ke c 
=) rho LY a(-L, Epox LORD SY aL, EGE Herd 
ie i <ke ke a 
> Show 


St ha f$—V V/2c Dp-4 b= > Nes ae, 
t<ke 1<ke 


VV Ofer TO+LS 9-3} —- 


2 Pa 


= be ha,. 
l<ke 


bo) eH 


Finally, we have to calculate the expectation value of the kinetic energy T, 
(=,*T2,). Though this is rather more complicated than the above, we can obtain 
‘the explicit result by using Tomonaga’s pretty treatment.” That is, we expand T 
in a power series of z, and €,. When we notice the relationship 


(on T|=fe,t21, (64) 


We can express T' as 


T=T y+ >» hw,% 171, {hay pe as iw, 71%). (65) 


U<ke 2 tK<ke 
Here, 7, no longer contains z,, but still contains €,, because we have 
[ups Py o==leaa dl | fiw, (S21 Vee (66) 


Then we expand 7’, in a power series of §, as follows, noticing the relation 
[az,, Dein a= 0 Leg] Os fs 


i (¢) = T in| g-0 + oa [az,, Uap elecess os (67) 


Here, T'n|s-0 and [iz,, Tinl_-\g-o, etc., depend only on the internal coordinate < 


When we consider [iz,, [iz,, T,|.].=0, the terms above the third term in the 
right-hand side of (67) vanish and Tin|:2o is given by 


Tin eno Lin (¢) =e > [az, ’ Tely f, 


=T-— PA, ho, 7 T, — pa ho, {F_, —VV/2- (2) pi} E, ? (68) 
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which, when expressed in terms of the original particle variables, depends only 
on the internal coordinate ; that is, 


étn|E=0-—_ “— — Vo, ic Yok lr > 
£=0 a Om fred at, (69) 


* * 
PS Po, n—1 Peet Pu, bh 40 - 


it 1 “ 3 a(l, k’)a(l, R+2k’) 
5 ———— als a if h yeas —— = aes ————— 
. ee aera fa oN 


Thus, the expectation value (2,.*T')) is given by 


(E,* TE) =Tinleeot 4 S far, (70) 


1<ke 


because the expectation value of the second term of (67) vanishes according to 
the subsidiary conditions, which means that there is no intersection between € and 
€. Here, on the other hand, we may notice that the second term of (67) cancels 
with the second term of H¢ (57b), and that the same results as the above are 
obtained. 

From the above considerations, we obtain the following final expressions, 


(5;* HE) = ADegp= con + Hyatt » (71a) 
where 
ig bape pz ho, (a a, —- 72) + 
U<ke 
Apart = fie Ie as ai ? 


2 22 
T= ae nh fe. PE nPo,ks (71b) 
Kk 2m 


he La ng eae a(L, k')a(l, kR+2k’) 
EA eg Bae ay 2 at RPE VT DECIR OT 


N 
x PE Po, k-1 Le ns Pel +t cote Pal? ’ 


Hy, => Zed pays UterrPin Irv 3 IO) - 
The subsidiary condition is entirely taken into account in these expressions, and ~ 
Hiya is described in terms of the internal coordinate only. The latter circumstance 
is evident also from the fact that [Hyax, €:J-=[Hpare. T,|2=0. - ,, 18: the screened 
long-range correlation energy and H,, the screened short-range correlation energy. 
The state vector for Hamiltonian (71) is now given by Z(€)Q(q). Here, we 
should not forget the dispersion relation (47), which is independent of the sub- 
sidiary condition, as the operator of the right-hand side commutes approximately 


with €, and 7;. 


\ 
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§ 7. Concluding remarks 


Heretofore we were able to obtain a desirable result of the collective representa- 
tion using the auxiliary\field variables, though the result was under @-approximation. 
The important points of our results are the following: (1) A strict method of 
treatment of the subsidiary condition for the auxiliary field was proposed; ac- 
cordingly, the meaning of the subsidiary condition was clarified, and the state 
vector which satisfies the subsidiary condition was obtained explicitly. (2) As 
the subsidiary condition was entirely taken into account in the total Hamiltonian, 
we could investigate behaviours of the system not only in the ground state but 
also in an excited state. (3) The result can be applied for the many-particle 
system interacting through not only the Coulomb force but also an arbitrary two- 
body force. Moreover, the result is applicable to both the Bose and Fermi particle 
system. 

It is our future problem to solve the practical problem by using the obtained 
Hamiltonian (71), which itself will be a fairly laborious work. 

Finally, we should like to notice the following possibility ; that is, we can 
develope the collective description as well, starting from the original Hamiltonian 
(1) and using ¢, from the beginning as the collective coordinate, though usually , 
is used as the collective coordinate. 

The author would like to express his sincere thanks to Profs. Y. Mimura, 
T. Nishiyama, K. Sakuma, T. Tanaka and H. Kanazawa for the valuable discus- 
sions about this work. 


Appendix I 


We illustrate the process of deriving expression (39) from expression (19). 
Hamiltonian (19) is 


H=T+ Hit HtH,+Ii, 


where 


ree 
GPO Sa a Paces 


ONO 
Hy=— mre a (k— k’/2) Ex Get Pen Po,n-k 5 
2 Lag tae 5 (E,, E41) We Gur P- ' (A-1) 
2my ie k—kl > 


Vi 
1 
Maes pm RJ (k) (p2p.—2 RO eee (P-K 2,) ? 


|k | 
H=- 3 DI). | 


eae 


, Bee 
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Applying the canonical transformation (30) to this Hamiltonian, we obtain the 
following relations by using formula (24) : 


hed aw 
Ee Ce om x ik’ qu | Px nPe,x> Px |- 


kI> ko 
=f ye (kB /2) Bn gue oh 
m VV Pa 5 kt Diet Vo ke Da,e—K! 5 CA) 
ns al = Gat Toy 
[46,, SPI a TG “e, (k—k'/2) En ar deca Pun |- 
kM>k 
Be PRON S Arne 
mv V je i> Grr) Ue Qui P-n-E > (A-3) 
[4., 531-0, 
GS ee Sere 2 
8 DE|= — oh Tk) (Rk) P-ier| urs | P-x Pe— 2-14 Qe + p-» 2s) | 
pales) TO | [| iS 
=i 5) [RI BPs (2-2 ps) =0, (A-4) 
[6,; 53 |-=0, 
1 a 1 
5 Ut: Sie» S-= 55 tsa Ex) Ue Vet P—n—Ke > (A-5) 


and all other commutators=0. 


When we sum up the expressions (A-1)~(A-5) to obtain the new Hamiltonian 
(39), we use in (A-1) the following re-arranged form of 4s, 


1 1 
Hr=— 2 TB e-a0t eG ets (p-1P1—2-+ Det Poe 2,) ‘ 
(A-6) 


Appendix II 


Here, we obtain the expressions of the subsidiary condition and the total — 
Hamiltonian in the collective representation, which are transformed by T, and T>. 
First of all, under the @-approximation, we obtain 


‘ 


Ty*aTi=a+1a; S3|-=a,+ a pep one ae ee (A-7) 
accordingly, 
Taw Ui T: Se dass (a,—a*,) T? aay (a,— a*, +i 22-1) GAB) 
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where z_, is defined by (46b). On the other hand, there stands 


S Pr (k = R.) 5) (A 9) 
a 0) LO Ons =| : 

2 pr+2 (ih [Pr A on—|kLf (2) (aa ta*:) (k<k.), 

where the expression for k<&, is obtained by using dispersion relation (47). Then 
we obtain (for /<,) 


Toy T=ifOTO| atats+ T=iV 2f Dei he) 


ie 
—— Pi 
FO 
where €, is defined by (46b). Next, by using the commutation relations for (¢, 7 
and (a, a*), the following expressions are obtained precisely : 


V 2f@) 
Ted 1 0:9. Testy ote 


TAT TiT= eka, | (A-11) 


Thus expression (54) is obtained. 

Now, let us proceed to the calculations of the transformed Hamiltonian. The 
total Hamiltonian after transformation TJ; is given by (42). When it is trans- 
formed by 7,73, the term W is neglected from the beginning as very small after 
the random phase approximation. 

From (A-9) and (A-10) we can easily obtain the following expressions : 


ay Shed tee ip 
T3136,T3= aes ort hoe aE +VV/2 & z(2) hw, e-1€; 
k <ke 


Oe ehe 
se ay Rear ay" ye; 5 (A-12) 
As there stands relationship (44), we have the following in the @*-approximation : 
To (T+ Hout Hit?) Tr=T+ Bout hl + (Hs, S2]_, (A- 13) 


where the term [2€., S,|_ is neglected, because it gives the higher-order effect as 
will be seen later. In (A-13) the important term 1/2[3€,, S,|-=Q,+4+Q, is given by 


— = *2(D) hey, ae 1, k)a(L, R’) 
Oi spa” tetra) 


Pr rPe,n- iGix ms P,, kl+29 (A. 14) 


ick 


Q=—F YY ee Wal—l, al, kD PF Pon ee 


U,li<khe 


i O (a*,— —a;) ay Ww, (a 9 a) an 


lta(—f,k-D 1—a(=P kD (Ad) 


Be KO (ax, ioe a) a — wy (hep — Ay) as. | 


1+a(—l, k) l= a(—= (eR) 


sain eine 


‘ 
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Here, Q, is derived from the commutator between (a*,—a,) in 6, and (ay +a*,) 
in S;. Q, is derived from the commutator between the particle variables contained 
both in 36, and S,. In Q, the part of l’=—l is considered largest after the random 
phase approximation, and accordingly it is reduced to 


hy? 2 
ae = Dy tas] s OM inate 1| 
1 ekg 4Ne, 97°" {w,— (h/m) (L, k)}?— (AP /2m)? 
x (a,*a,+a, a;* — a; a_j—a*, aa) . (A16) 


Then, dispersion relation (47) will be obtained by the condition #¢,/+Q,=0. 

The calculations accompanying transformation T; will be given as follows. 
As there stands [¢,, ¢,]|-=0 given by (62b), we precisely obtain from (A-12) the 
following : 


4 ihe kere Oily ag EES cee 


TT 37H, TsTy= > hw,E_1€,+V/ V/2 be t (1) hw, 9-1; 
l<ke 


l<ke 


“5 ps hw, (a_,+a,*)§,. (A-17) 


Another quantity to be calculated is 
T32T2 (T+ cou + Hr +H!) T:Ts=Ts (T +X cou +Q1) Ts. 
Here (T3716 oouT's) is exactly given by 


Tove an Sf eee mas ho, (a_.+a,*) aie DE NhorF 151. (A -18) 
Von bse Q ikke 


In the calculations of the terms higher than [Q,, S;]_ of the expression (7'3~*Q, Ts) 
=Q,4+[Q,, S;)_+-::, we may put Q,~—1/2 dic, hw,2_,7, consistently with the 
@-approximation. Then we obtain the results, [Q:, Ss]-=—7i/\/2 Vice,ho, (a 
—aj*)z_,,1/2[10;, Ssl-, Sle=—=1/4 ic, Meas (ar* ay + a, a,* — a, a_y—a*,a;*) ete. 
On the other hand, in the calculations of (T;TT;) =T+[T, Ss|-+::, we see 
that [T, Ss]-=t/7/2 Dives, ho(a.—a*)2.=—[Q,, S3|-. ..Thus, under the a 


approximation, we obtain 
T; (T+Q,) T;=T+Q,. (Ar19) 


Thus, by combining (A-17)~(A-19), we obtain expression (57) of the total 
Hamiltonian in the collective representation. 
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For the scattering lengths of the S-wave pion-nucleon scattering, Chew, Goldberger, Low 
and Nambu have shown that the result of their dispersion relation without subtraction exhibits 
an excellent agreement with the observations, as long as the integrations are carried out over 
the 3-3 resonance alone. Correspondence of their result to the Hamiltonian formalism is ‘ex- 
amined by replacing the 3-3 resonant state by an isobaric particle of spin 3/2, which is described 
by the Rarita-Schwinger theory. The scattering amplitudes are calculated by means of the 
lowest order perturbation theory. By requiring further that the amplitudes should decrease 
to zero in the high energy limit, it is found necessary to introduce the interaction terms 
other than the conventional one. These terms are left undetermined from the location and 
the width of the 3-3 resonance. By the appropriate choice of the parameters involved in 
these terms, CGLN’s result can be reproduced in the narrow width approximation. 


§ 1. Introduction 


Many works have been devoted to explain the curious character of the S-wave 
scattering lengths in the pion-nucleon scattering. Among them the dispersion rela- 
tion approach has obtained considerable successes.» In particular, this method 
gives a fairly close agreement with experiment for the difference of the two scat- 
tering lengths 4° = (1/3) (M/P) (a,;—a;). In this case, the integrand in the disper- 
sion integral, o(a*p)—o(a p), has been conjectured to vanish in the extremely 
high energy and consequently the 3-3 resonance gives a major contribution. On 
the other hand, for the sum of the scattering lengths 4‘? = — (1/6) (a. +2as), the 
dispersion relation without subtraction is considered to fail to hold because the 
integrand o(z*p)+o(z p) seems to tend to a finite value in the extremely high 
energy. If this is really the case, at least one subtraction is necessary and we 


‘cannot “calculate” 4.2? On the other hand, Chew, Goldberger, Low and Nambu” 


(CGLN) have shown that their dispersion relation without subtraction yields a 
close agreement with the observed value for 4‘*? also, so long as the integration is 
carried out only over the 3-3 resonance. Their results may be reproduced as follows : 


2w 
M 


2 ao 
{wa a x \ee (1+ ) exs(a)) =1.44—117=— 0.08, 
# 


(1-1) 


(5 le PE -{ do, (w) =1.14—0.67=0.47. 
q. 
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The observed values are 


> =0.01, AP =0.6: 


In Eqs. (1-1) we observe two features. 

First, (1-1) shows that the scattering in the P-state affects that in the S-state- 
Such a correlation between different partial wave states is not resulted in the usual 
Tamm-Dancoff method.” G. Takeda has given an intuitive argument, basing on 
the causality condition in the scattering process, that different partial wave states 
are always correlated in the dispersion relation approach.” On the other hand, 
it is shown that each perturbation term in the scattering amplitude satisfies disper- 
sion relation,” so that it is expected to reproduce the above correlation in terms 
of the Hamiltonian method. 

Second, the contribution from the 3-3 resonance is “large”. More specifi- 
cally, there appears a large factor M in the second terms in the right-hand sides 
of (1-1), though it is only fictitious in the second equation in (1-1), since 4” 
has been conveniently defined by multiplying M// to the true scattering amplitude. 
It seems rather peculiar, since the cross section in the P-states is at most of the 
order of f?=(44/2M)’*G?, which is smaller by the factor #/M compared with the 
Born approximation term G’/2M.* In any case we would understand these features 
better, if we could reproduce Eqs. (1-1) by means of the Hamiltonian method. 

Now we shall discuss about the contributions from high energy region and 
the problem of subtraction. In CGLN’s formalism, the imaginary parts, ImA and 
ImB, cannot be simply expressed in terms of the total cross section. As a tenta- 
tive estimation of the high energy contribution to 4"*, we shall evaluate the dis- 
persion integrals over the second, and the third resonances in the pion-nucleon 
scattering, which appear around 700 Mev and J=1/2.” The results are shown in 
Table I.** Though the non-resonant cross sections contribute appreciably, we find 
that the usual Born approximation term and the 3-3 resonance dominate the effect 
to the S-wave scattering lengths, if we take only contributions from the sub-Bev 
region into account. We are tempted to conjecture that the dispersion relations 
can be written without subtraction even if we have to give up the rigorous validity 
of the causality condition for this purpose.*** In this article, however, without 
entering into this problem further, we shall assume tentatively that the dispersion 
relations without subtraction of the form (1-1) are valid as far as the effect of 
the 3-3 resonance to the S-wave scattering lengths is concerned, and inquire into 


* In fact, in the previous formalism,” the contribution from the 3-3 resonance to A amounts 
only to a half of the second term in the integral in the first equation of (1-1). 


** Here we cannot use the approximate expression as in (1-1). Instead, we have calculated 
the values in Table I from the original relativistic formulas. 
*“* Bogoliubov et al.8 and Oehme%) have shown that, if the causality condition breaks down 


inside the small region (r<a), the dispersion relations can be written in which the high energy 
contributions (E>1/a) are suppressed. 


tal el 
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Table I 
| ond peonnantes z i “3nd pcahnaneas 
Assumed state ; Fe 7 Pat mel 3 Dane te * ne : | . Font 
AH | —0.05 , <i “40.08 in 0.06 © | £0.08 
AX? +0.06 +0.03 +0.04 +0.02 


the physical meaning of this effect by comparing the results implied in (1-1) 
with the Hamiltonian formalism. In the last section we shall briefly discuss about 
the case in which the above assumption is not justified. 

It is difficult to treat a resonant state in the perturbational method. We shall, 
therefore, make an approximation in which the width of the resonance /” tends 
to an infinitesimal (the narrow width approximation). Dispersion relations (1-1) 
are still valid in this limiting case. Namely, substituting the expression 


ws a gale 
¢ (ome ele (r>0) 


87? 
o33(w) = ae as -T'0(w—-a,); 
{1 


into (1-1), we obtain 


j= G 34 4 | he (1+ an. 
2M 3 n M 
(1-2) 
Ged Side ia a ge 
2M 3 oon 


where w,~2/t is the resonance energy and aX)/or—f is the momentum in the 
center of mass system. According to CGLN, we can determine the width J’ from 
the effective range theory of the static P-wave equation as follows : 


4 n ; 
[=—f?*. (1-3) 
3 f pp 


Using (1-3), we obtain from (1-2) 


; ea (1-4) 
ie = (1-2) 0.13 


Numerical agreement is obviously not so satisfactory as in (1-1), yet the results 
(1-4) still exhibit the qualitative feature of the results (1-1) that the 3-3 reso- 
nance contributes as large as the Born approximation term and with the opposite sign. 

Now we notice that a sufficiently sharp resonant state resembles an actual 
particle in many respects. We, thus, approximate the 3-3 resonant state by a 
particle of spin 3/2, iso-spin 3/2, and nucleon number 1. We shall describe this 
isobaric particle in Rarita-Schwinger formalism.”’’” The isobar model of this line 
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has been considered by Minami et al.” They have considered mainly the scat- 
tering in the P-state. Since then the problems in the pion-nucleon scattering have 
been rearranged and it seems worthwhile to discuss this model in a new light. 


§ 2. Perturbation calculation 


We shall calculate the scattering amplitude for the graphs in Fig. 1 by the 


lowest order perturbation theory. 


j q 
ate: i2 Pe TS 7 “ab, « 
“XN Cui Pes 
> \ 4 ‘4 ies - < a pat 
Pp (isobar) eZ p (isobar) p 
(a) (b) 
Fig. 1 


The propagation function of a Rarita-Schwinger particle has been given by” 


5 .(k) 


ACRONIS 
rae k? +m? —i€é 
D,.(k) = (m—iky) |e. ai a iy eae oe mor ] 
i ag Valero MTabe Ral) toga teks 
2 
es 3m? (Rit) [teks hers) — Ont ikp) pT (2-1) 


Next, we have to determine the form of the interaction Lagrangian. For the 
interaction between nucleon, pion and isobar, the most general expression including 
up to the first derivatives can be written down as follows : 


(47)? Lew = (9/M)[F 0,9) $*—79 3,9") le, 
— 97 .0.9* — Go/M) $7.7.%n(8.9*) — Gs/M) (8.9) 7.7.9.6" 
— (96/M) $7 27+ 2,8") — G/M) (8,9) 7.7.9 .6* +h. c., (2-2) 
f+7=1, €, preal). 


In this expression charge state specification is suppressed. Instead it is understood 
that ¢ describes the proton field, ¢ the positive pion field, and ¢, the doubly posi- 
tive charged isobar (J;=-+3/2). Charge independence consideration will be made 
later. 

Using the identity 


Keto 20 iit Julies 
we can drop the last two terms in (2-2) (terms with g, and Ys) provided we 
redefine other coupling constants as follows: 


a. 
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Eg > F9—29s, 


09 > 09-294; 
Jo Jo—Ya> 
Is > JIs—Is- 


If the nucleon is in the free state, further simplification is possible. Namely, we 
can drop the term with g, by virtue of the equation 


8,¢7,—-M¢=0, 
with g, redefined as 
nO nTIs- 


In the following we shall confine ourselves to the lowest order perturbation calcu- 
lation for the pion-nucleon scattering where nucleons can always be considered to 
be free. We, thus, arrive at the relevant interaction Lagrangian 


(427) 7? Lin = (9/M)[F (0,2) 6* —7¢ 8,8") le. 
— 9, 97,.0,0* — (G2/M) 97.7.9. (8.9*) Th. c. (2-3) 


From the requirement of charge conjugation invariance we can conclude that 
J, 9, and J, should have the same phase factors. In the following we shall take 
all g’s as real. 

In (2-3) we have included the term with the first derivative of the nucleon 
(gé-term) which is known to allow no consistent method of quantization.” But 
we have already given up consistent formalism in the introduction of the particle 
of spin 3/2." We have introduced it rather phenomenologically as a simplifying 
substitute for the 3-3 resonant state, which, we consider, is resulted as a higher 
order effect of pion-nucleon system. In the pion-nucleon scattering, therefore, we 
should not consider higher order contributions beyond the second order approxi- 
mation with respect to g’s (pion-nucleon-isobar coupling constants), because other- 
wise we would calculate the same graph repeatedly. In this point our method 
differs from that by Minami et al.2 in which the damping has been taken into 
account as higher order effects. 

Further we cannot drop either g¢-term or g7-term by the partial integration 
and the application of the equation . 

0,0,=9, (2-4) 
because this equation is valid only when the isobar is free. From the same rea- 
soning we cannot drop the last two terms (terms with g, and with g.) in (2-3) 
by virtue of the equation 


Tn P1=0, @:2) 


which is also valid only when the isobar is free. 


1018 Y. Fujii 


g, and J, may not be considered to be “ coupling constants ’ in the usual sense, 
which are defined as extrapolated values of the strength of interactions between 
“free” particles. But we have introduced them as some parameters contributing 
to the interaction. 

We have chosen a pseudospinor field as an isobar field. This choice is neces- 
sary for an isobar to stand for a resonance in the Psjstate (see §3). A spinor 
isobar (7; must be inserted in (2-3)) is found to stand for a resonance in the 
Ds)2-state. 

From (2-1) and (2-3) we can calculate the amplitude for the scattering 
(Fig. 1(a)) in the lowest order perturbation theory. 

According to CGLN, we divide the T-matrix into two parts: 


T=—A+iQ7B. 
The following notation will be used : 
Q= (1/2) (q+q'), «= (1/2) (q—-9), 
y=—(1/4M) (p+ pf): (q+), v=¥.—0'/M. 


Choosing »,(meson energy in the lab. system) and «*(square of the invariant 
momentum transfer) as independent variables, we can write A and B as follows: 


2 


AQ, XY) =— Ir 2 
LEE) EON Gy Sse) eae 

: (226 )025 > 
B(vz, 2) =— ide b(uz, ), 


2M (»,—v,—7€) 

where », is the resonance energy in the lab. system given by 
paca Chia oe 
2M 


a(v;,«) and b(»v;,«*) can be expanded into the power series with respect to 
Mia 7 

a(v;, kK’) =a (x”) + (4.—»z) ay (x*) + (4—»;) * as (x*) > 

| (2-7) 


by, Kw) =h (x) + (4,— v7) by (x*) + (4. — v7) dy (x*) . 


In the present case there appear terms up to the second power with respect to vz. 
Explicit calculation yields 


2 


ao(«) =2(m-+M) +4 (n+ M) 
m 
Tae sie! ( m we M 2 
ILE Ma Es a4 2 m 
aa vy u | 2 om vy (1+ Ze), (2-8a) 


* (p+q)?+m?=2M(,—vz), 972/42 =9?. 
** Hereafter usual Born approximation terms will not be written explicitly. 
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bye) = 2 + 2 4 po 4 (oy me) oe 
: PP see ie ae eS Mee 
1“ ant? Bie 
ate) =a=— (1 zs) wire 
: ee e M = M 


on 2 2 
+27|2—5 72 2 (2-5-2) | +873 (i-4™)| 


M } 
M? m mr ee a 
+420 |-2(1-3 Sree -) +29 -, 


st [-eto(t-25)] 


M? m 2 2 
+12 {2*(1-2 ™) *( 2) (1-22) —2 (1 )j 
mm x M Eee), 1+2 M 1 VE 2x Ae p> 


M 
(2-9a) 
9 2 
Myo (3 m ft ) 
SOPs. ap We Ne mM 
M 2 2 
4M [ot ty -aeto oe te 
me Tg he ea eae ae M? M:? 
+12 [atty(14+4 m 4m) aay (1+2 2), (2-9b) 
m MEME M 
Dee VE m m 
Gey =a, Be (3-22 67 — ) 
Weve aes MoM 
age | -2+y(2+39 m\)\ 424M | —2ay+9° (142%), 
m M m M 
(2-10a) 
aye ut 2 2 
b(t) == — 1, (2 -+8y+24y'), (2-10b) 


where abbreviations 


£=9,/9, Y=9/9 


were used and & has been eliminated by means of ¢=1—7. 
Complete scattering amplitudes with proper consideration of charge independ- 
ence and crossing symmetry are given by 


AX Ose) -G=) tA (vy, «) + A(—», x’) ], 


| °(25 11) 
BYE (,, &) = & = 2» 1) By, &) FB(—», @)], 
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where (+) amplitudes are defined in CGLN in terms of the amplitudes in the 


total isotopic spin by 
ALVES) (ALY BoA), 
AO= (1/3) (AY — Ae) ; 


and similar equations for B“™. 


(2-12) 


Recalling that A and B in (2-6) are associated with z*-p scattering, or the 
scattering purely in the total isotopic spin 3/2, we have substituted them for A” 
and B®® in (2-12) to obtain the first terms in (2-11). The second terms in 


(2-11) come from the crossing symmetric graph (Fig. 1(b)). 
Decomposing A‘ and B® in accordance with (2-7) as 


AY= AH 1 AM +4 A 
BO=BO+ BHO +BY, 


we can write as follows: 


2 
AWM ae (2, =) 9, _ ( nf et 1 ) 2 
: 3 2M \y4—»;, y,+y,—2n°?/M aoe); 
pe GD # (Ag 1 Nag 
: 3 2M \y-—»;, y,+y,—2/M ole), 


AP=0, Bias In bs 
3 Vl 
as ANG. ( ee AG 
FRG oo me le pee BS? aaa -) 
3 2M \" eos OR sa oma: aii eee 
e y) ee Ke 9 2 2 
TNs Jr ( : Boa oe | ee 
: BOM MIRE TA Trp a 
§ 3. Imaginary parts 
From (2-6) and (2-7) we have 
I ; J, 7 g,° 
mA (vy, so) alan yn eA ain) oe kK’) Se se oM 0 (%4—»;) ay (K") , 


con Die A) 2 
Im B(y;, «*) =— 2M 70 (v4 —v7) b(vz, e) = mee 0(%4—»;) by (x). 


(2-13) 


(3-1) 


It should be noted that the imaginary parts of the scattering amplitudes in- 
volve only ao(«) and &)(«*) which are the values of a(vz, «) and b(v;, x) eval- 
uated at v;=»,. These are also independent of 7, x and y. This is reasonably 


oO Pan, | 
‘ 
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expected if we recall that the isobar is free and Eqs. (2:4) and (2-5) are applied 
in the evaluation of the imaginary parts of the scattering amplitudes. 

Introducing the spin-flip- and spin-nonflip-amplitudes in the center of mass 
system according to CGLN, we can calculate Im/f;'‘*’ and Imf* from (3-1) and 
(2-8) as follows: 


Imf{* = (1/42) [Im A +0 IMB] 


~~ (2, aa) \ gp 


aa ae (»,— vz) re gi cosJG, 
(3-2) 
Ting (1 /Az) (¢/4M*)[—Im A+ 2M Im B® ] 
~ (2, =) S gy 1 
aS PU Bee es (»,— »;) M2 ae ] 


Here we have neglected higher order terms with respect to 1/M. 

Comparing the equations in (3-2) with (3-7) and (3-8) in CGLN,* we can 
confirm that the imaginary parts of the scattering amplitudes here considered de- 
scribe the scattering in the P3.-state. In fact, contributions from the 3-3 reso- 
nance to Imf, and Imf, are given by 


(2, =: 1) 


sty hae So ahs 3 Imf33(w) cos, 
(3-3) 
Im fj? = —-@ = Im fs («) , 
where Im/3; is expressed in terms of the cross section, 
1 jee 
Imfos(w) mee CaO) rae inh aE (3-4) 


In the limit where the width 7’ tends to an infinitesimal, (3-4) can be put into 


the form 


Im f33 (w) Beta es Ys aaa (3-5) 
Nn 
Substituting this in (3:3) and comparing them with (3-2) we find 
mee ee A , (3-6) 
M? gq M 


where the factor (m/M) comes from 


0(4,—»;) = (M/m)0(a,—«). 


Here we shall reproduce (1-3), 


(3-7) 


* fi=fs—fn3lo+3 608 Of p 3/2 + (15 cos? 0—3) fnsi2+*, 
(3-8) 


fo=SP 1la—SP 3l2+3 C08 6 ( fn 3/2—S 0 5/2) +" 
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Tee! on 
| Ae ae eS 

3 s pe 

Substituting this expression in (3-6) we obtain 


Sy ns 
a G*. (3-7) 

We have thus determined the isobar mass ™ and one of the coupling con- 
stants g? from the location and the width of the resonance in the P%)-state. It 
should be emphasized that the other constants 7, 7, and g are left completely 
undetermined. 

The imaginary parts (3-2) can be obtained in another way. By the standard 
method we have 


Pie Gaudi -2= ys Om) 
x DPA Ds  A=Pt+@) (3-8) 


for v,>0. Here 7 is the source function of the positive pion whose relevant part 
is given by 


G= —8Lin/ 06" = — (G/M IF 8,6) P,+79, G90) ] 
+V 4G 7 4 Pu—V A (Go/M) 9, (P77 .Pp)- 
In the evaluation of the matrix element ¢’|j|%) in the rest frame of the isobar, 
Eqs. (2-4) and (2-5) are applied to give 
(P'li|J.)2 =ip,! G/M ) Up 0, (J) =ipi (9,/M) ty 9: (Se), (3-9) 
G=1.2)3) 


where J, represents the z-component of the isobar spin. Together with the similar 
_ expression for (J.|7*|p>, we have 


Sp ilT TL 1EY= O2/M") pl Priiy UI) UST )up, (8-10) 


Tz 


where U;(J.) is the positive energy “6-component Pauli spinor” for an isobar. 
This is subject to the supplementary condition 


oO; U; (J.) =0, 
from (2-5). This condition is guaranteed by the projection operator 


TF one 3 
A,j=0;——0,0;. 


3 
By inserting this operator, the summation in (3-10) can be carried out as 


pa U;(J2) Us (J) =n x eos, UR Gus) = Ai, O,j;= A 


tj? 


ern 
a3 
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from which we have 
(3-10) = (,2/M?) | a'a— , 2) (qo) |. 


Substituting this in (3-8) and decomposing into the spin-flip- and spin-nonflip- 
amplitudes we obtain 


ely ae (2, 1) =) m gf 
Im 1 ee sO (4,— v ah Sener: n cos 0, 
Ch) (at 1) BY) m Sf i 
Imf3 ae ———_—$__—__—— 70 (, ss vr) a 5 ag, 


which are identical with (3-2). 

It should be noted that the imaginary parts can always be evaluated in the 
rest frame of the isobar so that any dynamical properties of the isobar—propaga- 
tion character and the structure of the interaction—is irrelevant. In fact we have 
obtained (3-11) only from the kinematical knowledge that the isobar has an an- 
gular momentum of the magnitude 3/2 in its rest system. 

In this place we show that a spinor isobar contributes to the scattering in the - 
Ds)state. If we take 


(p' |g |J-=ipi (9,,/M ) up V5 GY; ( J.) > (3 -12) 
in place of (3-9), the small component of uw, survives in (3-12) and we have 
(p'|j\J- =i /2M) (9,/M) x* pi (p'e) Ui (2). 


Analogous calculations as in the preceding case leads to 


2 
; Ny it 
Imfy=— 7 20(— 1) uy he (42), 


4M* M’* 3 
(3-13) 
Imfs=— 78 vs) sag oe — (q,”)* cos@. 


These are found to be the amplitudes in the Ds).-state in comparison with (3-7) 
and (3-8) in CGLN. 


§ 4. Real parts 
From (2:6) and (2:7) we have 


Rea, ey=— [Paget ta 400) a, 
2M Yi are (4-1) 


——— by (x”) +),+ (1 =r) bs]. 


ReB (v;, K ya fe | 


In CGLN, the following dispersion relations were assumed: 
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ine I 2 
ReA (vz, *’) =" \ cin an a dy’, 
+ LL a 8, (4-2) 
/ 2 
ReBQy;, w= P james ,H) dyv,. 
wz Wises 
Substituting (3-1) into ImA and ImB in (4-2), we obtain 
2 
ReA (vy, 02) =—2_ _* _ a (ie), 
2M Wi 7 
(4-3) 
2 
ReBU,, 0) =— 2? _ by), } 


2M ea Lie 


which is different from (4:1). The reason for this discrepancy is obvious. 

The amplitudes A(v»;z, «) and B(v;, «) given by (2-6) and (2-7) increase 
like~v, as », tends to infinity. In this case, according to Bogoliubov,” we can 
apply Cauchy’s theorem only to A(»;, «)/(¥,—v)” and B(»;, «°)/(,—v)", where 
n is larger than 2, and ¥ is some constant energy. Choosing »=2, y=», the 
dispersion relations are written down as follows: 


a) 
ReA (vz, 6°) =ReA(y,, x”) + (,—»z) : ReA(y,, coh hee 
Yr 
1¢ ImA(y’, 2) 
ot Be gah, BA Soe ast! hee 4-4 
ae (y vy) T \ (vz'=v;z) (i ye dy, > ( ) 


2 


and a similar equation for B. These are easily found to be identical with (4-1). 
On the other hand, dispersion relations (4-2) can be written down under the 
assumption that the amplitudes behave like <1/y, as v, tends to infinity. This 
assumption has not been justified theoretically. It may be suggestive that the 
observed scattering cross sections will tend to some constant values for very high 
energy. In order to write down dispersion relations, however, it is not sufficient 
to know the behavior of the imaginary part alone. In the present example, 
ImA (v;, «*), and ImB(»;, «) vanish for vz», and of course for v;—>0co. Never- 
theless, additional polynomials were required from the behavior of ReA(v;, «) and 
ReB(y;, x’). 

We may also conjecture that no subtractions or no polynomials are required 
if the theory is renormalizable. In fact it should be remembered that the Rarita- 
Schwinger theory with derivative couplings is not renormalizable!* It may be 
the case that the 3-3 resonant state cannot be described even approximately by 
Rarita-Schwinger theory if the original interaction between pion and nucleon is - 
renormalizable. In the present consideration, however, we shall explore another 


* We cannot write down the simplest form of the dispersion relation if we choose the pseudo- 


vector coupling for the elementary interaction between pion and nucleon, in which case the theory is 
also not renormalizable. See Appendix I. 


oe 
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possibility. Namely, we shall try to make a, a, 6, and 4, vanish by an appropri- 
ate choice of 7, g, and gy, which are still undetermined. 


§5. Choice of 7, g, and g, 


We shall begin with observing that }b, given by (2-10b) is the function of 
y(=9./9) alone. Putting 


and solving the quadratic equation for yy, we obtain only a single solution 
y=—1/6. (3-10 
Next, substituting (5-1) in the expression for a, in (2:10a), we find 
a0; 


irrespective of 7 and 2. 

If we use (5-1), a, and b, given by (2-9) are now the functions of x and 
7. General expressions for x and q7 that give a,=b,=0 are rather cumbersome to 
write down. We shall first consider the simplified case in which m=M and p=0 
are assumed. From (2-9) and (5-1) we have 


a= + 122(1—7) —122°, 


; | (5-2) 
Mb,=—- ON am aioe 
Putting 
7 = — 0; 
. b,=0 
we can graphically represent the solutions in Fig. 2. Sa Ae 
Either curve representing a=0 or &,=0 re- a 
spectively forms a pair of hyperbola. There are 3 éx 
three solutions indicated by I, IJ and II in the 
graph. The solution I is given by 
l/s, Gl. (5-3) 


The solution given by (5:1) and (5-3) looks very simple and attractive. 
But this solution is no longer a solution when the difference between mm and 
M and the finiteness of 4 are taken into account. In fact, to the next order in | 


1/M, we find 
a, = — (2/3) (w:/M), =. 


Similarly other solutions II and III are not the exact solutions. 
In order to obtain some information about the exact solutions, we shall take 
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m=1:3M, pHO.1bM, 


and substitute them in (2-9), together with y=—1/6, and 
numerically draw a similar graph with Fig. 2. The curve 
representing a:(2, 7) =0 forms an ellipse, different from the 
preceding approximation, and the curve representing 0, tx, 
7)=0 forms a pair of hyperbola. These are shown in 
Hiss 3; 

There are two solutions indicated by I’ and II’, which Fig. 3 
are given, together with the values of other parameters, by 


I’: €=3.19, y=—2.19, 9,=0.169, 9.=— (1/6)9.] 
Choosing either set of values, we have 


QO === 0) 


to arrive at Eqs. (4-3). 
From (4-3) and (2-8) we obtain 


g? P 
A ae — 7 [Re AM (4, 0) +e ReBO (a, OyJ=x—S- I (14.22), 
Le a 9 


: ses. z r + 
7s ge ates iar dee R AS ) Ue 0) =— Yu ReB§ ) Dy @) Se | Bk 
Sep [ReA™ (#, 0) +4 (ye, 0) = esas 


or substituting from (3-7), 


joe 8 GC (142-2) 

SO Be M/’ ae 
POs eas Big NE 

Rent ihe 


Adding the usual Born approximation terms, we have thus reproduced the results 
(1-4). 


§ 6. Summary and discussion 


The foregoing discussion can be summarized as follows: When we intend to 
substitute an isobaric particle of J=J =3/2 for the 3-3 resonant state, we cannot 
obtain complete information about this particle from the knowledge of the imagi- 
nary part of the scattering amplitude, namely, from the location and the width of 
the resonance (in the narrow width approximation). We can determine only the 
mass, the parity and one of the coupling constants. It is even undetermined to 
what equation the isobaric particle should obey. The result in the lowest order 
perturbation theory is found to be equivalent, in general, to that obtained from 


arenes 
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the application of the dispersion relation with subtraction, or with the additional 
polynomial to the first order with respect to the laboratory energy. It is possible 
to make the polynomial part vanish by an appropriate choice of the other parame- 
ters, namely, three coupling constants, 9, 91 and 9, so as to give the results e- 
quivalent to CGLN’s, where the dispersion relation without subtraction is assumed. 

We shall now re-examine the contents of calculation and clarify why we have 
been able to reproduce the features mentioned in $1, namely the correlation 
between S- and P-waves and its large amount. 

At first we shall consider a simple example where a sharp resonance in the 
P,,.-state with [=1/2 affects the scattering in the Sijstate. These two states are 
different in the space parity. Replacing the resonant state by a spinor particle of 
the mass m, which we shall call a “heavy nucleon”, we obtain the amplitude 
very similar to the usual Born approximation term: ; 


9, m—M Re ne ¥ 
2M yy—y,—1& i 2M Yy—Yz,—1E 


These contribute obviously to the scattering lengths in the S-state.* 

It is well known that these contributions come from the “ pair graph” in 
Fig. 4(b). More specifically, we shall consider the “ scattering” in which pion 
and nucleon are both at rest. The incident pion creates a pair which involves the 


~ yes ; Ss Le sae 3 
~“ 4 et x <a £41 
‘ vA ~ 4 
(a) (b) (c) 
Fig. 4 


final nucleon and the heavy antinucleon to form the *S,(odd parity)-state. The 
heavy antinucleon succeedingly forms a similar pair with the incident nucleon to 
annihilate into the final pion. In this example, therefore, the correlation between 
different partial wave states is a natural consequence of the relativistic Hamiltonian 
formalism. 

The correlation between P3).-state and Sj,,.-state 1s, however, somewhat differ- 
ent. The pair graph in Fig. 4(b) with the heavy nucleon replaced by an isobaric 
particle of spin 3/2, does not contribute to the S;,-state, since a nucleon and an 
antiisobar forms a pair in the state either with J=1 or J=2, which cannot be 
created by or annihilated into a pion. 


* Explicit calculation yields 


Ig? 1 1 repeat} 24 42 3_ 42 
(+) — m3— m2 M—m(M?2+ p?) +M3— Mz’), 
A 6 2M v2, — pe M [ 
2 
jO= 1 o¢ i 


Pe  - 
= 
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In fact the amplitudes with nucleon and pion both at rest can be calculated 
to give 
i =0, 


if g;- and gs-terms are omitted in the interaction Lagrangian (2-3). Though this 
consequence is not a very general one but seems peculiar to the case here consid- 
ered’ (See Appendix II), it was one of the motivations from which we have intro- 
duced g,- and g-terms. There was another motivation which we shall state as 
follows. 

The amplitudes calculated without g;- and g.-terms behave like~v; as »;,>°, 
as is easily found from (2-8) —(2-10). This behavior can be considered to be 
connected with unrenormalizability of the particle with spin 3/2.” On the other 
hand we may conjecture that the pion-nucleon scattering amplitudes behave like 
~1/», as v;->0o, if the original pion-nucleon interaction is renormalizable and the 
direct pion-pion interaction (/¢*-term) is neglected. If this conjecture is found to 
be true, the Rarita-Schwinger particle with the conventional form of the interac- 
tion (g,- and g.-terms omitted) cannot be considered to be a proper substitute for 
the 3-3 resonance, as long as the resonance is assumed to be resulted from the 
(renormalizable) pion-nucleon interaction at all. In the present consideration we 
have supplemented the conventional Rarita‘SSchwinger theory by g,- and g.-terms 
so that the resultant amplitudes behave like ~1/y, as v;,>0. 

We can show that the above procedure is equivalent to the introduction of 
the appropriate direct terms corresponding to the graph in Fig. 4(c). 

In evaluating the amplitudes we have employed the method of P*-symbol.'” 
In order to see the physical processes involved, however, the original method of 
P-symbol is more suitable. In the latter method the interaction Hamiltonian must 
be calculated up to the second order in the coupling constants as follows :” 


Lint (x) sae he) ats W(x), 
\ W(x)dx=+-\dx\dz!7,(2) 5), E(x—2’).| da! Aa) 9, "), 


where 7,(z) is the source function of the isobar. We have omitted the terms 
contributing to the scattering of pion and isobar, and of isobar and antinucleon. 
The “shrinked” term W(x), which corresponds obviously to the graph in Fig. 


4(c), can be expected to cause the scattering in the S-state. Substituting (2-1) 
for Pwr we obtain 


W(x) = (1/8) (96147 pet D717 pQu— 2H sqst i (4/m) Haye7e 
ae (2/m) 74 [7.9.1 O,+ (yO —m) Peis : 


Though W(x) involves not only normal independent terms but also normal de- 
pendent terms, we can obtain definite results in the case in which pion and nucleon 


are both at rest. 4'* thus obtained are found to be identical with those calculated 
in the previous sections. 


Se 
: 
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We can summarize the above discussions as follows: We have introduced 
an isobaric particle and its interaction from two requirements: (i) that the 3-3 
resonance should be reproduced in the narrow width approximation, (ii) that the 
resultant scattering amplitudes should behave like ~1/v; as vz>co. Then there 
appears necessarily the interaction contributing to the S-wave (as well as the P- 
wave), from which we can obtain the result (1-4) by means of the perturbation 


theory. 


So far, we have discussed on the assumption that the scattering amplitudes 
behave asymptotically like ~1/y,, or dispersion relations can be written down 
without subtraction or additional polynomial. This assumption is, however, only 
one of the most simple assumptions that we can expect at present. If the above’ 
assumption is not true, then the dispersion relation approach becomes less useful, 
since the polynomial parts cannot be calculated from the imaginary parts. As an 
example, we shall consider the case in which one subtraction is necessary. 

In the isobar model this case is realized by putting y=—1/6 to give a=b,=0. 
a and 7 are left undetermined. If we assume that the contributions to 7 come 
mainly from the usual Born approximation term and the 3-3 resonance, then the 
values of a, and &, will be restricted. 

Contributions from a, and b, are given by 


pier ey 
Fie Goes 


pe -Mb,. 
3. 2M 3 2M 


Adding these expressions to (5-5) or (1-4) and comparing with the observed 
values, we may conclude 


lal S1, |Mo,| $1. (6-1) 


These limitations restrict the values of x and 7. In the approximation where we 
take M=m and p=0, the allowed regions are shown in Fig. 2 by the shaded 
areas. We can also show that, if the conditions (6-1) are fulfilled, the contri- 
butions to the P-wave amplitudes are small compared with the Born approximation 
term and the terms from a and &. 

For the actual case where the 3-3 resonance has a finite width, we shall only 
make a following discussion : 

Dispersion relations can be written as 


etn, [au Im A (vy!, «) 
* (oy! = 1) Cr! —¥) (6-2) 


Re A (vz, «) =Re AG, 2) +—* 


7 
ke ; " 
and a similar equation for B(v;z, x’). 


Here we must calculate ReA(¥, «’) in addition to ImA. Eq. (6-2) is, therefore, 
not very useful unless we can find a particular » at which the real part can be 
calculated more easily than at vz at which we wish to obtain the final result. 
Such a special circumstance may arise when the amplitude behaves as 
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Re A(»,, «’) const, 


(vy, > ©) (6-3) 
ImA (»;, «) > 1/»2, 


and the amplitude at v,—-0o is estimated in some method, since under the condi- 
tion (6-3) we can put ¥ in (6-2) into infinity, to give 


Im A (y7', «*) 
yy vy 


ReA (vz, «) =ReA(o, x’) eae | do,’ 
ra 
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Appendix I 


Pseudovector theory for the pion-nucleon interaction 


Perturbation calculation yields the result which is, in general, different from 
that in the pseudoscalar theory. On the other hand, if we assume the same form 
for the dispersion relation as assumed in the pseudoscalar theory, the calculated 
real parts are the same as those in the pseudoscalar theory, since in the evaluation 
of the imaginary parts the equivalence theorem can always be applied. This ap- 
parent discrepancy is merely a result of a wrong assumption for the form of the 
dispersion relation. 

In order to see this circumstance quickly, we shall consider the Born approxi- 
mation term for the pion-nucleon scattering. 

Assuming the interaction Lagrangian, 


(477)? Lig = —i(G/2M) Grs7 7: $9 G55 


we can calculate the scattering amplitudes in the lowest order perturbation theory 
as follows: 


eek 
M 
AM =0 
pou G ( byte 1 (A-1) 
2M oer. We Yo ty, —2«?/M—ié : 
Ho 2M \u—vz—-7E — wy + —2x*/M—i€ 


where 
y= mie uel 


As is easily seen, A‘ and B™ are identical with those obtained from the 


<a s.. 
—s 
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pseudoscalar theory, while A“ and B“ differ by additional constants G,?/M and 
—2f/~? respectively. A‘? and B‘ are found to remain finite as vz tends to 
infinity, so that the dispersion relation without subtraction or polynomial cannot 
be justified. The analogous procedure as in (4-4) is necessary and resultant ad- 
ditive constants can be adjusted to reproduce the perturbation result (A-1) exactly. 


Appendix II 


An example in which the scalar pion is scattered by the scalar nucleon 
through the intermediary vector isobar 


At first sight the scattering in the P-state (through the isobar) does not seem to 
affect the scattering in the S-state. The reason is the same as that described in 
the case of the 3-3 resonance. Namely, in the pair graph Fig. 4(b), a nucleon 
and an anti-isobar forms a pair in the state with J=1, which cannot be created 
by or annihilated into a pion. We can show, however, that the “ shrinked ” term 


appears to give the scattering in the S-state without introducing any special inter- 
action. 
Assuming the interaction Lagrangean 


(42)? Line= — 99, f (8,9) —99* 9,(0,8") » 
we can calculate the scattering amplitude by the method of P*-symbol to obtain 


2 


ee 7g Gp Rw (PtOy =. L 

(p+q)* +m m 

where both pion and nucleon are assumed to be at rest. 
On the other hand, the “shrinked” term W(x) responsible for the pion- 

nucleon scattering is obtained from 


\ W(ayde= 1 \dz\ do'n*(@)[R.@); E(x—x')]4(x—2x' 5 m) 9,2’), 


“ 


where 
R,,) =8 nw (1/m?) 0,9,, 
and 
Q(X) = —PLim/ OG," =IrP (On). 
Observing 
ER,. (8), €(2~2') ]4(a2—2'; m) = — (2/m?*) 64,5,9(2—-x'), 
we obtain 


W(x) = (9?/m) o* od" 9, (B-2) 


from which we can easily obtain the same result as (B-1). 

In the case of the Rarita-‘Schwinger particle the shrinked term similar to 
(B-2) exists even without 9:- and g.-terms. But it gives zero when it is evaluated 
between the states where both pion and nucleon are at rest. 
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An energy independent potential is constructed which reproduces all available p-p data 
up to 310 Mev. At 310 Mev the potential predicts the phase shift solution 1 of MacGregor 
et al. The potential includes the central, tensor, linear and quadratic LS potentials. The 
quadratic LS potential is manifestly required in the singlet even parity state where the linear 
LS potential vanishes. The linear LS potential turns out to be more singular but of shorter 
range than previously thought. It appears now that the p-p data below 310 Mey can be under- 
stood in terms of a potential consistent in all respects with the pion theory of nuclear forces, 


$1. Introduction 


There is no a priori reason for the existence of the energy independent two- 
nucleon potential in terms of which the two-nucleon data can be understood over 
the wide energy range. It is nevertheless useful to have a potential picture which 
reflects, as close as possible, the over-all features of the two-nucleon interaction. 
Not only does such a picture give a basis on which various two-nucleon date can 
be understood systematically and in simple ways, but also it provides a lead in 
more fundamental field theoretical studies of nuclear forces. Such a picture can 
also find useful applications in other branches of nuclear physics. 

The aim of the present paper is to report on an attempt to interpret the 
available proton-proton data up to 310 Mev in terms of a potential of the form 


Vi Vet Viet Vis(L-S) os VeoQn- (1) 


Here, the subscripts C, T, LS, and Q stand for the central, tensor, linear LS, and 
quadratic LS potential, respectively. Q,. is the operator ; 


On=1/2{(L-0,) (L-o2) + (L-o2) (E-o1)}, (2) 
with eigenvalues 
O,=2(L-S)?+ (L-S)-L’= (1/4) [J (J? +27 +33 +2) 
—L(i?+2?+7L4+6) — S(S°+29?+ 3S+2) ]. 


(3) 


* A preliminary account has been published : Prog. Theor. Phys. 24 (1960), 220. The potential 
reported in the present paper is a slightly improved version of the one reported in the preliminary 


account. ; iret ; ; 
** Also supported by the Nuclear Research Foundation within the University of Sydney. 
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The functions V; (<=C, 7, LS, Q) depend on the spin and parity of the two- 
nucleon system. The neutron-proton data will be studied in a separate paper. 

It is known that the two-nucleon potential of the form (1) is the most gener- 
al one consistent with the usual invariance requirements.”’” In general, the func- 
tions V,; may depend on the relative momentum ~ and the angular momentum L 
as well as on the inter-nucleon distance. In the present work, however, we as- 
sume that V; are the energy independent functions only of the internucleon dis- 
tance. 

Potentials of the form (1) with V,==0 have been studied by several authors. 
Gammel and Thaler*® considered a purely phenomenological V,; of Yukawa type. 
The lack of the pion theoretical foundation in their potential has been criticised 
elsewhere.” It is remarkable, however, that they have succeeded in reproducing 
most of the qualitative features of the p-p data up to 310 Mev with such a 
simple form of V,. In fact, their work has provided a considerable lead in the 
course of the present study. 

Signell and others”’® have chosen the Gartenhaus potential” together with a 
phenomenological V;s. Their potential can fit the date up to 150 Mev reasonably 
well but above this energy only very poorly. It is likely that this shortcoming 
is due to the unnecessary inflexibility introduced into the potential at small dis- 
tances by the use of the Gartenhaus potential. No pion theoretical potential can 
claim its validity in the core region. 

The Japanese group, on the other hand, studied the potential (1) with V;.= 
Vo=0.™ Following the method proposed by Taketani et al.,’” they considered 
phenomenological inner potentials together with the one-pion-exchange tail. They 
have been able to reproduce the experimental differential cross section and the 
polarization below 150 Mev. However, it is very unlikely that this type of 
potential can be applied successfully to higher energy scattering with only minor 
modifications so as not to destroy the fit attained at lower energies. Further, the 
prediction of the potential on the parameter R is in qualitative disagreement with 
the recent measurement at 150 Mev.” This and perhaps the large negative D 
(90°) predicted by the potential’ indicate that the deviation from the potential 
expected on the basis of the static pion theory is already significant at 150 Mev. 
This fact is one of the motivations for the present work. 

In its spirit the present work follows the method of Taketani et al2” - This 
is reflected, in particular, in choosing the functional form of V,;. In order to 
determine parameters specifying thus chosen V,, we first study the 310 Mev p-p 
data. We shall find a potential which gives the phase shifts close to the solution 
1 of MacGregor et al. Using this potential we then calculate the phase shifts 
and the observable quantities at various energies. Wherever the comparison with 
the experimental data is possible, the agreement is satisfactory. 

After the completion of the present work, we were shown a preprint of a 
recent work by Bryan.” His results as well as the method of approach to the 


A Semiphenomenological Proton-Proton Potential 1035 


problem are very similar to ours. The only qualitative difference is in the singlet 
even parity potential, where we include a certain non-static effect whereas Bryan 
does not. 


§ 2. Functional form of V; 


For the V; in (1) we have chosen the following forms : 
singlet even: 
IVE (x) = — (97/42) w(e*/a) (1+'ad (e7"/ xz) +1bd (e-*/x)’), 
Vg (x) ="Ge wle*/x) + 4ag (e7*/x) +08 (e*/2)"), 
triplet odd: 
Ve (x) =(#/3) (9?/4z) (e-*/x) (1+%ae (e-*/x) +%be (e7"/a)’), 
°Ve (x) = (4/3) (9°/42) (e“*/x) 14+3/2+3/z") 
x (+ ar (e7*/x) +°b7 (e“*/x)), (5) 
*Vis(x) ="*Gise(e“/x)* A+ %bys (€*/z)), 
85 (x) =°Ge pe (e~*/x) (1 +%ag (e-*/x) +2by (e*/)?). 


(4) 


Here is the pion mass and x=pr. We have also assumed a hard core of 
radius ‘x¢ and *x, for (4) and (5), respectively. 

As far as Ve and Vp are concerned, the potential reduces, for large x, to the 
well-known one-pion-exchange potential (OPEP) with the effective pion-nucleon 
coupling constant g’/4z. Vg, has the same range pas Ve and Vz. We shall 
see later, however, that |'Gj |, |*Gg |<g’?/4a. From this and the eigenvalues of Qis. 
given in (3), it is seen that only higher partial waves are appreciably affected by 
V,. At lower energies, where impact parameters of those higher partial waves 
are large, the tail of the potential (4) and (5) is effectively that of OPEP. This 
point will be discussed later in more detail. 

The parameters a¢ and a, in (4) and (5) determine the deviation of the 
potential from the OPEP around the pion range x=1. In this region we consider 
the pion theory of nuclear force to be qualitatively reliable.» Then we expect 


aA S02 ag 20, dg <0. (6) 


The parameters b, and by will be determined purely phenomenologically by analys- 
ing the 310 Mev p-p data. 

All the available pion theoretical calculations predict negative °V7s (x) with 
the range (2#)~*. This is reflected in (5). Since we cannot expect the quantita- 
tive validity of the pion theoretical prediction regarding Vz; at present, the para- 


meters appearing in *Vzs(x) will be determined purely phenomenologically. 
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§ 3. Choice of the phase shift solution at 310 Mev 


In order to determine the parameters in (4) and (5), we first study the p-p 
data at 310 Mev. This will be a natural starting point for the following reasons. 
First, the experimental data are most abundant at this energy.’” Consequently, an 
extensive phase shift analysis has been possible yielding only two solutions.™* 
Second, 310 Mev is sufficiently high so that the scattering, particularly P-wave 
scattering, is affected by the interaction in the inner-most region. This is neces- 
sary for the determination of the parameters >and the hard core radius in (4) 
and (5). Yet, it may be expected that the non-relativistic potential picture still 
retains its usefulness at this energy. 

We have tried to fit MMS 1. We can enumerate a few reasons for this 
choice, although none of them is quite convincing. First, apart from the interpre- 
tation of phase shifts in terms of potential pictures, MacGregor et al. found in 
their analysis that MMS 1 is slightly favoured over MMS 2. 

Second, it appears that the singlet even phase shifts** of MMS 2 are very 
hard, if not impossible, to understand in terms of the energy independent potential 
picture. From Table I we see that, as far as the singlet even phase shifts are 


Table I. Singlet even parity phase shifts at 310 Mev. The entries are the nuclear Blatt- 
Biedenharn phase shifts in radians. 


| | calculated from calculated from 

pot | ee eee tapece (4), (11) and (12) 
1S, —0.156 —0.506 —0.058 —0.150 | —0.150 
1D, 0.207 0.083 0.216 0.264 0.228 
1G, 0.013 0.015 0.021 0.035 0.021 
Uy 0.009 0.002 


concerned, MMS 2 is characterised by the large negative 4S, and small positive 
*D, phase shift as compared with MMS 1. !G, phase shifts are much the same for 
the two solutions as expected from the way the phase shift analysis has been per- 
formed." Unlike in GT, the smallness of 'D, phase shift itself does not cause 
any difficulty here since it is always possible to adjust *V3 to reduce the ‘D, 
phase shift by a suitable amount without affecting the 4S, phase shift. The 
difficulty lies in the relative magnitudes of 1D, and 1G, phase shifts of MMS 2. 
We could not find the *Vj which reduces 'D, phase shift to that of MMS 2 with- 
out at the same time reducing *G, phase shift to substantially negative values. 


* We shall, in the following, refer to these two solutions as. MMS 1 and MMS 2. 

** Throughout the present paper the word phase shift refers to the nuclear Blatt-Biedenharn 
phase shift. More specifically, it is the Blatt-Biedenharn m-p phase shift in the sense that only the 
nuclear interaction is included in Schrédinger equations and the phase shift is calculated by com- 
paring the solutions with Bessel functions (not with Coulomb functions). 
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Further, we did not find it possible to reconcile the large negative 4S) phase shift 


of MMS 2 with the shape independent parameters known experimentally at low 
energies. 


Finally, as we shall see in §6, the potential which fits MMS 1 can reproduce 
all other lower energy data remarkably well. This fact may be taken as an in- 
direct evidence in favour of MMS 1. It seems. unlikely that the similar situation 
holds for MMS 2, although such a possibility cannot be entirely excluded. 


§4. Triplet odd parity potential 


In order to facilitate the qualitative understanding of the relation between the 
potential and phase shifts, we first write down the Schrédinger equation in the 
triplet odd parity states. Writing 


=MEex/ 2 and U;,(x) = (M/1#) Vi(2), 
with M=nucleon mass, they read 
[d?/dx?+e—ZJ(J+1)/2°— Ue (x) —2Uz7 (x) + Urzs(x) 
+ {J(J+1) —]} Ug (a) |v, (2) =0, (7) 
for the uncoupled (L=.J/) states, and ; 
(d?/dx?+—J(J—1)/2?—Ue(2) +2(J-1)/(2F +1) Ur(a) 
— (J—1) Ujs(x) — (J-1)? Up (2) Ju(x) ; 
—6/ JI #1) /(2I +1) Ur (xz) w(x) =0, (8) 
[d?/da?+—(J+1)(J+2)/2?—Ue(a) +2(J+2)/ (27 +1) Ur (2) 
+ (F422) Urs(x) — (J +2)*U 9 (x) |ws(2) 
—6Y J(J+1)/(2I+1) Ur(x) us (2) =0, 


for the coupled (L=J+1) states. Here appropriate superscripts on U; (x) are 


_ understood (see (5) ). 


ae ee 
tied “ 


The necessity of the forces other than the central and tensor is most clearly 
seen in the behaviour of *P, and *P, phase shifts at 310 Mev. From (5), (7) and 
(8), it may be seen that V, is much more important than Ve, in these states. 
The strong positive V, in the OPEP gives rise to a large positive °P) phase shift 
as seen in the second column of Table Il. This is in drastic disagreement with 
MMS 1. On the other hand, the same Vz yields a large negative ’P, phase shift 
consistent with MMS 1. If one wants to retain the OPEP tail, as we do here, 
the V, has to become strongly negative for a<1 in order to reduce *P) phase 
shift. This modification in Vy is indeed effective as seen in the third column of 
Table Il. In doing so, however, the agreement of 8P, phase shift with MMS 1 


is destroyed. 
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Table II. Triplet odd parity phase shifts at 310 Mev. Entries are nuclear Blatt-Biedenharn 
phase shifts in radians. 


4 : | fron (5) and (9) | from (5) and (9) from (5) and 
MMS 1 OPEPS but 3V7,.=8Vp=0 but 3Vz =0 Or 
2P, 0.197 0.753 0.158 —0.206 —0.213 
3P, —0.480 — 0.488 — 0.262 —0.452 —0.450 
3F, —0.062 —0.086 —0.061 —0.068 — 0.063 
3H, —0.020 —0.025 —0.022 —0.022 —0.019 
3P, 0.291 0.154 0.071 0.321 0.316 
3, 0.020 —0.101 —0.100 0.013 0.007 
€ —0.051 —0.825 — 1.067 —0.091 —0.090 
3F, 0.056 0.050 0.047 0.078 0.070 
3H, 0.006 —0.016 —0.009 0.002 —0.002 
€4 —0.215 —0.675 —0.637 —0.391 —0.413 
3H, 0.004 0.015 0.015 0.015 0.012 
31g —0.007 —0.006 —0.006 — 0.008 
€5 — 0.733 —0.711 —0.779 —0.788 


* g?/4x=0.08 and 829 =0.32. 


Again referring to (7) and (8), it is now easy to see that a strong negative 
V,s can meet this difficulty.. Thus, roughly speaking, the role played by the 
strong negative V;s is the following. It cooperates with the negative V, at w<1 
to reduce the *P, phase shift further down to the MMS 1 value. On the other 
hand, it also cancels the increase in the *P,; phase shift caused by the negative V, 
at 2S. 

The effect of Vz; in the coupled states is not so easy to see. 
most important effect here is the large increase in 6s. 
ticular importance in fitting the polarization data.’ 

In Table II we note that the phase shifts for L=>3 calculated without Vz; 
are in substantial agreement with those of MMS 1. This indicates that V;s must 
be short ranged. 

Based on these qualitative understanding of the effects of various forces, we 
tried some 150 combinations of parameters appearing in (5). The condition (6) 
has been imposed on all of them. For some of, the phase shifts thus obtained the 


observable quantities have been calculated and directly compared with the available 
data. We have finally decided on the set 


Perhaps the 
This increase is of par- 


9’/42=0.08, *Gys=0.1541, *GF=0.00045, 
*xo9 =0.32, ‘ag =—9, *b5=4.6, °ap = — 1.14, (9) 
“bp =0.2, *bjs=—8.09, *ag=10, *bp=6. 


The potential is plotted in Fig. 1 and the phase shifts are given in the last 
column of Table II. 


a 


aki i) | ae Fan” By, 
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x \ 
Fig. 1. The triplet odd parity potential given by (5) and (9). The dashed 
curves represent the OPEP with g?/4z=0.08. 


Among other things, (9) gives an extremely weak *V>. Its effect on the 
phase shifts are also quite small. Nevertheless, we have decided to include *V¢ 
because it was found that the fit to the experimental differential cross section at 
310 Mey is noticeably improved by doing so. The decrease in the *F, phase 
shift, although very slight, appears to be mainly responsible for the improvement. 
At lower energies, the effect of *V¢ is entirely negligible. 

(9) shows that our *V;s is composed of a weak repulsion of range (2/4) i 
and a strong attraction of range (3/4) -1 The main function of the former is to 
weaken the latter at x1. This was found necessary mainly in order not to 
produce too large a °F, phase shift. 

The weak repulsive part of *Vzs should not be taken literally, since the argu- 
ment here depends on the particular functional form assumed for *V;s. Our find- 


. ing is simply that the strongly attractive part ot *Vzs should not extend too far 


beyond 21. 
In this connection, we often felt during the course of calculations that the 


functional form of *Vzs assumed in (5) might not be quite adequate. Indeed, 
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Table III. Comparison of various proposed Vz. Entries are the *V7s(z) in Mev at 


several internucleon distances 2= pr. 


4g GT» SM» present work Bryan®) 
0.5 —198.5 881 | —278.8 —550.0 

0.8 — 25.8 —17.9 —24.0 —14.4 

1.0 —7.53 —7.95 —5.72 —1.62 
i —2.12 —3.94 —1.39 —0.25 
ns) —0.35 —1.51 —0.10 —0.02 
2.0 —0.03 —0.42 | +0.04 —0.00 


Bryan® finds a monotonic *Vz, of the form e~*/2z* with a straight cutoff at z= 
As may be seen in Table III, Bryan’s *Vjs is 


0.54 in his attempt to fit MMS 1. 
substantially weaker for 2=>1 but stronger for 2<0.7 than our *V;;. 


8V>7. it is clear from what has been said above that no *V¢ 


310 Mev. 


For his 


is required even at 


Summarizing the discussions on *V;zs, it appears from Bryan’s work and what we 


have learned during the calculations that the 
x1 but stronger for 2<0.7 than GT, SM or SM1. 
clusion is in better agreement with the pion theoretical predictions on V,z, 


than previously thought. 
In Tables IV and V we give the triplet odd parity phase shifts calculated 


317- 
Li 


; should be substantially weaker for 
It is satisfying that this con- 


10), 15), 16) 
S 


Table IV. Triplet odd parity uncoupled phase shifts. Entries are the nuclear Blatt- 
Biedenharn phase shifts in radians calculated from (5) and (9). 


{ 


E (Mev) 3Po 8P, Pid 
10 0.068 —0,039 —0.001 
18.2 0.117 —0.068 —0.002 
19.8 0.124 —0.073 —0,003 
25.63 0.147 —0.090 —0.004 
30.14 0.160 —0.102 —0.005 ve 
39.4 0.177 —0.124 —0.008 0.001 
50 0.184 —0.146 —0.012 —0.001 
66 0.179 0.174 —0.017 —0.002 
80 0.166 —0.196 —0.021 —0,003 
95 0.147 —0.218 —0.025 —0.005 
120 0.108 —0.251 —0.031 —0.006 
145 0.065 —0.282 —0.037 —0.008 
180 0.003 —0.321 —0.044 —0.011 
200 —0.032 —0.343 —0,047 —0.012 
240 —0.100 —0.384 —0.054 —0.015 
270 —0.150 —0.413 —0.058 —0.017 
310 —0.213 —0.450 —0.063 —0.019 


PCED Gee ah el i cee A Te, A, Ms 


Poe Te 
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Table V. Triplet odd parity coupled phase shifts. Entries are the nuclear Blatt-Biedenharn 
phase shifts in radians calculated from (5) and (9). 


E(Mev)| 38P, | 3F, e sF, 3H, pete jee apn paeees 

10 0.011 | —0.001 | —0.319 | 

18.2 0.028 | —0.002 | —0.336 | 

19.8 | 0.032 | —0.003 | —0.336 | --. es re 

25.63 | 0.045 | —0.003 | —0.332 | .0.001 | —0.001 | —0.759 

30,14 | 0.056 | —0.004 | —0.326 | 0.001 | —0.001 | —0.755 

39.4 0.078 | —0.004 | —0.313 | 0.003 | —0.002 | —0.748 

50 | 0.103 | —0.003 | —0.298 | 0.004 | —0.003 | —0.741 

66 0.139 | —0.002 | —0.275 | 0.007 | —0.004 | —0.730 

80 | 0.168 0.002 | —0.257 | 0.009 | —0.005 | —0.720 | 0.001 | —0.001 | —0.804 

95 0196 | 0.003 | 0.239 | 0.012 | —0.006 | —0.708 | 0.002 | —0.002 | —0.792 
120 0.234 | 0.006 | —0.213 0.017  —0.008 | —0.684 | 0.003 | —0.003 | —0.792 
145 0.264 | 0.010 | —0.191- 0.022 | —0.008 | —0.656 | 0.004 | —0.004 | —0.793 
180 0.293 0.013 | —0.164 0.031 + +—0.008 | —0.609 | 0.006 | —0.005 | —0.795 
200 0.304 | 0.014 | —0.151 | 0.036 | —0.008 | —0.579 | 0.007 | —0.006 | —0.795 
240 0.317 0.013 | —0.126 0.047 —0.006 | —0.514 | 0.009 | —0.007 | —0.795 
270 0.319 | 0.011 | —0.110 0.057 | —0.004 | —0.464 | 0.010 | —0.008 | —0.793 
310 0.316 0.007 | —0.090 0.070 | —0.002 | —0.413 | 0.012 | —0.008 | —0.788 

| 


from (5) and (9) at various energies. We notice that our potential predicts the 
phase shift solution type of MacGregor and Moravesik at 210 Mev.” 


§ 5. Singlet even parity potential 


The Schrédinger equation for the singlet even parity state reads 
[d?/dx?+n—J(J+1)/x*—Ue(x) +I (J +1) Uo (x) ]u(x) =0. (10) 
Previous calculations on the zero energy 7-p scattering parameters” have provided 


a convenient basis for the determination of ‘ac , *bé and 'a{ in (4). The combi- 


nation 

g?/4=0.08, 12 =0.337, *a¢=10, “bc =8, (11) 
was found to give the zero energy scattering length —17.5X10-* cm, the effective 
range 2.85x10-cm and at the same time the 1S, phase shift of —0.150 at 310 — 


Mev (see Table I). 
The 4D,, 1G, and “J, phase shifts calculated from (11) (with *V¢=0) are 


shown in Table I. It is clear from (10) that a weak attractive (negative) *Vj (x) 


can improve the fit to MMS 1. Indeed, it was easy to fit the *D, phase shift of 
MMS 1 exactly. It was found, however, that the 1D, phase shifts calculated at 
lower energies, particularly at 145 Mev where accurate data are available, from 
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such a potential turned out too small.* After some readjustment we decided on 
the set 


1G =—0.00155, taf =8 and %35=6. (12) 
0 
0.05 
0.1 
~0.15 
Ue ORV 1.0 “1.5 baa 


= 
Fig. 2. The singlet even parity potential given by (4), (11) and (12). The 
dashed curve represents the OPEP with 9?/4zx=0.08. 


The potential determined by (11) and (12) is shown in Fig. 2. The phase shifts 
are given in Table VI. We again note that our phase shifts at 210 Mev are of 
type 6 of MacGregor et al.” 

Unlike in the triplet odd states, the Vg is really needed in the singlet even 
state. As already noticed by GT, the *D, phase shift at 310 Mev is largely deter- 
mined by the shape independent parameters at zero energy and the 310 Mev 1S, 
phase shift, and must be about 0.26 as long as the interaction is assumed to be 
the same in 7S, and *D, states. Such a large ‘D, phase shift gives rise to an 
appreciable forward peak in the differential cross section at 310 Mev. Similar 
arguments hold for the 'G, phase shift. | 


* It is likely that this difficulty is due to an inadequate functional form of 1V$ assumed in (4). 


ae 
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Table VI. Singlet even parity phase shifts. Entries are the Blatt-Biedenharn phase shifts 
in radians calculated from (4), (11) and (12). 


ES 


E (Mev) us | 1D, 1G 1, 
10 1.000 | 0.003 Weert : 
18.2 0.912 | 0.008 
19.8 0.897 0.009 
25.63 0.844 0.014 
30.14 0.806 | 0.017 i: 

39.4 0.739 | 0.024 0.001 

50 0.670 | 0.032 | 0.002 

66 0.582 / 0.045 0.003 

80 0.514 | 0.057 0.004 

95 0.448 0.069 0.005 

120 0.350 / 0.090 | 0.007 “ 
145 | 0.265 0.114 | 0.010 0.001 
180 0.159 | 0.139 0.012 0.001 
200 0.104 | 0.154 0.013 0.001 
240 0.004 | 0.184 0.017 0.001 
270 —0.065 | 0.204 0.019 0.001 
310 —0.150 | 0.228 0.021 0.002 

a 


In this connection it is interesting to note a remark by Signell’ regarding the 
non-static effect in the nuclear forces. Using the formulation in momentum space, 
he noticed that one of the non-static effects is to reduce (in magnitude) the OPEP 
tail at high energies. Sugawara” argues to the same effect in connection with 
his recent calculations with Okubo. We see that the introduction of our weak 
negative ‘Vj has just such an effect. At low energies when the S-wave scattering 
predominates and all the higher partial waves have large impact parameters, 'V¢ 
has no effect. As the energy increases, 1Vj becomes effective but the effect is 
felt more strongly by higher partial waves (see (10)) which are scattered by the 
tail of the potential. The Signell effect must also be felt by the S-wave at high 
energies. However, since the S-wave already feels very strong attraction in the 
core region (see (11)), the small reduction in the OPEP tail should be relatively 
unimportant. . 

We did not find a conclusive evidence for *Vg. This probably means that 
the Signell effect is masked by the strong °V;z, in the triplet odd parity state. It 
is quite natural that we found ‘V, is really needed since here Vzs=0. 

Bryan® has not considered any non-static potential in the singlet even parity 
states. We believe that an appropriate ‘Vj added to his potential will improve 


the fit to the data considerably. 


§ 6. Observable quantities 


Using the phase shifts given in Tables IV, V and VI, we have calculated 
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Fig. 3. p-p differential cross sections below 
100 Mev. Experimental points are taken from 
references 24, 25, 26 and 27. 
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Fig. 7. Plot of Rsin@ vs 6 at several energies. 
Experimental points are taken from references 
13, 17, and 29. 
aL! 
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Fig. 10. Plot of C,, vs 6. Relevant ex- 
perimental data are: C,,,(315 Mev, 90°) 
=0.52+0.20 (Dubna) and C,,,,(320 Mev, 90°) 
=0.75+0.11 (Liverpool). 
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Fig. 8. Plot of Asin @ vs @ at several energies. 
Experimental points are taken from reference 
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Fig. 9. Plot of C,,sin@ vs @ at several Fig. 11. Plot of triple scattering and spin 


energies correlation parameters at 90° vs E, 
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the complete experiment parameters. Some of them are shown in Figs. 3 to 11. 
In view of the wide energy range covered the fit to the data is remarkable. 

Regarding the polarization, we have only shown P (45°) as the function of 
energy. The angular distribution of P is in general in good agreement with the 
experimental data. The largest deviation from the dada occurs at 145 Mev where 
the calculated P is smaller than the observed by about 0.04.in the 15°~35° re- 
gion. 

At 145 Mey, the calculated D(@) agrees with the Harvard data.” According 
to Nigam,” this is due to our small *P) phase shift which, in turn, is a con- 
sequence of the strong negative *Vzs as discussed in § 4. 

An interesting feature of our potential can be seen from Fig. 11. Our poten- 
tial predicts Cyn (90°) ~1 at about 140 Mev indicating that there is no contribution 
to the scattering from the singlet state at this energy and angle.* Consequently, 
R(90°) ~A (90°) ~0 at the same energy. R(90°, 140 Mev) =0 is consistent with 
the recent measurements. Fortunately, it appears that the Harvard and Harwell 
groups are both working on triple scattering measurements at the energy close to 
140 Mev. It will be very interesting to see whether further measurements realize 
our prediction. If they do, we should be able to get valuable information on the 
singlet even parity phase shifts at this energy. It may become possible to exclude 
one or the other of MMS solutions on that ground. 


§ 7. Conclusions 


We have seen that the singlet even and triplet odd parity potentials defined 
by (1), (4), (8), (9), (11) and (12) can reproduce all available p-p data up to 
310 Mev. At 310 Mev our potential predicts the phase shifts solution 1 of Mac- 
Gregor et al.™ 

As far as the tail is concerned, our potential has the OPEP tail at low 
energies. At higher energies it appears that the OPEP tail has to be reduced by 
small amount. This effect is particularly manifest in the singlet even parity states. 
Such an effect can be incorporated into the energy independent potential picture in 
the form of a weak but long ranged quadratic spin-orbit potential. 

The LS potential required in the precise fit at 310 Mev is more singular but 
of shorter range than those of GT, SM and SM1.** It is satisfying that this fea- 


ture of the LS potential is in better agreement with the predictions of the pion 
theory of nuclear forces. 


* This can be seen from the expressions for observable quantities in terms of various scattering 
amplitudes. See reference 30). 

** In this connection we feel that, if any substantial improvement is to be attempted over our 
potential, the functional form of 3Vzs will have to be modified. The modification must be in such 
a way to make the 3Vzs considerably weaker at x>1 without having recourse to the repulsive 
part in it. Such a modification may well lead to the 3Vzs considered by Bryan.8) 
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Our central and tensor potentials are consistent with the pion theory of 
nuclear forces in the sense that they satisfy the conditions (6). The LS potential 
now appears to be not inconsistent with the pion theory. Further, there is some_ 
pion theoretical evidence for the weakening of the OPEP tail at higher energy.” 
Thus we are led to the conclusion that the proton-proton scattering up to 310 
Mev can be understood in terms of the energy independent potential which is 
consistent with the pion theory of nuclear forces in every respect. We shall con- 
sider the same question in the neutron-proton scattering in a separate paper. 
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(Received June 30, 1960) 
. 
The change of electrical resistance of dilute alloys due to the thermal motion of impurity 
ions at low temperatures is calculated with the use of a variational method. The obtained 
change of electrical resistance depends on T? at the limit of low temperature and its magnitude 


is larger than that of the normal phonon-scattering resistance when the temperature is suffi- 
ciently low. 


§ 1. Introduction 


We discussed the change of electrical resistance of dilute alloys due to the 
thermal motion of impurity ions at high temperature in the previous paper” 
(referred hereafter as Part I). It was obtained there that the change of electrical 
resistance depends linearly on the temperature and also on the concentration of 
impurity, and that its magnitude is comparable to the experimental deviation of 
electrical resistance from Matthiessen’s rule. 

In the present paper we shall calculate the change of electrical resistance due 
to the thermal motion of impurity ions at low temperature in the cases of impure 


monovalent metals. As will be shown in the next section, it depends on T? which _ 


is due to the lack of the conservation of total wave number in the scattering 
process. The ratio of the resistance due to the thermal motion of impurity ions 
to the normal phonon-scattering resistance is therefore dependent on the tempera- 
ture and the former becomes predominant as the temperature decreases. 

In the next section the electrical resistance will be calculated with the use of 
the transition probability obtained in Part I and the variational method which is 


due to Kohler? and Sondheimer.” In § 3 discussions will be given on the result © 
obtained in § 2. 


As is well known,” a minimum of electrical resistance has been observed at 
low temperatures in many kinds of impure noble metals and also a maximum has 
been observed in some of them. These facts show that the effect of the thermal 
motion of impurity ions cannot be detected in these noble metals. Careful observa- 
tions on alkali metals may explain the thermal motion of impurity ions experimentally. 


§ 2. Low temperature resistance 


It is convenient for the calculation of the low temperature electrical resistance 


1050 S. Koshino 


to make use of the variational method which is due to Kohler” and Sondheimer.” 
When only an electric field is present in the direction of x-axis, the Bloch equa- 


tion may be written in the form 


<= 1g(E) (1) 
dE 
in the first order approximation, where 
oe = — | Pc! =A(E)) 19 (be) 2 LE oe dks) 
g(E) = eae: k)fo(E) {1—fo(E’)} -y¢(2) ee x @ 
822 «nT k 


and fy is the equilibrium distribution function and ¢ is defined by the expansion of 
the distribution f(k) as follows: 


f(b) =f(E) —eFk, * g (Ey) Oe 3) 
m dE 
Other quantities in the above equations have been defined in Part I. The transi- 
tion probability P(k’k) has been obtained in Part I as 


167° Z’ e* [e= tee 
dw ip + |k—k’|?}? 
xX {nd (FE! —E— ho) + (n+1)0(E’—E+ho)}, (4) 


P(k'k) =Nx do 


provided that frequencies of phonons are independent of the direction of polariza- 
tion, where p is the screening constant of impurity potential. The electrical con- 
ductivity o is given by 

ee ier ie (5) 
where L is defined by 


L=— (WT / 42° m’) |e @ ae dk (6) 


in terms of the solution of Eq. (1). 
Inserting the formal solution of the transport equation (1), which is obtained 
with the use of the variational method,” into Eq. (6), we obtain 


i= (WT / 42° m?) (qh+ta by) 5 (7) 
where 
a= (b,dn — bo dy) / (diy—dy dw), (8) 
Q= (bo diy— by Aw) / (dii—dy doo) > (9) 
n Of 
pres a ety 
VTE (10) 
and 


fa [ket dgn dk. (11) 
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In the above definitions, 7 is the dimensionless parameter defined by 7=(E—C)/«T, 


in which € is the Fermi energy. When /j is the Fermi distribution, Eq. (10) is 
reduced to 


Dyo= (22/3): (2m fh) ce? (12) 


b= (7°/2) Bb, (13) 
where §=«T/¢. From (2) and (4), Eq. (11) is reduced to 


and 


© 6/T 


dz 
din =A | “ — 
Je igs (1+e™) (1+e"*) e~) 


x [S{a 4 Bn) 1% — (1 +37+—82) (7+2)"| G+ (1 +i + Pz) (y +2)"F |, 


9 
a 


‘ (14) 
where A=16Z7e'm? (xT )*¢ Nx, z= ho/ «IT, and F and G are defined by 
F=1— (p*/2w”) log (1+ 4w*/p’) + p’/ (p?+ 4”) (15) 
and 
G=log (1+ 4w?/p’) —4w*/ (p+ 4w”), (16) 


respectively, in which w is the wave number at the top of the Fermi sphere. 
Neglecting terms which are of the order of ” or higher orders, we obtain 


Fae BABE Fe ie Cp de do P+ J, cI (18) 
and 
1 1 
ae ue Ona HR ei Gc} (19) 
3 2 
where 
6/7 nd ; 
x z 
La ee Peer. ae) 0 
w= | aya ae 


0 
As is seen from (17), (18) and (19), dy’ may be neglected in comparison with 
dudu since the ratio of the former to the latter is of the order of §”. Similarly 
bid may be neglected compared with body. Eq. (8) is therefore reduced to 
A= bo/ do. (21) 
Eq. (9) is also reduced to 
a= (by dyy—h dw) /du dy» (22) 
which is the first order quantity with respect to 8. Since both of a and ) are 
first order quantities with respect to 8, while both of a and & are zeroth order 
quantities, a,b, may be neglected compared with aly. Eq. (7) is therefore reduced 


to 
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= (WT / 4x’ m’) Aner G23) 
Inserting (23) into (5), we obtain the electrical resistance 
ey 2 em hel yess (24) 
abe rdf el? ; 
The integral J, defined by Eq. (20) can be easily calculated at each limit 
of temperature and we obtain 


ZA Cl OYs 
— (0/T (T/O>1). 
With the replacement of J, by 6/T Eq. (24) is reduced to the high temperature 


resistance which has been obtained in Part I. At the limit of low temperature, 
on the other hand, Eq. (24) is reduced to 


8 Vv 2226 Mm Foc T* 

ae ad BAGH 
It is noted that the resistance (26) depends on TJ’, which is due to the lack of 
the conservation of total wave number in the scattering process discussed in Part I. . 


(29) 


2 


p (26) 


§ 3. Discussions 


To estimate our result (26) we first compare it with the normal phonon- 
scattering resistance ¢,, which depends on T° at the limit of low temperature. 
With the use of the well-known low temperature value of ,,,” 9/?,, is obtained as 


0) Pp BL eed (27) 


where B®=6.4X10° AF €6°/dv’C* in which A is the atomic weight of solvent 
atom. From (27) the temperature T, at which p/p,,=1 is obtained as 


T.=B(Z?x)". (28) 


Eq. (27) shows that the electrical resistance due to the scattering by the thermal 
motion of impurity ions is larger than the normal phonon-scattering resistance 
when the temperature is lower than T,. Though Eq. (28) is only an approximate 
estimation of the value of T,, it is useful as a rough estimation of 7’, when the 
value given by it is sufficiently smaller than #6. Values of B are listed, in the 
Table, for monovalent metals. From Eq. (28) and the Table it is obtained, for 


example, that T, of a Cu-based alloy which contains 0.1% of divalent element is 
ARS 


Table. Values of B 


| Li is Na | Kio we Bagh Ag | ie 
B | 1.3X 102 | wm | | 


Se 
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Next, let us compare the result (26) with the residual resistance. In order to 
estimate the order of magnitude of the residual resistance we make use of Mott’s 


calculation.” The ratio of (26) to the residual resistance given by Mott” is 
then obtained as 


?/Prea=9-2X 108 aT", (29) 
~9x10-7 #7? for: Cu (30 
G ; ) 


where F and G have been defined by (15) and (16), respectively. Since it is 
easily shown that the magnitude of G is usually comparable with that of F, it 
is obtained ‘that the magnitude of ¢/9,-. is ofthe order of 107°T? for Cu-based 
alloys. From the above estimations it is concluded that the depndence of temper- 
ature-dependent part of resistance on the temperature becomes slow and approaches 
T’ as the temperature decreases beyond the critical temperature T, which is given 
roughly by (28) if the resistance due to all other mechanisms is negligible. This 
behaviour, however, will be difficult to observe unless the concentration of impurity 
is sufficiently large, since the temperature-dependent resistance is only of the order 
of 10-°T? times of the residual resistance. 

It is experimentally well known’ that the electrical resistance of impure noble 
metals has usually marked anomalies at low temperatures. Since it is obvious 
from the above discussions that the effect of the thermal motion of impurity ions 
does not give rise to such anomalies, it is probable that other mechanisms are 
predominant in noble metals. For alkali metals, on the other hand, no sufficiently 
detailed experiment on the electrical resistance of impure samples has been made 
at very low temperatures. On highly pure samples it has been made by MacDonald 
and Mendelssohn.” Since their samples contain impurities of the order smaller 
than 107%, it is expected that the effect of the thermal motion of impurity ions is 
very difficult to be observed. In fact they have found no anomaly for Na. But 
for Li and Rb they observed that the temperature-dependence of electrical resist- 
ance is lower than that expected by Gruneisen’s law. Since the value of the 
Debye temperature decreases with the temperature in these metals and the effect: 
of the decrease has the tendency to lower the temperature dependence of the 
electrical resistance, more experimental data are necessary in order to decide whether 
the thermal motion of impurity ions contributes to MacDonald and Mendelssohn’s 
observation. The essential difference of the effect of the thermal motion of impurity 
ions from that of the decrease of the Debye temperature is the dependence on the 
concentration of impurity since the temperature dependence of the Debye tem- 
perature is expected to depend slightly on the concentration of impurity. 

Finally, it is noted that the effect of the temperature-dependent part of the 
screening constant which has been obtained in Part I is smaller. In fact its ratio 
to the effect of the thermal motion of impurity ions is of the order of 
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which is much smaller than unity. 
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Impurities are known to affect vibrational properties of crystals by modifying the distri- 
bution of normal mode frequencies and altering the nature of the atomic displacements in 
the neighborhood of the impurities. We have calculated the effects of isotopic impurities on 
the lattice vibrational optical absorption of both monatomic and diatomic linear chains of 
alternately charged particles. It is found that even with the harmonic approximation and the 
use of the cyclic boundary condition, the presence of impurities leads to a broad absorption 
of the low frequency side of the main maximum. This is in contrast with the delta-function 
type of absorption at the optical frequency predicted by these models in the absence of impu- 
rities. For those cases in which discrete’ frequencies associated with localized vibrational 
modes occur, absorption at these isolated frequencies also occurs. This latter absorption can 
take place at frequencies higher than that of the main maximum. A discussion will be given 
of the relation between the results of our calculations and available experimental data. 


§1. Introduction 


Various examples are known of optical absorption lines in solids which are 
due to the effect of impurities on the lattice vibrations. For example silicon con- 
taining oxygen impurities exhibits” an infrared absorption line which has been 
qualitatively associated with a Si-O stretching vibration. Pick” has observed an 
infrared absorption line in each of several alkali halide crystals containing hydride 
ions and has attributed these lines to vibrations localized at the hydride. ions. — 
Recently Braunstein” has observed infrared impurity absorption lines in a series 
of germanium-silicon alloys. 

In the present paper a theoretical investigation based on lattice dynamics is 
given of the effect of impurities on the infrared lattice-vibrational optical absorption. 
Qualitatively, introduction of an impurity can lead to a change in mass and a 
change in force constants associated with a given site. In addition, polarizabilities 
and effective charges may be modified. Of these changes only the change in mass 
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can be controlled precisely and predictably, so we have restricted our attention to 


effects due to the change in mass of the impurity. 


In a series of papers Montroll, Potts, Maradudin and collaborators”? have 
investigated the effect of impurities on the normal vibrational modes of crystal 
lattices. We summarize some of their qualitative results which have special interest. 


First let us consider a monatomic linear chain 
of atoms with mass M and coupled by nearest 
neighbor Hooke’s law forces.” If one of the 
atoms is replaced by an atom of mass M’= 
(1—&)M with the force constants unchanged, 
the normal mode frequencies can be described 
schematically as in Fig. 1. For a lighter 
impurity atom, 0<&<1, a discrete frequency 
associated with a mode localized about the 
impurity separates from the top of the allow- 
ed band of frequencies. For a heavier impurity 
atom, €<0, no discrete frequency exists. In 
both cases the distribution function for the 
in-band frequencies is modified.” 

Turning now to the diatomic linear chain” 
the introduction of an isotopic impurity atom 
may lead to one or two discrete frequencies 
associated with localized modes depending on 
which host atom is replaced and on the rela- 


ce) 1 


Fig. 1. The variation of the impurity 


frequency associated with a light 
isotope defect in a monatomic linear 
chain is plotted as a function of the 
impurity mass. 


tive change in mass. A diagram of the situation is shown in Fig. 2. Of parti- 
cular interest is the case in which one of the heavier host atoms is replaced by 
a lighter atom. One then gets a discrete frequency above the top of the optical 
branch and a second discrete frequency in the forbidden gap between the acoustical 


aie M, M, < Mp 


Fig. 2. The dependence on the impurity mass of the 
frequencies of the localized vibration modes in a linear 
diatomic chain when a heavy mass and a light mass 
atom are replaced by an isotopic impurity, respectively. 


and optical branches. As in 
the monatomic case the fre- 
quency distribution function 


. for the in-band modes is 


modified by the presence of 
impurity atoms. 

In this paper we study 
the effects of isotopic impuri- 
ties on optical absorption 
associated both with localized 
modes and with the ordinary 
in-band modes. Monatomic 
and diatomic one and three 
dimensional cubic lattices of 


itil 
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the sodium -chloride type are considered. 


§ 2. The monatomic lattice, cyclic boundary conditions 


We study the following simple model of a one-dimensional ionic lattice. We 
have a linear chain of N ions of alternating charge each of whose mass is M, 
and each of which interacts only with its nearest neighbors through Hooke’s law 
forces with force constant 7. The time-independent equation of motion for the 
nth ion is 


Littp= Mai ty, +7 (ng — 2Uy + Un—1) =9, (2-1) 


whose general solution is 
U,n=A cosn6+B sinn, (222) 
provided that 
Moa’?= 27 (1—cos@). (2-3) 


If we impose the cyclic boundary condition on the displacements, 


Un+N— Uns (2 - 4) 
we find that 


@Z 2Q7s feet DBs N. (2-5) 
N 


When defects are introduced into the lattice, the time-independent equations 
assume in general the form 


Die Pe Ey thy. (2-6) 
p 


Equation (2-6) can be solved formally if we introduce the Green’s function (7) 
which satisfies the equation 


Lg (n) =8ng | (2a 
and also the cyclic boundary condition 
g(n+N) = 9(n). (2:8) 
With the aid of this function the solution to Eq. (2-6) is 
Un = pa J (N—M) Cmp Up (2-9) 


If the ion at n=0 is replaced by one of the same charge but whose mass is 
M'=(1—€)M the coefficients c,» in Eq. (2-6) become 


Crp == EMw* pes Dn ? (2 ‘ 10) 


so that Eq. (2-9) becomes 
Un=EMw’ g (1) uo. (2-11) 
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Since Eq. (2-11) holds for all », it must hold for »=0, and we thus obtain the 
eigenvalue equation for the normal mode frequencies of the perturbed lattice : 
1=EMo’9 (0). (2-12) 
An expression for (7) which satisfies Eqs. (2-7) and (2-8) is 


aby 5 een 2 CEP (Stra AN) pe aay aes (2-13) 
9\n) N = Mo? —27+27 cos (2x s/N) A 


The sum in Eq. (2-13) is evaluated in the Appendix with the result that 


9 (n) =g (0) cosng +— sin|2|9 ; n=0, 1, 2, ---, N—1 (2-14) 
27 sing . 
9(0) cot (Ng/2) _ (2-15) 
27 sing 
where we have put 
2 
a2 =f =sin'(¢/2), 0<9<2r. (2-16) 
Ww, 


The eigenvalue equation (2-12) becomes 
tan(N¢/2) =€ tan(¢/2). (2-17) 


From Eqs. (2-11) and (2-13) we see that the isotope defect affects only the 
symmetric modes, i. e., those for which w,=w_,, while the antisymmetric modes, 
for which u_,=—wp,, are unaffected by the presence of the defect. ‘Thus we can 
classify the solutions to the perturbed equations as follows: 


symmetric: w,=€&Mw'J(n)m, w=, sin(¢/2) (2-18a) 
tan (N¢/2) =& tan(¢/2) (2-18b) 
antisymmetric: wu,=Bsin(2zs/N), w=w;sin(¢/2) (2-19a) 
eons 
N 
In each of these cases we can restrict g to the interval (0,7) since we gain no 


new normal modes from the interval (z, 27), and this restriction gives the correct 
number of normal mode vibrations. 


We now turn to the calculation of the dipole moment of the lattice associated 
with each normal mode. This is defined by 


(2-19b) 


M(s) = SS exam (s) (2-20) 


where w,(s) is the displacement of the mth ion in the sth normal mode of vibration 
_and e, is the charge on the mth ion. In the present case €,=e(—1)”, and we find 
for the antisymmetric modes that 


mer 
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N-1 
M(s) =eB 3} (—1)*sin "5 =0, (2-21) 


Thus we see that the antisymmetric modes do not contribute to the optical ab- 
sorption of the lattice. 

To calculate the contribution of the symmetric modes to the dipole moment 
it is convenient to proceed as follows. From Eqs. (2-18a) (2-20) and (2-13) 
we find that 


hh 2 xt is ty Eee 
M(s) =€eMa,'* um p> C1 on) = ee (2-22) 


oO; —o, 
where w, is the sth root of Eq. (2-18b). 
The displacement 2) is obtained from the normalization condition 
N-1 N-1 
>> Mp 7 (s) =M D> u,7(s) —EMuy?(s) =1. (2-23) 
n=0 n=0 
This equation can be rewritten as 
N-1 
1+€Mu,"(s) =& M?*a,' uy (s) >) 9? (n) 
n=0 
MN 2 2 2 Ps 2 Ne T : | 
a tee s) tan?-“* csc? —+*_ 11+—— cot¢, sin N¢, 2-24 
aio (s) 5 5 Aone Y (2-24) 


where this result is obtained from Eqs. (2-13) and (2-15) by a differentiation 
with respect to ¢. With the aid of the eigenvalue equation, Eq. (2-17), this 
expression can be simplified to . 
MN 2 2 2 Qs & ( 2 Ps )| oon 
14+ & tan’? ——_ (1+ tan’ } + =1. 2-25 
: up (Ss) 41+ & tan . N 9 ( ) 


Combining the results expressed by Eqs. (2-22) and (2-25) we finally obtain for 
the dipole moment associated with the sth normal mode 


eA Vv 2€e tan’ (¢,/2) 2.26 
M() =~ Jigen) E/N tanga) OP 
ot 42 ee fs. (2-26b) 


~~ YMN YA-f— 1-8) fe—/N] 


Ordinarily, the term of O(1/N) in the denominator of Eq. (2-26b) is negligible | 
compared to the rest of the denominator, and we have the approximate result that 


V2 be fe (2-27) 
VMN V (—-fe)[1— A—-&) fe] | 


We have so far not considered explicitly the contribution to the dipole moment © 
due to localized impurity modes of vibration. It is known from the work of 
Montroll and Potts” that such a mode exists if O0<&<1 but not if €<0. In the 


M(s)=— 
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former case, which is the more interesting one, there is a solution to Eq. (2-17) 
with f>1. This special case is included in the general treatment just presented, 
and is obtained by replacing ¢ by 
g=nxtiz (2-28) 
so that now 
i =Cosn 2) uk. (2-29) 


If Eq. (2-28) is substituted into Eq. (2-17) the eigenvalue equation for the im- 
purity frequency becomes 


€ coth(z/2) =tanh(Nz/2) >1 as No. (2-30) 
In the large N limit the solution of Eq. (2-30) is 


Ay RC Ca oe (2-31) 
1—€& 


which together with Eq. (2-29) gives the Montroll-Potts result 


1 
25.23 
Lees > 18 . 


(2-32) 
If this result is substituted into Eq. (2-26b), or, alternatively, if Eqs. (2-28) and 
(2-31) are substituted into Eq. (2-26a), we obtain for the dipole moment as- 
sociated with the impurity mode 


Nia V 2e EVE 
jie eM sey dees 
The absorption coefficient is proportional to M?(f)g(f) where g(f) is the 
frequency distribution function for the perturbed lattice. It has the form 


(2733) 


I (Ff) =9%(f) + 49 (f) (2-34) 
_ where %(f) is the distribution function for the perfect lattice, 
go(f) =" e (2-35) 


eg it, Meee 
zk wrV 1—f? 


and 49(f) is the change in y(f) due to an isotope defect? : 


AES Io) Lae 1 1 
49 (f) =— z — — -0( f- = 
If) 2N {1+ (@—-1)f'] 2Nw, Ais 3 No, : (7 Sel ‘ 


Ozer ty (2 - 36a) 


bee} If) 1 
ON abe Gaa yen mone 


0(f-1), &<0. (2-36b) 


For the more interesting case of 0<€<1 we find that 
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We g es oe rh 
Agile VEN le) Lie") 77] 

SETAE LES hot wees NEE Vest 
tw, V1 —f* Nz, VS ee Q—-&)f*] 2Nez sp 
2e° 1 se a ul 

eet a) ee 

For the case €<0, we have 
9 2 24 
Mf) 9(f) = J 

DINE de i Ce") 7" 
2 1 [é| 1 Poe WL 

x he EMER we} 

eae V1 —f? Naw, (1+ (2—Df]V1—f? 2Noz og Df. 


(2-37b) 
These results are exact. 
The physically most interesting case is one where the crystal contains a finite 
number 7 of defects, and not just one. In this case we can expand M*(f)g9(/) 
in powers of the concentration of impurities, 


cae (2-38) 
in the form 
Mfg) =1N=h(f) +h) +. (2-39) 


In this expansion J,(f) is the value of /(f/) in the absence of impurities, h, is 
the change in I(f) due to the addition of a single impurity, and so on”. In the 
present case J,(f) is just a delta-function centered at f=1, and we will neglect 
it here since it contributes at one frequency only. This means that to terms linear 
in the concentration of impurities we obtain 


Age te erft 
LO ac Mo, nef?) 3/2 fi—a Seay a 
1 : 1 5 . 
Pal Bae eis e<0.  (2-40b) 


“Mo, = O—f)@fh-d-aF i)’ 

Thus in this approximation there is no formal difference between the in-band 

absorption in the two cases 0<€<1, and €<0. . 
In Fig. 3 a plot is given of the integrated absorption coefficient in arbitrary 

units as a function of the fractional change in mass & for the localized mode of 

vibration. One sees that the absorption is strong both when € is close to zero 
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and to unity. In Fig. 4 the absorption 
coefficient in arbitrary units is plotted 
as a function of frequnency for the 
in-band modes when €=1/2. For the 
perfect lattice the absorption is zero 
except at w,;. The presence of im- 
purities leads to an increase in ab- 10 


M 
€sI-G 


ABSORPTION 


i5 20 25 30 35 why, 


é f - 0 745 866 916 943 € 
sorption at in-band frequencies when Ges Saree 
cyclic boundary conditions are emp- Fig. 3. Absorption (in arbitrary units) due to 
loyed. the localized vibration mode associated with a 


light isotope impurity in a monatomic linear 
chain plotted as a function of the impurity 
mass. 


§ 3. A pair of isotope defects in 
a monatomic chain 


It is of interest to investigate the 
effect of increasing concentration of 
impurities on the optical absorption. 
One would like to carry out a calcu- 
lation for a system with m impurities, 
but the computational problems _be- 
come rather severe. We therefore 
consider the case in which two ions 
of the same kind are replaced by 
heavier or lighter impurities. The 
time independent equations of motion 
become 


ABSORPTION 


Lu, = EMu* (use On, —m aa Um On) . 


(3-1) 
. 0 : 
The solution to this equation is w/o, 
Fig. 4. The in-band absorption (in arbitrary 
phat, r , 
Um=EMw Lg (1+) Um units) due to a single light isotope impurity 
+9(n—m) Um | f (3-2) in a monatomic linear chain plotted as a func- 


: tion of the frequency. 
Setting 2 equal to —m and m respec- 


tively, we obtain the following set of equations for the amplitudes w_,, and w,, : 


ee: (0)—1: &Mw'9(2m) bs =% 


EMw’ 9g (2m) €EMw’g (0) —1 ss y 


Um 


The solubility condition leads to the eigenvalue equations for the normal mode 
frequencies 


EMw*9 (0) =1+€Me’g (2m). (3-4) 


wee 
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If we substitute the solution corresponding to the plus sign in Eq. (3-4) back into 
Eq. (3-3) we find that 


Um tUm=9, (3-5) 


ie. this choice corresponds to antisymmetric modes of vibration. Similarly, the 
solution of Eq. (3-4) with the minus sign leads to the condition 


U,—u.=, (3-6) 


and hence to symmetric vibration modes. The displacement components in each 
case are given by 


antisymmetric: ,=€Mo*[g(n—m) —9 (n+m) |um (3-7a) 
symmetric : Un=EMw* [9g (n—m) +9 (n+ m) Veet (3-7b) 


It is straightforward to show that for the antisymmetric modes the dipole moment 
of the lattice vanishes, so that we need to consider only the symmetric modes in 
computing the absorption spectrum of the lattice. Furthermore, we shall restrict 
our attention to the localized modes, because the in-band modes lead to extremely — 
complicated expressions for the absorption coefficient from which it is difficult to 
extract simple physical results. 

The eigenvalue equation (3-4) for symmetric modes, has a solution corres- 
ponding to a localized vibration mode when 0<&<1. Replacing ¢ by z+iz in 
the usual way, we obtain the equation which determines the frequency of the 
localized mode : 

€ coth_~-=1—€ coth*-e7”™. (3-8) 
| i 2 
This equation can be solved by iteration, using the solution for m— > as the 
starting point. The result is 


1 ais Pa ene 
a i eee’ sae 3.9 
Sa e {+ ie ape) ) a 


and corresponds to a value of z given by 


eS 2m 
Pate scree MO a (3 =) ee (3-10) 
ie 1—é \ite 


The displacement amplitudes become 
Un =E coth eee high Einar Ge ead E (3-11) 
so that the expression for the dipole moment associated with this mode becomes | 
M(z) = (—1) etm ecoth 2 >) [ecinmle 4 em! mie] = 2(—1)” C6 Um coth? 


=—-o 


(3-12) 
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The normalization condition, which determines the amplitude 7,,, is 
M>} yet +2 (M'—M)up=1. (3-13) 
If we substitute Eq. (3-11) into Eq. (3-13), we can rewrite the latter equation as 


Me coth? 5 tm 2) [e-tissmle 4 Qerincmleninemle 4 e~tntml*|— 26 Ma, = 1. (3-14) 


The sums are readily evaluated and we find that 


2MEu; ile cothz (1-+e™*) + 2&me-*""] coth* =-— 1| 34 STI) 


However, from the eigenvalue equation we see that 


Te eae A tanh- 
é 


so that 


tanh(z/2) 2 2 : 


If we substitute for z the expression given in Eq. (3-10), and transpose terms we 
obtain 


a m 


Vira 9 
a Vé l (2mé—1) Ease ] 
Dennen LARS ann eee ma 3-18 
Pay Marae poe 1+é i ( ) 


This result together with Eq. (3-12) gives us finally that 


a 2e(—1)” 2mé+1—26? (/1—€\*™ 
Meer Tee EAB ate) ee 

If we compare the results given by Eqs. (2-33) and (3-19) and recall that 
the absorption is proportional to M’, we see that although only one of the two 
impurity modes in the present case is optically active it contributes twice as much 
to the absorption at the impurity frequency as does the single impurity mode which 
is associated with a single, isolated impurity. This tends to confirm our statement 
in the preceding section that if we have m impurities in our lattice, where n<N 
so that they are widely separated, then to the first approximation the absorption 
at the impurity frequency is ” times the absorption due to a single, isolated 
impurity. 


§4. A single isotope defect in a monatomic lattice with free ends 


In all cases discussed so far the unperturbed lattice has an absorption spectrum 
which consists only of a single 0-function peak at w=w,;. This result is a direct 
consequence of the assumption of the cyclic boundary condition on the lattice. It 
is known from the results of Rosenstock® that if more realistic boundary conditions 


Impurity Induced Infrared Lattice Vibration Absorption 1065 


are imposed on the lattice, e. g., if the ends of the lattice are allowed to be free, 
a non-vanishing absorption in the frequency range (0, ,) results. Since in the 
cyclic boundary case all in-band absorption is due to the impurity, it is of some 
interest to see how the presence of the impurity affects the in-band absorption in 
a lattice where it is non-vanishing to begin with. 

We choose for this purpose a lattice of (an even number) N atoms which 
we number from 1 to N. We place an isotope defect whose mass is M’=(1—&)M 
at p=WN/2 in the lattice. The equations of motion for this lattice become 


Moa? Une 7 ORS cre Un) a4 Cn Una) = 0, n xp (4 iB la) 
M! wu, t7 (Upii— Up) —7 (Up—Up-1) =0,  n=p. (4-1b) 
The boundary conditions are 
Uy — Uy = 0 
(4-2) 
uny1— Un = 0. 
A solution satisfying the boundary condition wy,1—uy=0 and satisfying the 
equations of motion for n= p is 


Un= A COs (N-n+—} Y, np, (4-3) 


provided that w?=w, sin’ ¢/2, where w,=V 47/M is the largest unperturbed fre- 
quency of the lattice. A solution satisfying the boundary condition w—w=0 and 
satisfying the equations of motion for 7<p is 


U,=B cos (n+) Caney, : (4-4) 


provided again that w’=w; sin’ ¢/2. The coefficients A and B are determined by 
substituting the solutions (4-3) and (4-4) into the equations for the displacement 
components which are linked by the defect, u, and u,-1. This leads to the pair 
of equations 


A [20-8 sin’ (¢/2) —1] cos (At e+ : cos ( ee o} 


4), Bcos (A) g=0 (4-5a) 
2 2 


/ 


=A cos (“S 1) g+B {2 sin®(p/2) —1] cos ( Y 


+ ; cos( A=.) o| =). (4-5b) 


‘The condition that this pair of equations have non-trivial solutions for A and B 


«5 that the determinant of the coefficients vanishes. After some manipulations this 


condition reduces to 
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as 9 Ni __cos¢? tf (4-6) 
1=€ tan(¢/ )| cot g+ Fn Nor 


and we also find that 


=/t : (4-7) 
5 Tae 
2 
The dipole moment for the sth normal mode is 
M(s) = Se(-1)"m(s) =, 8B [14 (1)? cos (p—)¢] 
el 4 2 cos(v/2) 
eA N 
eg EZ (Sd) PicostN— pe) ee 4-8 
2 cos (p/2) )?icos(N—pt 1) e+ (17 J (4-8) 
Ne 


2¢A sin 2 sin aint p even 
Fe Sal Tee OS eae (4-9) 


2 N-1 2 N 
5 3 gy cos ce ¢g, p odd. 


cos 


cos 
The constant A is determined by the normalization condition 
3} Mu. + (M'—M)u,?=1. (4-10) 
The first term on the left-hand side of Eq. (4-10) is summed as follows: 


N : p-l A ; 7 N 1 
> Mu, =M| B?* cos (n»— g+ >} A? cos? (Nn eee ) o} 
a Pr 

1 


n n=1 
=) mB | N14 sin(N—2)¢ ] 
2 2 2 sing 
i. N sin(N+2)@ 
+3 mat S414 :: 
2 2 2 sing Moa 
The normalization condition, Eq. (4-10) becomes 
cos? ( Nebl ) : | 
1= 2 ya? 2 ce atey sin(N—2)¢ |+ N 414 sin(N+2)¢9 | 
2 cos Net 2 2sing 2 2sing 
2 
— EMA? cos! ( NF1 ) 
2 
= AAESEN [1+cos N¢ cos ¢] (4-12) 


Impurity Induced Infrared Lattice Vibration Absorption 1067 


where we have retained only the terms proportional to N. It can be shown that 


this approximation is permissible for all ¢ in (0, z), i.e. for the in-band modes. 
We finally obtain 


see dba 
2 cos © 
Age eit Dy Hee 8 ih (4-13) 
Vv NM V1+cos Ne cose 
The dipole moment can be rewritten as 
a sin © sin ¢ Nee dd 
M(s) =~“ face ss E eae % 4-14 
( Vv NM @ eat 2 | p even. ( ) 


cos VY 1+cos N¢ cose 

It is a rather difficult matter to eliminate ¢ from .Eq. (4-14) in favor of the 
frequency w. We have therefore evaluated M(s) numerically for the particular 
case in which N=20 and €=1/2. One 
finds that as s increases, M(s) under- 
goes oscillations which become ex- 
tremely rapid when WN is large. In 
any physically resolvable frequency 80 
interval, however, these oscillations will 
be averaged out so that the absorption 
is a smoothly varying function of o. 
We have therefore averaged I/(s) over 
small ranges of s to srnooth out these 
physically unimportant oscillations. The 
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absorption coefficient is plotted as a S40 

function of frequency in Fig. 5. One §& 

sees that when a lighter impurity atom % 30 

is present, the in-band absorption is >: 

less than that for the perfect lattice. 20 

This result is the opposite of that He 7” SINGLE 
obtained with cyclic boundary condi- DEFECT 
tions. We believe that the free boun- 0 


0 o2 04 oO6 O8 10 12 14 


dary condition gives the more reliable : 
Tw 
L 


result since it seems physically more 
Bue : : Fig. 5. The absorption in a monatomic linear 
cyclic boundary condi- 8 
realistic than the cy 7 chain with free ends is plotted both for the 


tion. case of no impurity and for the case of a 
In the case that O<€<1, theeigen- _ single light mass impurity. 


value equation (4-6) has a solution 
which corresponds to a mode of vibration which is localized about the defect. 


This solution is obtained by replacing ¢ by z+iz in Eq. (4-6): 
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hz 
1=€ coth*- (coth Ne— Spe cele ie (4-15) 
2 cos Nz sinh Nz 
In the limit as N->0co this equation reduces to the eigenvalue equation for the 
impurity frequency in a lattice satisfying the cyclic boundary condition, Eq. (2-30). 
The expressions for the displacement components wp associated with the 
localized mode become 


Un=tA(—1)” sinh (n—N-—}z, n= p 


ws 
(4-16) 
=iB(—1)" sinh (n—+) «, WAP 
provided that 
2 a 
ee a= COSh ear (4-17) 
OO; 2 
In the limit as N->co we find that 
B=— Ae’. (4-18) 


The expression for the dipole moment associated with the localized mode is 


WiC roe i £o ev eDel® (4-19) 


~ 


The normalization condition for the localized mode becomes (in the limit of 
large N) 


2 
3 Mlus|?+ (M!—M) fug?| = ——— Arwen ( TE) 1, (4-20) 
so that 
br ae 8é —(N+1l)z 
Ma_&) e : (4-21) 


Combining Eqs. (4:19) and (4-21) we finally obtain for the dipole moment as- 
sociated with the localized vibration mode 


M(z)= = vi2e ; : 
(z) NT ieee (4-22) 


This expression is identical with the corresponding result for a lattice obeying the 


cyclic boundary condition, Eq. (2-33). 


§5. A single defect in a diatomic lattice 


We consider an alternating diatomic linear chain composed of N atoms with 
mass M, and N atoms with mass M, interacting with nearest neighbor Hooke’s 
law forces. Our discussion will be limited to the case in which a heavier host 
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atom is replaced by a lighter isotopic impurity atom with mass M’. As stated 
in the introduction this case exhibits the maximum number of localized vibrational 
modes and thus can provide an indication of the principal effects to be expected 
in diatomic lattices. 


The time independent equations of motion can accordingly be written as 


O° Mz tn +7 [t2n41— 2Ulon + U2n—1] = 0 

2 y (5-1) 
1) M, Uone1 +7 [on+2— 2tlon41+ ton |= On, op My wu , 

where M,<M,, €M,=M,—M", and 0<&<1. By making the transformations 


Van= (Mw? — 27)? uy 
(5-2) 
Umz1— (VM, w— 27) ge U2m+1> 
where positive square roots are to be taken, one can write Eqs. (5-1) in the com- 
pact form 
Ie ei /2 
(M* 027) tat 7 (nia t Yaa) = Fy EM MAS 2D) p53) 
(M, w*— 27)” 


where 
(M *@? — 27)'?= (M, a? — 27)” (Mz? — 27)? (5-4) 
and the atoms have been relabeled. 
The Green function solution to Eq. (5-3), assuming cyclic boundary con- 
ditions, can be written as 


, 2__ 9.,\ 1/2 
pe eM ee (5-5) 


(M, wo? — 27)? 
where the Green’s function g*(7) is given by 


1 2% exp(2nisn/2N)_ 6-6) 


g* (n) = : -. 
ae, QN = M* w?—27+ 27 cos(27s/2N) 


The eigenvalue equation, which determines the characteristic values of the fre- 
quency «, is obtained by substituting »=1 in Eq. (5-5) yielding 


2) '9,\1/2 
1=EM,w? paper g* (0). (6-7) 
Let us consider first the localized mode with frequency above the top of the 
optical branch. Defining 
SoM NY 


2_ 5-8 
eee (5-8) 


one can evaluate the Green function and obtain 


A EASA haat Gh ier 5-9 
eae Ie ae ae a 
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The characteristic frequency determined by Eqs. (5-7), (5-8) and (5-9) is speci- 
fied by 


2v7=ae+ 204 ral WES vo + 4€ con ; (5-10) 

where 
wo = 27/ Mz (5-11a) 
we=27/M,. (5-11b) 


The. effective dipole moment 1/(0) can be evaluated using methods similar to 
those employed for the monatomic lattice. The result is 


Eu Wu (w?—wo) wa 4 3] 
AiO ae ro Ws 4 f14+y]+2yt (5-12) 
qa =) (wv — wr, ) aie O4 (w?— Ws) aA Wo 2" | % 
where 
y=f-Vfi-l A EGA Ga) 
w= 27 (— i ~) (5-12b) 
fi 2 


and the amplitude «, is determined by the normalizing condition 


M, >) w2+M, >) w4727=1+6M, ui. (5-12c) 


n odd nevel 


The result obtained from Eq. (5-12c) is 
1—y*) (w?— wy’) - 
goed ereceemoeat ses Ce 4 ates IP Vin ar eat 
; [ (w?—ay’) A+ 9°) +294 (w?— 0.7) |-—E A— 9°) (w?—@") ( ) 
The localized mode with frequency in the “ forbidden” gap between acoustical 


and optical branches will be considered next. The Green function for this case 
can be written as 


-) |n|—1 In 
g* (n) = a ~ Font ae (5-14) 
where 
xL=0(07—0*)"?— (04)? (we—o)"?. (5 -14a) 
The value of the frequency in the “forbidden” gap is specified by 
20° =a9 + 206 -V = )* 9! + AE 0 d (5-15) 


(h=-€)) 
The effective dipole moment M(g) may be expressed as 


Mg) pad (eEwu, 


(w?—w,4)*? (oz —’)'? (a? we + x”) 


Loo (w?— 047)? 2a 


— (wy —*)*? (agore—x")}, (5-16) 
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where the amplitude zw, is determined by the normalization condition Eq. ot 12c) 
and is given by 


M,u?= pat (co —w 2] (cvo" wa— ah 
200° wiv —o2)x at (we =) (wo w4+2") ews wy) Cantos ae 
(5-17) 


Turning now to the modes with frequencies lying within the acoustical branch 
we find that the eigenvalue equation (5-7) can be written as 


279 SO isya/9 , 
1=e—* (oo 5 wo) csc dé cot Nd (5-18) 
ww4(wi—w’)*? 
where 
r * 2 
sint $= f= dl (5-18a) 
_ rr 


“A fe, cfs, 


ABSORPTION COEFFICIENT 


00 O02 O04 O06 O8 1.0 
“oy r 


Fig. 6. Absorption in a diatomic linear chain for the case 
that one of the heavy masses is replaced by a lighter 
isotope impurity. 
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In the limit of large N one can evaluate the effective dipole moment M,(s) for 
the sth mode in the acoustical branch in terms of the frequency w for that mode. 
The result is 
V2 wo (aj— 0)? (oP — 0)” pas an 
MN ~ / NM, (o2 =e)? (ape 121 € y? (cy? —w") + (wi—w’) (wj—’) fF? 
(5-19) 
The treatment for the optical branch follows in very similar fashion. The 


expression for the effective dipole moment M,(s) for the sth mode in the optical 
branch is given by 


MC i Dee wld —o4) = —o) es eae 
os) NWNM, 220)? Oe 02) {eC a* (w’—wo) + (w°—w4) (w7—’) ts 
V NM, (w; G ) iE 


(5-20) 


In order to indicate the qualitative 
nature of the results for the diatomic case 
treated above we have made calculations 
for the specific case in which M,=3M, 
and €=1/2. The absorption coefficient 
in arbitrary units is plotted as a function 
of frequency in Fig. 6. One sees that 
. the absorption in the acoustical branch 
and at the discrete frequency in the 
“forbidden” gap is quite small. The 
absorption coefficient increases very rapid- 
ly as one approaches the upper bound 
w,, of the optical branch. The absorption 
coefficient at the discrete frequency above 


5.0 


MODE ABOVE 
OPTICAL BRANCH 


S) 
° 


Cu 
° 


INTEGRATED ABSORPTION COEFFICIENT 


05 

the optical branch is relatively large 0.4 

compared to that associated with the 0.3 

mode in the gap. me 

The dependence on & of the integrat- ae 

ed absorption for the localized modes is ae 

plotted in Fig. 7 for M,=3M,. The Fig.7. The integrated absorption coefficient 
mode above the optical branch has large for the two impurity modes in a diatomic 
absorption for € near zero and near unity linear chain which arise when one of the 
with a minimum at intermediate €. The heavy, masses ne tepiced Ay sas Dame ae 


: ; ; tope impurity. 
mode in the gap has continuously in- 


creasing absorption as € increases but the absorption is always very small. 


§ 6. Impurity frequencies in three-dimensional lattices 


We conclude with a brief discussion of the frequencies associated with localized 


cian ie eaoaeaieieel 
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vibration modes due to isotopic impurities in three-dimensional monatomic and 
diatomic simple cubic lattices having nearest neighbor Hooke’s law interactions, 
both central and non-central. 

For a monatomic lattice the eigenvalue equation is 


l=eMo'7(0; 0, 030); (6-1) 
where 
g(0, 0, 0; o) = te | : i\j- : Abidbrdbs | 
Mo; \2° ) (2+a) (2f?—1) —a@ cos ¢,—cos¢,—cos¢s )” 
(6-2) 


f?=o'/w;, and @ is the ratio 7/7, of central to non-central force constants. The 
integral in curly brackets has been tabulated for a wide range of the parameters 
a and f.” If we denote it by 1(0,0,0;@;f), Eq. (6-1) becomes 


1=€(2+a)f*I(0, 0,0; a; f). (6-3) 


For given values of @ and & this equation must be solved numerically. 

Although we know experimentally what w; is for the alkali-halides we must 
still determine the value of a in each case. A simple (though not unique) choice 
is provided by a calculation of the strain energy of our crystal due to a homoge- 
neous deformation. This leads to the following identifications :“” 


ea. 751 Re eee F712 
Cia ee a C2 = 0, Cys, (6-4) 


where a is the lattice parameter. These expressions lead to the result 

a=7,/fa= (C11 / 2044) 5 (6 -5) 
For the case of KCl, which is reasonably well approximated by a monatomic 
crystal, we obtain 


ER SLES | (6-6) 
2x 0.625 
If we consider a U-center in KCl which is believed to be an H™ ion replacing 
a halide ion, M=36, M’=1, so that €=35/36. If we now solve Eq. (6-3) for 
this choice of parameters with the aid of the results of reference 9) we find 


f=4.26, Ove =17.9 x10” sec. (6-7) 
7 


The experimental result of Pick” in this case gives 


f=4.52, nae 19x 10” sec™?. (6-8) 


iT 
In view of the crudeness of the model, the agreement between theory and experi- 


ment is striking. 
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For a diatomic lattice with masses M, and M, at alternating lattice points 
where M,>M,, the M* transformation leads to the following eigenvalue equation 


mcceenerm 


in the case that a mass M, is replaced by a mass (1—&)M,. The function 
g* (0, 0,0;) is given by 


g* (0, 0, 0; w) 


7 


orally do, dd.dds 
ie (M, — 27, — 47) 12 (Mw? De Ay ra) W249 471 cos, +2 a]2 4 COS G2 +2} ay 5 COSGs 
(6-10) 
We define the frequencies w*, and w,” by 
PR Be WN ay rhe eer ere fy (6-11) 
M, M, 
In terms of these frequencies g*(0, 0, 0; w) becomes 
g* (0, 0, 0; w) 
_ 2+ Mi dd, db, dbs 
Mo we? [(w?/w)—1}'"[(w?/@") — 1] *(2+a)—a cos — COS $— COS Os ” 
(6-12) 
and the eigenvalue equation takes the form 
v [(e?/o2)—1}" f doi db.dé 
ae fete Taro (Sh ee 
Y [(v?/or)— ta. ( aa “) [(2+a)/p]— @ COS gi— COs @,— COS 3, 
(6-13) 
where 
2 1/2 2 1/2 
pet oy -1) ( as —1) (6-14) 
WO; Ws 


We are interested in those solutions of Eq. (6-13) for which w?>w?=0/2+a.2. 
Inverting Eq. (6-14) we obtain 


2 
OPER 2 1 alt | 4w, w.? ( 1 is 
= f*=——+ —_| 14+ —+ > (—_— : 
Wr f , 2 3 OL ee ‘ hres 

In the case of a U-center in NaCl, M,=36, M,=23, M’=1, so that €= 35/36 
as before. The value of a is still given by Eq. (6-5) and is 


3.73 


I 
~ 2X 1.33 (6-16) 


in the present case. 
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The solution to Eq. (6-13) is obtained with the aid of the material of re- 
ference 9) and is found to be 


f=3.760 
which should be compared with the experimental value of 


Feo042 
due to Pick. 


§ 7. Discussion 


The calculations presented in this paper are restricted to the effects of the 
mass difference of an impurity atom on the infrared absorption due to lattice 
vibrations. The most striking result is the appearance of a discrete absorption line 
associated with the localized mode appearing above the maximum frequency of 
the optical branch when a host atom is replaced by a lighter atom. This effect 
disappears if the impurity atom is heavier than the host atom. Thus, if the 
addition of heavy atom impurities leads to experimentally observed discrete ab: 
sorption lines, their explanation must lie in a change of force constants or some 
other mechanism rather than in the mass change. This conclusion applies as well 
to discrete modes which drop down from the optical branches, since the associated 
absorption is weak and is masked by the continuous in-band absorption. 

For not too large concentrations of impurities there are as many discrete 1m- 
purity modes above the optical branch as there are degrees of freedom associated . 
with the impurity atoms. Not all of these impurity modes are strongly absorbing, 
however. In the particular cases studied in sections 2 and 3 only the symmetric 
modes were optically absorbing. For a general number of impurities the impurity 
modes can no longer be classified as purely symmetric or antisymmetric, but one 
can still use a qualitative characterization of symmetric or antisymmetric. Only 
the discrete modes with a large symmetric character will be expected to lead 
to strong absorption. The width of the optical absorption line may therefore be | 
relatively narrow compared to the width of the impurity band itself. An extreme 
case would be that in which every second host atom in an initially monatomic 
chain is replaced by a lighter impurity atom. The impurity band then becomes 


a significant fraction of the optical branch, but only the largest frequency is op- 


tically absorbing. Experimentally the discrete lines associated with hydride ions 


in alkali halides are observed by Pick to be very narrow. 


The rather good agreement between the calculated values of the impurity 
frequencies given in section 6 and Pick’s experimental results is gratifying but 
may be fortuitous. Our calculations did not take into account the long range 
Coulomb forces between ions and the coupling between the 2-, y- and z-displa- 
cement components. ~ It may be, however, that the relation of the impurity frequency 
to the reststrahl frequency, which is what we actually calculate, is not sensitive to 
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these details, and is given more accurately by our model than either frequency 
separately. 


Appendix 
In this appendix we establish Eqs. (2-14) and (2-15) of the text. We begin 


by evaluating 7(0) which is given by 


= 0 ae (A-1) 
ie ae 2 oo s(27r Eo ee ie 


es 
ih sh -|. mcotmz Res| 2= _ N¢ 6 |—Res| z=n-48 | 
~ OeN cos (22z/N)—cos¢ 2 Qt 


Cc 

(A-2) 
where C is the counterclockwise rectangular contour with corners at (1/2, —7@), 
(N+1/2, —ia), (N+1/2, iw), and (1/2, ia) which is shown in Fig. A.1. It 
is easily seen that the contributions to 7(0) from BC and DA cancel each other 
and we are left with 


N+1/2 


cot | N¢é/2] ve Cot (1k) 5 ie : 
10) = 2r sing — a, a cos[(22/N)(—ia)]—cos te ea 
cot NG/2] (A-4) 
27 sing 


in the limit as aco. This is Eq. (2-15). 
The recurrence relation satisfied by 4g (7) 
can be written as 


—9 (n) cosp-+— Lyn tt) +9(1— 1) =. 
(A-5) 
For #0 the solution to Eq. (A-5) is given by 


g(n) =A cosné+B sin|n\¢. (A-6) 


It is clear however, that A=g(0), while from 
equations (A-5), and (2-13) we find that 


91) =9(-1) =9(0) cosp t=, (A-7) 
/ 


so that B=1/2;7 sind. Combining these results 
we obtain finally that 


g(n) =9 (0) cos ng + Silat (A -8) Fig. A.l. The contour for the eva- 
27 sing luation of the integral (A-2). 


eres 


Impurity Induced Infrared Lattice Vibration Absorption 1077 


which is Eq. (2-14). It is readily established that the solution (A-8) satisfies 
the symmetry condition 


g(n) =9 (N—n) (A-9) 


which is implied by Eq. (2-13). 
An approximate method for evaluating g(m) has been suggested by Lax.” 
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The M1-transition probability of the 0.321 Mev level of V5! has been calculated on the 
basis of configuration mixing. The calculated values are satisfactory in comparison with 


experimental value which was recently measured by Delyagin and Preisa. In the calculations, 
the Rosenfeld mixture type of spin exchange forces is used for the two-body interaction 
between particles in the unfilled shell. For justification of our standpoint, the magnetic 

* moment of V51 has been calculated. The result is almost in agreement with the experimental 
value. 


§ 1. Introduction 


If outside the filled shell there are only neutrons or only protons characterized 
by the configuration j”, the magnetic dipole transition M1 alone will be allowed 
that occurs without a change in seniority quantum number v. V” has three protons 
outside the closed shells with Z=20 and N=28. According to the 77-coupling shell 
model, the configuration of the ground state is (f;.)* 7/2 v=1, and that of the 
first, excited state (0.321 Mev) is (f7)2)° 5/2 v=3, hence we should expect that the 
M1-transition between these two states vanishes because of the seniority change 
4dv=2. 

Recently, however, the life time of the 0.321 Mev excited level of V™ was 


measured by Delyagin and Preisa” using the resonance scattering of 7 quanta. 
They obtained the value t=3.4x10~"sec for the lifetime of the M/1-transition. 
This value is large by 300 times in comparison with a single proton transition 
expected by the shell model (Weisskopf formula”). The magnitude of this 
forbiddeness is the same one as for the /-forbidden transitions.” However, we must 
recognize this as a mere coincidence because in such nucleus the J-forbidden 
transition cannot occur. 

In order to interpret the difficulty, the M1-transition probability of V™ has 
been calculated from the standpoint of configuration mixing. For a sort of justi- 
fication of our standpoint, the magnetic moment of V™ has been computed. The 
pairing energies of the Ca isotopes and the magnetic moment of Ca‘ have already 
been calculated on the same basis in the previous work.”. In Ca“ there are three Frys 
neutrons in place of protons in V™ outside the closed shells, so the two nuclei 


* On leave from Tokyo Institute of Technology, Tokyo. Now at Department of Mathema- 
tics, McGill University, Montreal, Canada. 
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can be considered as equivalent in the shell model. This, in fact, is supported by 
the extreme resemblance of the level structures” experimentally known. 

In this calculation, the Rosenfeld mixture type of spin exchange forces is 
selected for the two-body interaction between nucleons in the unfilled shell, because 
this kind of spin mixture has been found adequate to interpret the differences of 
the ground state energies of the Ca isotopes and the magnetic moment of Ca”. 


The same calculations are applied to the lifetime of the 0.38 Mev level of Ca® 
which has not yet been measured. 


§ 2. Transition probability 


It is well confirmed experimentally that the ground and 0.321 Mev level of © 
V" have the spin 7/2 and 5/2. According to the jj-coupling shell model, the 
ground state is assigned as (f7/2)7/2 v=1 and 0.321 Mev level, as (f7j2)5/2 v=3. 
As the transition between these states is forbidden by the selection rule on the 
seniority, non-vanishing effects are obtained by configuration mixing of these states. 
The matrix elements for the magnetic dipole transition are obtained from the usual 
magnetic moment operator. The differences from the static moments are that the 
‘nitial and final states are different and transition probability must be summed on 
the magnetic quantum numbers. 

The transition probability for M1-radiation is given by® 
167 1 te \¢ 3 ( eh )’ B(M1) = 0.420% 10" EB (M1) sec™, 
Bee rk oc sAt 2M 
where photon energy E=hw is measured in Mev and the reduced transition prob- 
ability BUM1) can be written as 


T(M1)= 


ee Sy ; : u\J-M pas ee tg J; | Ty 2 
BMY = 5755 BE DK MI DAM aay oy Kala I 

in terms of the matrix elements of the magnetic moment operator /4,. Now let us 
denote the wave functions of the ground and 0.321 Mev level of V™ by ¥(7/2 M,) and 


@(5/2M;). Then the wave functions (7/2 M,) and 9(5/2 M;) are written as 


10 
= (fo Te oe An Ue) / (gl ai |Qm|”) thy 


D= (got 33 Puen) /A+1Ral) 


where 4) and ¢ are the shell model wave functions ¢o(frn* 7/2) and ¢o( Foeid pays 
and ¢,, and ¢, the wave functions with the excited configurations. In carrying 
out computations, we adopt as the excited configurations one or two particle eos 
configurations of f5)2 OF ps/2 particle, i.e. for J=7/2 state, 10 excited configurations 
and for J=5/2, 8 configurations. This procedure is the same one with the pre- 
vious works” so that the details will be omitted here. The mixing amplitudes 
a, and 8, have been calculated for the two-body interaction with the Rosenfeld 
spin mixture, which was found adequate to interpret the ground states of the ts 
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isotopes. 3, are given for various values of the range parameter Zin Table I. (@,, 
have already been listed in the previous paper.) 

The eigenvalues E,. and E;,. corresponding to these eigenvectors have been 
calculated. Experimentally, the spin 7/2 level competes with the 5/2 level in V” 
and Ca‘, but the results of calculations show that the 7/2 level is ground state 


Mixing amplitudes £,,. 
8 


Table I 


The wave function @ of the first excited state is written 


as O= (y+ 3) Bn gn)/A+|Bni2)¥?, where go=e(S,,2: 5/2), v=0(F,3(2) Sole : 


5/2), 2=0(F7/3(4) Sola: 5/2), v= 0(F7/3(6) Sola: 5/2), es=e(Fr2(2) Ps/a: 5/2), 
05=9(F7/2(4) Ps/o: 5/2), ve=0(Sriafs2(2) : 5/2), ¢7=¢(Sriat 5/204) : 5/2) and 

¢s=@ (Sra Psj2(2) + 5/2). 
The wave function ¥ of the ground state has already been listed in Prog. Theor. 


Phys. 24 (1960), 201. 


| | 

— | | | ~~ 

Sag By By Bs | By Bs | Be / Br Bg 
0.2 0.015,4 | —0.022,9 | —0.035,3 | —0.153 —0.173 | —0.074,1 | —0.009,4 | —0.051,1 
0.4 0.034,1 | —0.021,5 | —0.057,4 | —0.193 | —0.223 | —0.107 | —0.011,4 | —0.052,9 
0.6 0.056,7 —0.017,2 | —0.086,4 —0.227 | —0.277 | —0.171 —0.014,0 | —0.068,8 
0.8 0.061,9 | —0.014,8 | —0.107 0.210 | —0.267 | —0.237 | —0.015,8 | —0.078,1 
10 0.047,4. | --0.023,2"| ~0117 | —0159..|. —O207 |= 0289 “1 — bored | —0.055,8 

Table IT 


Non-vanishing reduced matrix elements <7|| 51 x||72) of M1-transition for the wave 
functions ¥,, and ®, given in the previous paper and Table I. 
defined by <||Xt p||7>)=a(gs—gz) are given in the Table, where g,=5.585, g;=1 
for protons, and g,=—3.826, g7=0 for neutrons in units of nuclear magneton. 

a a ae a 


Values of a 


n m a n | m a 

0 3 V33/7V 7 3 4 —4V55/7V 7 
0 4 20/777 3 8 3V55/7V14 
0 5 —V 195/77 3 | 9 —9/7V'14 

1 0 3 IVT. 4 6 16/7V 21 

1 1 —Vi2IV7 5 7 AV 10/7V 7 
1 8 —5V15/7V 7 6 3 —5/7V 7 

1 9 —3V33/7V 7 6 4 10Y 3/7V 7 
a 0 —5V15/7V 7 6 5 —5V65/7V 7 
2 1 —5VY15/7V 7 6 8 —-10Y 6/7V7 
2 3 —12V 3/7V 7 7 3 2V33/7V 7 
2 8 —15/7V/14 a 4 —120/7V77 

2 9 355/714 7 s ~2V195 /7 77 
3 0 —3V/ 33/7V 7. Ti 9 —12V10/7V 7 
3 1 —3733/7V 7 8 10 2v 2/7V21 


a 
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and the 5/2 level lies closely above the 7/2 level. Details will be reported to- 
gether with the level structures of Ca” in the forthcoming paper. 

The M1 reduced transition probability between states consisting of several in- 
dependent particles is obtained by the standard method of tensor operators”. Only 
the configurations with one different single particle state give the non-vanishing 
contributions. Moreover, in the case of M1-transition the principal quantum num- 
bers and angular momenta must be equal for both states owing to the selection 
rule of the reduced matrix element between single particle states <j||\|j’>. Non- 
vanishing elements are given in Table II. 


§ 3. Comparison with experimental values and discussions 


The calculated values of the reduced transition probability B(Z1) and mean 
lifetime + are given in Table III for the various values of the range parameter a 
where the measured value 0.321 Mev is taken for the energy of 7 quanta. Even 
if the eigenvalues E;. and Es, belonging to the wave functions Y(7/2M,) and 
@(5/2M,;) are used in computations, the results will not be almost changed. 
Calculated values z are satisfactory in comparison with experimental value 3.4 10~- 


sec which has recently been measured by Delyagin and Preisa? using the method 
of the resonance scattering. Considering the value 9.7 x 107 sec which is expected 
from a single proton transition (Weisskopf formula”), we cannot help but recognize 
the usefulness of configuration mixing. These situations were shown in calculations 
on Lforbidden M1-transition by Arima et al.” even if their calculations were based 
on the first order perturbation and contained some approximations. Moreover, in 
order to support our standpoint, the magnetic moment of V™ has been calculated. 
It is found that the calculated values have a good trend toward the experimental 
value 5.14 from the Schmidt value 5.793. The numerical values are given in 


Table IV. 


Table II 
Calculated values of the reduced transition probability B(M1) and lifetime t of 
V51 and Ca43 at photon energies 0.321 and 0.38 Mev. The experimental value of 
the lifetime of V°! for M1 radiation is 3.410710 sec, and the value of a single 
proton transition is 9.7X 10738 sec. 


Seat Vol Cass 

a é. 

A paceds B(M1) (1072) (10-10 sec) Tex B(M1) (1072) 7(10719 sec) 
0.2 0.663 10.85 0.462 9,398 
0.4 1.988 3.620 1.385 3.133 
0.6 4.368 1.648 3.4Xx 10710 3.041 1.427 
0.8 5.854 1.230 4.076 1.064 
1.0 5.381 1.338 3.747 1.158 


ne a a a a a a I 
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Table IV 
Calculated values of the magnetic moment of V®1, the experimental value is 5.14 and the 
Schmidt value is 5.793. The unit is the nuclear magneton. 


eee te Sah Leal Usch exp 
0.2 5,606 | 
0.4 5.549 
0.6 5.469 | 5.793 | 5.14 
0.8 | 5.362 | 
1.0 | 5.257 | 


> 


Up to date, the radiative transitions which are named “ seniority forbidden ’ 
have not yet been found except V™. As mentioned in § 1 and § 2, Ca® is the equi- 
valent nucleus with V®™ in the shell model since Ca“* has three /;)2 neutrons instead 
of protons outside the closed shell. Therefore, we can also expect the !1-transition, 
although it is “ seniority forbidden”, for first excited state (0.38 Mev) of Ca*. The 
lifetime for the M1-transition of this level has been calculated by the way and is 
added in Table III. 

The author wishes to take this opportunity to express his thanks to Prof. 
H. Horie for his suggestions and encouragement, and to Dr. M. Katsuragi of 
Japan Atomic Energy Research Institute for his assistance in performing the 
numerical computations. 
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Effects of binary and ternary correlations in a high temperature plasma are examined in 
detail on the basis of the so-called B-B-G-K-Y equation for a system of charged particles. It 
is shown that the effects of ternary correlation are essential in giving rise to shielding of the 
interaction between particles and have important influences upon disturbances of the binary ee 
correlations. The effects of binary correlation can be divided into the correction terms of the 
self-consistent field of the Boltzmann-Vlasov equation and the terms representing the collision =e 
effects between particles through the shielded interaction. The effects of the collision terms x 
are investigated in detail by deriving a generalized Fokker-Planck equation which can be _ 


reduced to the equation derived by Tchen for a special case. The effects of the correction at 
. . ata = . i a 

terms of the self-consistent field are examined by deriving an equation of motion of the aly 
density fluctuation which describes the longitudinal plasma oscillations. The correction terms fas 
give rise to a shift of the k?-term of the plasma frequency and a damping factor. The pe 
frequency of the plasma oscillations is determined to be given by 4 
o=o,7+ 1+6) (3xT /m) k? ran e 

where the shift due to the binary correlations 6 is given as follows, el 
oa 

6=1.05{ (€2/cT)3 n}1/2. \ hy 

The damping factor 7 is determined to be ay 
7=0.028{ (€2/KT) 3a} 1/2 (k/kq)?+ Wy : 

at the limit of #30. It is shown that the damping factor due to the long-range binary corree 
lations predominates over the Landau damping in the range of small value of k. On the “ 
basis of present investigation, it is concluded that the equation derived by Balescu does not — 


involve any information concerning the plasma oscillations. Since the plasma oscillations are 
nothing but the appearance of periodical spatial inhomogeneity in the system, it is evident e ’ 
that the assumption of the spatial homogeneity introduced by Temko, Tchen and Balescu in ry eet 
y their derivations of the fundamental equations rules out the possible occurrence of the plasma 


oscillation. 


a § 1. Introduction Pos 


Although the magnetohydrodynamics” is frequently applied to the description x 
4 of physical phenomena of high temperature plasma, it is necessary to make clear ’ 
# the foundation and the range of applicability of the phenomenological macroscopic 
4 theory, basing on the first principle. Investigations of these objects have been 
r developed by many authors.”~” | 
a Watson and Brueckner,®*” for example, have started from the Boltzmann | 
& equation commonly used in the kinetic theory of gases. The distribution func- 3 
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tion of charged particles in the phase space is determined by the Boltzmann equa- 


tion, 
Bes ie (v-V) f+—— (E+ vx H) Wel GClva (1) 
Ot m C 


where V, is a gradient operator in the velocity space. E, H are an external electric 
and magnetic field, respectively. C[f] is the so-called collision term. When they 
apply the Boltzmann equation (1) to the investigations of high temperature plasma, 
however, the collision term presents serious difficulties because of the long range 
interaction between the charged particles.. In order to avoid this obstacle, they 
have used a prescription proposed by Vlasov” and Landau.” The Vlasoy-Landau 
prescription suggests to combine the Boltzmann equation with the Maxwell equa- 
tions in which the electromagnetic field is supposed to be determined self-consistently 
by the charge-current distribution given as 


p(x, y=e| ft, pt) dp (2a) 


J (x, d) =e | of (x, p. t)dp. (2b) 


It should be realized, however, that the electromagnetic fields determined by the 
charge-current distribution (2a), (2b) do not take account of the effects of many 
particle correlations. Therefore, we may ask the following question: Does the 
charge-current fluctuation due to the binary correlations contribute to the internal 
electromagnetic field, or not? It is one of the objects of the present paper to 
answer this question. 


Now, there are two aspects of the problem, one is dynamical and the other 
is statistical, concerning the correlation effects of the many particle system. Bohm 
and Pines” have investigated intensively the dynamical aspect of the many particle 
problem in the electron plasma. According to their investigations, in the electron 
plasma, there occurs two modes of the dynamical motion, namely the collective 
oscillations participated by many particles and the random motion of individual 
particles, and the interaction between electrons is screened off at a distance of the 
order of Debye length. Yet, it is true that the determination of the eigen mode 
of the collective oscillations needs a statistical knowledge of the system which 

determines how every particle participates in the collective oscillations. 

Bogoliubov"” was the first who emphasized the importance of the investiga- 
tion of the kinetic theory from the dynamical point of view. Following Bogoliubov’s 
method, many Soviet physicists have investigated the problems concerning the 
theory of plasma. Tolmachev’? and Temko” have derived the Fokker-Planck 
equation which describes the time development of the momentum distribution of 
the high temperature plasma. Tchen™ has investigated the problem much more 


thoroughly by taking account of the non-Markovian behaviour. Recently, Prigogin 
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and Balescu have investigated the problem of irreversibility in gases using the 
method of van Hove” and Hugenholtz™ for the studies of the many particle system, 
and Balescu"? has applied their method to the high temperature plasma. Although 
the Fokker-Planck equation appears to be useful in the investigations of the plasma, 
the equation cannot account for the occurrence of the plasma oscillations, because 
the equation is derived under the assumption of spatial homogeneity of the system. 
It is our second object to examine their approaches to the problem, and to gener- 
alize the Fokker-Planck equation allowing the spatial inhomogeneity of the system. 
The generalized Fokker-Planck equation can be used to derive the equation of 
motion of the density fluctuations, namely that of the plasma oscillations. 

In order to accomplish these objects, we will formulate the problem on the 
basis of the so-called B-B-G-K-Y equation (§ 2),.and seek for the approximate 
solutions of the fundamental equations (§ 3). In § 4, we will examine contribu- 
tions of the binary correlations to the internal electric field of the high temperature | 
plasma. The effects of binary collisions are examined in §5 by reducing the 
fundamental equation obtained in §3 to the Fokker-Planck equation. In $5, it 
will be concluded also that the complicated set of equations derived by Balescu 
does not contain any information about the plasma oscillations. The generalized 
Fokker-Planck equation will be derived in § 6 by taking into account the spatially 
inhomogeneous effects. In § 7, we will derive the equation of motion of the density 
fluctuations and will analyze the binary correlation effects on the plasma oscilla- 
tions. Finally, in § 8 we will summarize the results obtained in the present inves- 


tigation. 


§ 2. Formulation of Problems 


It is essential to start with the B-B-G-K-Y equation for the investigations of 
the problems presented in § 1. Although various authors have derived the BBGKY 
equation by integrating the Liouville equation, we will rederive the equation fol- 
lowing the method used by Kadomtsey’” and Klimontovich.” 

For the sake of simplicity, let us consider the system of. one kind of particles, 
totalling N in a large volume 2. No external forces are assumed. For the case 
of charged particle system, we assume the whole system is immersed in a-uniform 
background of the charge of opposite sign, so that the neutrality of the whole 
system is insured. We take the following expression of the Hamiltonian, 

He Seba ST SLY (et? (3) 


7 


271 SO BR ES 


where the term k=0 is excluded in the summation over the wave vector k, because 
of the neutrality condition. For the electron plasma immersed in the uniform 
background of the positive charge, the interaction between the electrons is described 


by the Coulomb potential, so we have 
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AV (k) = 4re?/R?. . (4) 

In discussing the ion system in high temperatur plasma, the electrons can be boiled 
down as the charged cloud surrounding the every ion, hence the effective interac- 
tion between ions can be described by the screened Coulomb potential,” so that 
we have 

2V(k) =4re?/ (P+) (5) 
where &, is the abbreviation of the Debye wave number (47e%/«T) 1/2 Here, « 
is the Boltzmann constant and m is the number density of particles N/2. 


Now, let us introduce the microscopic density of particles in the phase space 


defined as 
F(x, v; t)= >) 0(x—x,(t)) 0(v—0,(t)). (6) 


The time variation of this microscopic density is described by the Liouville equa- 
tion 


Ppa ee (7) 


where { , } is the Poisson bracket : 


{H, F}= 5 (8) 


z 


O Fimo hd Leo 
Ox, Op; Op; Ox; ; 
Eq. (7) is the partial differential equation which is equivalent to the set of 
Newton’s equations of motion for N particles of the system. Writing down Eq. 
(7) explicitly, we have 


FEF -V K— Sr Wa 3 / I\ tk (aac!) / 
nae: + (w ) rae ai) - (k) ik Teeke F (a v) i (x see ye dx! dv - (9) 


) 


Although Eq. (9) is a rigorous equation, it is only sensible to discuss the statistical 
behavior of N particles by taking the usual statistical average over the initial 
states of the system. Denoting the average over the initial states of the system 
by < )a» we define the statistical distribution function f(x, v) as 


SSO) SCE ely). Be ; (10) 


Then, taking the average of Eq. (9) over the initial states of the system, it is 
reduced to the following equation, 


ee 
2 f(x, 0) + @-V) f(x, 0) =“ 33 V(k)ik- lr (x, 03 .x/, v')e*O-@) da! do! 
Ot Q dp Gam 


| (a1) 
where the binary distribution function f(x, v; x’, v’) is defined as to be 
S(%, 03%, v') =CF (x, v) F(x’, v') a. (12) 


Let us define a binary correlation function ¢(x, v; x’, v’) by 
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f(%, 0; x’, v') =f(x, v) f(x’, v') +(x, v; x’, v’). (13) 
Then, substituting Eq. (13) into Eq. (11), we get 


ZF (a, 0) + (0 VF, 0) + FC): Spl =A SVm 


ihe \\ (8, D3 8 fe eer? dx! dv’, (14) 
Op 
where F(x) is defined by 
Ege ~ >i V(k) ik \\r (x!, v’) eh -* dx! dv’. (15) 


F(x) is a resultant force, acting on the particle at the point (*, »), due to the 
other particles of the system. The definition of F(x), Eq. (15), shows that it 
must be determined self-consistently by the kinetic equation of the particle distribu- 
tion function, Eq. (14). Here, we will remark that the Boltzmann-Vlasov equa- 
tion does result from Eq. (14) with Eq. (15) by disregarding the effects of the 
binary correlation which are expressed by the right-hand side of Eq. (14); ahthis 
essential, however, to find the binary correlation function ¢(x, 0; x’, v’) for the 
purpose of answering the question, how do the binary correlation effects contribute 
to the behavior of high temperature plasma ? 

Now, let. us derive the equation of ¢(x,v; x’, v’). Using Eq. (9), we can 
construct an equation for the product of F(x, v) and F (x’, v’), which in turn 
involves the product of three microscopic densities F(x, v), F (x’, v’) and F(x”, v”). 
Taking the average over the initial states of the system of the latter product, we 


have 
(F(x, v) F(x’, v') F(x", v")) =O (x—x') 0 (v—v') f(x", v”; x’, v’) 
+6(x’—x")0(0'—v") f(x", vw”; x, v) +0(x—x")0(v—v") f(x, v; x’, v') 
+f (x, v; x, v3 x", v"). (16) 


Then, the equation of 9(%, 0; x’, v’) is obtained as follows, 


fe) / / 


x i7le, of, od) +433 Vie | at fe OF, 0} 


{2-4 (@-¥) + (o'-V)| of, 05 #0) =—| 


fo) 
ihe (ac—ael , - re) fe) | # J\ jth (a—a!) 
thee) 1 8 SY V(k)ik- ¥————_ X,0;,;xX,v/i)e 


A ci ee fC) iTeae Me, ideal t 
+43) V(R)ik alae 


ea {7 (x, vj x', v's x, ve" dx! dv". (17) 
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Here, the ternary distribution function can be expanded into the following form, 
f(x, v; x, v5 x", vw") =f (a, vf (x, v')f(x", 0”) 
+ f(x, v) g(x, v'; x”, vo) +f (x, v')9(x", vw” ; x, D) 
+f (x", v)o(x, v; x, v') +9(x, v; x’, v5 x", vo’). (18) 


Bogoliubov and Tchen have shown that the ternary correlation function 
o(x,v; x’, v'; x", v") can be neglected in the case of (e’/«T) *1<1. Then, using 
Eq. (14) and Eq. (18), Eq. (17) is reduced to the following equation for the 
Q(x, 0; x, 0’), 


is Daan: ‘V+’: Vb eG, v; x’, v’) 
At 


fo) / / / ce) at ek / 
=—_ — 2 fe = —fF a, X,U0,;%X,0 
=— F(x) 3p o(x,v; x’, v’) (x") 3p! o( ) 


+4 SVQ ik 2 — 21 Fe, oF, vet 
aS. Op’ 
+ 4S) VQ)ik- He “| ets, eas eh 
Bik op op 
se . ae apf ®) {le ve, Oe ne dx die 
ke 


=< >) Vik)ak 2 F(a, v’) \\ee, os, wl) eee dada" 
ke Op’ 


(9) 

Now, the set of Eqs. (14), (15) and (19) will completely determine the 
statistical behavior of the high temperature plasma. These equations are the 
generalization of Tchen’s equations (Eqs. (15) and (16) of reference 13)), which 
have been derived on the assumption of the spatial homogeneity of the system. 
The first two terms of the right-hand side of Eq. (19) represent the disturbance — 
of the binary correlation due to the action of the self-consistent field which is 
determined by the single particle distribution function. The disturbances of the 
binary correlation induced by the action of the self-consistent field may react back 
to the self-consistent field through the term of the right-hand side of Eq. (14). 
Therefore, strictly speaking, it is not rigorous to identify the whole contributions 
of the binary correlation effects as the collision terms. 
Finally, it should be remarked that the assumption of the spatial homogeneity 
appears to be very restrictive when it is imposed on the intermediate state of the 
system. The physical state of the system may approach the spatially homogeneous 


equilibrium state through the intermediate stages in which the spatially in- 


homogeneous disturbances can take place. In fact these inhomogeneous effects in 


JA. 


e 
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the coordinate space manifest themselves as the plasma oscillations through the 
self-consistent force F(x) of Eq. (14). Since the occurrences of the plasma oscil- 
lations have been experimentally established by many investigators both in the 
high temperature plasma’ and in the electron system of metals,”»” it is very 
essential to keep these spatial inhomogeneous terms in the fundamental equations 


of the plasma. 


§ 3. Approximate solutions of Eq. (19) 


Neglecting the effects of the close distance collisions, Tchen has solved the 
equation of the binary correlation function by the formal integration along the 
free particle trajectories. Here, however, because of the terms with the internal 
self-consistent force F(x) and F(x’), it is not allowed fo assume the free particle 
trajectories even if we neglect the effects of the close distant collisions. Therefore, 
we have to seek for an approximate solution of Eq. (19), since we cannot write 
down the formal integral of Eq. (19). We will introduce a linearization approxi- 
mation to the problem. Although this might sound as an awkward treatment, it 
supplies us quite enough information on the behavior of the high temperature 
plasma. In the following sections, we will derive the generalized Fokker-Planck 
equation using the approximate solution of the present section, but without using 
the assumption of slowly varying time dependence of the distribution function, 
which has been used by Tchen in his derivation of the Fokker-Planck equation. 
In general, the linearization approximation of the two particle correlation function 
is a fundamental assumption in the derivation of the Fokker-Planck equation of — 
the many particle system. According to the above discussion, let us introduce 
the following expansions, ) 


f(x, v3 t) =fo(v) +fils, 0; t) (20) 
o(x, v; x’, v' ; t) =G(\x—%'|; v, v') +9, (%, v; x’, v'; £) (21) 


where it is assumed that the static equilibrium state is spatially homogeneous. 
Substituting the expansions (20) and (21) into Eq. (19), the equation of 
%(\x—x’'|; v, v’) can be derived from Eq. (19) as follows, 


Ais : fe) p) 
(Ve -Vg(le—als oo) =— VMI a] 
x (fale) fale) ete 4 4A yy V(Ryik- {2-2 | 
0 0 Oa Op Ap’ 


th (ac—acl A <a} 4 0 
X Go (\x—x'| ; v; p jer ihe 2 Ee ttepe hy) 


Zz a x—acll 2 . fa) 
x fen(le’ a] 0, oer del” del +5 SI VCR) fale) 


x | go(ls—a" 0; v’’) eth @l—2) dx! dol. (22) ; 


Md 
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Eq. (22) can be solved by assuming the following form for %(|x—x’|; v, v’), 


Qo(|x—x’ | 5B, v’) =fy(v)fo(v’) %(|x—*"|) (23) 
with 
tela—a!|) = Siete 1D, (24) 
ONE 
fo(v) =n(m/2znT)*? exp(—mv"/2xT). (25) 


Substituting these expressions into Eq. (22), it is reduced to an equation 
which should be satisfied by 7(k) as follows, 


kD 2 yER_prw. 
Ra) 7 VR-DUED 


Fane nr (ia ae NEE oe 
1k) =—* V(b) —n 2 VR) UH) — FS 


(26) 


The last term of the right-hand side of Eq. (26) corresponds to the second term 
of the right-hand side of Eq. (22) which refers to the close distances, while the 
second term of the right-hand side of Eq. (26) due to the presence of the third 
particles represents a shielding effect to the first term of the right-hand side of 
Eq. (26), which represents the collision between the particles through the bare 
two-body interaction. Therefore, Eq. (26) may be solved by an iteration procedure, 
since the first two terms of the right-hand side of Eq. (26) represent the main 
effects of the binary correlations at the far distance. 
Firstly, we get 


4 (hy = eT) VR) 


3 , (27) 
1+ (na/eT) V(k) 
- For the Coulomb interaction, Eq. (27) is written as 
a. 2 


RB a Es 


which gives Debye’s expression of the static correlation %(r) oc exp (—k,r) rr. 
In order to discuss the contribution of the close distance term of Eq. (26), we 
will examine in some detail the case of Coulomb interaction. Then, the substitu- 
tion of Eq. (28) into the last term of the right-hand side of Eq. (26) yieids the 
first iterated solution of Eq. (26) as follows, 


(aio lraarae .-( =) oc)| 9) 


where M(k) is defined by 


OG) ae jal Lee ee 
oe) Pte? kDa 


(30) 
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An approximate evaluation of the function @(k) is carried out in the Appendix. 
Using the result (A-3), Eq. (29) can be written as 


Bb 
nite). = aereee ‘ 1—,/ 4an (2 Ais a LPL kk | i (31) 
d d 


Since the dimensionless parameter (e’/«T)* is extremely small in general, we 
can conclude that the effects of the close distance collision term can be disregarded © 
for the range of k& defined by 


k<«T/eé (32) 


where the limit «7/e’ is called the Landau cutoff. 

Now, let us turn to the time-dependent fluctuation of the distribution function 
and of the correlation function. The kinetic equation of the distribution function 
fi(*, v;t) is reduced from Eqs. (14) and (15) as follows, 


fe) 
{2-4 (VL ACs 25) =—F(e, )- fale) 

Ot Op 

+4 sv@pik- 2 [fete os af; Deter de'de’ (83) 
QF Op 
and 
F(x, )= -4 SV (kik: | \ Fill, vs ekO-#” dn! de’. (34) 
k 


The eahation of 9,(x,v; x’, v';t) is derived from Eq. (19) as follows, 


| 2 +(@-¥) + oni ps x/, 0/5 0) 
bi - 


=—{F(x, Hess 3p! 2 | eo le— =" ; D, 0’) 


A 5 a a 5 ae Prats: COV ACALE qa) 
‘ot fee it: es 1) thal file, 0; D}e 


SV (Rik ” files 0; 0) -Sor(la’—a!"| 5 of, oo de!" do” 


i 


ae V(k)ik = oad v’ ; | yo( \x—x!’|; 0, 0!) RO dul! dol 
Bok 


+ ae V(k) ik , 3 Fi (v) \e (x’, v’ : axl, yp’ ; t) etka") xg! dv" 
i 


ie? S) V(k) tk - z Fo(v') \y (x, v; x, 0; thee") dx! dv" 
On ok Op’ 


As hs pee A ens’ we tye ere (35) 
+1 BV Wik |e ae gy (x, D; : 
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Eq: (35) tells us that disturbances in the binary correlation result from several 
different origins. The first term of the right-hand side of Eq. (35) describes the 
dynamic disturbances caused in the static correlation by change of the state of 
motion under the action of the internal force F(x, ¢t) and F(x’,t). This term 
represents the part of ternary correlations. Although this term is missing in those 
theories of Temko and Tchen, it is the essential term in the investigation of the 
effects of the binary correlation for the internal field of the plasma. The second 
term is the so-called convection term in velocity space which contributes to the 
diffusion term and to the friction term. The third and the fourth term represent 
the static shielding effects. The fifth and the sixth term represent the dynamical 
shielding effects due to the cross interaction of the pair of particles with a third 
one. The last term represents a secondary convection effect which refers to the 
close distance. As it has been explicitly shown that the close distance collision 
term can be disregarded for the static correlation, here we may also disregard the 
last term by introducing the Landau cutoff. 

The set of equations, (33), (34) and (35), is the fundamental equations of 
the present investigation of the plasma. Neglecting the effects of the binary cor- 
relation, Landau and Berz” have discussed the set of Eqs. (33) and (34) as the 
initial value problem by using the Laplace transformation method. In the present 
case, however, it is suitable to follow the method of adiabatic process which is 
familier in the quantum theory of the scattering processes,” since the initial condi- 
tion is given at the time t=—co. The whole problem can’ be solved completely 
for the out-going solutions under the specified initial condition at the time t=— oo. 
This method has been discussed by van Kampen”) in connection with the problems 
of the dispersion relation of the plasma oscillations, and actually it has been ap- 
plied to the discussions of the excitations of plasma oscillations by Bohr® and 
also by the present author.” 

In order to solve the set of Eqs. (33), (34) and (35), we introduce the 
Fourier representation of the functions /{(x, v ; 2) and for ¢,(x, v; x’, v’; t) as follows, 


JNM DS ty =| dw Seen Selec ae) (36) 


and 


uF 


T 


Qi(x, 0; x, 0’; t)= 


| de en's a 3 See" 91, 1; w5 2, 0"). (37) 


i) 


Substituting these expressions in Eq. (35), in which we disregard. the last term 
of the right-hand side, we can write down the formal solution for ¢,(x, v ; x’, v’; t)’ 
as follows, 


; (x, v; x’, Dash) == | do et => 21 Bee —ilal YQ, (kA+L 1: w; v, v’) 


(38) 
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where 9, (k+l, —l; w; v, v’) is a solution of the following integral equation, 


Q(k+l, —l; 0; 0, 0) =+i% (k+l, —l; 0; v, v’) 


fe) r 
5, fav) Jeb k4L: w; v', v") dv" 
P ‘ 


eV dee Dono — (k+1) -o- bv’) eed - 


fe) > 
sprfo(e | ei(erl, “1s w; 0, 8'de 69) 


ES Pia ae: Ue) oo clea )L: 
with the abbreviation of 
V(k+i, —l; w; v, v’) 
<8, (o—(k+1) v4) |2V(H) |fies 5 0") do" {- hs (eZ) 


a 
Op 


+k: a ee (v) £(k+D) +40 +27(D) VOE- filk; w; v)fo(v’) 


—A(1+nUk+D) Vk+D (k+0 gg full wo; 0) folv) 


+AV(k+)) (k+D- 5 frwfilk;o;v')-AVODLE- 5 Pow) filk; ow; v) |. 
P 
(40) 
The factor 6. (w—(k+D -v+I-v’), which is defined as 
| 0, (X) =20(X) +iP—— (41) 


corresponds to the boundary condition for the out-going solutions with the initial 
condition that 
(42) 


G, (x, D; x’, v';t=— co) =0. 


It should be remarked here that in the kinetic equation .of the distribution 
function /;(*, 0; t), Eq. (33), there appears the function ¢,(x, 0; x’, v’; t) only 
in the integrated form of fara, 04 #0! 5 t) dv’. Therefore, it is sufficient to solve 
Eq. (39) for the integrated function 9 (k+l, —1;w; 0), which is defined by 


Q(k+l —l; 0; ») =|¢, (k4U 1.0; 03 0') de. (43) 


) over the velocity v’ and rearranging the terms, we can 


By integrating aS eee) 
(k+1, —l; 0; 0v) 


derive the following integral equation of the function 


g(k+l, —l;0;0)=+id(k+l, —1; 0; v)  V(k+L, —l; @; v) 
,) 
+iA(k+1, —L; 0; 0) 7 VET) (+d Pe 


x (2. (o— (k+D wotl-v’)id(-L k+l; 0; vo) 78 (-L k+l; 0; v') dv’ 
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< [2d(—1 kD; 5 AV ERLD RED fol) 


x8. (o— (k+1) 0+ bv’) \ (—1)0, (o+1-v'— 4D +8” 


xO (K+L —l; w; v0’) dv" dv! (44) 
where 
fe) 
A(k+l, —l; 0; v)=14+7uV()- ja. (o— (k+D -v4l-v')I- Bg en (45) 


and 


e 


T(k+l —l; w; v)= \ EP (k+l, —l; w; 0,0!) dv’. (46) 


The factor 4 represents the dynamical shielding effects due to the cross interac- 
tion of pair of particles with the third one. Since the factor 4 is a complex 
function, let us examine its structure in some detail. Using the definition of ¢,- 
function, Eq. (41), we obtain the following expression of the factor 4, 


ee i: ) 
A(k+l, —l; w; 0) =14+—" Pla SSE [- —— v') dv’ 
( = ow ) nE yah (k+1)-v4+1-0! apt" ) 


+-i(r/2)*"[o— (k+D -v/e,] (42) exp| — o—(k+)) -v/ ‘| . (47) 


It is interesting to notice that the imaginary part has a quite similar structure to 


the Landau damping factor. The imaginary part of J expresses dissipative effects 


occurring in the plasma, but it can be disregarded for smaller and larger values of J. 

In the above derived complicated expressions of the function ¢,(k+l, —l; w; 0), 
the effects of the presence of the third particles manifest themselves in three places, 
namely the coefficient 4, the second and the last term of the right-hand side of 
Eq. (44). The coefficient 4 represents the dynamical shielding effects. Although 
Eq. (44) is still an integral equation of the function ¢,(k+l, —l; w; v), we may 
disregard the last term of Eq. (44) which represents the secondary shielding 
effects for the binary correlation function, because the main shielding effects have 


| _ been taken into account through the factor 4~' and the second term of the right- 


hand side of Eq. (44). Therefore, we can explicitly write down the function 
9, (k+l, —l;;v) as follows, 


Gi CEL ES as 8) = page OP > (48) 
eats CoM Pape Ay ae } V(k) 

¢,(k+l, —l; 0; 0) | sich Bake ! be ag Hee 

; : a A(k+1, —l; w; 0) Aik; «) 


XG(k+L, —1; 0; v)fo(v) (49) 
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with | 
Clslivet: w5 2) =i | de'fo(o') 9, (o~ H+) pbs) 
x [hn (l) + h-0' 24D) +( A K VERB DE LA k-+l- 
kT / A(—l, k+l; a; v') Sane) 
x | dv" fa(v") 0. (co (e+ 1) 0! Lv") {(k-v!) 1 ed + (k-w) 1} |, 
(50) 
filks o)=\filks 3 v) de, (51) 
and 
(k+l, —1; w; v) =i\ dvd, (o— (k+1) -v41-v') d(k41, —1; 0; 0) * 
x +n) | vor: 2 filk; v3 v)fo(v’) 
P 
~V(k+) (4D files os fo) | 
P 
) * 
Al VED LD 2 fol@filks 05 2”) 
Pp 
0 / } 
VOL flo yfilk; 0; v) |b, (52) 
P 
and 
= a hie V(k+)) 0 
OR+L —1; w; v) =i kl 
ot SE pee eae rew aan ane 
lL; w; v') dv’. (53) 


a 


x jo. (co— (+1) -v+1-v) 9 (—E b+ 


In the following sections, substituting these express 


function ¢, in the linearlized kinetic equation, 


an 


ions of the binary correlation 


a) 4 ; f 
$0-Vi file 050) =. | do ett ee 


7 9 Files aye pO GIEAL Peas 
AVE) bee fol filles 0) +9 VDil a o(k—L 1; ¢ ot, 


we will discuss several aspects of the contribu 
§4, Effective field 


Following a similar approach to the pres 
tigated the effects of binary correlation on t 


(54) 


tions of the binary correlation effects. 


in plasma 


ent investigation, Kadomtsev™ inves- 


he internal field in the electron-ion 


¥ 


< 
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plasma. Assuming that the time dependence of the field may be described as 
Ecce’, and, however, that the spatial dependence of the field may be disregarded, 
Kadomtsev obtained the following results, 


E,,,=E{1— (12anD*) 7 (T./T:+T.)} w<o, 
—fK OF Wy 


(59) 


where D is a screening radius defined by 
Peel, Ts Ame aA La) ee (56) 


Now, the electron plasma in the uniform background of the positive ion 
distribution is known as a useful model of the fully ionized gases, when the ionic 
temperature is considerably lower than the electronic temperature. In such case, 
it is well known that the screening radius is determined to be given by 
D= {xT,/4ze*n\*”. On the other hand, according to Kadomtsev’s investigation, 
the screening radius is reduced to D= {xT,/4ze’n}*” for the limit of T.>T;. 
This is apparently incorrect, hence Kadomtsev’s expressions of the effective field, 
Eq. (55), also seems to be incorrect. In the present section, we will investigate 
the effective field in the electron plasma on the basis of the theory developed in 
the preceeding sections. * 

In the linearlization approximation, the effective field can be defined, by the 
rearrangement of the terms of Eq. (54), in terms of the following equation, 


fe) ‘ 
[ote Vh At, v; t) tee + (Fer (x, 0; t)fo(v)} 


1 \ seep see . A tee Se 
nah Lee d Gate) theo i ae oly = 5 E 
BE we 5 3 e o » Vil Be OO? (k—-L, Ll; oe D). (57) 


The explicit form of F.,;(x, v; t) is written down as follows, 


Fijp(%, 05 t) =F 5) (x, v; t) + F.9 (x, v; 2) (58) 
with 
qa) as ne et, tos ooh ree nh a 
ES? (x, 0; 1) =—>—\dwe ea (hb) fille; 0) 
Gee ey cee RULES Eee ; 0) 59 
eT QT dk—-L ls; 0) oa ee Set 


FS? (x, Dv; )=-2-\do ett Ln othe, a 1 A Vil) V(k-Db 
2m LOR KT" ‘Omar A(k—l, L: wo: v) 


xl. (k—I-v) 2. (o—(k—l) -v—1-9/) gE k=l; a; v’) dv’. (60) 


In the above definition of the effective field, the term ¢, and the term @,” are 
separated from the expressions of ¢,', Eq. (48), since they act. as an external 
force for the particle at the point of (x, ») and induce devidtions from the equi-_ 


or oR 
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librium state f,(v). The term @, is separated from other terms as the collision 
term, because this term represents a transport of correlation by the interaction 
between the particle at the point (x, v) and other particle at the point (x’, v’) in 
the phase space. In the expression of the effective field F.5? (x, v; 2), the term 
containing the function G corresponds to Eq. (19) of reference 18). The effective 
field F,% (x, v; 4) represents the contributions of the term ¢,"”, which is missing 
in Kadomtsev’s result. 


As we can see from Eq. (57), the corrections of the internal field due to 
the binary correlation modify the dispersion relation which can be obtained from 
Eq. (33) by disregarding the correlation term. Let us come back to the problems 
of the correlation effects on the plasma oscillations in §7. The problems on the 
internal field of the plasma are also interesting subjects in connection with the 
statistical broadening of spectral lines in the plasma. Concerning these problems, 
many investigations have been developed,”*”’™” but none of them did take account 
of the dynamical correlation effects. An explicit analysis of the above derived 
expression seems to be very interesting, so it will be reserved for a future occa- 


sion. 


§ 5. Fokker-Planck equation for high temperature plasma 


Now, when the particle density is so high that the particles remain in the 
force range of the interaction of their neighbours all the time, the concept of col- 
lisions does not valid for this situation. Then, instead of the Boltzmann equation, 
the Fokker-Planck equation must be used to describe the time variation of the 
statistical state of the system. 

In the plasma, the condition is just such one that enforces to employ the 
Fokker-Planck equation, since the interaction has the infinite force range so that 
every particle remains always under influences of other particles in the plasma. 
Although we have mentioned in §1 about one of the methods for treating the 
long-range nature of the correlation, which was proposed by Vlasov and Landau, 
st also seems to be useful to apply the Fokker-Planck equation for the description 
of the plasma. In fact, following Bogoliubov’s method, Tolmachev™ and Temko” 
have derived the Fokker-Planck equation for the plasma, and recently Tchen” has 
thoroughly investigated the Fokker-Planck equation of the plasma, emphasizing 
the non-Markovian behaviour of the plasma. However, it has not yet been clarified 
that what relationship does exist between the descriptions of the plasma on the 
basis of the Fokker-Planck equation and those of the plasma on the basis of the 
Boltzmann-Vlasov equation. As it is well known, the latter equation has been 
commonly used in the discussions of the plasma. oscillations, while the theories 
based on the former equation do not mention about the plasma oscillations at all. 
In the foregoing section, we have mentioned about the effects of the binary cor- 
relation on the internal field of the plasma and on the plasma oscillations. Here, 
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we will examine the derivation of the Fokker-Planck equation, which describes 


the change of the momentum distribution of the plasma particles. 
Let us integrate Eq. (54) over coordinate space. We obtain the following 
equation, 
fe) 1 Ae, HN ce EL ae 61 
2 £3) = |doe ‘LO VOd- 2A EG 039) (61) 


Ot Dn 


where 
FHF +9. (62) 

i The term %, vanishes for k—0, because of the neutrality condition. Now, let us 
follow the non-stationary motion of the specified particle of velocity v, while 
other particles of the plasma are assumed to remain in the equilibrium state, 
which is the same situation as the Brownian motion. For this condition, we can 
drop the terms with f,(w; v’) in the ¢, term and drop the ¢,” term as a whole. 
Mi Then, Eq. (61) is reduced to the following equation, 


e 3 == 1 ~iot 519 A* 5 ee 1(D0 5 4 
Shits t) = \doe ; rah (v; AG ; w)} 


27 a=1 
1 ior Oa v9 eran 0 
+5 \dae Beare (05 0) files w)| (63) 
where A%(v; w), B®’ (v; w) are given as follows, 

TCA OL Oy Viky’ aa k-(w—v’))k- z v’) dv’ 
an (B; uw) = > 2 il Me gaNeey +(o+k-(w—v’)) apt )dv', 
(64) 

ap ; ash a: V(k)’ i k he p8 

ee a eee a i ee 

x |d, (oth: @—0) foo") de’ (65) 


The Fokker-Planck equation (63) is derived under the linearlized approximation 
_ but without the assumption that the distribution function varies slowly with time. 

Although Tchen has derived the Fokker-Planck equation, usidg the assumption of 
_ the slowly varying time dependence of the distribution function, it must be kept 
in our mind that in the plasma there occur oscillations with the high frequency 
of the order of w,. To discuss the problems more consistently, it appears to be 
necessary, to extend the Fokker-Planck equation to include the occurrence of spa- 


tially inhomogeneous disturbance of the system. We will come back to this 
problem in the next section. 


Recently, Balescu’ has derived a complicated set of equations which describes 
evolution of the momentum distribution of the plasma. By considering the same 
situation as what we have considered in the reduction of Eq. (63) from Eq. (61), 
the equations derived by Balescu can be reduced to the following equation, 


f 


«eines tals ee 
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fe) fe) re) 
Pe Sry eB pe roe 
= 255. APO} + DY Ze Bw) 5 Ff: O} 
(66) 
with the following abbreviations of A*(p) and B**(p), 
eer rete Maal sh (70 Cg G)) es 2 iat 
CS ee ag se ol Ce oe pp fi?’ (67) 


a a e° V (k)’ a a( 9 / / / / 
Cee eg. hot Be\ 3, (ke!) \fo(P') — J, F(p', | dp 
(68) 


where F(p’,k) is a solution of the integral equation, Eq. (3) with Eq. (4) of 
reference 17). The screening constant 4, is defined by 


apt 
oN ee ite | dp'd, (k-(v—v')) k- aot (poe (69) 
; P 


Comparing our equation, Eq. (63), with the above equation, Eq. (66), we can see 
that Balescu’s formalism does not take account of the non-Markovian behavior of 
the plasma. Furthermore, it should be noticed that information about the plasma 
oscillations is not involved in Balescu’s formalism, since Balescu has developed his 
formalism on the assumption of spatial homogeneity of the system. As it has 
been discussed in the above, it is essential to extend the Fokker-Planck equation 
to take account of the spatial inhomogeneity of the system for the discussions of 
the plasma oscillations. , 


§6. Generalized Fokker-Planck equation 


In the preceding section, we have shown that the Fokker-Planck equation 
derived by Tchen as well as the equations obtained by Balescu has a very restrictive 
range of the applicability, because of the assumption of the spatial homogeneity. 
Although Watson® has discussed a generalized Fokker-Planck equation with the 
term which accounts for the effects of spatial inhomogeneity, yet his derivation of 
the equation is a kind of semi-phenomenological approach and depends on the 
special model of the determination of the fluctuating force. 

Here, we will derive the generalized Fokker-Planck equation from Eqs. (54) 
and (44). Since the main effects of the ternary correlation are taken into account 
by the first term of the right-hand side of Eq. (44), we will neglect the second 
and the third term in the right-hand side of Eq. (44). Then, instead of Eq. (44) 
we have a simplified function, 


ea hy el A V(k) art AO 
g(k—-L 1; w;v)=+1 Seal eh) fi(k ; @) 


x | dv! fale) 2. (o— RAD 2 Lv) eo) 2D + (k-v")4(k—-D)] 


+99 (k-L 1; w; v) (70) 


1100 Y. H. Ichikawa 


where @,” is given by Eq. (52). Substituting Eq. (70) in Eq. (54), we can 
obtain the following equation, 


{2 +0-V} Ate 0:0 +2 Uae, ©: Df(0)} 
Ot Op 


1 ( —iot sflss tTeae : a 

=7-|\dwe™ 4+ re baa > FA estos wi fiaas at 

33 3 
+2 Bg [Bede 0 0) 5 As a 

galisat OPa 


‘Kear ) {4 y (1+7%(D) VD) Vik—-D 
Qik rp eRs Opa q 4(k—-L, 1; w; v) 


x Ufo(0) | 0, (w= (kD Ve!) (=D) - fill; vs ode! 


_#@y VYOVG-D 
Q + 4(k—-L, 1; w; v) 


I (k—1) - pp hi) 


N ja. (w= (k=D -v—L-v') i(k; 0; «) do} (71) 


where F.;; is given by Eq. (59) by reducing the function G to the simplified func- 
tion G™, which is defined as 


GU hsl. teem) =i| dv! fale’) Iwo th D eed 


x[ (kv) 4D) + (kev) X(k—D ]. (72) 


A“, B** are defined as follows, 


"te VD? 
CAG Parnes meee Ja 
pater, Q “ 4(k—-L, 1; w; v) ; 


x Ja. (= (b=D -v— Lv! 2 fv!) dv’, (73) 
ve PP 


=2 2 
Bw kv; bit A (+2x7(D) VQ [= 78 
TEI Si) RIAA Geek Eset 


x je. (ue (kED +0 beipiede: (74) 


These coefficients, A*(k;v;w) and B“(k;v;), are the generalized friction 
and diffusion coefficients which depend on the wave vector k and on the frequency 
w. These coefficients are composed of the principal value term and the 0-func- 
tion term, the latter describes proper dissipative phenomena, while the former may 
act as effective fields which influence the motion of the distribution function 
Si(x, v;t). The w-dependence of these coefficients represents the non-Markovian 


ae 
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behavior of the plasma, which has been discussed by Tchen. Essential difference, 
however, lies between Tchen’s derivation and our derivation of these coefficients. 
Since Tchen has assumed the slowly varying time dependence of the distribution 
function, his results can be reduced from our results simply by assuming that w 
is much smaller than such quantities as (k+1)-v or I-v’. The k-dependence of 
these coefficients takes into account the inhomogeneous spatial correlation effects 
between different coordinate points. Although Watson® has derived the Fokker- 
Planck equation with the term which accounts for the effects of spatial inhomogeneity, 
no explicit accounts have been made for the inhomogeneous spatial correlation 
effects in his derivation of these coefficients. It appears to be very interesting 
subjects to examine the inhomogeneous spatial correlation effects as well as the 
non-Markovian effects on these coefficients. 

The last term of the right-hand side of Eq. (71) represents the coupling term 
between the particle at the point (x, v) and the particle at the point («’, v’). In 
the discussions of the Brownian motion of a test particle with the velocity v, while 
all the other particles remain in the equilibrium state, these two terms can be 
disregarded. 


§ 7. Quasi-stationary plasma oscillations 


In § 4, we have shown that a part of the binary correlation effects contributes 
to the internal field of the plasma. Since the dynamical fluctuation of the self- 
consistent internal field determines the plasma oscillations of the system, any cor- 
rection of the internal field may modify the characteristic features of the plasma 
oscillations. In the present section, let us examine the correlation effects on the 
plasma oscillations. 

Now, there are two ways of dealing with the plasma oscillations. A macro- 
scopic, hydrodynamic treatment using Euler’s equation of motion together with the 
Maxwell equations is essentially a phenomenological approach and is confronted 
with the questions concerning the range of validity of this treatment. Since the 
fundamental equations of hydrodynamics can be reduced from the Boltzmann equa- 
tion, the microscopic gas-kinetic treatment using the Boltzmann-Vlasov equation 
seems to be a fundamental approach to the problem. However, as it is well known, 
there are controversial ambiguities in the determination of the eigen-mode of oscil- 
lations using the gas-kinetic methods. Some of the ambiguities may be attributed 
purely to inadequate formulations of the problem. It would be worth to notice 
that the observable plasma oscillations are not the fluctuation of distribution func- 
tion in the phase space, but the fluctuation of density in the coordinate space. 
Therefore, it seems to be sufficient to reduce the equation of motion of the density 
fluctuation from the kinetic equation which contains too much information. 


Firstly, by integrating Eq. (71) over the velocity space, we obtain the conti- 


nuity equation of the density fluctuation, 
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2 n(x, t) +n div V(x, t) =0 (75) 
t 


where the density fluctuation (x, 7) is defined by 


p 


n(x, t)= \AG@ v; t) dv, (76) 


so that the Fourier component 2(k;) of n(x; 7%) is equal to filk;w). The 
macroscopic flow velocity V(x, t) is defined by 


He he 2 | ofan Date (77) 


Setondly, by multiplying v/z and then integrating over the velocity space, the 
equation of motion is obtained from Eq. (71) as follows, 


ELEy (Pa Oey Gene ata oe jew WA (x. pipe = Cl er De 
Ot m n : 


where C[V (x, 2)] is a collision term of very complicated structure. Fiy;(*, ¢) is 
given by 


Pay; 1) =| Fij(x, 05D fale) de. (79) 


To simplify the following discussions of the plasma oscillations, let us omit 


the collision term C[V] from Eq. (78). This is equivalent to taking the following 
equation instead of Eq. (71), 


{2 +0-¥} Paseo) = (FE (x, vs t)fo(v)} =0. (80) 


Now, from Eqs. (75) and (78) with the neglect of the collision term, we can 
derive the equation of motion of the density fluctuation as follows, 


cr e 


So 8, +2 |V-BYx, 0: Dfi(0)dv— | (o-VAle, 0; )de=0. (81) 
Ot m 


This equation does not close by itself becatise of the last term. In the hydro- 
dynamic approach, besides the equation of continuity and the equation of motion, 
the equation of energy conservation is invoked to obtain the closed set of equa- 
tions. This is equivalent to terminating the moment-equation obtained from. the 
kinetic equation at the finite order. Here we will not follow this procedure, but 
proceed up to the higher order of the moment equation. Let us construct the 
moment equation of operator (v-V)* from Eq. (80), then we get 


| (v-V)*f,(%, 030) do=—*_| (v-V)'"V-Fiy(x, 0; 2) fo(v) do 
Ot m 
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By using the Fourier transformation of Eq. (82), we obtain the following relation, 


ky As 03 0) =5 4) Ak; 0) + WW) IO Al) 


7 


+= (0-k) ACK; w5 2) (83) 


w 
with the abbreviation of J(v), 


aia et spe 

J(e) =k-—_- 3 VIR 1 Ly 5 0) GRE 1; 5 0) (84) 
and the double bar indicates the integration over the velocity v. By the successive 
use of Eq. (83), we get 


EHR O Pere f ory CHET) 
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(85) 


We assume that when k is small enough, Eq. (85) can be expressed by the 
asymptotic expansion series, 


CAG: 0; 2) =U OA; 0) Fo) PELL) 6) 


In other words, we can expand the function §(v-k)*fi(k; w; v)dv cara the as- 
ymptotic expansion series Eq. (86) when the function /,(k; @; v) behaves as 
k-?**, €>0, at the limit of k0. The series can be expressed symbolically as 


1 Ga (w-k)*k- J(v) fo(v) =5,\ k- J(v) fo(v) do — | k-I(w) fav) dv (87) 
s=1 wo (1—v-k/w)’ 

where the symbol S, defines that the integration should be carried out over each 

term of the series expansion of the denominators. Here, Eq. (87) present a dif- 

ferent implication of the controversial integral, 


\ l(t) —k-v} 2fy(v) do | 


which appears in the well-known dispersion relation of the plasma oscillations. 
Bohm has claimed that it is necessary to have sufficiently rapid decrease of the 
function f)(v) at large values of v so that the above integral has a definite meaning. 
This claim is equivalent to requiring the convergence of the infinite series of Eq. 
(86). We have seen in the above that, although the series does not converge 
for the Maxwellian distribution function fo(v), it has a meaning of the asymptotic 
expansion of the function \ (v-k)*f,(k; w; v)dv. Therefore, the above integral 
is a symbolical representation of the asymptotic expansion of the function 
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\ (v-k)*A(k; w; v) dv, and thus it is completely free from the controversial ambi- 
guities concerned with the singularity of the integrand. 

One may ask what will happen for w=k-v. This question is closely con- 
nected with the controversial ambiguities of the determination of the eigen-mode 
of plasma oscillations, and van Kampen” has discussed some aspects of the con- 
troversial problem. Here we can show that for the special value of k at which 
the relation w=k-v does hold it is essential to take the collision term into con- 
sideration. Namely, when w=k-v, we have 


\ (oV)tA(«, 8: )dv= + o(k)?n(k; De**. (88) 
Substituting Eq. (88) in Eq. (81), it is reduced to the following relation, 
\k-F hove Df (eyae=0) (39) 


which cannot be valid by any means. Therefore, for the special value of k, it is 
necessary to take the collision term into account. Invoking the collision term, 
Eq. (89) will take the following form, 


[eFC >:D fi(v)dv=C(k; 2), 


which may be regarded as a relation determining the amplitude of density fluctua- 
tion. Starting from the Boltzmann-Vlasov equation without the collision term, 
Landau has discussed the problem of the plasma oscillations as an initial value 
problem. Using the Laplace transformation, he has found that the frequency of 
the plasma oscillations has an imaginary part 7, called Landau damping factor. 
In the above discussions, we have tried to point out the importance of the col- 
lision term in the examination of the controversial case of w=k-v. Detailed ex- 


- amination of the effects of the collision term will be reserved for some other oc- 


casion. Concerning the contributions of the Landau damping, we will discuss in 
the last paragraph of present section. 

Now, let us return to the equation of motion of the density fluctuation, Eq. 
(81). Using Eqs. (86) and (87), we can rewrite Eq. (81) as 


cas a taki tot 1 thea i 1 LES 
ae on de Be nt ie alae | doe 
1 ike AV (k) k- J(v) 
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Since J(v) defined by Eq. (84) is a complicated complex function, let us simplify 

it by disregarding the effect of dynamical shielding. Then, by rearranging Eq. 

(90) in the standard form of the equation of motion of the damping oscillation, 
0? fe) 


Aaa 3 t) + 27c(k) ate ; t) tw(k)*n(k; t) =0, (91) 


fo(v) dvn(k; w) =0. (90) 


a Pe ee eh 
ye 7 
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we can obtain the following set of equations, 


w(k)?=a,n" pede w,2 pee We 
ee s.| Rat Be 2 


5x VD (1- “15, w(k) = al 
= ire, (w(k) —k-v)’ Pu w(l) — (k—D) -v—1 -0' 


x {(e-v)Z(D + (e-v') 4 (k—-D } fo (v’) dv’ fo (v) dv (92) 
with the abbreviation of e=k/\k|, and 


vata (2). Lavo eon 


‘ ee Jao ea ang eee 
x {(e-v)Z(D) + (e-v')4(kK—-D } fo(w’) dv’ fo(v) dv (93) 
where w, is defined by 
Wp =AV (kK) R’n/m. (94) 


For the case of Coulomb potential, let us investigate the long wavelength 
limit of Eqs. (92) and (93), keeping the terms up to the order of k?. Then, 
we obtain the frequency of plasma oscillation as 


N20" dt 72 es 
w(k)=0,+3-""— {141 05,,/ < n} (95) 


where the binary correlation effects appears as a small correction factor in the 
dispersive term of the plasma frequency. Eq. (93) gives the following result for 
the damping factor, 


BO) pean 

) n =) i (96) 
which is due to the long-range binary correlation effects. These are the remarkable 
results. Firstly, Eq. (95) tells us that the binary correlation effects do not modify 
the Langmuir frequency but modify the dispersive term of the plasma frequency. 
The recent investigations by Nozierés and Pines,” and Kanazawa and his collab- 
orators® have shown that the exchange correlation effects modify the dispersive term 
of the plasma frequency for the electron system in metals. Thus, we may con- 
clude that any kinds of the correlation effects, either quantum or classical, never 
modifies the Langmuir frequency term of the plasma oscillations. Secondly, Eq. 


(96) shows that the damping factor due to the long-range binary correlation effects 
varies as #. This is in very contrast with the Landau damping factor 7z; 


(vette 


ro(k) = 0.028 a ( 


e 
KT’ 
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which vanishes at the limit of #0 and increases very steeply from 0 to its 
maximum value 7,=0.72-, at k=k,/\/3, then decreases slowly to 7,;=0.38-, 
at k=k,. It takes the values of 7,=0.25X10°"-w, at k=0.1k, and 71= 
0.51X10-°-w, at k=k, On the other hand, for the parameters of »=10"%cm~* 
and ‘I’=10'K the correlation damping factor 7c takes the values of 7-=0.61 107 -«, 
at k=0.1k, and 7e=0.24X10-w, at k=0.2k,. Therefore, we may conclude that 
the long-range correlation damping predominates over the Landau damping in the 
range of small values of & for the typical plasma. For the larger values of k, 
such as k>k,, the two-body collision damping factor 


Veo Lele) nh: lass N* Wy (98) 


is expected to be essential. Comparing Eq. (98) with Eqs. (96) and (97), we 
find that the long-range correlation damping factor has the same order of magnitude 
of the two-body collision damping factor, while the Landau damping factor becomes 
abnormally large in the range of k of (0.5~1)k,. As it has been discussed in 
the preceding paragraph, it seems to be essential to take account of the effects of 
the collision term in discussing the Landau damping. According to the present 
formulation of the theory of the plasma oscillations, in which the collision term 
is neglected, the Landau damping has no place to come into the theory. Thorough 
investigation is necessary to clarify the various mechanism of damping phenomena. 


§ 8. Summaries 


In the present paper, we have obtained the following results : 

1) It has been explicitly shown that the effects of binary correlations are 
composed of the terms giving rise to corrections of the self-consistent. field and 
the collision terms. Therefore, it is not rigorous to treat the correlation effects 
as the collision terms as a whole. 

2) Kadomtsev’s calculation of the internal field of the plasma committed 
errors. For instance, it does not give a correct result for the limiting case of the 
electron plasma in the uniform background of the positive charge distribution. 
The correct expression of the internal field for the electron plasma has been given 
in § 4. 

3) The collision terms are examined in detail by reducing the kinetic equa- 
tion to the Fokker-Planck equation. The friction and diffusion coefficients take 
account of the non-Markov effects which have been discussed by Tchen. Further- 
more, comparing our results with the results derived form Balescu’s equation, it 
is concluded that Balescu’s equations neither involve any information of the plasma 
oscillations, nor take account of the effects of non-Markovian behavior of the plasma. 

4) The generalized Fokker-Planck equation (71) is derived by taking account 
of the effects of the spatial inhomogeneity. The friction and diffusion coefficients, 
Eqs. (73) and (74), take account of the inhomogeneous spatial correlation effects. 


ook dea ha 


On the Kinetic Equation for a High Temperature Plasma 1107 


5) The equation of motion of the plasma oscillations has been derived from 
the generalized kinetic equation. It has been found that the correction term to 
the self-consistent field gives rise to the shift in the &-term of the plasma frequency 
and to the damping factor of the plasma oscillations. It appears to be quite 
general conclusions that any kinds of the correlation effects do not modify the 
Langmiur frequency w, at the limit of k-0. 

6) The contribution of the correlation damping factor has been examined in 
comparison with that of the Landau damping factor +z, although the latter type 
of damping has not been derived within the framework of the present formulation 
of the problem. It is argued that it is very necessary to take into account the 
collision term in order to clarify various mechanisms of the damping phenomena. 

In concluding this paper, the author wishes to express his sincere thanks \to 
Prof. N. Fukuda for his constant encouragement and to Prof. S. Nakajima for his 
stimulating discussions. He is also indebted to Dr. M. Sato and the members of 
the theoretical group of the Plasma Physics Laboratory of our Department. 


Appendix 


Here we will evaluate the function P(k), 


1 1 k- (k—l) 
D(k) =— at pS : (30) 
(#) 2x" Pk; |k—l)? 
By integrating over the angular variables, we get 
af gene Gi ese ad)! 
= —_—_— ; A-1 
Oe a az Pky (1+ gy 198) a i Cay 


0 
It is easy to observe that this converges at the upper limit of Z. To evaluate 
Eq. (A-1) we may use the following approximate expression, 
| P+P+2k1 |_. Akl 

] vee (A-2) 

8) PL P—ok | B+E | 
which is valid for both extremely large and small values of &. Then, P(k) is 
simply evaluated to be 


a . 
Diy ea oes (A-3) 
k+ka 
References 
1) H. Alfvén, Cosmical Electrodynamics (Clarendon Press, Oxford, 1950). 
2) G. F. Chew, M. L. Goldberger and F. E. Low, Proc. Roy. Soc. A 236 (1956), 112. 
3) K. M. Watson, Phys. Rev. 102 (1956), 12. 
4) K. A. Brueckner and K. M. Watson, Phys. Rev. 102 (1956), 19. 
5) S. T. Belyaev, Plasma Physics and Problem of Controlled Thermonuclear Reactions 


(Pergamon Press, 1959), Vol. 3,256. 


1108 


6) 


20) 


21) 
22) 
23) 
24) 
25) 
26) 


27) 
28) 
29) 
30) 
31) 
32) 

33) 


34) 
35) 


Y. H. Ichikawa 


L. I. Rudakov and R. Z. Sagdeev, Plasma Physics and Problem of Controlled Thermo- 
nuclear Reactions (Pergamon Press, 1959), Vol. 3, 321. 

A. Vlasov, J. Phys. U.S.S.R. 9 (1945), 25. 

L. Landau, J. Phys. U.S. S. R. 10 (1946), 25. 

D. Bohm and E. P. Gross, Phys. Rev. 75 (1949), 1851. 

D. Bohm and D. Pines, Phys. Rev. 85 (1952), 338. 

N. N. Bogoliubov, Problems of Dynamical Theory in Statistical Physics (Gostekhizdat, 
Moscow 1946). (Translation by E. K. Gora, Providence College, 1959). 

V. V. Tolmachev, Doklady. Akad. Nauk S.S.S. R, 113 (1957), 301 (translation: Soviet 
Phys. Doklady 2 (1957), 85). 

S. V. Temko, J. Exp. Theoret. Phys. U.S. S. R. 31 (1956), 1021 (translation: Soviet 
Phys. JETP 4 (1957), 898). 

C. M. Tchen, Phys. Rev. 114 (1959), 394. 

I. Prigogine and R. Balescu, Physica 25 (1959), 281, 302. 

L. van Hove, Physica 21 (1955), 517. 

N. M. Hugenholtz, Physica 23 (1957), 481. 

R. Balescu, Physica 25 (1959), 324. 

B. B. Kadomtsev, J. Exper. Theoret. Phys. U.S. S. R. 33 (1957), 151 (translation: Soviet 
Phys. JETP 6 (1958), 117). 

Ju. L. Klimontovic, J. Exper. Theoret. Phys. U. S. S. R. 34 (1958), 173 (translation : 
Soviet Phys. JETP. 7 (1958), 11). 

P. S. Zyrianov, J. Exper. Theoret. Phys. U.S.S.R. 29 (1955), 193 (translation: Soviet 
Phys. JETP 2 (1956), 247). 

H. J. Merril and H. W. Webb, Phys. Rev. 55 (1939), 1191. 

S. Kojima, K. Kato and S. Hagiwara, J. Phys. Soc. Japan 12 (1957), 1277. 

D. Pines, Rev. Modern Phys. 28 (1956), 184. 

H. Watanabe, J. Phys. Soc. Japan 11 (1956), 112. 

F. Berz, Proc. Phys. Soc. 69B (1956), 939. 

P. A. M. Dirac, The Principles of Quantum Mechanics (Clarendon Press, Oxford, 1947), 
3rd ed., 195. 

N. G. van Kampen, Physica 21 (1955), 949. 

A. Bohr, Dan. Mat. Fys. Medd. 24 (1948), No. 19. 

Y. H. Ichikawa, Prog. Theor. Phys. 23 (1960), 512. 

M. Baranger and B. Mozer, Phys. Rev. 115 (1959), 521. 

O. Theimer and R. Gentry, Phys. Rev. 116 (1959), 787. 

T. Morita, Prog. Theor. Phys. 23 (1960), 1211. 

K. M. Watson, Series of Lectures on Physics of Ionized Gases (Los Alamos Scientific 
Laboratory of the University of California, 1956) T-701. 

P. Nozieres and D. Pines, Phys. Rev. 111 (1958), 442. 

H. Kanazawa, S. Misawa and E. Fujita, Prog. Theor. Phys. 23 (1960), 426. 


—e 


1109 


Progress of Theoretical Physics, Vol. 24, No. 5, November 1960 


On Radiative Corrections due to Soft Photons 
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It is shown that we can take the contribution from soft photons exactly into account in 
the calculation of the S-matrix in Q.E.D. The conditions are examined under which the 
contribution from soft photons to cross sections is factorized. 


Since the discussion by Bloch and Nordsieck,” it has become a well-known 
fact that the number of soft photons has no clear meaning and is not an observa- 
ble and that we can observe soft photons only collectively. Many authors have 
considered this problem, and especially Jauch and Rohrlich” have given a com- 
pact form of the contribution from soft photons. However, since they approxi- 
mated the currents by classical ones from the beginning, they could not examine 
the validity of this approximation. Also they did not refer to a method for taking 
in the contribution from hard photons.* . 

In this note we shall show that we can take the contribution from soft photons 
exactly into account in the calculation of the S-matrix in Q. E. D., and shall 
examine the conditions under which the contribution from soft photons to the 
cross section of an arbitrary scattering problem is factorized. 


Preliminaries 


For an arbitrary division of interaction Hamiltonian 
H(t) =H.) +H), 
S-matrix is given by 


SaT exp| -i \ dt H() | | 


-o 


= yO" | dey dtg TLU(, —0o) Hy(t))*- Hin) J, (hele 


no nt} 


* These problems have been discussed by Lomon® from a point of view somewhat different 
Ss. 
ees expression of S-matrix represents transitions by ih, between eigenstates of A+ Hs. 
The eigenstates are given by U(0, —oco)®,,4) where 9,,’s are eigenstates of Hy, free Hamiltonian. 
In our case, since the transformation operator U(0, —0o) is not unitary but contains infrared di- 
vergences (see (2-11)), Hilbert space expanded by @, is unitarily inequivalent to the one expanded 
by U(@, —°°) 9, in which the number of soft photons has no meaning. 
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where 
t 
Lge 1) =T exp[ —é\ d= H.@) |. (1-2) 
In general, the following relation holds,” 


Hessler H(- ) |= in exp| - ifasH()], (1-3) 


n=0 
i) to 


where 
H® (t)=H(), 


1 


(m+1)! 


He Do (aor 


1 


x|--[ He, ja: sHe-()], fd aH P(r) |e, 


to 


dt H®» >) |. 


os 


This relation can be proved as follows: 
We shall define H(t) by 


T exp| —i{de (=) |=exp| —é (dr 2) ]T exp | if a7]. (1-4) 


io) 


eorder to determine the unknown operator H(t), we differentiate Eq. (1-4) 
by ¢, multiply it by exp[i| dzH(<)] from the left, and get 
exp| i je He ) (98 Tep| =i) e210) 


={exp| \e H(z | cso Hara )|+ aH @} 


x Tesp| —i{ ade H1()]. 
Rewriting the left-hand side of this equation by using (1-4), we get 
sehen _d i 
H(t) = exp i [at H(c ) (Hm -i) exp| —i| dr H@ |. 
to 


Finally, using the relations 


= 
saul a8 Rh Ry HOA FAD BG FH, Fore 6 
rey : s : 
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Mm 


Neg real Gs Saal 
e“Bet= )—_[-[B, A], A], ~-, Al, 


ey hiee 24 al 1 


Be et ee A ad 
we get 
aay eh a Soe 
LODE AGe mare [| 70, Jano] jac) ies jaca] 
(1-5) 


By repeated use of (1-4) and (1-5), the relation (1-3) is proved. 


S-matrix in Q. E. D. 


The interaction Hamiltonian of the system of photons and electrons is given 


by 


H(t) =ie| dudpdq dk: $(q, 2)rp (by 2) AME, 2), (2-1) 
where 
— i mm ipa -ipr 
$(p, x) (on) 38 | E, om (u,(p) b, (p) e”* + v,(p) d,* (p)e"”"), 


A*(k, x) =At (k, 2) +A" (k, 2); 


- aes 2 B fn - * 

(27) 9? i i (ke = (A* (k, a) ? 

and a“(k), b,(p) and d,(p) are annihilation operators of photon, electron and 
positron, respectively. We shall devide the interaction Hamiltonian as follows : 


A** (k, 2) = 


H, (t) =ie\ dedp dq dk0(A-0) Bla, x)r.¢(p, 2): AX(R, 2), (2-2) 
H(t) =H) — Hi, (2), 
where A is a constant satisfying 
A<&m. (2-3) 


Using the relation (1-3), we shall calculate U(t, t)) under the condition 
(2-3). Creation and annihilation operators must be treated carefully, because 
their commutation relations are singular. First, we shall integrate H,(¢) by ¢. 
Since p, q and k contained in H,(t) satisfy the relations q=p+ and |k| <A, 


we can use the following approximations, 
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and 
EV +L, Fo=2E,. 


The time dependence of a part of H,(¢) which causes an electron-pair creation or 
annihilation is ~e*“»‘, and that of the other part of H,(t) is ~e*’?*/”». There- 
fore the magnitude of the former is smaller than the latter multiplied by A/E 
after the time integration is performed, hence the pair interaction can be neglected. 
Further, using the relations 


Us (QD) 7 itt. Pp) =O) ¢30-(P) =—itea+o(4 es Ay, 


we get 
(1) |aeH@=F-F*, (2-4) 
Lye , 
P=~e|dpdk0 (1-0) us 


xX Li (* (p+k)b,.(p) —d,* (p+ kh) d.(p)) A** (h) (ef Ppt — ert Bp), 


(2:5) 
In a similar manner, we get 
(a fala@, S? | ava | 


Se 6(A—o) me 
| dn dk — 
oe a 2w E, (pk) 


al dp dp’ dk “(A—©)___(oP') 


N(p) { (tt) — a sin( 2 (ta) )| 


Pp 


bape (on) a (pk) (p'k) 
Seles (p'+h)) : 
Sip 2k (GF) — pk 1, ; Pinas: 
Bis b E, GlE=eTe, BO By bho a) 
Viens tne Pane oe De 
sin ( E Rae t) at |, . (2-6) 


Pp pl 


oo ae aaa 
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where N(p) = Lib" (p) 2 (P) +d,*(p)d,(p)) =N*(p)+N7(p). The first term 
is a part of self energy of an electron and the second is that of Coulomb energy. 
Since the order of the magnitudes of both terms is the same as that of A, we 
can ignore the contribution from (2-6) in comparison with that from (2-4). In 
the same way, all the other factors in (1-3) except the first can be approximated 
by 1. Therefore 

t 

OG: ts) =exp| —i | de H.(=) |=exp[F—F*). (2-7) 
to 


Since the same approximation leads us to the following commutation relations, 


LF, F*]}=—5 | apap’ ak “4 ® _ (op) 


(27) 20 (pk) (p'R) 
x Dy (G* (p+) b,(p) —d,*(p+h)d,(p)) (b* (p) bu (p! +k) — hi (p') du +R) 
x (bebe er PELE y to) (eh PlklE ptt ent RRIF pi to), (2-8) 
and 


[F, LF. F*=(F, F*), F*)=0, 
U(t, t») can be expressed by the normal product with respect to A*(k) as follows : 
U(t, t;)=exp[F —F*]=exp[—(1/2)[F, F*]] exp[—F*lexpl¥]. (2-9) 
It will be obvious that we can use the approximation 
Li," (p+k)b,(p) —d,* (p+k)d,-(p)) 
sar (b,* (p) b, (p) —d,* (p) d,(p)) =N* (p) —N“(P) (2-10)* 


in (2-9), as far as the order of U(t, to.) and the operator of electron field is not 

exchanged. In special cases in which both or either of ¢, tf) become +, omitting 
oscillating terms, we get 
U(c, io co) =1, 

e 


i VANE CS a Bai pa, 9.A—0) __ (pp') 
U(0O, —©) =exp| Ba! | dp dp’ dk ee ok) (pb) 


x (N* (p) —N-(p)) (N* (p) —N- (| 


* The result expressed by (2-9) and (2-10) contains the fact that the overlapping of the 
infrared divergences caused by the overlapping of a real photon and another real or virtual photon 
is disentangled by symmetrizing over the order of their emission and absorption, which was proved 
by Suura-Yennie© The most general proof of the cancellation of infrared divergences in perturba- 


tion theory was given by Nakanishi.” 
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X exp |e| dpdkd(A—a) ores (N*(p) —N-(p)) A* (&) | 


xexp| —e| dpdk0(1—«) (N* (p) —N~-(p)) A** (|, 


Witcs 0) =U * (0, =='90>),5 (2-11) 
where 
A“ (k) =A*(k, 0). 


From relations (1-1), (2-9) and (2-10), we can calculate the S-matrix, 
taking into account the contribution from soft photons exactly. 


General Jauch-Rohrlich factor 


The mth order term of S-matrix in perturbation series with respect to H,(¢) 
is given by 


e 


SM= (= 1)" | dty---dty9 (ts) 4 (t2— ts) 0 eer 
CU co, tal; (1) U (215 te) GG) > G Gna, te) Ee Gu) Olas — 90 (3-1) 


We shall examine the ¢; dependence of the integrand in (3-1). Inserting com- 
plete orthonormal sets into before and after H,,(t;), we see that the ¢; dependence 
of H,,(t;) is decided by the difference JH between energies of states at before and 
after H,,(¢;) due to emission or absorption of a hard photon: 


TA, G;) ~ee 


t; dependences of U(¢;-1, t;) and U(t,, t;.:) are decided by soft photons contained 
in those states (see (2-9), (2-5) and (2-8)): 


G1 > t;) > Ut; > oa) ~)>) eR PHl ED eg 
If the inequality 


|4E,|>|0 pk/E|~nO(A), n: integer (3-2) 
holds, we can use the following approximation in the integrand in (3-1) : 
OU(ts-1 > t;) FI, (t;) U(t;, ti+1) = UG-1 ? 0) Fi, (¢;) UO, ti41) . (3 r 3) 


When all the momenta of electrons and hard photons which transit the vertex 
F,(t;) are determined by the momenta of electrons and hard photons in initial 
and final states, the condition (3-2) is satisfied for small enough A, as far as we 
are concerned with a finite angle scattering. Also when those contain integral 
variables, (3-2) is satisfied in the greater part of the integration region (the in- 
tegration does not any more cause infrared divergence). Therefore the condition 
(3-2) is satisfied and the approximation (3-3) can be used for all ¢,’s. Since 
U(0, 0) =1, (3-1) can be approximated by 
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S™=U(co, 0) OO" | dey-dt, THA) Hy, (Eo Opes co) ABA) 


This result means that we can neglect the processes of electron internal lines 
emitting and absorbing soft photons. Since (3-4) holds for all , we get 
S=U(co, 0)S,U(0, — 2), (3-5) 
where 
Si=Texp| -i | eH.) |. 


Using (3-5), we shall seek for physically meaningful cross sections. From 
(3-5) and (2-11), we get 
Chi ky, Beek : bis Pint ‘ Qh 9° Yngt || R15°°° Rr ; Pia: Png ; Uae 

Sothys "Kea | U(c, 0 3 p' 3 q) U(0, COTS DP; q) |0> 

Ge Are ky 3 bis Pat 3 Ga’ 5° Qrat |) Sn Ri 9+ Re > [Ee Din Bs GessaGaays (3-6) 
where 

|Ri°°*Rz 3 Pis Pm 3 Gis" Ino) 
=a* (ky) ---a* (hy) O* (pr) + O* (pa) A* (qr) + A* Gua) 19), 


ian ele? 5 

U(0, — co) aust? Pon, 3 913°" Ing = UO," — Ov; Ps q) pun Daa 19°" Una)» 
and U(0, —©;,q) does not contain other operators than those of soft photons. 
‘Therefore, JE(<A) being energy resolution of the final state of the scattering, 
the cross section is generally given by 
do=b(dAE) doy, (eT) 


and may contain radiative cor- 


where do, is the cross section determined by S, 
The general Jauch-Rohrlich 


rections due to virtual hard photons up to any order. 


factor b(4E) is given by 
b(AE) = 2 Dh dh, (JE-D 0) 
u=0 n!} 


polarization 


Substituting in (3-8) the following relation derived from (2-11) : 
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|U(c, 0; p’; 7) UO, —@ ; p; g)|0 
e | dk MOF j(i*® |, 
20 


Wee e G(A—am) _;. f ey tu 
aon (22)? 1/2u, (74) &) exp| PA Cob 


(ky ,°**Rn 


where 
be 2 Ip |p 
ph k = ( P = ae q _e Es ae q ); 
PA=D RPE TE Poe: 
and €, is the polarization vector of photon k,, we get”’” 
1 «o . ES Es % 
b(4E) =| de ane exp| aC  (ev-1) | 
a —© pa 0 4 
2 / JE \ece sinx A 
es Ger |ax witee. cos| aC Si( AE x) | exp[ aC ci(- dE z) 
=1—aC log ——+ (3-9) 
a is 


Here, logy is Euler’s constant, Ci(x) = — jdt cos t/t, Si(x)= f dt sin t/t, 
the fine structure constant and C is defined’ by the following danekor: 
1 jak 4(A—w) i(k) =C\ do 4(A—o) 

@w 


Cain 20 
C can be easily calculated by using the following relations 
ae | ee a. { ae 
(27)? wo (pk)? 7 oe 
= \ dk (pq) ase \ du 
= — ==) Du coth Zu |=, 
(o)? Jw (pk) (gh) be em a 
where 
(p—g)?=4m? sinh? x 


For some processes of actual interest, values of C are given as follows 
1) Electron (positron) scattering in an external field, Compton scattering 


(p->p’) and electron-positron annihilation (p+ p’—y7's) 
(Se (1—2u coth 2x) , 
7 


where 
4m? sinh’ u= (p— p’)?. 


2) Electron-electron (positron-positron) scattering (pit p.>pi'+p.’) ; 


a 


— (4/z) (1+2u coth 2u—2v coth2v—2w coth2w), 
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where 
Am? sinh? a= (pi— po)? = (pi — pr’)’, 
4m? sinh? v= (p:1— pr’)? = (p2— pr’) 
4m? sinh? w= (pi— p2')?= (p2— py)”: 


Radiative correction due to soft photons is obtained in compact form in (3-7) 
and (3-9). Unfortunately, b(4E) given by (3-9) contains unphysical quantity as 
hence cannot be compared with experimental results. At present, we can only 
point out that this 4 dependence is to be cancelled by that of do, which is de- 
termined by radiative corrections due to virtual hard photons. 
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Applications of Mellin Transforms to Some Problems 
of Statistical Mechanics 


Giiti IWATA 
Department of Physics, University of Tokyo, Tokyo 
(Received July 6, 1960) 


Use of Mellin transforms is made to get an asymptotic form of an integral containing a 
power series, where the term by term integration cannot be allowed. Examples are given 
concerning problems of statistical mechanics, for example, the partition function of an electron 
gas, the correlation energy of a free electron gas,2) the partition function of a hard sphere 
gas at zero-temperature limit.” 


§1. The partition function of an electron gas 


To get the partition function of an electron gas, Abe” has calculated 


i 1 
S2= 2a" Veer g(r) eet g(r) | rar, 
} 2 


(r= /r 


and got 


sg LORS SAD ? logs : 
= {2 oe ae Wa Che: ie 3 
Baas Ge tes ae i Tae 
A=K Pe’, 
His calculation is not so easy. 
We modify the formula of Mellin transform 


» 1 o+to ae 
hie aoe | (XS) eds. 
o=real part of s>0 
to get 
e o+t%o 
ce a oS, | U@atds, 7-39, 


o—to 


Replacing x by $¢’e-"/r, we have 


o+%co 


¢ i 
Sy) 2p | r'dr Omi I'(s) [Sete-"/r} ds, Be a 
‘ 4 


o—to 


ee Ne ee eT ee 
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o+7%0 


a | sje rds 


c—to 


= (pe)? \e dt 


where t=7r/€°, «3e*=/. We denote the right member deprived of its coefficient 
(3€°)° by J and interchange the order of integration. 


By virtue of the restriction 
—3<0<— 


2, the integration with respect to ¢ converges at t=0 as well as at 
t=0o. So we have 


Jetetdt=P(s+8) (— is)" 
0 


hence we have 
Ja. | P(s) P(s+3)e°"(—9) *4ds, —3<0<—2. 
The integrand of J has poles of second order at s=—3, —4, - Translating 


the path of integration to the left, we get by the calculus of residue the asymptotic 
expansion 


(oe) n—2 


: 2231! (gd nts Wha 2 
Ts g |logn + 2 — <r). 
- "i (mee WT (n= 2) Bs 


) | oa 
+logi}4 
n I'(n+1) Pa 2) Aa 


of which the first term 


7 (lows + 27 ——— + log i] 


gives the result of Abe. 


§2. The correlation energy of an electron gas 


The required integral” is 
1 
oo 1)” 4 n—2 
jaja FES ere) 


R(u) =1—u arctan wu 
We modify the formula of Mellin transform 


1 a+ 400 » | 
log Giaea:). = Oni | ——g'ds, O0<o<1 


Ssinwzs 


to get 
o+2%00 
(— rae 1 r 


n ~ Oni \ S$ sinzs 


o—to 


log(i+2)-2=— pa 


TAs ee =. 
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This formula enables one to write 
o +700 


sis “TR(w)} te ross [R(u)} Fe si \as, 1<o<2 


ey 271 1 s sinzs 


o—to 


and to integrate J with respect to q at first, by virtue of the restriction 7 <2, 
thereby getting 


a 1 

Fas re Fite aes ee rane 
[2 (2) een fetam ge 
0 


If we put 
\[R (u) } du=(s), 


¢(s) is regular for «>4 and has a pole of first order at s=}, with the residue 
1/2,/3. We have then 


qs ae ; rr ¢(s) (#25 


s—2 
: GS +1 coe xe 
sinzs s(s—2) 
—ioo 


wT 


The expansion for small r+ is given by translating the path of integration to 
the right 


J=- | 9(2) log 42” — 29 (2) +9/(2) |+ 
or 
Soa ATe Ns te Nemec AT LG 4 ¢@ ») 
J = (1 eee [log 2 5 VETS |+" 


where ¢(2) =z(1—log 2) /3 is used. This result is that of Gell-Mann and Brueckner. 


The asymptotic expansion for large 7 is given by translating the path of 
integration to the left, 


; 0" 2; pms 
J= See Ss = ) +s, 
l6ar 37/3 \ 4ar 


which is the first two terms of Noziéres and Pines.” 


§ 3. The partition function of a hard sphere gas 


Lee and Yang” have evaluated the integral for large D 


4=—771? \a" dgy 
0 


with 


es 
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a y [!og ¢! + Dan) ey Di, ial = D*i,], 


m Z 


Ace | dt (cos 2zmt) exp| — qt (1—2) | 


to get the pressure of hard sphere gas at zero-temperature. 
If we denote the ¢ with /,, replaced by its approximate value 1, 


haa 
g'+ (22m)? 


™ 


by ¢’, and use the formula of Mellin transform 


o+t%o 
di 1 v1 
LORE 2) = Sone | mr eds." 2 20 <3; 
> Qni ssinzs 


o—200 


we have 


ssinzs i 


vee | =__ De" Aids. 


y145 converges for o>}. If we integrate at first with respect to g, we see 


(oe) o 938 ' bibl aio, s 3 ( s 3 ’ 
12 4s od Uepighs — 93/2 (4 —s+3/2 FADES ah ead PEW ays es ; 
Ja Anda= | [@-+ (2nm)*} dq= 2" (zm) | ( SE \r 5 z /T(s) 
This integral converges for > 3/2. So, summing with respect to 7, for’ o> 3/2, 


we have 


ae reat 3 5 oie Say aus 
mleraccrnmrere(— 3) S)e(s+ tro 


m 


0 


where ¢(s) is Riemann’s Zeta function. Consequently, we have 


anlar git a "2/9. (s—1/2) 5 (2 ) 
f/ 1/2 =e, a ee : $ waees es — d ; 
\¥4 ag oni | sinz (s/2—1/4) ECT GS Spe ee 


0 
5/20 <3. 
If we translate the path of integration to the position 2<o<5/2, there remains 
the residue at s=5/2, 4(2D) *2/15, giving the result of Lee and Yang. The 
asymptotic expansion thereof becomes 


( gh? 3 oft oe LA a2 3/2 
\y q?dq=—5 (2D) tre tls D fog (2D) Ca. 


0 


| 


The above examples may suffice to show the usefulness of Mellin transforms 
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i - 


to obtain an asymptotic expansion. The technique of Mellin transform has been 
cused by Husimi” to evaluate the “ partitio numerorum” who has emphasized its 
_ prime importance. 
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On High Energy Cherge Exchange 


Collision 


Toshinori Takemiya’ and 
Yoshiyuki Sakamoto™ 


‘Department of Physics 
University of Kyoto, Kyoto 
Yoshida College 
University of Kyoto, Kyoto 


July 21, 1960 


The polarization and asymmetry of 
the high energy neutrons ejected in the 
high energy proton-nucleus collisions 
have been measured by Donaldson et 
als 

The transition matrix for the neutron 
ejected in high energy proton-nucleus 
collision or the charge exchange react- 
ion, within the framework of the im- 
pulse approximation, is given by 


THCP(T)U | Di to;| OCT) tee), A) 
fu 9 ip 


where Y(T,) and ¥(T) are the wave 
functions of initial and final target nu- 
cleus with the isotopic spin 7) and T,, 
respectively, and #; is the scattering 
spin matrix defined in free two-body 
scattering,” and Lh; and tis are the 
wave functions of the incident. proton 
and the ejected neutron, respectivery. 
If one uses the isotopic spin operators 
r, and t, for the incident proton and 


the neutron in the target nucleus, one 
obtains ¢; as follows, 


to; =i ; (3 ai Tp Ti) a ate = (1 = ar Ty Ta Lo 


1 i 
Tsar (3¢, + to) ag - (t1— to) TyTn> 


(2) 


where 7¢, and ¢ denote the scattering 

matrices of the charge triplet and sin- 

glet states for the 7-p system. The first 

term of the second ling in Eq. (2) re- 

lates to the ordinary scattering ampl-— 
itude and the second relates to the 
charge exchange scattering amplitude. 

In C”?(p, n)N”* investigated here, the 

former vanishes by the selection rule 

for the isotopic spin of the target nu- 

cleus. 

Since the energy of the incident proton 
is very high, the proton almost does 
not remain in the nucleus though the 
energy of ejected neutron has so high 
energy as to be equal to that of the 
incident proton. Then one can express 
V(T) by the product of the wave func- 
tions of the residual nucleus and of 
the recoiled proton distorted due to the 
interaction between the proton and 
the residual nucleus. . 

If the recoiled proton is not affected 
by the interaction due to the residual 
nucleus, one may put unity to the ratio 
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of the spin flip to the non-spin flip terms 
of the reduced nuclear matrix elements 
for the recoiled proton, then the polari- 
zation or asymmetry is given by 


P() 
2 ge RE OA TB) Cee 
 (AP+ICP+1BP+ICP+/EP+1F 2, 
(3) 
where A =(1/2)(Ai— Ap),C= (1/2) (Gi— 
Cy), etc.; here A;, Ao, etc., have the 
same meanings as in ref. 2). It is im- 
portant to note that the coefficients A, 
C, etc., for the free p-m scattering ma- 
trix are A=(1/2)(Ai+ Ay), C=(1/2) (Ci 
+C,), etc., while the coefficients for 
the charge exchange collision, C”(p, 
n)N@*, are A=(1/2)(Ai— Ao), C= (1/2) 


P(@) 
0.5 


0.4; 


—0.5+ sa 


Fig. 1. The experimental polarization of the 
neutron is measured in coincidence with as- 
‘sociated scattered proton. The solid curve 
shows the result calculated by using the Gammel- 
Thaler phase shifts for p-2 system at 310 Mev 
and the dashed one shows the result calculated 
by the V-shaped angular distribution discussed 
by Gammel and Thaler.” 


P(0) + 93 Mev in ref. 4) 
| 74 Mey in ref. 4) 
0.4; + 230 Mev in ret. 8) 


Fig. 2. The experimental polarizations of the 
neutrons are measured with the classified 
energy of the ejected neutron 73 Mev and 94 
Mev.) The parameters stated in the text are 
set by 1, 0.8, 0.3, 0.1 for scattering angles 
0°< éc.m. << 20°, 20° < 60.m.<50°, 50° < fo uM. 
<90°, 90°< @co.m., respectively in order to 
reproduce the data of Wilson et al.) by using 
the Gammel-Thaler phase shifts at 156 Mev. 
Also the parameter is set by 1 for 0° < fo.m. 
<100° to reproduce the data of Roberts et 
al.) by using the Gammel-Thaler phase shifts 
at 230 Mev. The solid and dashed curves 
show the results for 156 Mev and 230 Mev, 
respectively. 


(C,—C)), etc., though Eq. (3) has the 
same form with the polarization for the 
free p-n scattering. 

The results calculated by using Eq. (3) 
are compared with the experimental 
data in Fig. 1. To calculate the coef- 
ficients of the scattering spin matrix, 
we have used the two-body scattering 
phase shifts derived from the Gammel- 
Thaler potential.” As shown in Fig. 
1, the polarization of the neutron quasi- 
elastically scattered from C” agrees 
with the experimental data measured 
by Donaldson et al.,? and the results 
are very sensitive to the sets of two- 


eT 
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body scattering phase shifts. The study 
of the charge exchange of the quasi- 
elastic scattering supplements the know- 
ledge on the free p-n scattering. 

By making use of the quasi-elastic 
scattering, one cannot explain the ex- 
perimental data at 45° measured by 
Wilson et al.” of the 74 Mev ejected 
neutrons, though the energy of the neu- 
tron quasi-elastically scattered is about 
73 Mev at 45° as bombarding energy 
is 145 Mev. The reason is that in 
their results the two nucleons interacting 
in the nucleus are not measured in 
coincidence with the associated scatter- 
ed nucleons, their results would contain 
the contributions of some other inelastic 
scattering processes. The neutron 
ejected from p-C” collision contains 
the neutron scattered from some levels 
corresponding to the excitations of the 
target nucleus. In order to explain the 
polarization including the nucleon, one 
may use aS a free parameter the ratio 
of the spin flip to the non-spin flip 
terms of the reduced nuclear matrix 
elements for the recoiled proton, adopt- 
ed by Thaler et al.” When the nucle- 
ons are:scattered from several levels, 
the parameter depends on the scattering 
angles. Then, if one may use for the 
parameters a large value, say, 1, anda 
small one, say, 0.1, in the small angles 
and the large ones, respectively, one 
may explain the polarization or asym- 
metry measured by Wilson et al.? = In- 
troducing the parameter, one need not 
take account of the effect of the mul- 
tiple scattering in the light nucleus for 
the ejected nucleons, which were con- 


sidered by Squires.” 


The authors would like to express 
their appreciation of the discussions 
with Dr. S. Hatano. They also wish 
to thank Prof. M. Kobayasi for his 


_ encouragement. 
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A Note on Exchange Reaction 
Tatuya Sasakawa 


Department of Physics 
Kyoto University, Kyoto* 


August 1, 1960 


Austern, Butler and McManus” (A- 
B-M) put forward the theory on ex- 
change reactions as (m, p) and (p, n). 
They considered their theory is appli- 
cable to (p, p’) as well. According 
to their theory, the scattering amplitude 
is expressed as a product of the square 


* Now at Laboratory for Nuclear Science, 
Massachusetts Institute of Technology, Cam- 
bridge, Massachusetts, WS ear 
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root of the sticking factor times the 
dynamical factor. The dynamical factor 
is represented by the two-body scatter- 
ing amplitude. The sticking factor is 
estimated outside the nuclear surface. 
The dynamical factor is insensitive to 
Then the angu- 
lar distribution is determined mainly by 
the sticking factor expressed as 7,,(dkR). 

The aim of this note is to point out 


the angular variation. 


that to the inelastic scattering their 
theory is applicable but to the exchange 
reaction their theory may not be ap- 
plied. At first sight, the antisymme- 
trization may seem to remove this 
difficulty. However, even if we took into 
account the antisymmetrization, the di- 
fficulty would remain. 

The experimental results on (p, 7) 
is very scanty compared with (~, Pp’) 
and it is limited to light nuclei.” How- 
ever, the existing data seem to show 
that the angular distribution of (p, 7) 
is not so well reproduced by A-B-M, 
whereas in (p, p’) fits are good by A- 
B-M in most of the cases. 

Throughout this note, we name the 
incident particle 0, a specific particle 
in the target nucleus p, the residual 
particles as a whole g. To aid under- 
standing, first we describe the cases of 
non-exchange; the elastic scattering 
and the inelastic scattering. As for 
the applicability of the impulse aproxi- 
mation to the elastic scattering, we have 
to take into account the correlation be- 
tween target particles.” The treatment 
in this note of the elastic scattering by 
a simple impulse approximation is writ- 
ten only for the sake of understanding 
of the exchange reaction. 

[I] The elastic scattering 


In the impulse approximation, the 
matrix element involving the particle 
o and p is given by 

Bp= DW (Gy, $n) uVon hn) (Gus P), 
(I-1) 
where 

b= Gyan 

xexp[i(kor,+k,r,+k,r,) |, 

On= (1/27) 98 

xexp[i(k,r,+k,r,+k/r,) |, (1-2) 
j= fla)? exp zk, Fal 

xexp[i(k, +k,°) (ro +r,) /2] 

X Laj2 eo-iey) ToT p) » 


®, = (1/27) 3/2x2 
x exp Ez (r, “CC 


X $a(r,—T,) F(E)- (1-3) 


Here X a2 Grok 9) (r,—r,) is the wave 


ryt (are )| 


function describing the two-body scat- 
tering. g.(r,—T,)Z(*) is the wave 
function of the target nucleus. € rep- 
resents all the coordinates of the target 
except the center of mass of the target 
and the coordinate r,—r,. According 
to the Appendix of the previous paper,” 
(I-1) is expressed as 


r 


Gyp= (1/27) iene | dik, 


x fexo| — «(ATP RK —K) 


X ba(r) dr \ exp[ —i(k,+k,/2) rop| 
x Vos Lrg theo l2 (7,5) dro, 


x Jexp E ( —(A~1) re) r'| 


« b* (r')-dr', (I- 4) 


where r=r,—r,. 


=e Pra, 
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The dynamical factor in (1-4) is ap- 
proximated by 
fexpl thy +h,/2)r 
x VG Xegt kg/d (r,,) ass 
ae exp| — ik, “ipgl agate’ gal @ aoe ied gree 
(1-5) 
Then (1-4) becomes 


Sp (1/20) | exp[ —idkr] \gta(r) dr 


x \ exp[ —ikyTop| Vop Lic; Pop) op: 


(1-6) 
where 4k=k,—k;. In (1-6), the as- 
sumption is 1/A <1. 

[II] The inelastic scattering 
In this case, we have 


Sy zn) \ exp[ —7dkr | 
x Galt) fo* (r) dr 
x \ exp[—ikyr.p] VopZn; (Top) Mop- 
(II-1) 
This leads to A-B-M. 


[III] The exchange reaction 
In this case, (1-3) is replaced by 


D, = (1/27) hoy 


xX exp i (,— Ter rey | 
A 


x Da CRS 2) P(&) ? 
Oj (/one 
X exp |i, (r, 
x Py (r,—Tr,) PE) . 


Corresponding to (1-4), we obtain 


Tot Govt) | 


n= 0/20 dk 


x fexp[ {= A= D Get) =H), 


x Pa (Ty) ar 
x | exp[i (ky +k,/2) rp] 
x Ves Laeie }eg/2) C7) ars, 


«fool (= ADEM) 


x W, KFa5) dr 4, 0 


(IL-1) 


The comparison of the dynamical 
factor in (III.1) with that of (1-4) is 
very interesting. The sign of the ex- 
ponent is reversed. Physically this 
meaning is as follows. 

The dynamical factor of (III.1) is 
expressed alternatively as 


\ exp[—i(k, + k,/2) Pop] 


x ee Ve Lit hkeg!2) (72) arpa 


where P, is the position exchange ope- 
rator of o and p. This means, in the case 
[Ill], after the interaction V,,, the po- 
sition of the particles o and p is ex- 
changed. 

To the dynamical factor of (III.1),. 
the approximation as (1-5) is no longer 
guaranteed. Then it is not surprising 
that in the exchange scattering, the 
angular distribution is not of A-B-M 


type. 
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Mass Differences of Charged and 
Neutral States of Elementary 
Particles 


Ira M. Freeman 


Rutgers University, New Brunswick 
ING Ie OS SA: 


August 15, 1960 


Although the mass values of more 
than a dozen elementary particles are 
now well established, a_ satisfactory 
theoretical deduction of these numbers 
is still lacking. During the past few 
years a number of attempts have been 
made to find empirical connections 
among the available data,” but most of 
these suggestions appear somewhat ar- 
tificial. Moreover, none has succeeded 
in yielding mass numbers that are ac- 
ceptably close to the present values. 

In particular, as part of the general 
problem, there appears the question of 
the relatively small mass differences 
between the charged particles and their 
neutral counterparts, suggesting that 
they are in reality different charge states 
of the same particles. With the im- 
proved experimental mass values now 
available it was found possible to dis- 
cover a strikingly simple numerical cor- 
relation which may be of significance. 
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The accompanying table lists the 
known pairs of charged and neutral par- 
ticles. Each pair has been assigned an 
integer 7. The pairs appear here in 
order of increasing mass, except that the 
positions of the kaons and nucleons are 


interchanged. 
The second column gives the product 


of the experimental mass of the neutral 
member by the difference in mass bet- 
ween the charged and neutral com- 
ponents. In each case, the indicated 
departure is the probable error. 

The next column lists the values of 
the function 

R= (2326).2% (y= Os a oe ye 
and the final column of numbers rep- 
resents the difference between each R 
and the absolute value of M,4dM, ex- 
pressed as a fraction of the probable 
error. The agreement is surprisingly 
good. _ 

For some pairs, the neutral particle 
has a greater mass than the charged 
one, so that the negative value of JM 
must be used in comparing with Eq. 
CLs differences between 
members of a pair are probably attrib- 
utable to electromagnetic self-energy 
effects, but the reason for these rever- 
sals of sign are not apparent. 

It is to be noted that a duality exists 


The mass 


: M, 4M, exper., i ; a D } ; 
Daniele 0. > per., in eparture, 
: n units of electron R= (2326) 2” fraction of Source of 
multiplet rest mass PB data 
Pions 23704108 2326 0.41 Ref. 2 
Nucleons — (4652+160) 4652 (@) Ref. 2 
Kaons 2 — (9130+1200) 9304 0.14 Ref. 3 
Sipinas 3 es 20,130 +2780 18,610 i Ref. 4 
2*:; — (10,900+2590) (3.0) Ref. 2 
Xi’s 4 | 40,200 (?) 37,220 —_— Ref. 2 
oo 


<6 oe 
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for the sigmas. Two different values 
of M,4M are obtained, the first one 
being much closer to the number given 
by Eq. (1). In the case of the Xi- 
hyperon pair, there is some doubt at 
present as to whether the difference 
between the experimental mass values 
is real.” 

For what it may signify, it may be 
mentioned that the numerical factor 
2326 in Eq. (1) is very close to the 
mass numbers of the 3° and 3* hy- 
perons (2328 and 2333, respectively). 
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Effect of the Particle-Hole Pair 
Interactions in Nuclear 
Many-Boby Problem 


Masaru Yasuno 


Kobayashi Institute for Physical 
Research, Kokubunjt 
Kitatamagun, Tokyo 


August 24, 1960 


The dynamical aspect of nuclear col- 
lective motion has recently been 
considered.” These authors applied 
Sawada’s method in the problem of 


electron plasma to nuclear many-body 
system. Sawada’s method,” or the 
method of particle-hole pair, however, 
has much different effect, when applied 
to the nuclear many-body system. If we 
apply Sawada’s method to infinite nuclear 
medium as it is, it is well known 
that we obtain an imaginary value as 
phonon energy and the collective mode 
may be dissipative. The above result 
may be caused by the fact that the 
nuclear size is infinite or the spectrum 
of single particle energy in unperturbed 
system is continuous. This occurs be- 
cause of attractive nuclear interaction, 
being different from repulsive Coulomb 
interaction in electron system. This 
difficulty may be avoided by taking 
account of finite size for nuclear medium 
or discretness of single particle energy 
levels.” 

Another difference, considered here, 
is the screening effect. The collection 
of bubble type diagram may give the 
effective interaction introduced by 
Hubbard.” (Fig. 1.) Fourier component 


vb: Geneon) 


of effective interaction U(z, 2x’) is 
given as follows, 


1 (k, 2) =v(k)/[1—v(&) WR, DI. 


where, v(k) is Fourier component of 
residual nuclear interaction and WR, 4) 
represents Fourier component of particle- 
hole propagator. Dispersion relation 
which determines the phonon energy 
for transferred momentum k is given as 
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cer, wamee. 2) 20 (R) (E,— Ey) 

1= (1/2) do Xs pa , 

(2)* 

where 2 is normalization volume, w is 

phonon energy and £;,’s are the energies 

of discrete single particle levels. cB) 

means Cauchy’s principal part. If we 

put Min.|E;—E,|=4, Eq. (1) may be 

rewritten in configuration space ap- 
proximately as 


Pra. (alan t pop) Fri 
Oi p | V14+ (4/2) v(p) 
X sin pp dp, (3) 


in terms of the dispersion relation, where 
p=kyr and p=k/k,. respectively. (ky 
is Fermi momentum.) a@ represents a 
positive definite constant. In the case 
of repulsive Coulomb interaction v(p) = 
+const./p*, so pu(p) has a singularity 
of 1/p at p=0. But the denominator 
of Eq. (3), which represents the effect 
of particle-hole pair interactions, has also 
a singularity 1/p at p=0. So particle- 
hole pair interaction screens the singu- 
larity of Fourier component of Coulomb 
interaction at p=0. Nuclear many- 
body system, however, is not the case. 
That is, v( p)may not have the singularity 
at low-momentum side. If the hard- 
core singularity has already been screen- 
ed by Brueckner’s method,” v(p) 
with screened high-momentum side may 
have the form illustrated by Fig. 2. 
Then Eq. (3) shows us that the de- 
nominator, or the effect of the particle- 
hole pair interactions increases the ratio 
of the low-momentum component of the 


interaction U (p) to the high-component 


* We abopt the natural unit R=c=1. 


original Coulomb 


screened Coulomb 


v(Pp) 
V (p) 


Fig. 2. Upper is the Coulomb case and the 
lower is the nuclear case. ( (p) is normaliz- 
ed to v(p) at high-momentum side, and the 
scale is arbitrary. 


one in comparison with original inter- 
action v(p).. Thus, we may conclude 
that in nuclear many-body system the 
effect of particle-hole pair produces the 
effective interaction in which the prob- 
ability of low-momentum transfer is 
more favourable than that of the ori- 
ginal one. In other words, the method 
of particle-hole pair transforms the 
short-range nuclear interaction to a long- 
range one in contrast with the screening 
effect of Coulomb interaction in many- 
electron case. A_ full note will be 
published soon in this issue. The 
author wishes to express sincere thanks 
to Professors S. Takagi and H. Tanaka 
for his valuable discussions. 


1) S. Takagi, Prog. Theor. Phys. 21 (1959), 


194. 

K. Ikeda et al., Prog. Theor. Phys. 22 
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T. Marumori, Prog. Theor. Phys. 24 (1960), 
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2) K. Sawada, Phys. Rev. 106 (1957), 372. 
K. Sawada et al., Phys. Rev. 108 (1957), 507. 
3) J. Hubbard, Proc. Roy. Soc. 240 (1957), 539. 
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A. Klein and R. Prange, Phys. Rev 112 
(1958), 994. 


4) H. Iwamoto,.private communication. 


5) K. A. Brueckner, in The Many Body Pro- 
blem, (Dunod, Paris, 1959). 


Possible Methods for Detecting 
Intergalactic Hydrogen 


Satio Hayakawa 


Physical Institute 
Nagoya University, Nagoya 


August 29, 1960 


From the cosmological point of view 
it is very important to know how much 
hydrogen exists in the intergalactic 
space. According to the steady state 
cosmology, for example, the intergalac- 
tic matter is created so that it will be 
of the simplest form, hydrogen, and its 
density should be related to the rates 
of creation and condensation into galax- 
ies. Without going into such a funda- 
mental theory, the density of hydrogen 
is known to be in close connection 
with the evolution of galaxies and 
other related problems. 

Since hydrogen is tenuous, it is sup- 
posed to be*ionized and is subject to 
the recombination at a rate of about 


G8 0s T-34n, n, sec” cm™*, (1) 


where for definiteness we assume the 
temperature as high as T7~9X 10°°K 
and the density 7, =n,=107* cm™*.” 
The recombination gives rise to radi- 
ations in a wide spectral range. Among 
them visible light is hard to observe 
against the background due to galactic 


re eno 
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light and Lyman radiations, belonging a 
both to line and continuous spectra, are “is 
quickly absorbed by interstellar. gases. 
Only such a spectral band seems to be Q 
transparent that is a continuous one due 
to the transitions between S states, 
particularly due to the transition from 
2S to 1S states.? 
rise to the emission of two photons. 
Most part of the spectrum of these | 
photons lies between La and the Balmer 
edge, and the Balmer continuum will not 
appreciably mask this continuous spec- 
trum.®*” It is almost needless to mention 
that the collisional deexcitation occurring 
in the stellar atmosphere is of little im- 
portance in a tenuous gas under consi- wi 
deration. Thus we have good reasons 
for the observability of this spectrum. 
Taking into account that appreciable 
part of the recombination process goes 
through the 2S state, we estimate the 
emission rate as” 2S ee 


j (QS 1S+ 2h») 
E10 ee sec7? cm7*. | @ 


This transition gives 


Bs 


the intergalactic space may be as large. 
as 10’ J. y., the radiation produced at — 
farther distances being masked — by 
galaxies nearby. Then the intensity — 
expected at the top of the earth atmos- a 
phere, high enough to be free from the 
atmospheric absorption, is estimated as 


1(2S—1S+ 2hyv) 
~ 10° 42 photons sec’ cm™~, (3)i. 


as 


where 4@ is the solid angle covered 
by a telescope to be used. This is 
strong enough to be observable,” pro- 
vided that there were no noise to disturb 
this intergalactic radiation. 
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The most serious noise is presumed 
to come from the Galactic halo, if it 
contains an ionized gas of hydrogen of 
the density greater than 10-°cm™*. If 
this noise is stronger, our proposed 
method will be used for observing 
hydrogen in the Galactic halo rather 
than in the intergalactic space; this 
noise itself is of great astrophysical 
importance. 

There. would be some more methods, 
if there were anti-matter in the inter- 
Then we would expect 
radiations from the annihilation pro- 
cesses of negaton-positon pairs and of 
proton-antiproton pairs. The former 
would give a line spectrum at 0.51 Mev, 
and the latter a continuous spectrum 
with a center at about 100 Mev, both 
being subject to the Hubble shift. Since 
the optical depths for these radiations 
could be as large as 10° to 10°Z.y. on 
account of their penetrability, their in- 
tensities would be higher than that 
given in (3), if the amount of anti- 
matter were comparable to that of ordi- 
nary matter. Consequently, the 100 Mev 
radiations would have to be detected 
by cosmic ray observations. Since there 
seems to be no evidence for this, the 
copious existence of anti-matter in the 
universe may be thought as negative. 


galactic space. 


1) See, for example, F. D. Kahn and L. Woltjer, 
Ap. J. 130 (1959), 705. 

2) L. Spitzer and J. L. Greenstein, Ap. J. 104 
(1951), 407, have suggested the importance 
of this process in connection with the lumi- 
nosity of a planetary nebula. The author 
is grateful to Professor W. Unno who 
called his attention to the above paper and 
stimulated him by suggestive comments. 

3) This process is regarded as the most im- 

portant cause of the ultraviolet radiation 


from Galactic clouds, as was discussed by 
the author. S. Hayakawa, Publ. Astr. Soc. 
Japan, 12 (1960), 110, 113. 

4) This and related processes are analyzed in 
more detail and are applied to the ultraviolet 
radiation from Galactic clouds. The work 
will soon be published by S. Hayakawa, S. 
Nishimura and K?>-Takayanagi. 

5) See, for example, J. E. Kupperian, Jr, A. 
Bogges III and J. E. Milligan, Ap. J. 128 
(1958), 453. 

6) P. Morrison, Nuovo Cimento, Suppl. 8 
(1958), 858. 


Electric Polarizability of Nucleon 
Tetsuo Sawada 


Department of Physics 
University of Tokyo, Tokyo 


September 5, 1960 


As to the electric polarizability of 
neutron: a@,, several experiments have 
been carried out,” but the smallness 
of its effect makes it possible only to 
determine the upper limit of |a| 
ja|<2x10-"cm*. Foldy” pointed out 
that if the electric polarizability of neu- 
tron came dominantly from its anomalous 
magnetic moment, @, must be negative 
and very small A,= —6.2< 10cm’. 
He also said that it may occur as in 
the case of radius of neutron that meson 
cloud effect is very small. Breit and 
Rustgi” estimated a, by making use of 
the cross section of photomeson pro- 
duction and got the result: 1.1107“ 
<Qy,<2.2X10-*% cm*®. It is interesting 
derive the Breit-Rustgi relation from 
more familiar dispersion treatment, and 
to refine the estimation of the electric 
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‘polarization of nucleon (a, and a,). 


Energy shift of any particle in an 


-exterral electromagnetic field is 


4e= \d*yQoa) lin 0) 
x A®(y, 0)|$(A)) 


=| dy Folin, AY (or, 0) fo) 
= i| d*y \ 1b cali 
xX (Pol PCj.(2), Fn (ys 9)) [Por 
A GAS Ur O) Pes; (1) 
where |#(A)> and |.) are the:nucleon 
states distorted and not distorted by the 
external field, respectively. As usual, 
we define the electric polarizability: @ 
by 
Ac. ak’: (2) 


From Eqs. (1) and (2) we can obtain 
Oke. k=0 
where 


PCR)=i[d'x (Hol Po), JO) |) 7 


It should be noted that in Eq. (3) 
the direction of derivative is not on the 
mass shell (k’—&,?=0), but partial 
derivative with respect to k: It can, 
however, be shown that 


ree alegre 


where F;,(w) is the amplitude of photon 
scattering of electric multipoles only. 
As the imaginary part of F(w) in the 
neighbourhood of w=0 is small, and 
by making use of the dispersion relation 


> 


, 0 0;;(a’) 


1 eo 
Re F(a) aie P\ do ear eee 
0 


we finally obtain 


Tie) 
eA her a or (7) 
0 


where o,(w) means the total cross 
section of electron transition to any 
state from photon state with energy w 
in the laboratory system. 

As an integrand of Eq. (7) is 
o(w)/w, only the lower energy part of 
o-(w) contributes to the value of a, so 
we take only the cross sections of photo- 
production and ;-N scattering, but the 
latter is small and not so important. 

Polarizability of proton: a@, 

It is well known that the reaction 
y+p-7+p can be understood that, 
for E,(lab.) <450 Mev, photon is ab- 
sorbed from M1 state only and the — 
reaction occurs through the (J=3/2, 
J=3/2) resonance. On the other hand, 
the reaction 7+ p—22*-+n cannot be in- 
terpreted as S and P waves only, except 
E, (lab.) $250 Mev. But, fortunately, 
for the evaluation of the electric polari- 
zability higher energy cross section is 
not so important. So we assume that 
the total cross section is made by S- 
wave pion (from E1 absorption) and 
P-wave pion (from M1 absorption 
through 7=3/2, J=3/2) only. As a 
result, o(z*)—(1/2)-o(z°) contains only 
S-wave pion that comes from the ab- 
sorption of £1 photon. 


OR RN tS ey Mer ameter ane 


10/900 300 400 
Ey (lab.) Mev 
Fig. 1. 
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From the data of photomeson pro- 
duction cross section, we obtain a, 


a,= (0.7540.25) X10“ cm’ (8) 


with the cutoff , (lab.) =500 Mev. The 
errors come from the cutoff, the as- 
sumption o;(w)~o(z*)—(1/2)-o(z") and 
the neglect of the cross section of 7-N 
scattering of lower energy photon. In 


‘the error estimation we used the data 


. of Compton scattering of 60 Mev pho- 


ton,” and the lower bound of @, is esti- 
mated by the extrapolation of threshold 


-. S-wave photo-pion data with the cutoff 


7 


at 300 Mev. 

Polarizability of neutron: a, 

As we have no neutron target, we 
must extract the cross section of (y-+7— 
m+) reaction: o_(@) from the ratio 
o_(w)/o,(w) of deuteron” and _ the 


cross section of (y+p—7*-+7) reaction 


-6,(w). 


As 


known to ‘occur 


photo-z° production is 
by M1 photon-ab- 


sorption for low energy region and the 
magnitude of the anomalous magnetic 
“moment of neutron is approximately 
oy equal to that of the proton, so it is 


natural to take o™'(w)=o!'(o) for 
low energy region. So, the fact that 


sci the ratio 7_(w)/o.(w) is different from 
_ unity (Fig. 1) comes from the difference 
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of E1 photo-pion production. We ob- 


tain 
o®'(@) =P(w; 0=90°) 
x fo. (w) +304) }-2-ov(o), 
\ 14 ‘4 
(9) 


where 


P(w; 6=90°) 


= rape aa 


b) 
Pee 


co): total cross section for 7+p—> 
m+ p. 

With the use of o,*(w) thus obtained, 
the electric polarizability of neutron is 


@,=(1.0+0.4) x10-% cm®. = (10) 


Error comes from the experimental 
error of the ratio P(w; @=90°), the 
assumption o2"(w) ~o'(w) and the 
three sources of error that is written 
above with respect to the error of ay. 


1) Aleksandroy , Soviet Phys. JETP 6 (1958), 
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3) Breit and Rustgi, Phys. Rev. 114 (1959), 830. 

4) High Energy Physics Conference at CERN 
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Space-Time Description of Collision and Decay Processes 


Masakuni IDA 
Department of Physics, Kyoto University, Kyoto 
(Received July 4, 1960) 


On the basis of Lorentz invariance and the existence of the vacuum, scattering amplitudes 
are expressed in terms of Wightman functions. It is done with the aid of observation functions, 
four-dimensional wave packets vanishing outside the space-time regions of observation of col- 
liding particles. Restrictions must be imposed on each of these regions in order to assure 
the one-particle character of observed particles, which may be either stable or unstable. Our 
expression, in a form modified under the additional assumption of microcausality, is compared 
with that of Lehmann, Symanzik and Zimmermann and the physical meaning of the asymptotic 
condition is clarified. Extension of our method of description to processes involving composite 
particles is given, and some relativistic problems concerned with unstable particles are also 
discussed from the above space-time point of view. 


§ 1. Introduction and summary 


Although several efforts”-? to work out formulations of quantum field theory 
have clarified the axiomatic basis of the current local theory to some extent, fur- 
ther study of the problem seems desirable in view of its importance. In these 
formulations are always discussed transition amplitudes from initial states in the 
infinite past to final states in the infinite future, the S-matrix elements. However, 
it is nothing but an idealization of real physical processes, which is made inevita- 
ble by the adoption of the asymptotic condition” as one of the fundamental princi- 
ples. Moreover, in a real process any state cannot be observed instantaneously. 
The author believes that these facts should receive more attention.* The present 
work is an attempt to describe, from a space-time point of view, collision and 
decay processes in a unified and physically intuitive way. 

Throughout this paper we assume the invariance under inhomogeneous proper 
Lorentz transformations and the existence of the vacuum state, ¥, which is de 
fned as the unique, Lorentz-invariant and lowest-energy state. From these two 
assumptions it follows that there exist displacement operators P,, with the properties 


PUZ) el, pla del? asibilie Os (1-1) 
Oi 


P,2)=0. (1-2) 


The closure of the domain of P, is a Hilbert space §, which forms the object of 


1) 


* Stueckelberg® once considered this problem in perturbation theory. 
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our physical interest. We consider a model of a neutral scalar field described by 
a hermitian field operator in the Heisenberg representation, ¢(2), by means of 
which § can be generated from the vacuum state. We do not require the principle 
of microcausality until otherwise stated. 

In §2 we shall construct physical one-particle states, making use of four- 
dimensional wave packets which represent average momenta of colliding particles 
and their space-time regions of observation. The temporal extension of these 
regions, revealing the time indeterminacy of the observations, should be restricted 
by physical requirements (the particle condition) necessary to assure the one- 
particle character of observed particles. In § 3 scattering amplitudes are expressed 
in terms of Wightman functions,” the vacuum expectation values of products of 
field operators. Wightman functions can be replaced by Green’s functions under 
the additional assumption of microcausality. After a modification our expression 
is compared with that of Lehmann, Symanzik and Zimmermann” (hereafter refer- 
red to as LSZ). The former is wider than the latter as it is applicable also 
to a colliding system involving unstable particles. This is achieved by the replace- 
ment of the asymptotic condition with the particle condition. 

Next in § 4, our method of description is extended to a system involving com- 
posite particles. The limiting process of time averaging in deriving the Bethe- 
Salpeter equation is shown to be unnecessary in our method. Finally in § 5 the 
representation of physical states of unstable particles is discussed, and the elonga- 
tion of the lifetime of a moving unstable particle is explained with the aid of the 
concept of the volatile fluid. In the Appendix the mass and the lifetime of an 
unstable spinor particle is defined under the assumption of CT P-invariance. 


§2. Representation of states with the one-particle character 


In order to get expressions for scattering or decay amplitudes, we begin our 
discussions with studying how to construct a physical one-particle state, which 
may be either stable or unstable. A representation for a one-particle state was 
previously given by Nishijima® as 


v=| | aafle, oe, ot Jaap, de.) 


+ \\ dard? auf (0, a2, )9(a1, 6 (8, 1) +5. | By, (2-1) 


the integrations being extended over the three-dimentional space. In this represen- 
tation one requires an infinite number of functions called contravariant compo- 
nents, which represent virtually dissociated states of the physical one-particle state. 
With a single term of them we can obtain an approximate eigenstate of the 
momentum operator P;(¢=1, 2, 3), but not of the energy operator P). In this 
point lies the difference of relativistic field theory from the nonrelativistic quantum 
mechanics. In the latter the energy of a particle is determined by its momentum, 


Space-Time Description of Collision and Decay Processes 1137 


while in the former the energy of astate is never determined by its momentum, 
because the state can take arbitrarily high mass configurations. A physical one- 
particle state could not be obtained without giving a state an approximately definite 
energy-momentum lying on the mass shell. In this section we attempt to get a 
compact and intuitive representation for physical states, extending the integrations 
over the four-dimensional space-time. 

A particle moving with an average momentum p, must have been prepared 
somehow in a space-time region R. Such a’state can be represented in the form 


Py=—1 | d'xh(as p) (a) Yo, (2-2) 


where A(x; p) behaves approximately like (27)~*e'?"* inside the preparation region 
R, and vanishes outside it. The Fourier transform of h(x; Pp), 


1 
(27)? 


A(k; p)= \dtxe**h(xs PD) iS 2-3) 
is then approximately equal to unity for k,~p,, and is negligioly small otherwise 
(Fig. 1). That the state %, is an approximate eigenstate of P, is easily seen 
from (1-1), (1-2) and the properties of h(x; p), namely 


4 . fe) —1 4 Oh 5 
PT=te | oii 2G p)i- 2) P=, \a 2 2M P) g(a), 


2, 


Ax 


i 


(2-4) 


\k| || 


a) Stable case b) Unstable case 


Fig. 1. hee; p) is approximately equal to unity in the shaded region, and is 
negligibly small outside it. 


The normalization constant N is given by 
N= [fatacdt ot We (x: p) W(2, 2)h(2' > p) =27 d*hU (Ra) (RB) ARS p)|’. 
(2-5) 


where 
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W(x, x!) =(b(x) -b(2!) oS id” (2-2), (2-6) 


and J'*’(x) may be represented as a superposition of free functions J (x; /?):? 
f(g) = | a0) AA bods hoon’ $489 
0 


The behaviour of the weight function p(/2) is shown in Fig. 2 for a stable and 
an unstable particle. mm, or mw represents the threshold value of continuous mass- 
spectrum for each case. For an unstable particle it is assumed that it has two 
kinds of interactions, strong and weak, and that it would become stable if weak 
interactions were switched off. mm, represents the threshold value of continuous 
mass-spectrum for this fictitious case. 


ot?) ole) 


2 


%. 


2 


2 2 2 2 
m Mey m m ms; 


a) Stable case b) Unstable case 
Fig. 2. The behaviour of the weight function p(y?) for a stable and an 


unstable case. 


Several restrictions, which may be called the particle condition, should be 
imposed on an observation region R in order to assure the one-particle character 
of a state we are observing. Let us denote by 4¢ the time indeterminacy unavoida- 
ble to observe a one-particle state, which is due to the uncertainty principle. We 
shall first consider a particle with the zero average momentum. For the case of 
a stable particle, dt must satisfy the inequality 


(4t)-* <mp—m (2-8) 


to eliminate continuous energy spectrum. We shall also need the condition that 


h(x; p) contains scarcely any negative energy frequency, which is satisfied by the 
inequality 


(dt) <m. (2-9) 
For the case of an unstable particle, besides an inequality corresponding to (2-8), 
(4t)"*<m,—m, (2-10) 
dt must satisfy another one for the decay Q-value to be sharply defined 


(Cai ye te MM. (2522) 
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On the other hand, it must be shorter than the lifetime, 7)(=77"), of the particle,” 
(4t)">7. (2-12) 


It may be noted that the state %, does not sensitively depend on the time indeter- 
minacy 4¢ so far as it satisfies the above inequalities. For an unstable particle 
moving with an average momentum p, these inequalities should be replaced by 


(41) </ me +p’—Vv m +p’, 
(at) << mi +p —V mp 


(2-13) 


and 
Gppy gr iad 72 23 9 2-14 
V m+ Pp pot 
At first sight the replacement of the right-hand side of (2-14) with moy/ m+ py 
might be preferred. It is not right, however, as will be explained in §5 in con 
nection with the elongation of the lifetime of a moving unstable particle. 


We now discuss a two-particle state characterized by average momenta fi, p» 
and observation regions R;, R;. This state can be represented by 


Pasrs= shag || dxrderahy (as) hala) BEDE) (2-15) 


where the normalization constant N is given by 


N= =| dec, dt, dty! dts! hy (22s) hs (ae0) W (a1 Xa Kay 211) ha (ei!) hae!) 
(2° 16) 


For the sake of simplicity, we restrict ourselves to the case that the two regions 
of observation are separated with a macroscopic spacelike distance, so that the 
observations of the two particles could be done independently.* It can then be 
shown that the normalization constant is approximately equal to the product of 


the ones for the two particles, 
Nw N,: Nz. (2-17) 


Two-particle states may be divided into three classes according to the relative 
configuration of the particles : incoming, outgoing and collisionless.” When the 
two particles collide after their observation (preparation), the state is called in- 
coming, and when they collide before their observation (detection), the state is 
called outgoing. When the two particles never collide before and after their 
observation, the state is ealled collisionless, which is of no physical interest and 


will not be discussed any more. 


and may probably be replaced by a weaker one such that 


* This assumption is too restrictive, 
d not pass through another one. 


the wave propagating from a region of observation shoul 
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§ 3. Expressions for scattering amplitudes 


As we have become fairly familiar with the physical 


RO Detection 6) * 
Se 
~S 


. ie 
meaning of the states introduced in the preceding - eee 
section, we are now ready to proceed to the description Ff, CINE fa 
of scattering processes. A scattering experiment consists pee 
of the preparation of an incoming state followed by Collision 
the detection of an outgoing one, as is schematically ae fe 
shown in Fig. 3. We restrict ourselves to two-particle ats ve bP 
elastic scattering, as generalization to multi-particle cases fir ~ 
does not offer any difficulty. A scattering amplitude = fh . 
by : . Rimes 2 
of an incoming two-particle state ¥;,,, characterized by B 3 ® 
; : : : Ri eS Preparation 
normalized observation functions hf; and h, into an ' 
outgoing one ¥;,,,, characterized by h; and A, is given Fig. 3. Asschematic picture 


by an inner product of the two states, of a scattering experiment. 


CB aoa Pas tg) = \--| dadn Cade hee 


X W (23, £4, 2, X1) hy (a1) hz (x2). (3-1) 


Thus we have obtained expressions for scattering amplitudes in terms of Wightman 
functions. 

Next we shall rewrite our expressions for scattering amplitudes under the 
additional assumption of microcausality, which requires 


-[b(x), 6(2')]=0, (3-2) 


We have assumed that the two regions of preparation and those of detection should 
be spacelikely separated from each other, respectively. Then we are allowed to 
replace the Wightman function W (2s, x4, x2, 41) in (3-1) with (T[d(as), 6(2,)] 
-T(6(%1), (a2) ])o. Since the regions of detection should be situated future timelike- 
ly to those of preparation, we can further replace the latter with a Green’s function 


G(x, X4, X11, X2) =(T[¢(2), B(x), (2), (2X2) |)o- (3-3) 


After all, a Wightman function in the expression (3-1) can be replaced by a 
corresponding Green’s function. It is convenient to introduce another function, 


I(2s, X41, L1, X), defined by 


for (x—2x’)*>0. 


G(x, 24, 1, 2) = \...{ akin Al, Aly ai. oy. (23— 23') dy’ (%4—2/') 


x I(x;!, ei} cls X)!) 4,’ (ay! = 2) oy (2! — x2) > 


(3-4) 


which is obtained trom the Green’s function by eliminating its external lines. Then 
with the use of functions 


fix (x) =i| de! Ay (a—2")hia!), G=1, 2) 


J 


(3-5a) 
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Fy (a) =—i| da! AP (2-2 h2'), Gag) en Cab) 


the expression (3-1) can be rewritten, through the change in the order of inte- 
gration, as 


rsrlPryay= | dadeidan daft (a) fd ao 
X Ta, ay Lis ta) fis (aa) fbe (a). (3-6) 


The functions fx(x) and fj(x) are related to the matrix element, 


e 


g(x) = (Fold (x) |x) = \ dar! Wee h(a’), (3-7) 


in such a way that g(x) is equal to f; (x) (fi(x)) unless x is situated in the 
past (future) of the observation region. 
We can also give another expression with a more conventional form, 


gn Pranad= Yor | devadexa der, decaf (22) fb (2) 
x K,K,KiK.G(2, £1, £1, 2) fir (Li) far (22), (3-8) 
K,=Oz,—m’, 


where f;,(x) and fi, (x) are obtained by replacing the primed propagators in (3-5) 
with the corresponding unprimed ones. The above expression is for stable par- 
ticles. For unstable ones we have only to use K=O)—.’, and 


1 
P+“ 


Ay(z—2'; ¢')= — laser 


om a 


as the unprimed propagator in defining the functions, fi,(2) and fi, (x). « Tep- 
resents the complex mass” of the unstable particle under consideration (see also 
the Appendix), 


Syoige et 3 3-10 
K Tit 9 r ( ) 


By the way, it is remarked that we may approximate the functions —ifix (2) 


and ifcy (x) by Tic (x) and Te wae (2) > 


fea) = | da! dea! hee’), Ga=1, 2) (3-11a) 


Fiaav (2) = jaz" A (x—x!yhi(a!) =, 4) (3-11b) 


respectively, because the observation functions A;(x) contain scarcely any negative 
frequency spectrum by the restriction imposed upon them and the equalities 


(Rk) = Leek), de (k) = nav (R) (3-12) 
hold for ky > 0. 
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Similar results were obtained by LSZ” with the use of the asymptotic condi- 
tion. The difference is that in our description f;(x) are solutions of inhomoge- 
neous Klein-Gordon (K-G) equations with the observation functions as source 
functions, 

(O—m?) fix (x) =—hi(x), (=1, 2) (3-13a) 
(O—m) fix (a) =—hi(x), (=3, 4) (3-13b) 


while in the formulation of LSZ the corresponding functions satisfy the homo- 
geneous K-G equation. The appearance of the source terms is due to the fact 
that a scattering system is not closed by itself but is connected with external 
systems through the processes of preparation and detection. When the regions of 
preparation are brought to the infinite past and those of detection to the infinite 
future, our expression (3-8) reduces exactly to that of LSZ, since fi,(a) and 
fiy(x) now satisfy the free K-G equation in the whole space-time. We may cor- 
respond this limiting process to the so-called asymptotic condition. 


§ 4. Composite particles and the Bethe-Salpeter equation 


We now discuss a system with a stable composite particle of mass MM besides 
an elementary one of mass m. A composite state can be represented as 


2 E oo 
r= | dedth.(x, §)9(e-—) 6(2+=) My (4-1) 
where h(x, §) is normalized by 
| facdb n'ai he (x, é) wet, x 2 , a2’= 2 } a + Eas) WN SS) =1. 
2 2 2 2 


(4-2) 


h,(x, €) must, as a function of x, satisfy the same requirement as h(x) does for 
an elementary particle, while it is arbitrary as a function of €. We may then 
take a function which is non-vanishing only for space-like €, and replace the ordinary 
product of field operators in (4-1) by the time-ordered one under the assumption 
of microcausality. 

We can easily generalize our expressions for scattering amplitudes obtained 
in the previous section to collision systems involving composite particles. As an 
illustration we consider an elastic scattering of an elementary particle and a com- 
posite one. The scattering amplitude from an initial state ¥,, n, to a final state 
Prong iS given by 


CP sautl Ears j--faes da! dé! dic, dx dé hy* (aq) h¥ (2', €) 


x W(x, 2 ce a ee att 21) hy (an) hex, €). (4-3) 


on 2 2 
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We can also give another expression, 


CPs nat | Pry tig X= ; “4 dx, dx' d¢' dx,dx dé fax Caen) Fert Ce ey 


x Ky Ku KK, 1 lial eS . Weg 
24% 441 Ne Ly, XL + 5 A 26 aah cae? neg ae SB oa ws) far (aides (2, 5), 
(4-4) 
where 
K,=U0—M’, Kelis ua 

and the functions /,.(2, €) and fi, (a, $) are defined by 

fos (a, §) =i\ dev! dp(a—a's M*)he(x', 8), (4-5a) 

Ferg (2; §) =—i\ de! dy*(a—a'; M?*)he(x’, §). (4-5b) 


With the use of the function defined by 
) o(e- 2 )its) 


pas d. 'déE'W ¢ g / ¥ / g" han, 
ia x as ee, eo reg x plied adi x +) hela ac (4-6) 


- 
S$ 


2 


g(x, §)=(Pold (2+ 


the normalization condition (4-2) of the function h,(2z, €) may be rewritten as 
[[daath (x, A)9(x, 8) = |\dedtg*(a, fhe(a,A)=1. (4-7) 


Our expression (4-4) and the normalization (4-7) are to be compared with the 
results of Nishijima.” 
The Bethe-Salpeter amplitude for the state Ya, is given by 


Jns(41, La) =P! T (¢(a), $ (22) || oy, 
é/ 


ff’ age, stan) oe £)- (e+ £) pace 
(4-8) 
We here introduce another function, the Feynman amplitude, 
f / ; 
galen, mn) =( de’ G(x, me, 2! S, at = hla), 4-9) 


which is equal to zs(a1, %) except for the case that at least one of the two 
points is in or on the past light cone of the preparation region of this composite 


particle. 
As is well known, Green’s function G(a1, Lo» Yr Ya) satishes an integral 


equation, 


G(a1, X23 Vis 2) = 4x (41-91) Ae (L2— 2) + Av (Hi — a) Ay (42-1) 
a |---| day’ dey! dy,’ dy! An (aid Ay! (ea!) K (ax, 22, yn’, yy’) 
x Gor, Vou M1> Vo) . ; (4 10) 


Multiplying both sides of the above equation by A.((j1 + j2/2); yi—)2) and inte- 
grating them with y, and 3.2, we get the Bethe-Salpeter equation, 


MAGE: Lo) = feof day dx,/ dy; dy, Ay (21—21') Ay (%s— 2.) 


xi (ar, ies 5 ya! ) Grn’, yn’). (4-11) 


The contribution trom the non-interacting terms of (4-10) neariy vanishes due to 
the particle condition imposed upon the preparation function h,(2, €). 

A similar consideration was previously given by Allcock.” His argument 
differs from ours in that A,(x, €) satisfies the free K-G equation as a function of 
x, while in our treatment it represents a source term of the function f.,(a, €). 
In their derivation of the B-S equation Gell-Mann and Low™ used a limiting 
process, which is a kind of time averaging. In our description an integration with 
{ime appears as a result of the time indeterminacy of the preparation process. 

It may also be remarked that with our method we can express the matrix 
element of any dynamical varicb!c between ‘w> composite states in terms of 
Wightman functions. _ 


§ 5. Physicai states oi unstable particles 


In the case of unstable particles the use of the asymptotic condition is certainly 
impossible and the space-time description in which physical aspects receive more 
emphasis seems to be inevitable. The above way of description of collision pro- 
cesses can immediately be applied to decay processes, too. Not to repeat similar 
discussions we concentrate our attention to the representation of physical states 
of unstable particles, which has been one of the most obscure points in the theory 
of unstable particles. The state vector corresponding to a physical unstable par- 
ticle was represented in § 2 as 


v,= | daha; p)$(x) Po, (5-1) 


where p, denotes an average four-momentum of the particle lying on the mass 
shell with the mass m(=Rex«). It is a relativistic generalization of the represen- 
tation given by Nakanishi in the Lee model. It may formally be rewritten in 
a form 


v,=\def, (x: p)i(a) Po, (5-2) 


where 
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(O-') 6 (x) =5-7 (2), (5-3) 
f(s p)=i| de’ do(w—a! ; )h(2'). (5-4) 


For simplicity of the discussion, we here make use of an exact eigenstate of 
P, with an eigenvalue p,’, |p’), which is not a normalizable vector of the Hilbert 


space §. If we take a scalar product of ¥%, and |p’), we get 
Cp\Yry= | decd pila) Porte (esp) = CP" 5O) Parse" P) 


by . St tr 

=(p'|7 (0) | Po) Pies Lk MP): (5-5) 

where f,(p’) and h(p’; p) represent the Fourier transforms of f/,(a; p) and 

h(x; p), respectively. As a function of —p” the vertex function (p'|7(0) |o> 

has no singularity at « in the first unphysical sheet of the complex (— p’)-plane. 
The mass-spectral function of the state ¥, defined by 


pr) =D Keel (5-6) 


has a peak at °~m with the width approximately equal to 7. It shows no such 
bump due to strong interactions as p(/") does. The cutoff width of the spectrum 
is determined by the time-indeterminacy unavoidable for the preparation of this 
particle.* 

Finally we discuss the propagation of a wave representing a physical unstable 
particle. The function g(x; p), 


gas p) =(0| 6(x)|',)= | da! Wa, 2)h(2" s P) (5-7) 


is equal to f(x; p), 
Files p)= de! dy! (e—2"h(@ (5-8) 


if we restrict x in the future of the preparation region. ‘The latter may be ap- 
proximated by f(x; p) because of the properties of h(p'; p) (see Fig. 1). 
fx(x; p) behaves approximately like e’”"* inside the propagation path of the wave, 
while it is negligibly small outside it. (Though the boundary of the path cannot 
be sharply defined, the concept of the path is helpful to clarify the physical image.) 


Here #, is a complex four-momentum given by 


P.=p,—? a p= Pes (5-9) 


* Matthews and Salam™ defined the mass and lifetime of an unstable particle by the first and 


second moments of the spectral function p(z2). It is not physical, apart from a possible divergence, 


to use p(#2) with a bump due to strong interactions as a mass distribution function of an unstable 


particle. 
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ae i). 
BN / 1 oy Le 
It is often convenient to attach damping waves with complex four-momenta 
to unstable particles as to attach plane waves to stable ones. Let us consider a 
damping wave, 
eit = oP orl2m) pr (5: 10) 


corresponding to an unstable particle moving with a velocity v. At any spatially 
fixed point it damps exponentially with time in the form of exp ((—7fo/2m2) 20). 
However, its characteristic time, V1—v’ 7, is measured by Euler’s method of 
description for this ‘ volatile fluid’ with proper volatilization time Zo, and it does 
not correspond to the lifetime of the particle. The point of observation should be 
moved with time in accordance with the movement of this fluid. In other words, 
the characteristic time should be measured by Lagrange’s method of description 
for the fluid. Then the wave damps like exp(—(ym/2fo)2) as time goes on, 
because 


SLE po petade. —p-x) > (poay—p- va) = ay. (5-11 

2m we 2m Naot 2m Sls ‘ 2Po : ) 
The lifetime of an unstable particle 
moving with a velocity v is thus elon 


gated from Tt) to t, where 


CIA 


a 

V1l—v" 

The damping wave should also be 
cutoff in the direction of its move- 
ment, since the time duration necessary 
for a wave packet to pass through a 
spatially fixed point with a phase velo- 
city v~* must be much shorter than 


Fig. 4. Propagation of ‘volatile fluid’, e?. 


the lifetime measured @ la Euler. OB and OC are the characteristic times 
/1—v't). Then we get the inequality, measured @/a Lagrange and Euler, respec- 
Vt oR tively. DCA represents a constant amplitude 

l< ray eae (5-13) ‘ine for this damping wave. 


where ¢ represents the spatial extension of the packet in the direction of its 
movement. 

The author expresses his sincere thanks to Professor H. Yukawa for his con- 
tinual encouragement. Thanks are also due to Dr. Y. Munakata for his kind in- 
terest and discussion. 


* Mller! once derived this relation neglecting 7? compared to m2 
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Appendix 
The mass and the lifetime of an unstable spinor particle 
We have restricted ourselves only to Bose fields. Some complication arises 


for unstable spinor particles due to the appearance of Dirac matrices. We sum- 
marise here the results of various invariances for the Wightman functions, 


S3' (a) =i(pe(2) .(—£)).. (A-1) 
SQ (2) =i{Gal =) (-=)). (A-2) 
CT P-invariance : 
SS) Spe” (2) its (A -3) 
C-invariance : 
SO (2) Cts (Aa), (A-4) 
T-invariance : 
SOx) =p7sC{S'(—x, mm)" Cpr: (A-5) 
P-invariance 
SO (SFiS OM 8 a7 s- (A -6) 


Under the assumption of C7 P-invariance the propagation function, 
Stance) =(T[¢.(=), Go(-2))). (A-7) 
9 oT Ws 


is expressed as 


co 


(x) = \ ae ton (p2) Sp(a 5 2) + Pap) dela s #2) 


+ pa(H2)7oSr(x 3 2) +012) 75 r(x; #). (A-8) 
If T- or P-invariance is assumed in addition to the CT P-invariance, it follows 
that 
03() =p) =. (A-9) 
In order to get a definition of the mass ™ and the lifetime 7’ of an unstable 


spinor particle it seems convenient to use complex four-vectors, b= (e/m)p,), 
introduced in §5. A spinor u(p) is defined by the Dirac equation with the com: 


plex mass «, 

(ir: pt+«)u(p) =90. (A-10) 
As is easily seen it is equal to a constant multiple of the free spinor, u(p). The 
complex mass « may then be determined by 
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[u(p) Sr (p)u(p) |" =9, (A-11) 


where the Fourier transform of the propagation function should be analytically con- 
tinued in an ‘ appropriate’ way explained below. Because of the equalities, 


u(prsu(p) =u(p )7s7.u(p) =9, (A-12) 


the parity-nonconserving terms in the expression (A-8) are not relevant for the 
definition of «. Then we introduce a function defined by 


fea) 


Fe)=-i| ae tee) +O : (A-13) 


0 

and we consider an analytic continuation of this 
function in the complex z-plane with the cut shown 
in Fig. 5. The definition of the complex mass 
determined by a pole appearing under the real 
positive axis gives a clear meaning to the intuitive 
definition of (A-11). 

We may normalize the field operator ¢(x) by 


Fig. 5. The branch cut in the 


lim (z—«?) F(z) =e" (A-14) complex z-plane for the func- 
ae tion F(z). The cross rep- 
F 
with a real constant a. Although the way of ee 


: 2=K4, 
normalization is not a unique one, it coincides with 


that of Lehmann” for a stable particle if decay interactions were switched off 
hypothetically. The renormalization constant is then given by 


oc 


Zp= | a2 evcee), (A-15) 
0 
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In this paper, some peculiar role of the so-called cosmological constant ‘A is investigated 
from the two alternative standpoints of the general: theory of relativity and the Schrédinger 
theory of non-symmetric field. It is revealed then that, in spite of a rather drastically different 
character of the latter theory from the former, there exists a peculiar solution whose existence 
is assured by the role of A in question and whose physical meaning is equivalent to that of 
Bertotti’s solution in general relativity. 


§ 1. Introduction hee 


As is well-known, the so-called cosmological (or A-) term is originally inserted 
into Einstein’s gravitational equations in 1916 with the intention of weaving Mach’s 
principle into them. However, not only is such an idea broken down by de Sitter 
through his empty model-universe, but we have nowadays no positive reason to 
retain this term.” There is of course an opposite opinion that the cosmological 
constant A should be retained as an adjustable parameter included in various theoret- 
ical formulae (in the general relativistic cosmology) to be compared with the 
observational data. But this is barely the case at the cost of spoiling one im- 
portant function of a theory, Le. the prediction of phenomena,* because the field 
equations themselves are not definite from this standpoint. 

In addition to these situations, it is found that Einstein’s field equations with 
A-term permit us to obtain some peculiar cosmological solutions” in which the 
transition A->0 is intrinsically prohibited in contrast with the situation in the de 
Sitter model-universe. The peculiarities of Gédel’s model,” however, lie in the 
existence of “spin” throughout the universe as a whole rather than in the role 
of the cosmological constant in his model, so we shall not go further into this 
model. On the other hand, the main peculiarity of Nariai’s model,® in which A 
should be positive, lies in the decomposition of space-time into two kinds of 2-spaces 
with constant curvatures. Recently, Bertotti? has found another peculiar solution 


* It must be remarked that there is no adjustable parameter in the Schwarzschild solution in 
the 1916 theory, because the only integration constant “m” in it is determined at the stage of 


Newtonian approximation, 
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which is a generalization of Nariai’s such that a uniform (constant) electromagnetic 
field is attached to the latter. 

Now, in contrast with the general theory of relativity, the A-term appears as 
an inevitable request in the Schrodinger” theory of non-symmetric field, i.e. in the 
Schrodinger theory / should be intrinsically non-vanishing, though his field equations 
are formally reduced to those of Einstein’s” generalized theory of gravitation if 
we put 1=0. In this respect, the cosmological constant A in Schrédinger’s theory 
should be regarded as a fundamental constant* (though we have not got as yet 
any information concerning its sign and numerical value), but not as a mere ad- 
justable parameter. Then it will be interesting to inquire whether or not such a 
peculiar role of A as found in general relativity is also played in the Schrodinger 
theory. The reason is that there would be a slight possibility that a peculiar 
solution of Nariai-Bertotti’s type is automatically prohibited in his theory, if we 
take it into consideration that it is not a mere unified field theory of gravitation 
and electromagnetism, but a kind of the unitary theory of field. 

In Part I of this paper, we shall compare Nariai’s** space-time with de Sitter’s 
empty model-universe and then shall investigate several properties of spherical 
electromagnetic waves in Bertotti’s space-time, in order to illustrate the peculiarities 
of a curved space-time of Nariai-Bertotti’s type. In Part II, we shall verify that, 
in the Schrodinger theory as well, there exists such a peculiar solution that the 
symmetric part g,, of the non-symmetric field g,,(4g,,) is of the same form as 
the metric tensor of Nariai’s space-time (cf. (2-8)), and that several components 
of the anti-symmetric part g,, are non-vanishing. 


If we introduce the metric tensor into Schrédinger’s theory in a suitable manner 
and stipulate various physical quantities describing the electromagnetic field in con: 
formity with the metric tensor thus introduced, we may say that our solution has 


the same physical meaning as Bertotti’s solution of Einstein-Maxwell’s equations 
in general relativity. 


Part I 


§ 2. Comparison between de Sitter’s empty model-universe 
and Nariai’s peculiar one 


Before entering into the main subject, we shall compare de Sitter’s empty 


space-time with Nariai’s peculiar one, both of them being derived from Einstein’s 
field equations for an empty region, i.e. 


° 


Rin =A, (4, v=0, 1, 2, 3). (2-1) *** 


* Here it must be remarked that the phrase “ cosmological ” attached to A is due to its historical 
origin. 
** We shall hereafter use this terminology for the peculiar space-time mentioned before. 
*“* In order to discriminate from the non-symmetric field, the symbol “° ” 


is attached to 
and Ruy on the top of them, 
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It is well known that the metric for a spherically symmetric space-time can in 
general be written as 


ds’--Cd?— Adr?—r?(d0? + sin’ 0d¢"), (2-2) 
or 
ds=e’ dt*—e'|drP’+r(d?+sin’ de’) |, (2-3) 
where: C and A are positive functions of (r,t), # and » are functions of (7, Z) ; 
(2-2) is always reduced to (2-3) by a suitable transformation (r, ¢)—>(7r, 7) and 
vice versa, except in the case e“=const: (7) ~”. 
According to Birkhoff’s theorem, the only solution of (2-1) with (2-2) is 


C=1/A=1—2m/r—Ar’/3, (2-4) 


where i is an integration constant. This solution is reduced to the Schwarzschild 
solution by the transition A->0. On the other hand, putting m=0, we obtain de 
Sitter’s empty space-time. Then we have 


dr’ 


3— (17? /f) d?e— 
d= (1-7 f(it) dt Eo) 


—72(di?+sin’0d¢"), (2-5) 


hee A¥’?=3. If we put 
p=r exp (—¢/R)/(—-r/ )™”, 


| (2-6) 
t=t+ (1/2) RK ln (1—7r’/®*), 


(2-5) can be rewritten as 
ds'=dz*— exp (27/R) [de +p’ (di? +sin’ dd¢g’) |, (2-7) 


which belongs to the class specified by (2-3). 

A slight revision is however necessary to the above theorem, because, as was 
shown by one of the present authors (H.N.),® there exists such a solution of (2-1) 
with: (2-3) as e”- (7 )?=constant.* This solution can also be represented by thc 
following metric : 

dr’ 
(1—7?/a’) 
in which the coordinates (¢, 7, #, ¢) are analogous to those in (2-5), where Aa’=1. 
If we perform the transformation of coordinatés (2-6) with a in place of &, 
(2-8) is reduced to 


dsi= dz?— exp (27/a)de’—a’ (d0?+ sin’ Jd¢’). (2-9) 


ds =(1—r'/@) df— —a'(d0'+sin'Od¢’), (2-8) 


As is easily seen from the above two expressions, / should be positive in order 
that the signature of the metric tensor GA, jee ox ax HK 1D addition to the 
fact that it is impossible in the above metrics to take the limit 4-0, in contrast 


: aie 
* Such a situation is intimately connected with the fact that, as was shown by Takeno,” it is 


insufficient to take (2:2) as the most general expression of the spherically symmetric line-element. 
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with the situation in de Sitter’s metric specified by (2-5) or (2-7). 

So far, comparison has been made in referring to special kinds of coordinate 
systems. The essential difference between de Sitter’s and Nariai’s space-times lies 
however in the following points: The former represents a 4-space with constant 
curvature, because the metric tensor g,, satisfies not only (2-1), but also 


Riwo= (A/3) (Bre Luv — Zr Zuo) . (2 7 10) 


On the other hand, the latter has such a decomposed structure that both of the 
2-spaces, i.e. (t, 7): and (0, ¢)-spaces, are of constant curvature 1/a’. As a result, 
the latter is represented as a section of two 5-dimensional hyper-spheres embedded 
in the Euclidean 6-space.” 


§ 3. Spherical electromagnetic waves in Bertotti’s space-time 


In order to illustrate more clearly the peculiarity of a curved space-time with 
metric of the type (2-8), we shall look into some properties of the spherical 
electromagnetic wave in Bertotti’s space-time whose metric is, say, of the form 


ds'= dt’ — exp (27/b) dv’ —a’(d?’+sin’Id¢’), (3-1) 


where b is a constant not necessarily equal to a (cf. (2-9)). The coordinates 
(ct, p, 8, g) in (8-1) can be regarded as corresponding to those in the metric 
(2-7) for de Sitter’s space-time, the latter being usually called the co-moving co- 
ordinates in the sense that both an observer and light sources are at rest relative 
to them. 

On the other hand, Maxwell’s equations (without 4-current) for the electro- 
magnetic field F,, in a curved space-time with metric ds’ =g,,dx"dx* can be 
written as 

Balt eel =O) 


; (3-2) 
(2). 0, 
where g=det(g,,). Inserting g,, in (3-1) into (3-2), we obtain 
(a-sinGH,) + (esind Hy) 9+ (e"H,) ,=0, ' 
(a-e"” H,) «+ (aEs) ,.— (ere) see) 
(3-3) 


(a: sindE,) Peat (e"” sin OE») oar (e"” F,) es 
= (a-e"”E,) it (aH) paw (e.A}) o=0, 
where (E,, Ey, E,, H,, H,, H,) ‘stand for the physical components” (scalars) of 
(Fo, Feo, Fs, Fos, Fi, Fig) respectively. 


The metric (3-1) is form-invariant under the transformation of coordinate, 
p>p+const., so that, though the same symbol is used, p in (3-1) has a somewhat 
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different meaning from the radial coordinate in (2-7). In spite of such a situation, 
we shall hereafter call a progressive wave in the direction of p the “ spherical ” 
wave. Then (3-3) can be solved as follows: 

i) TM-wave (H,=0 and E,=u/a’) : 


E,=SkPlat/b) Ou i ae ink 
L(l+1)a 90009’ 1(i+1)a-sin0 dg0r’ (3-4) 
(= exp (—t/bd) 07x rh if 02x 
1(i+1)a-sin0@ dgap’ ° L(i+1)a 900r’ 
ii) TE-wave (£,=0 and H,=v/a’) : 
Fy iO) EE egy ste ay 
L+l)a 9609’ 1(i+1)a-sin@ Agdr’ — 
y «ae exp(—t/b) uv Fi ds i. ay 
?-U+1l)a-sin9 avap’ ~*~ (141) a 808r’ 
in which both z and wv are functions of the type 
u(or v) =& (€)e-** P,” (cos 8) {cos} meg, (3-6) 
with 
@S | (2), Z(l+1)\- 
B+ |(—) -—~_ + £=0, 37, 
de? oe a * cae!) 
where 
===—b-exp(—t/bd), (3-8) 


and others with the usual notation. 

Now we shall consider only the TM-wave, because almost all of the following 
discussions are also applied to the TE-wave. As is recognized from (3-6)—(3-8), 
the separation constant / concerning the angle contributes to the temporal (but 
not spatial) factor &(¢) of uw, and the amplitude of w does not depend on the 
radial coordinate p. Accordingly, we cannot identify, say, the case 7=1 and m=0 
with the dipole field in the true sense of words. What properties has this dipole- 
like feld in our space-time, then? From (3-7) and (3-8), we obtain 


& = const. xe™, (3-9) 
provided that 
h-a>2"-exp(t/b) for 7=1. (3-10) 
Inserting (3-9) into (3-6) with J=1 and m=0, we obtain 
uuy:sin{k(€—p)}cos8, (3-11) 


where uw is an arbitrary constant, and we have replaced the factor eich Shy. 
sin {k(€—p)} without loss of generality. From (3-4) and (3-11), we obtain 
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E, = (ao/a’)sin {k(E—p)} cos, (3-12) 
E, = H, = (k:a/2e"”) (uo/ a’) cos {k (€—p)}sinJ, 


and other components=0. 
Now let W and S=(S,, S,,.S,) be the physical components of the energy 
. . . . 8 
density and Poynting’s vector respectively for the radiation field in question.” Then, 
for (3-12) we have 


WS, = (R-tto/2ae"”)*cos’ {k(F —p)} sin’G, (3:13) 
with |S,/S,|<0 (cf. (3-10)) and S,=0. Since the temporal variation of the 


amplitude of W per one cycle of oscillation is negligible (cf. (3-10) and (3-8)), 
the time mean of (3-13) is 


W~S,~(3L/87a’) sin’ 4. (3-14) 


where L is the total radiation defined by 


Qe * 
L=|aelS, asinbdd, (cf. (3-1). (3-15) 
0 0 
The average values of W and S per unit solid angle are, then, 
(Wy=(S,)=L/Axa’, (3-16) 
with 
L=L,-exp(—2z/b), (3-17) 


where Ly==(2/3) (Re)?. 

Since (S,) physically means the mean flux of radiation per unit time and per 
unit solid angle, the expression (3-16) shows us that, in contrast with the situation 
in de Sitter’s space-time, the apparent luminosity of light source at the origin is 
independent of the radial coordinate ~ specifying the position of an observer. Thus, 
in Bertotti’s space-time, the luminosity distance” d, between a source and an ob- 
server can be defined by 


d,=a, (3-18) 


irrespective of the value of . On the other hand, if we define the distance in 


question from the standpoint of appealing to the geodesic deviation of null-geodesics, 
we obtain 


dg=p-exp(t/d), (3-19) 


as shown in the Appendix. Such a discrepancy of two kinds of distance, both 
being defined in a covariant manner, is of course due to the peculiarity of Bertotti’s 
space-time, while, say, in de Sitter’s space-time we have” 


d,=dg=p-exp(t/R). (3-20) 
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Part. 


§ 4. Schrédinger’s equations for the non-symmetric field 
and their peculiar solution 


According to Schrédinger,” the field equations for the non-symmetric field 
g,, can’ be written as 


(E,) : Suvie= Epo pe Bow — Con =0, 


(FE) : Die =, 

(4-1 
(E3) : Ryv=AE wv» 
(E,) : Re uno ABiwr.0h 


with the usual notation. If we put k,,=g,,=0, (E,) and (K;,) are satisfied auto: 
matically and (E;) with (E,) is reduced to (2-1) with g,,=h,, (=g,.). According 
ly, we have only to consider such a case that at least some of &’s do not vanish, 
in order to examine whether or not (4-1) automatically prohibits a peculiar solution 
as elucidated in Part I. 

Following (2-8), we assume that the non-symmetric field g,, is spherically 
symmetric and static. Then we have, without loss of generality,’”* 


‘& —a 0 0 
a —f 0 0 
ge (4-2) 
(0 0 —B sind 
0 0 —fsind —Bsin’ 


where A(>0), B(>0), C(> 0), @ and ? are functions of r** only. It is easily 
seen that B(r) in the above g,, corresponds to the constant a in (2-8), so that 
we assume as follows 


B=const. (>0). ; (4-3) 
Now it is generally impossible to solve (E,) uniquely with respect to I’s when 


g, is given by (4-2), as shown in [0], i.e. a necessary and sufficient condition 
that (E;) is solved uniquely with respect to /”s is that we have 


: BAP or a0. (4-4) 
(In the following, we shall omit an exceptional case B?=(? and a=0 for brevity’s 
sake.) It is difficult to find out a general condition such that the assumption 


(4-3) contradicts with the field equations (4-1) for g,, specified by (4-2) and 
(4-4), though we can prove that it is the case when a=0 and 8const. Accordingly, 


-“* We shall hereafter refér to this paper as {0}. 
** Here the spherical polar coordinates are used, such that 29=t, zl=r, 22=0, 2°=¢. 
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we shall adopt another method of approach later on. 
Generalizing (4-3), we assume that 


B=const. (>0) and =const. (4-5) 
Then, from (4-4), we must have 
i) «40, or ii) BP if a=0. (4-6) 
Solving (E,) with (4-2), (4-5) and (4-6), we obtain (cf. § 2, [0]) 
Ih=A'/A, [a= cot9, [= —sin 4 cos, , 
P= (1/L) {a (a!—aA’/2A) — AC'/2}, | 
Po= (1/AL) {2Ca (a! —awA'/2A) —C' (a+ AC)/2}, : (4-7) 
(p= (1/L) {C(a!—aA’/2A) —aC’/2} | 
. (the other /"’s=0), 


where the dash denotes differentiation with respect to r, and L=a®—AC. Simi- 
larly we have 


Re=— faa Tau) =a 
js EY aT aon cme 
Ry= R33/ sin’ é = —1, (4-8) 
Ro=—Ra=li,» Ra=—Ra=0, 
(the other Rs= 0). 


Taking account of (4-7), we obtain from (E,) 
i) The case a240: AC=(1+7)a’, (y=const.>0), ( 
> 4-9) 
ii) The case a=0 and B’4;”: (E,) is automatically satisfied. 


Moreover, in each of the above alternative cases, (E,) is satisfied automatically, 
since Ry,c= Syr,0=0. Substitution of (4-7) and (4-9) in (4-8) permits us to 
obtain 
Ru= — (C'/2A)'— (C'/2A) (A'/2A—C'/2C), 
Ru=(C'/2C)'+ (C'/2C) (C'/2C—A'/2A), (4-10) 
Reg = Ry3/ sin? 6 = —1. 
Inserting (4-2) and (4-10) into (E;), we get 
C”—C'(C'/2C+ A'/2A) +2ACA=0, (4-11) 
AB=1, (4-12) 


Since (4-12) is of the same form as Aa?=1 in (2:8), A should be positive in 
order that the signature of h,, is (+ — — —). 
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Now since (4:11) is the only equation for two unknowns A and C, we can 
apparently obtain no unique solution. But it is not the case, because such an ar- 
bitrariness is eliminated by suitable transformations of coordinates : 


i) The case a40. Taking account of (4-9), we shall put 
r= (1+7)"*{|a(r) |dr, (4-13) 

Then, in the coordinate system specified by (¢, 7*, 9, ¢) we have 
C¥=1/A*=C, B*=B, at¥=+ (147), *=8, (4-14) 


since A,, and k,, are a covariant tensor and W-tensor of the second rank respec- 
tively ; the last three expressions show us that the assumptions we have so far 
built up are preserved under the transformation of coordinate (4-13). From (4:11) 
and the first expression in (4-14), we obtain 


ri fg Od 2 
ee Pa 
hence 
C¥=ate, r* — Ar™, (4-15) 


where c,; and c are integration constants. If we further perform the following 
transformation of coordinates : 


r*¥ = (r*—0,/2A) / (+ o2/4A)"2, = (c+ e?/4A)"-t, (4-16) 


we obtain 


eee #1 — fp, BK = B*=B, 
C 1/A 1—Ar (4-17) 


at*t*=Q* = + (1+7)7™, ptt =st=8. 


ii) The case a=0 and B’A§*. Since A and C are positive functions of r 
only, we can put without loss of generality 


AC=g"(r), say. (4-18) 
Then, through the transformation of coordinate such that 
rt=lg(ndr, (4-19) 
(A,B,.C; a, @) are transformed as follows: 
C*¥=1/A*=C, Bt=B, a*=0, pr=p, (4-20) 


which is of the same form as (4-14), except for the third exprc..ion. Henceforth 


the situation is the same as that in the case i). 
To sum up the above, it may be said that Schrédinger’s field equations (4-1) 
are satisfied by the non-symmetric field of the form (4-2) with 


| C=1/A=1—Ar, AB=1, (4-21) 


a=const., P=const. (4-22) 
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If we interpret the symmetric part of g,,, 2... as the metric tensor, then 
(4-21) is equivalent to the metric (2-8) for Nariai’s space-time, in spite of the 
existence of non-vanishing k,,= Sus specified by (4-22). If we take it into con- 
sideration that (1) (4-21) satisfies (4-1), even if a=f=0, and (2) &,, is 
an antisymmetric W-tensor in terms of which the electromagnetic field could be 
described, it seems apparent that, so far as the above solution is concerned at least, 
the existence of an electromagnetic field does not influence upon the metric tensor, 
in contrast with the situation in Bertotti’s solution of Einstein-Maxwell’s equations 
in general relativity. But it is not the case, as shown in the following sections. 


§ 5. Introduction of the Riemannian metric 


In contrast with the general theory of relativity in its orthodox form, the 
metric tensor in the Schrédinger theory would be an a posteriori concept to be 
defined in a suitable manner, rather than a major premise of the theory. As 
far as we know, the symmetric part of g,,, h,,, is usally identified with the 
metric tensor, on account of the fact that his field equations (4-1) are automati- 
cally reduced to (2-1) in general relativity when k,,=0. Such an identification 
is, however, not compulsory, because it seems to be more plausible to impose the 
following conditions as qualifications for the metric tensor hy. (say) in question : 

(1) hys should be a covariant symmetric tensor of the second rank which is 
automatically reduced to h,, in the limit when k,,—0. 

(2) h,» should be a tensor concomitant of g,, itself, because the field equations 
(4-1) are after all to be solved with respect to g,,. 

As is easily seen, the following expression satisfies these two conditions: 


Ayw=Ayw+CRpakygh®®, (5-1) 


where h*°ha,=0,°, and € is a parameter whose sign and numerical value are not 
yet determined. Moreover, (5-1) is the simplest of the possible expressions for 
h,, Accordingly, we shall stipulate the metric for a Riemannian space-time in 
the Schrodinger theory in the following way : 


ds*=h,, dn" dz. (5-2) 


Then, to what space-time does our peculiar solution obtained in § 4 correspond? 
From (4-2) and (5-1), we have 


(l1—ca*)C 0 O- 0 
at 0 —(—¢a)A 0 0 | ae 
0 0 a 0 : 
0 0 0 —a’sin’4 


where 


a’'=B(1+¢/?/B).. (5-4) 
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In order that the signature of A,, is (+ — — —), we must have 
a= C >, — (B/8)*. (5-5) 
Inserting the second expression of (4-21) in (5-4), we get 
A*—a’ A? +¢?=0, 


or, since A should be positive irrespective of the sign and numerical value of 


€ (cf. (4-21)), 


= (a’/2) -[1+ (1—4¢f?/a‘)**], (5-6) 
where ¢ must satisfy the following inequality relation : 
ES (a/28)?. (5-7) 
Similarly, we have from (5-6) 
@<2/ A. (5-8) 
If we insert (5-3) into (5-2) with r“=(¢, r, 9, ¢), we obtain 
ds'= (1—€a’) (C- dt?’—dr?/C) —a’(d#’+sin’dd¢’), (5-9) 


where the first expression of (4-21) is used. Now let us perform such a trans: 


formation of coordinates as 


feM aha) ee fr (lea eter, (5-10) 
Then (5-9) is rewritten as 
1%=e’-dt*—e”-dr’-—a' (df +sin’bde’), (5-11) 
with 
e’=1—r7/0’, (5-12) 
where (ct. (5-6)) 
b=a-| (1—fa’) {1+ 1 —4ce/a')""} |. (5-13) 


The expression (5-13) is also rewritten as 
1—(b/a)?=C-[a’+ (8/ab)*(1—Ca")’), 


so that 
b/aZ1 according as €0. (+14) 


Since 6 is not equal to a in general, the metric (5-11) with (5-12) shows 
us that our peculiar solution specified by (4-21) and (4-22) corresponds to Ber- 
totti’s space-time mentioned before.” It must be remarked however that such a 
correspondence between our solution and Bertotti’s is due to the fact that the metric 
tensor in the Schrédinger theory is defined by (5-1). 

From the above reasoning, it is suggested that our solution has also an in- 
timate connection with Bertotti’s one in general relativity with respect to the 


1160 H. Nariai and Y. Ueno 


physical interpretation of the electromagnetic field specified by &,, and A,,. Asa 
preparation for approaching this problem, we shall apply the transformation of 
coordinates (5-10) to hy» and g,, given by (5-3) and (4-2) with (4-21) and 
(4-22) respectively. Then we have 


a 0 0 0 | 
ae 0 —e” 0 0 (5-15) 
alia 0 ~<a? 0 
| 0 0 0 —a’sin’é 
and 
e _ etn 0 
| (1—Ca?) (1—Ca’) 
a ee e” 0 
Bw=| (1—Ca*) (1—Ca”*) (5-16) 
0 ae — 8sin@ —Bsin?@ 


§6. The electromagnetic field predicted by our solution 


At the present stage of the theories of non-symmetric field, there are no definite 
definitions for various physical quantities, such as the field strength F,,, the current 
density $* and the energy-momentum tensor £,,, etc., describing the electromagnetic 
field. Such a situation is mainly due to the fact that these theories are unitary 
theories of field, so that, for instance, {* should be defined without recourse to 
the concept of matter field. Another reason is that there exists a variety of pos- 
sibilities in the lowering and raising of tensorial indices for any tensor, this ar- 
bitrariness being due to the reducibility of the non-symmetric field g,, itself. In 
order to eliminate the second ambiguity, however, we shall exclusively use the 
metric tensor f,, or its reciprocal he (h”’ h ww=9,”) in the lowering or raising of 
tensorial indices. 

Though the first ambiguity cannot be eliminated, we shall henceforth adopt 
the following definitions for Fy,, §* and E,,: 


(i) The field strength. According to Ikeda’?* and Hlavaty, we have a 
strong reason to stipulate that 


Fp Expaae(—2)7/2), (6-1) 


where €,,@ is Levi-Civita’s symbol, and g“’g,,=0,*°, g=det(g,,). In order to 
establish a comparison between this and Maxwell’s theory, we shall further define 
the electric field © and magnetic field § as follows: 


* His two papers will be cited as [I] and [II] hereafter. 
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E;=F;,, H:= yp, Pa fo (Sh) Oe ss Le en3)s (6-2) 


in which the latter is different from the corresponding one in [II] only through 
the appearance of A, and A in place of h; and g (not A!) respectively, where 
h=det (h,,). 

(ii) The current density. The most important property of the current 
density $*% is its conservation character specified by $.¢=0. Such a character is 
automatically assured by the existence of a super-potential U'**’ such that 


gt U1, (6-3) 
In view of the monistic character of the Schrédinger theory, we shall postulate 
that °**’ should be a contravariant anti-symmetric tensor density of the second 
rank constructed from g,,. Then we have, say,* 
ech hy /2! 
yo*41= Jor ’ (6:4) 
pe ieee: h) 1/2 
where F“°=h“h*“ F,,,; the former corresponds to Einstein’s” expression for 3°, 
the latter being a generalization of Hlavaty’s definition. 
(iii) The energy-momentum tensor. As far as we know, there has been 
made no proposal as to the expression for Z,,, so that as for the energy-momentum 
tensor we shall stipulate that 


Back apht + hur Fae F°, (6-5) 


in a manner analogous to Maxwell’s theory. 

According to the above definitions, we shall now look into what electromagnetic 
field is predicted from our solution obtained in § 4. If we make use of (5-16) ,** 
(6-1) enables us to obtain 


¥- n= p =- (248): 5 6 6-6 

Fo= (ae aera Sts inate ee eee 

and ct'<- ~mponents=0. Inserting (5-15) and (5-16) into (6-2), we have 
B+ 8 1/2 7 

E,=F yp, H=—(4£) -(a/a)e, (6-7) 

whose physical components are given by 

E = (— hh)" £,= ( =a B ; 
— ' \B +8) (Ca?) 


(6-8) 


. é 2 2\ 1/2 
H,==(—hyltt)"®-H= — (242) ATES, 


milar to that in the definition 


* Arbitrariness in the definition of the required super-potential is si a 


of the energy-momentum complex of the gravitational field in general relativity. 
** From now on we shall omit the bar-symbol on the top of ¢, 7, and g’s. 
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(E,, 0, 0) and $= (H,, 9, 0) are uniform 


These expressions show us that both €= unifo: 
as the situation 


(const.) and parallel to the direction of r-axis; this is the same 


in Bertotti’s solution. ’ 
In the next, from (6-4), (6:6), (5-15) and (5-16), we obtain 


0 Bsin@ | 


—fsind 0 
yee or 


\ enews tees 0 
(1—fa") R, 
0. —E,a'sin# 
E,a’ sin0 0 


(6-9) 


0 iy 
Abd, D sey 


according to the alternative definitions in (6-4). Inserting (6-9) into (6-3), 


we have 


Cr==(0,». for both 1 ""s, (6-10) 


which is also equivalent to the corresponding equation in Bertotti’s solution. 
Moreover, from (6-6), (5-15) and (6-8), we have 


Fag F*° =2-[ (Fy)? h” hk! + (Fy) 2h? h®*] =2(9?—-G). (6-11) 


Inserting (5-15), (6-6) and (6-11) into (6-5), we obtain the following physical 
components of E’s: 


W = Eo0/ (hoo) =°; (6-12) 
E,,=Eu/(—hu)=—o, (other E’s=0), 
Es=En/(—hw) =o, | (6-13) 
Ey g=E33/ (= hss) =O / 
where 
o== (63+?) /2. (6-14) 


It is remarkable that (6-11) and (6-12) with (6-14) are of the same form as the 
corresponding expressions in the usual Maxwell theory. However, such a simi- 
larity is broken down, if we use the expression due to Ikeda (cf. [II]) as the 
definition of H;. From (6-12) and (6-14), we see that the positive-definite 
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character of the energy density is automatically assured. The relation (6-13) is 
characteristic of our present solution, and this together with (6-12) leads us to 
the following result: The eigenvalues of the matrix (H,,) are (o,0, —o, +o), 
as in Bertotti’s solution. 

Summarizing the above, we may say that our peculiar solution of Schrédinger’s 
field equations (4-1) is of the same physical meaning as Bertotti’s in general relativity. 

Remark. ‘These peculiar roles of the cosmological constant in both theories 
seem to suggest us that, as soon as the constant is introduced, we have to be more 
careful in any discussion of the interrelationship between space-time and various 
physical fields in which gravitation plays a leading role. This is particularly the 
case in the cosmological problem, because we have a possibility to reconcile the 
peculiar situation in § 3 with the observational practice in the extragalactic as- 
tronomy, though we do not enter into this: problem here. 


The authors wish to express their heartfelt thanks to Professors Y. Mimura 
and H. Takeno for their kind interest in this work, as well as for their discussions. 
They are also grateful to Dr. M. Ikeda for his helpful discussions. 


Appendix 
(A) Geodesic deviation of null-geodesics in Bertotti’s space-time 


Now we shall adopt (3-1) as the metric for Bertotti’s space-time, and let 
a= (ct, p, 9, 9) be the co-moving coordinates such that the light source S is at 
the origin and the tangential vector i“ to the world line <f an observer O is 
written as 

j¢=0,%, (a=0, 1, 2, 3). (A-1) 

Next, we shall consider a null-geodesic, whose tangential vector is specified 


by p*=dx*/do (o isa non-vanishing parameter), passing through S and O. As 
is easily verified, it is stipulated by 


p=b/o, p=k/o, p=p=0. (A-2) 
with fi 
b-co=k- exp (t/d), (A-3) 
where & is an integration constant. Eliminating o from (A-2) and (A-3), we 
have 
p—Po= —b-exp(—7/b), (A-4) 
where / is an integration constant. From (A-3) and (A-4), we obtain 
“ae o=k/ (—P). (A-5) 


On the other hand, the geodesic deviation specified by 7* for null-geodesics 


10) 


should satisfy 
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77 + Ri pp*y’ p=, (A-6) 
32 
with 
Sap P°7 = Sap hn? =0. (A-7) 
Solving (A-6) and (A-7) in conjunction with (A-1)—(A:3), we obtain 
7=7'=0, 7?=Aot+B, 7?=Co+D, (A-8) 
where A, B, C and D are integration constants. From (3-1) and (A-8), we get 
7 = (fae7*7*) ?=a-[(Ao+B)*+ (Co+D)*sin’ GP”. (A-9) 
Substitution of (A-5) into the above expression permits us to obtain 
kA kC gi A oe 
y=a'| | aad ch +4 remy tf sin 4] (A-10) 


However, we have 7=0 at p=0, since the source S from which the null- 
geodesic is issued is at p=0. Accordingly, we must have B=—kA/p, and 
D=—kC/, (@>9). Inserting these expressions into (A-10), we get 


n=a-|k\- (A?+C’sin®0)*?/p(Po—P) ; (A-11) 
where 
Po> p=, (A-12) 


« 


because o—0o for p>. 


(B) Definition of spatial distance in terms of the geodesic 
deviation of null-geodesics 


There have been made many proposals” on the invariant definition of spatial 
distance between two time-like world lines in a curved space-time. The most 
recent of them is the one due to Newman and Goldberg. According to them, 
the distance d,, between S and O is represented by 


dg=0":, (B-1) 
with 


0= dy/dl 4 ae) de, (B-2) 


where 4 is a scalar given by (A-11) in the present case, 9 stands for the angle 
between the projected curves of two null-geodesics issued from S into the 3-space 
with metric d/’ and v* is the parallel transfer of 4% (cf. (A-1)) along one of the 
two null-geodesics in question. 

From the definition of v*, we have Vap"= p’=b/o (cf. (A-1) and (A-2)) 
therefore the second expression of (B-2) enables us to obtain , 


dl=b-d(Ino). (B-3) 
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From (A-5), (A-11) and (B-3), we have 


dy/ dl= (a/b) \b| - (A?-+C? sin? 0)"*/ (p)—p). (B-4) 
Inserting this into the first expression of (B-2), we obtain 
0 = (a/b) || -(A?+C? sin’ 6)""/po, (B-5) 
Inserting (A-11) and (B-5) into (B-1), we get 
biel (er 
or, if we make use of (A-4), 
dg=p-exp(c/d). (B-6) 
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The quantum mechanical treatment of the static meson-nucleon scattering which has close 
connection with the semi-classical one is presented. On this footing the semi-classical treatments 
of the p-wave pion-nucleon scattering, recently developed independently by Jackson and by 
Weisskopf, are examined. As a result it is shown that their treatments are not complete and 
that, if treated correctly, their effective range formula should be modified largely. This would 
result in the deviation from the experimental behavior. The applications to the charged and 
neutral scalar theories are also given and compared with the Castillejo-Dalitz-Dyson theory. 


§ 1. Introduction and summary 


As is well-known,” Chew and Low succeeded in explaining the large p-wave 
phase shift of the pion-nucleon scattering. They derived the integral equations for 
the T-matrix elements in the so-called one-meson approximation. By the excellent 
use of mathematical technics they solved these integral equations and obtained the 
effective range formula* 


R* cot 0¢/w=1/da: 1—ora); 


eee 
iy =2-f"| -1| for {1=1/2, J=8/2 and I=3/2, J=1/2 ) 
2 


where k and w are pion momentum and pion energy respectively ; 7, are the ef- 
fective ranges; 0, are phase shifts. The expected linear dependence of the quantity 
k® cot 033;/w on w had been found experimentally? and the intercept at zero energy 
led to a value for the renormalized coupling constant, f?=0.08. Taking the cutoff 
Energy Wn~a-~—6 they obtained the right resonance energy Wys<2. Their method is 
characteristic of the second quantization method and its relation to the classical 
theory does not seem so clear. On the other hand, Jackson® and Weisskopf” 
independently developed the semi-classical theories from the different viewpoints,** 
in which the quantum mechanical variables are only o and 7, and they directly 
treated the Klein-Gordon equation for the meson fields, and got the effective range 
formula, 


* We shall put c=f=y (yn: pion mass) =1. 
** As to the difference between the theories by Jackson and by Weisskopf, see § 4. 
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R® cot 0,/w—1/o=1/de: 1—ora), (2) 


which is essentially equivalent to that of Chew and Low except for the addition 
of the so-called Serber term, —1/w. Their treatments are very interesting and 
intuitive, but they seem to be forced to use physically ambiguous aeuRPh ON 
inevitable to the semi-classical theory. 

In this paper we shall try to make clear the theoretical background of (bs 
semi-classical theories’ and their connections with the usual quantum field theory. 
In § 2 general considerations on our method are given. It is shown that the phase 
shifts defined as in usual quantum mechanics from..the matrix elements of the 
meson field operators between the physical nucleon states and the physical nucleon 
plus one-meson states with the energy below the threshold for meson produc- 
tion are identified with the phase shifts of the S-matrix elements. In §3 this 
method is applied to the -wave pion-nucleon scattering and with a certain ap- 
proximation we get the same equation as what Jackson has derived from the semi- 
classical viewpoint. Then we exactly* solve this equation which has a non-local 
but separable form. Our result does not. satisfy the crossing symmetry (see the 
footnote in p. 1172). Aside from this the difference between our result and the 
result by Chew and Low consists in replacing two powers of virtual energy, Wp» 
by that of real energy, w;, in the expression for h (see Eq. (32), Eq. (33) and 
Eq. (34)). The difference seems delicate as mentioned above but this difference 
is decisive in deriving the effective range formula. In §4 the relations of our 
method to the semi-classical ones are discussed. It is pointed out that the effective 
range formula of the above mentioned authors should be modified largely, i.e. the 
Serber term must be replaced as follows: 


Sate dl — A A>1. 


(i) wo 


This would result in the deviation from the observed linear dependence of the 


quantity &* cot 0;3;/w on w. 

In the Appendix our method is applied to the charged and neutral, scalar 
theories. In comparison with the result of Castillejo, Dalitz and Dyson” we find 
the same difference (see Eq. (A10) and Eq. (A11)) as in the case of § 3. 


§ 2. General considerations 


As mentioned in § 1, we directly treat the Klein-Gordon equation for the meson 
field operators with static source 
(O—1)¢(2) =7 (2). (3) 


Taking the matrix elements of this equation between the physical nucleon states 


* Jackson treated Eq. (24) with the improper assumption (see § 4, i)), while we solve exactly 
Eq. (26) which is the momentum representation of Eq. (24). 
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and the physical nucleon plus one-meson incoming states, we can replace 
oo =i[H, $] > —iog. (4) 
If 


Here w, and k are the energy and momentum of incident meson respectively. 
Then Eq. (3) takes the form 


(V?-+k) (N|6(x)|N, ox) = (N|j (2) |N, ox). (5) 


By the usual technics of quantum mechanics we solve Eq. (5) and ask the phase 
shifts of the matrix elements (N\é(z)|N, a). We will show that these phase 
shifts are identified with the phase shifts of the S-matrix elements. But the il- 
lustration will be given with the neglect of the nucleon spin for simplicity. The 
extension to the inclusion of the nucleon spin is straightforward. 

We shall start from the equations” ; 


Pout (£) = S* bi, (x) S=exp[ —i7] bin (x) exp [zy], (6) 
One (2) = Gna) + | d(a—ax')j(2!)d*2’, (7) 
$(2) = bla) = |dela—a!)j(x!)d'x’, (8) 
where 
S=exp[z7]. 


From Eq. (6) we can easily show for the energy below the threshold for meson 
production 


CN | Sou (x) | N, or )= iC N|$in(x)|N, o, ) CN, o, |exp[7y]|N, ox), 
l= 1 
and for |x|==7—0o 


wy ew int x (2/+- 1)?P, (cos @) se {eter Tare Hie tee SEA C sly exp lin.|, (9) 


uN 
where 6=x, k, and the fact (N|¢in(x) |N, wo.) =e7""*-* is used. On the other hand, 
from Eq. (7) 


CN lout (x) |N, on = N|bin(x) |N, on) +|d(e—2") (N|j(a")|N, op) dx’. 
(10) 


After some calculations using the integral representation of the function d(x), the 
second term of Eq. (10) can be rewritten as follows: 


\d(2—2')< Nlj (x) |Ny we) dx’ 


= ei it [ ax 
Az J |x 


1 tk\a—aer —'k| —y ee 
ata wae iel =e (NIFC, ODN, cop). (11) 


and for r—oo 
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am, prmivt ng ikr ue 3 yf ,—tpea!  igelt 
as 6 Leh | dane {N\j(x’, 0) |N, we 
iF Ar 


—e-tr 1 | gtx’ er ( NIj(a", 0)|N, cn). a 


Here we used e-layer emit ei? p=kx/r. Putting Eq. (12) into 
Eq. (10) and comparing the coefficient of e“’/7 with that of Eq. (9) we obtain 


fO=D~, CL+V) (explin)—1) Pi(cos 4) 


= axle" NICH, ODN, on). sie 
4a 


Here f(@) is the scattering amplitude defined as in usual quantum mechanics from 
the phase shifts of the S-matrix elements. As for the equation which should be 
obtained from the comparison of the coefficient of e~*”/7, we can easily show it 
is identical with Eq. (13). By the analogous method we can derive from Eq. (8) 


{Nib (x)|N, on) =(N|gin (2) |N, ox 


ik\se—ac! | 
_ prio! 1 jas’ {N\j(x’, 0)| N, wx): (14) 
An |x—x’| 


and for r>© 


ikr 
ww ( N|din(x)|.N, wx) —e7' lata er ( N\j (x, 0) |N, wx) 
we TT ; 


a on fee f (0), (15) 


where we used Eq. (13). Thus (N|¢(2)|N, wx) in the region roo are re 
presented as in usual quantum mechanics from the phase shifts which are identified 
with the phase shifts of the S-matrix elements. 


§ 3. p-wave pion-nucleon scattering 


ie this section we shall apply the method developed in § 2 to the p-wave 
pion-nucleon scattering. As usual we take the interaction Hamiltonian of the form 


Heu=Fa\ 0 eV th(c') d?x'. (16) 


Then the basic equations to be solved are as follows : 


(O-1)¢(2) =—Foza -Vp(x), (17) 


Saagig H]=—2F\rx (a -V' d(x") p(x") d?x’, (18) 
z 
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b= [oH J=-2F ox V' Cole’) p(x) d°x, (19) 
(h 


Following the thought of line in § 2 we obtain from Eqi GO 
(V?+k) ( N|b(a)|N, ox) = —FoVe (%) -(N\|ro|N, wx )- (20) 
By using Eqs. (18) and (19) we can represent the right-hand side of Eq. (20) as 


(Niro|N, o)=———¢ N[co} IN, 2) 
LW: 


=—-1 (Njie+re|N, wn) 
TOyA 


e 


=2Et( Ni\lox Vso’) 42x W'b(x') |x’) d?x\N, wp). (21) 
1; 


Putting Eq. (21) into Eq. (20) we obtain the equation 


(V2-+4k)(N|6(x)|N, on) =— 2A” Vp (2) 


ZOyA \ 
(NI Vex d(x") ox V(x") |N, on) p(x!)d?x’. (22) 


Until now no appro cuen has been used, -ut here we shall approximate the 
term (N|ztX4|N,w,) and (N\oXV’¢|N, wx) in the right-hand side.of Eq. (22) 
as follows: 
(Nt X@lN, wx>=( Nit|N) XC NIGIN, oe),* 
{Nlax V’A|N, ox.) =<N\|o|N) XC NIV’AIN, wx), 


and neglect all such terms as 


CN, ol |N, wid, (Ny op, 071 6|N, wp)000 


which correspond to multi-meson amplitudes. We add here a remark about our 

approximation. In Eq. (22) we take the order =Xx¢, etc., and not the order 

—@xXt, etc. If we took the latter, our equation in the above approximation should 

become free equation by the pseudo-scalarity of the meson fields, (N|¢(a) |N »=0. 
Putting Eq. (23) into Eq. (22), we get 


(23) 


(V? +k’) by (x) =— aE ve (x) - \Lv’ 7X Ox (x) +o XV’ d(x’) |p (x’) d'x’, (24) 
where 
by (x) ={ N| G(x, 0)|N, ax). 


Here we defined new renormalized coupling constant F? as follows: 


* We call our approximation the “ zero-meson approximation ”, 
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FY Na|o| Np) =P’ eae, 

Fe Nalt| Ne) =F Tag. (25) 
This definition of renormalization differs from the usual onc ax! this renormalized 
coupling constant is not necessarily positive definite so far as we consider only Eq. (25) 
(see also § 4, ii) Eq. (50)). Eq. (24) can be thought of as a wave equation for 
¢.(*) with the right-hand side involving a non-local potential operators and this 
equation coincides entirely with Jackson’s equation (3-5), which he derived from 
the semi-classical viewpoint. 

Now we can solve Eq. (24) exactly. Transforming Eq. (24) into momentum 

representation, we get 


(p’—k’) 6: (p) = (22)~ Ee age xe [p’tX de (p’) +oX p'd.(p’)]d*p’, 


(26) 
where 


dx (p) = (22) “| d?xe-?'™b4(x), 
v(p)= \ d*xe"?* (x). 


Then we decompose Eq. (26) into the eigenstates of total isotopic spin and total 


angular momentum 


(p- RY 94(p) = Cn)" E-po(p) |v (pp b(P)A'p, 2D) 
where 
eed [=J=1/2 
é,=| —1] for {[=1/2, J=3/2 and 1=3/2, J=1/2 
2 [=J=3/2. 


Considering the incoming wave boundary condition of the one-meson states |N, wx) 
we get the solution of Eq. (27) as follows: 


Pv da Noe! (27) ~° (2F*/ wp) Fa pv (p) - Cx 3 
b* (p) =9 (p—k) + LB ie 3 (8) 


ee C,=fv(p) p’d.(p’) d’p’. Using the definition of C, we obtain the equation 


to determine C,, 
(Ci p) pv(P) gs 


C.=0 (I)k-+ (ny "OF */0n)5«| a ptiie P 
-3(2F? aby @) gt 29) * 
=v(k)k+ (22) *(2F /3.0n)8eCs\ P ae sacs P ( 


Then 


* We assumed here that v(k) depends only on k=|kj. 
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(= ete? Oh (30) 
7 2, ] 1 \2 pv *(p) aire 
ey p—k’—ie 
where a= fe Sime At 


And using Eq. (13) in §2 we obtain for the scattering amplitude 


@ ' i Oesbic 
f (9) = 3 (1) cos =“ Le Aisa, Nao c ee — ES 
2ik eee iE v'(p) d 
i Nie sale P 
ea Op J pe —k’— 
and for h,=e* sin 0,/k'v"(k) 
hla 
Ua a a Calvan aca aloe Geet 
(oe? ol ae Oe dp eae A WORDEN DN NT I 
a, T Io p—h— Wz, TI1 WL— we—1E 


a sth) (32) 
Bd: ( 1 v(p)p deny | vip) p do) 


wo, \ Wp — OR —1€ On Ox 


It is interesting to compare Eq. (32) with Eq. (47) of Chew and Low 


pe (1/wx) 
Aa (an) = 7 {Olen , (33) 
eS ae i (2 (p) Pp di, ae (py) H, (w, ) Dee 
a8 ra 


2 . 2 
O; | O;=— Opel 0; P01 Of 


where H,(w,) are the functions to be determined from the crossing relation. It 
must be noted that Eq. (32) does not satisfy the crossing symmetry.* But aside 
from this the difference between Eq. (32) and Eq. (33) consists in the second 
term in the denominator 


die v (pp do, 2 dan ts PA p —du,, (34) 
T J 


QT /O,—O,—1e Wy Oy Op Sue 


that is, the change w,w,;. This change seems very subtle but it causes the deci- 
sive change for the effective range formula. 
We can derive from Eq. (32) the equation 


, , R 2 3 
ui(k)k cote, 1 2 Ble ee Wy AW, 
Wx hq HO, J Wp — Ox 
Seg Se, 
Ae — WO 4 ae ; on 


* This is clear from the fact that we consider only “ the repetition of the Born approximation ” 
(see Eq. (27)). 
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2 
Op — Ox 


where 7 (Ox : #3 jee pps Wy AW, . 
T 


‘ B3v2(k) cot 633/00 
It is seen that Eq. (35) takes contrast- ee 


ing behavior with the effective range formula 
(1) by Chew and Low: Eq. (35) ap- 
proaches the Born term 1/4, for o%%>™, 
while Eq. (1) does for w,—0. 

For w,<@mac It would be reasonable to 
neglect the dependence of 7’(a) on «a, 
and there is no linear dependence of the 
quantities v°(k)k* cot d./w, on ow, in the 
right-hand side of Eq. (35). Its behavior 
on energy o for (1/43) >0 would be as 
shown in Fig. 1 (a) which differs very 
much from that of Fig 1 (b) by Chew 


Fig. 1. kv2(k) cot d33/wz versus wy. 
(a) : according to Eq. (35) 
and Low, and so from the experimental (b) : according to Eq. (1) by Chew and 


one. Low. 


In order to see this more clearly, we deform Eq. (35) as follows: 


ie v" (ks) cot On = kv’ (Ra) cot Oa 


= (wp— Wa) = (of—7) 2 P| v (p) po,do, (36) 
7 


(w,? = W,) (w," ae Wp) 


and choosing w.=0, ka=1, 


3 42 N 
Rut(k) cote ree BG (37) 
Wy Wy rt 
where a 
2 3 %) 
r (ox) = Z \ E (P) P dw, 4 — Wmax » 
TJ) Wp —Wx Wy 1 
2 3 
A=2{ ete do, is ia . (38) 
7 Wp 37 a 
a For ,<Wmaz it would also be reasonable to 
ae eo \ Se neglect the dependence r(wx) on and it corre- 
bp \/ “i, sponds to the usual effective range. Then it is seen 
a: JN \ that the quantities °v"(k) cot O4/W,.+A/o, Gn 
} fe ; / contrast with the quantities k*v’(k) cot J4/, in usual 
oa ‘ f case) would be linearly dependent on «. As it 
rN ' N would be seen from the comparison of 7 and A in 
(a) (b) Eq. (38), this change would be decisive and Eq. 


‘ig. 2. Graphs for (3-3) state. (37) could not explain the experimental behavior of 
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the (3-3)-state phase shift. 
We noted above that our solution does not satisfy crossing symmetry. It may 


be said that graphically our solution for the (3-3) state contains only such graph 
as Fig. 2 (a) but the solution by Chew and Low contains many crossed graphs, 


for example, Fig. 2 (b) as well as Fig. 2 (a). 


§4. Discussions: On the methods of Jackson and of Weisskopf 
In this section we shall discuss about the semi-classical theories of Jackson 
and of Weisskopf in the light developed in the previous sections. 


i) Jacksons theory 

For convenience we briefly summarize his theory. His basic equations are 
Eqs. (16), (17), (18) and (19), in which ¢(z) are considered as c-number funcions, 
not as operators. Then he assumes in the right-hand side of Eq. (17) 
a(t) =o-+0,e7%, 


r()=rtne, 


a 


where o, and 7, are assumed to be small compared with o and ct, which are time 
independent Pauli matrices. He considers only linear terms in o; and 7,, and he 
gets Eq. (24) by use of Eqs. (18) and (19). Then he considers the effective 
range approach to the solution of Eq. (24) in complete analogy with the deriva- 
tion used in nucleon-nucleon scattering, and gets 

k,° cot 0,—,° cot = (wp— Wa) + (a7 — 1,7) \ (ws W,*- Li Ue U;*) a7. 

a é * fe 
(39) 

where W*(r) =’r[ cot 0.7:(kr) —m (kr) | and U*(r) is the solution divided by r of 
the equation which is obtained by decomposing Eq. (24) into the eigen-states of 
total isotopic spin and total angular momentum. 

Choosing w,=0, k,=i and assuming, in his words, “to prevent an exponen- 
tially growing solution at infinity ”,* 


cot 0=i for w,=0, k,=i, (40) 
he gets the final result of the form 
Rk cot 0. 1 1 
yt COL et oun all gate 
Me a ry ( TaWr) (2) 


Here such an approximation as 


foe} 


Wet Wy — UU") ~|( 2) eet (U@)) ees 
\( Unt) drm (W009 aU} ar (41) 


* : 
The assumption (40) for the (1,3), (3,1) and (3,3) states has no physical backgrounds 
because the ordinary spin and/or iso-spin of these states differ from that of one-nucleon state 


> 
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is made. Eq. (2) is the effective range formula with the Serber term and it is 

usually said that the Serber term has no essential role in the considered energy 

region, so Eq. (2) can explain the experimental results as well as Eq. (1) does. 

This is apparent contradiction with the result of §3 in which we dealt the same 

equation (24). This contradiction comes from his improper assumption (40). 
In order to see this we derive 


1 0) Wa VU" (Ra) Wa — 0" (hs) oF 
he cot 0,—ke? | ne 
PE EON ENTS PE Pay ED oOo) 
x 2 ‘al v'(p) pw, du, an v' (ky) —v'(Ra) 2 fal v'(p) p’o, do, 
= (w,7;—o) (w—or) vCal v'(ky) 2 (w,’— a) (wo, — os ) 
(42) 
corresponding to Eq. (39) by use of Eq. (35). For 

v' (ky) ~v' (ka) and w.=0, (43) 


the third term in the right-hand side of Eq. (42) disappears and Eq. (42) resem. 
bles the form of Eq. (2). But the assumption (40) can only be satisfied by taking 
v'(k) <0 for w,=0, k=1, (44) 
for on account of Eq. (35) 
vi)= —2 (er du, — eae <0. 
7 


Ya Wp 
The condition (44) obviously contradicts the condition (43) for the energy region 
1 = Wx < Oma 


in which v?(k) +1 is required. 


ii) Weisskopf’s theory 
He considers the Klein-Gordon equation 


(O—1)¢(a2) =0 for r>7% (45) 


and he represents z* cot d(z=7,k) in terms of logarithmic derivatives f2 of the 
complete meson wave functions ¢.(x) at r=ro. Then he developes z* cot 0, to 
second order in w by developing f, in w, and determines these developing coeff- 
cients in comparison with the solution of the meson scattering at zero energy. 
After some detailed considerations on the coefficients he gets the equation 


208 DR cot eZ Dod Mae (46) 


Wk Wr he To 


We will show next that his prescriptions on the meson scattering at zero 
energy are essentially equivalent to ours, but only in the Born approximation in 


his case. 
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From Eqs. (16), (17), (18) and (19) we obtain analogously to Eq. (22), 
(V?+h)( N|¢;(*) |N, ox? 
= FEN eso doa), %30-V(@)JINXNIG@ IN, on dt? (AT) 


Wp 


Transforming Eq. (47) into momentum representation, we get* 


(p'—R°) 64(p) = — 22)? =" v(p) \< N|[eo-p, 30 -p'||N) gi (Pp) v(p') a’ p’. 
ra (48) 
Here we make ‘ 


(N|[tio-p, t30-p']|N)=[(N| ti -plIN), (N|t,0-p'|N))- 
Then Eq. (48) takes the form 


‘zero-meson approximation”? once more, 


(pl) 65(p) = 22)" o(p) [Iso p= PGP YP) 4'P, (49) 


where we defined the new renormalized coupling constant as 
; F,\{ N|to|N) =Fro (50) 


which coincides with the definition by Chew and Low. 

Decomposing Eq. (49) into the eigenstates, we again get the same equation 
as Eq. (27) except the difference of the definition of F (i.e. now by Eg. (50), 
previously by Eq. (25)). 

Now it would be clear that Weisskopf’s treatment corresponds to taking 
CN|d6(x’)|N, ax =e"™” (i.e. 6.(p) =0(p—k)) in the right-hand side of Eq. (49), 
i.e. to Born approximation. So if we solved Eq. (49) exactly, we should get the 
results as obtained in § 3. 


In conclusion the author would like to express his sincere gratitude to Profes- 
sor T. Inoue, Professor Y. Munakata, Dr. S. Tanaka, Dr. M. Ida and Dr. M. Uehara 
for their continual encouragement and invaluable discussions, and especially to 
Dr. M. Ida, whose advices and comments are very much appreciated. Thanks are 
also due to other members of Yukawa Laboratory. 


Appendix 
The charged and neutral scalar theories 


We proceed analogously to the method of § 3. The notation used is the same 


as that in the paper by Castillejo, Dalitz and Dyson. Corresponding to Eqs. (16), 
(17) and (18), : 


* As it would be easily seen, Eq.. (26) is obtained from Eq. (48) by the actual calculation 
of the commutator in the right-hand side of Eq. (48). 
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Hox=Ga\ U(2)[Qu9 (a) +Q.9% (2) |d*a, (A1) 
(O—1)¢(2) =G,U (x) Q,, (A2) 
G.= 7 [Q,, H]=+ @(—r) |U@) g(a) d*s, (A3) 


where 7; is defined by 7;=Q,Q:—Q:Q,. Corresponding to Eq. (22) and Eq. (24) 


(V2) CN |6(x)|N, 22) = Gi phiae) \< N rad (x’) |N, con®) U(x’) d?', 
. (A4) 
(W945) }d,4(2) = -G(—1)*+ Ua) | U(x!) dit(x!)d*x’. (AB) 


Corresponding to Eq. (26), Eq. (28) and Eq. (30), 


(pK) $8 (p) =G(-1)* 0 P) (A6) 
where Cf= \e (p') bx" (p’) dp’, 
G*(=1)* op) Gi" 
$*(p) =9(P—8) + (A7) 
Of= A ao (A8) 
1—G?(—1)* = ee Pe d'p 


For f=e® sin 0/k 


an'G*(=1)* 2 -0(®) 


a AQ) 
ibe ‘i v' (p) : ( 
se CY Ae a da 
1—G?(—1) nee P 
For H, (ox) =—1/ha lox) = — lv" (k) |/orfa®); 
eI tec ae: | w,X\v (a) |? do,. (A10) 
Ha (or) = A rk wp, TJ w—wx¢ —1é S 
If we compare this with the simplest solution by C. D. De, 
=—])* gun Yale) All 
H2-”-”-(wx) =— ( 7 ) + ow, a \ a i Me dw,, ( tt ) 


the same kind of difference as in § 3 can be seen. . 
For neutral scalar case we would obtain the free equation 


(V?+k?) (N|d(a) |N, Wp» =GoU (2) (NIN, oe y=0, (A12) 
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because of orthogonality of the states |N) and |N,«,). And scattering can not 


take place. 
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A statistical method for atomic nuclei is developed, in which the effective potential is 
the density-dependent non-local reaction matrix in the nuclear matter. This method is applied 
to the calculation of the surface thickness, ¢, and the surface energy, Fs, of heavy nuclei, and 
the following results are obtained <* ° 


1=(2.8~3.0) X10-cm 
E,=(23~28) A2/3 Mev. 


§1. Introduction and summary 


The Thomas-Fermi-Dirac statistical method has been applied to atomic nuclei 
by many authors.” Some of them succeeded in reproducing the binding energy as 
a function of mass number.** However, the potentials used by them have the 
unrealistic exchange character which leads only to exchange integrals and not to 
direct integrals. This was necessary in order to guarantee the nuclear saturation, 
but is incompatible with nucleon-nucleon scattering experiments. At present, both 
nucleon-nucleon scattering and saturation are explained by the existence of the hard 
core in the two-body potential: It is apparent, however, that we cannot apply the 
statistical method without modifying it when the hard core is present. 

In this work, this difficulty is solved by making use of the results derived in 
the study of nuclear matter.” The recent development in the theory of nuclear 
matter shows us that owing to Paulli’s principle the correlation of nucleons is not 
very complicated. According to this theory it is a good approximation to neglect 
all correlations except two-body correlation, and this two-body correlation and the 
singular potential are reduced to a density dependent non-local effective potential 
(reaction matrix) which is attractive in low and moderate density and repulsive 
in high density. This density dependence of the potential guarantees the saturation. 

We apply the statistical method to atomic nuclei using this effective po 
tential. We can solve the Hartree-Fock equation with this potential as was pro- 
posed by Brueckner, Gammel and Weitzner Therefore, our method is to Brueckner 
et al.’s what the Thomas-Fermi-Dirac method is to the Hartree-Fock method in 


wre 


Bd RAN EE eT AM aS 


* ¢ is the 90% to 10% distance. 
*& For example, Gombas et al. could reproduce the bin 
but the central density was one order of magnitude greater than observed. 


ding energy as a function of mass number 
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the atomic physics. If we want the wave functions, we must solve the Hartree- 
Fock equation. However, if we want only density distributions and binding energies, 
we need not solve the Hartree-Fock equation, because many works on atomic physics” 
teach us that there is little difference between the answers of the two methods. 
The difference will be smaller in the nuclear problem than in the atomic problem 
as the shell structure is less significant in nuclei. Needless to say, the calculation 
in the statistical method is far simpler than that in the Hartree-Fock method. 

In the following we consult the effective potential calculated by Brueckner et 
al., but besides we will use several other effective potentials, as the nuclear surface 
thickness is very sensitive to the range of the potential, and as the real two-body 
potential has not completely been determined from experiments as yet. As to the 
non-locality of the effective potential we assume that it is the same as that of the 
effective potential in the cluster development method by Iwamoto and Yamada.” 

Given an effective potential, we can calculate the density distributions and the 
total energies of nuclei with various mass-numbers by the variation principle. 
As the first example we calculate the surface thickness and the surface energy of 
heavy nuclei using the effective potentials which reproduce the properties of the 
nuclear matter. We get the following results :* 


t= (2.8~3.0) X 10-* cm, 
E,= (23~ 28) A”? Mev, 


for the effective potential proposed by Brueckner et al., which are to be compared 
with the experimental data, 


t= (2.2+0.3) X 10-8 cm”, 
E,= (18~26) A”? Mev.” 


In the above calculation we have neglected the Coulomb interaction. The inclusion 
of it, the application of this method to lighter nuclei, and the elaboration of the 
method will be found in the subsequent paper. 

In § 2 we formulate the method, in § 3 we calculate the surface thickness and 
the surface energy, and in § 4 we give discussions. 


§ 2. The statistical method with correlation correction 


It is not easy to solve a finite nucleus starting from the Hamiltonian of the 
system. In order to solve the problem we must introduce some approximations. 
In this work our main assumption is that the energy of the system is a functional 
only of the one-body density distribution function (the statistical method), so our 
task is to look for the best expression for the energy within the above mentioned 
restriction. The statistical method was originally applied to the atomic physics 


* In this work we have not evaluated the theoretical errors due to approximations. 
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(the Thomas-Fermi-Dirac method), but we cannot apply the Thomas-Fermi-Dirac 
method to atomic nuclei without modification since the local Fermi gas model is 
a very bad approximation. Owing to the singular two-body interaction there are 
much correlations in nuclei and besides we cannot get a satisfactory solution of the 
problem.* 

We remove these difficulties by taking into account the two-body correlation. 
In the atomic physics the Thomas-Fermi-Dirac model was derived from the Hartree- 
Fock approximation, and here we also start from the Hartree-Fock approximation 
with correlation correction. As is well known, Brueckner et al. have shown” 
that we may treat a finite nucleus in the Hartree-Fock approximation in which 
the effective two-body potential is a density-dependent non-local reaction matrix 
in the nuclear matter. Then, the energy of a finite nucleus is given by 

2 
E=-— = pm \or@) dyi(r) du + di | (g,* (1) g)* (T2) — G5" (71) Gs* 72) 


X (r2|K, |r) ¢: (71) &j (Fa!) dvidv,dvy' dvr’, (2-1) 


where (r»|K,|rw) is the reaction matrix which is density-dependent and non-local. 
The reaction matrix is known to be divided into two parts, the core part, ee. 
and the attractive part, K,. The core part, Kee, 1s of short range, repulsive and 
density dependent, and the attractive part, K,, is of longer range, attractive and 
almost density-independent. 

We can understand these properties of the reaction matrix (the effective po- 
tential) most intuitively by consulting cluster development method.* The zero-th 
order term of the development, E®, is given by 


iss —- D2 | get) dpilr) dot Fe | FO EO) —e* MAO) 


Th a 


x | Flr—r') V(\jr—r'|\) f(\r—r’|) —# pr—r'\) af rr") | 
x 9: (7) 9; (r’) dv dv’ 
_ 2h \ (¢;* (r) 9;* (r’) =," (r) y,* (r’) yf (r—r'|) VF (r—r'|) 


m ti 
x Vo, (r) ¢;(r’) du dv’, (22) 
where f(r) is the correlation function. We can easily see that this expression is 
just the energy in the Hartree-Fock approximation with a non-local potential. The 
first term in the right-hand side of (2-2) is the kinetic energy due to the single 


particle motion. In the second term we find f Vf—??/m-f 4f instead of the real 
potential, V. The potential V appears in a form fVf; that is to say, 1ts sin- 


* Tf the two-body potential is of Serber type as nucleon-nucleon scattering experiments indicate, 


there is nw saturation. 
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gularity is reduced by the correlation functions. The term which contains 
—h?/m-fAf means a kinetic energy due to the correlation between nucleons. 
The last term is the cross term in the kinetic energy between correlations and 
single particle motions, and this corresponds to the non-locality of the reaction 
matrix, (r|K,|r’). Thus we can see that the effective potential is much weaker 
than the real two-body potential, and that we can divide the region of the potential 
into two parts, the outer part where correlation functions are almost density in- 
dependent, and the inner part where correlation functions vary with the density. 
The effective potential in the outer region corresponds to K,, and that in the 
inner region to Koye. If the effect of many-body correlation is included in the 
effective potential, it will change a little but its properties mentioned above will 
not change. 

As nucleon-nucleon scattering experiments show that the nuclear forces in the 
odd states are fairly weak, we assume that K, is of Serber type and Ky. is of 
Wigner type. For the sake of convenience we rewrite the reaction matrix as 

(7 Khe!) =8 (rr!) Kar) Et +81!) Ken(1) + Kym tee’ » (2-8) 


where 


Ky(r) =| de" r\Kalr’), 


Keo (1) = | de! (t\Konlt’). 
Substituting the expression (2-3) in Eq. (2-1), 


K=— n 
2m 


+S Veto") Kalen) ger) g(r) dodo! 


» \ oe (r) 49, (r) dv 


3 
+2 y | $8) e8@) Kier!) g(r) 9y(r) dv dv! 


e 


FL 9) O* 0) Keo (lr —r'l) g(r) 9) (0!) dv dv’ 


1 
2 
1 
— 2 Dl oF 0) of ©) Kemellr—r'l) per) gyn) dodo! 
di 
Zz, 


eet . *\Le (71) 93" (2) — — 9;* (r;) 9;* (r2) | 


x Cen Ee 7713) Q; (r,’) ; (r,') dv, dv, dv, dv,! 


Rh 
ee 4 hap (r’, r) Faria. dv 
2m 
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+= |e) Ka(in—r'l) o(r') dodo’ 
ae P (r, r )KaQ(r—r |)dudv 


+ | (0) Kene(P 1") (edad 


ee. 


-=_|re, r') Keme(\p—r'|) dvdv’ 


+L flptras neta nd) —eles oles) 


Xx (F12| Knon-tocai |Pa2) dv, dv, dv, dv, ; (2 . 4) 


where 


p(r, r’) = yy gs* (r) g(r’). 


i:neutron and proton 
er) = dle) =e, r). (2-5) Bee 


Now, let us simplify this Hartree-Fock expression. In the statistical method 
it is assumed that the energy can be expressed by the one-body density distribution 
function only ; that is, the phase relation between single “particle wave functions 
plays minor role. Thus we must look for the best expression for the energy, EF, 
within the above restriction. In the usual statistical method (Thomas-Fermi-Dirac 
model), from the assumption of the local Fermi-gas we use ; 

Kp i 

| etK:@"'-1) dk 

0 

9(sinK,|r—r’|—K,|r—r'| cos K,|r—r’|)? 
K,‘|r—r’|° (2-6) 


=p(r)e(r')9 (Kelr—r'|), 


rod bes 
(27)° 


p(r, r’)= 


(" (r, r’) =e(r)p(r’) X 


and 


EN / ANG 22/3 N53 sm og tO 
P| ape. r)ordo= amy ede. 2D) 


No one has ever investigated the correction to the expression (2:6), but cor 
rections to the expression (2-7) for the kinetic energy have been investigated 


* In this work, we neglect the Coulomb interaction, so the density distribution of protons is 


equal to that of neutrons. (rT) =Pproton (T) + Onewtron (TF) =20 proton (Fr). ; 
** In the following we write p(r) as p(7), since the surface energy is minimum for the spherical 


nucleus. 
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by many authors.” This correction, however, turned out i be small for re case 
) - 
in which the gradient of the density distribution is small,” so we neglect this cor 


rection in the following.* 
As to the non-locality of the effective potential, we approximate it by the non- 


locality of the effective potential in the cluster development method : 


fhe em Le 2 \ler@) or) —o* Hor W)] 


m 


xf (Ir—r'|) VF (ir—r!|) Vei(r) gs(r') do dv! 
=F lyon ve(r—r' yp!) dvde’ 
+5 _\wrr= r'|) Ve (r, r’) dudv’, P (2-8) 


Thus, the expression for energy becomes 
E= Cr) %(r) dv 


+. |p) Karr!) or) dv de’ 


= pl) Kallr—r'da| Ke ror) x|r—r') |e") dvde' 


+ | 0) Kove(lr =r) (0) dv do! 


5 | 007) Kone ier) o| Ke (22P) x pr! |r!) dodo! 


— l y (ry VA rr!) lr!) dvd’ 
Am 
+8 (yearn yy (r, r’)dvdv’', (2-9) 


where C,=3/40(122")?*-7?/m, and K, (r) = (87°/2-e(r))™*. In the expression 
(2-9) there appears the correlation function, f(7). It is also density dependent 
and should be found as the solution of. the Bethe-Goldstone equation, but as the 
magnitude of the last two terms is not so large, we do not need the detailed 


behavior of f(r). 
Besides (2-9), we have a subsidiary condition, 


* We can include this correction. Then the nuclear surface thickness increases a little. Lf this 
correction is 1/4 of the Weizsicker term, (1/4) x (H/8m) | (do)*/o de, the 90% to 10% distance, 
increases by 0.2x10-cm, and if the correction is 1/8, ¢ increases by 0.1X107-8cm. 


’ 
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= \p(r)dv, (2-10) 


where A is the mass number. (2-9) and (2-10) are the basic formulas of our 
theory. By making use of the variation principle we can find: the density distri- 
bution, @(r), and the energy, E, from (2-9) and (2-10). 


§ 3. The surface thickness and the surface energy 


As the first example of our theory, we will calculate the surface thickness and 
the surface energy of heavy nuclei in this section. We choose as our tria] function. 


p 0<rSc—z 
p(r) =4 ple-+z—r) /2z che<r<ct+ez 1(3-1)* 
0 ete<r 


which contains two adjustable para- 
meters—one of the three parameters, 
c, z and p, is a function of the other 
two parameters through the subsidiary 
condition (2-10). We can try with 0 
trial functions which contain more 
parameters, but it is needless because 

at present we can determine from: experiments only two parameters on ae density 
distribution which correspond to c and z. 

If we let cco, we are considering the nuclear matter. Then, 


(rt 


Fig. 1 


An ; 
A= Blo, = i, ee 
Sha’ 2 


batt 08 (Cpt + 2p | Kut Fp Kalr)o (Ker) de 3 
th P| Kun(r)do—F-f"| Kou () (Ker) av), @-2) 


and the energy per nucleon & is 


=F = O,p"+5 = p| Ku(r) do-+3 | Kar) 9 (Ker) dv 


. +p | Kine(r) dv — Fp | Kene(r)9 (Kor) dv. G3) 


Given K.(r) and Kzwe(r), we can calculate the density, the binding energy, 


* ¢ is the distance to the point where p drops to a half of its central value, and. z is 16" (G 


is the 90% to 10% distance). 
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and the compressibility of the nuclear matter from (3-3). However, we will not 
concern ourselves with this problem, and we will use potentials which reproduce 
the properties of the nuclear matter, as we are interested in the surface energy 
and. the surface thickness. As to the » dependence of Kone, we assume that: 
Kere(rT) ="? Veore(r) for the sake of simplicity. In this paper we try five poten- 
tials with various ranges all for two cases, (i) 7o=1.0X 10“ cm* and €= 
—15 Mev/ particle, and (ii) m=1.1X10-%cm and &=—19 Mev/particle. The 


potentials are** 


(A) 
I) eth tl <7. 
a — 230 0:4<7<11 
0 r<0.4 
9120(r—0.4) e'?(r) . 
Axx (0.4)? 
(B) 
0 1 se 
1+P,| — 36:3 0.8<r<1.6 
2 |, —363 0.4<r<0.8 
ng | r<0.4 
wae 875 0 (r—0.4) 0"? (r) 
4a X (0.4)? 
(C) 
0 oar 
1+P, | —340e*"/r 0.6<r<2.0 
2 — 230 OA=27--0.6 
0 r<0.4 
7800 (r—0.4) 0°? (r) 
(8 Anx (0.4)? 
(D) 
0 2027 
1+P, | —353.e7°"/r. O.7< 7 <2.0 
2 —177 0.4<7r<0.7 
*) 0 TBA r<0.4 
7700(r—0.4) o*8 (7) 
An x (0.4)? 


*c=1 Als, 


(A)’ 
0 el <7 
Pe —282 OA=7< 11 
: 0 r<0.4 
13100(r—0.4) p*° (r) 
Az x (0.4)? 
(B)’ 

0 1.6<7; 
beer 44.4 0.8<r<1.6 
ArQre eae 0.4<r<08 

0 r<0.4 


+, 12600 (r—0.4) p°*(r) 
4a xX (0.4)? 


(C)’ 
0 20<7 
LP, —415e7'"/r 0.6<r<2.0 
2--) —280 0.4<r<0.6 
| 0 r<0.4 
4.11508 (r—0.4) 0" (r) 
Ait (0.4)? 
(D’) | 
0 2.0 <a; 
LP Py —431 e*"/r 0.7<r<2.0 
2 —216 0.4<r<0.7 
A as r<0.4 
11400(r—0.4) 0"8(r) 
‘4a X-(0.4)? 


** A,B,C,D and E correspond to case (i) and NG BAG 


The unit of length is 10-8 cm, and the unit of energy is Mey, 


, C’, D’ and E’ correspond to case (ii). 
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(E) 
/ 0 | PAV iP 
1+P, | —620e°"°/r O.7<r<2.0 
2 —220 0.4<r<0.7 
0) r<0.4 


809 0(r—0.4) 0"3(r) 


1187) 
(E)’ 
0 — 20<r 
1+P, | -75Oer" r] 0.7<r<2.0 
2 Lge a7 07 
0  r<0.4 


11800(r=+0.4) 0"(r) 


An (0.4)? “4a X'(0.4)? 


Now, let us calculate the surtace energy and the surface thickness. Substituting 
(3-1) in (2-9), we find 


C. [oy dv= 2,9" eS ce], | (3-4) 


3 : ed _/ ae 2 8 dK,(r) 3 
Sle) Ka(lr r')e(r')dvdo'=——2_a'ptc js. dr 


1 gppt{ ARaO)-( 3 S| OR a .O 3.5) * 
BE al = a 2 +30 oN Gio r-O(c) (3-5) 


15 (0-%m) 20 


H 
\ 
} 


~Brueckner et al’s for singlet 
\— Brueckner et al.’s for triplet 


200 ; 
------ B ' 
_ We 
papas anasteees sal the 
300 SSeS 


Fig. 2 (a). 
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in the Taylor expansion in z/c. The term containing c* is the volume energy 
and the term containing c’ is the surface energy. The third integral 


5 Lowa Ke( nee )xbr—r'| | Ka(|r—r'l) 0!) dude’ 


difficult to calculate analytically, and we approximate it by 


is fo(r)9L px [rr []Ka(p—r'l) or) dodo’ 


Brueckner et al.’s for singlet 


Brueckner et al.’s for triplet 


Serres 


Fig. 2 (b). 


* This formula is derived in Appendix A, and 1s valid to the potenti 


Kir) =0, if aS 22. 
All potentials used by us satisfy (3-6). | 


als which satisfy the condition 
(3-6) 
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and 


where Ky, stands for the Fermi momentum at the center (r=0), and 6/7-Ky, is 
the expectation value of the Fermi momentum in the surface region. This integral 


becomes as (3-5), 


—<-m pe d(K.(r)9(pr)) ride: 


dr 
1. d(K.(r)9(pr)) 3 ly sr” 
Lape pte Moe era 
3 on dr oe 50 2 04 tS BE OKC) 
(3-7) 
In the same way, the fourth integral, 
3 hp) Voore (lr —1'|) p(r’) du dv' 
| a2 pita] elt) rdr 
2 BV seh) i 3 3 = ade, 
4 gift? | ce oF : 
2 a oe Sa ae dr, (3-8) 


where we have neglected a term which is proportional to 7°/z” because Voor, is of 


shdrt range. Finally, the non-local term is 

FN vp Vere") or dv do! 
4m 

4 [yp (r—r' VAG, dude’ ie 
16m ‘ 


~ E [We VA r—r') pr) dodo’ 


Am 
= et a ie of 4 pe a ei (3-9)* 
ih Wide 4] dales ae ie 
where we have assumed that 
ro=| bores ¢ (3-10) * 
emis hee 


Collecting (3-4); (3-5), (3-7), (8-8) and (3-9), the surface energy, E,, 


becomes 


* See Appendix B. 
** We choose 0.5X10-% cm as the value of a. 
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E,= (az+a,/z+a;/2z’)c’°, (3-11) BS 
whiere 
ak Ay). 
si 1 x? p| d(Ki(r)9(pr)) Hwee B 
3 dr 
+A apts) Peel) Pdr 
yO 1, aK (r) 1s rae d(Ka(r) 9 (pr)). 
a= atp*| ees dr+~— ti en 
pee: 2 ee 5d yee aa 
10 ni dr ae 3m ° 
and 
qa { dKa(r) 69, 20 | d(Ka(r)9(r)) 6 7, 
192 dr ; 192. dr 
2 A2 
i aL ae 


8mm 
We will neglect a,c*?/z? as this term is smaller than the other two terms by a 
factor. of 1/20. Thus . 
E,=c’ (@z+a/z). : (3-12) 


By the variation principle,* we find | 
Z=V e/a, 3 (3 : 13) 
and q 
Sa ee 3 2/3 1 
Roi ee Vee Cine) 4 Aw (3-14) 
7, 


Numerical results are given in the Table. 
As is seen from Fig. 2, our effective potentials C, D, E, C’, D’ and E’ are 
very similar to the effective potential by Brueckner et al.~so in our approximation 


Brueckner et al.’s” potential gives 

t= eel <10>% cm ee 
(3-15) 
and’ (Ui) — (23~ 28) A’ Mey. 


The potentials A, B, A’ and B’ have no corresponding real two-body potentials, 
they are used to show how the surface thickness and ‘the surface energy are sensi- 
tive to the range of the effective potential. 


* ¢ and p are not arbitrary parameters, z is the only one arbitrary parameter... and y» are 
determined from nuclear matter (3-3). The change in z does not affect c and pas A=(4z/3) pc(ct+22), 
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Table: 
————————a———S mn k _ -_=ceeeeeeeeeeeeeeeeee  NNNN 
: a,/p? p/p? the 1st term |the 2nd term] the 3rd & | , 
potential Mev x Mevx of of 4th tere el ely 2) ; Es 
10-39 cm3 10789 cm3 |p? |? of a,/p? ee ey 
A 130 225 180 135 —90> 2.1 20 
B 130 300 240 150 —90 2.4 23 
Cc 130 450 345 190 —85 3.0 28 
D 130 460 355 190 —85 3.0 28 
E 130 395 310 170 —85 2.8 26 
A’ 168 305 225 180 —100 ie 18 
B’ 168 385 295 190 —100 2.4 20 
(4 168 580 3.0 24 
D’ 168 600 3.0 25 
E’ 168 2.8 23 


§ 4. Discussions 


In this work we have developed a statistical method for treating a finite 
nucleus. This is a simple but powerful method. This method will be justified 
whenever the corresponding Hartree-Fock method is justified. By making use of 
the effective potential we have taken into account the effects of the two-body cor- 
relation. The validity of our method essentially lies on the correctness of our 
assumption that the probability of many-body correlation is negligible. At present, 
there is no experimental indication whether the probability is small or not. There 
may exist some experiments for which many-body correlations play an important 
role, but it is very probable that they are negligible for the density and the energy. 

As a first example, we have applied the method for the calculation of the 
surface thickness and the surface energy of heavy nuclei. In the calculation we 
have made two approximations, (i) the simple density dependence of Kone, 
?™® Veore(r) and (ii) the approximation made in the calculation of the, exchange 
integral of K,(r). In spite of these approximations the results are nearly satis- 
factory. As was expected, the results are sensitive to the form of the potential, 
especially to its range. For the effective potential proposed by,.Brueckner et al., 
we have obtained a little bigger value for ¢. In the ‘subsequent paper we shall 
get rid of the above two avoidable approximations and examine if the difference 
decreases or not, and also we shall apply the method to lighter nuclei there. In 
this paper the Coulomb interaction was neglected, but it is easily taken into account. 
However, notice that the Coulomb interaction modified by correlation functions, 
f-1/|\r—r'| -f should be used instead of the real Coulomb interaction, 1/|r—r’|. 

The author would like to express his gratitude to Prof. H. Miyazawa and:Dr. 


Y. Wada for discussions and hearty encouragement. if 
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Appendix A 


r={ p(r) WUr—r')p(r) dodo’ 
=80"{ adr rtdr! | dope) WW/ +1277! 0) Cr). 


-1 


At first we treat a square well potential, 


W e220, 
Wr 
Ova. 
then ° 
. 1 
; [= 82*| redrr”’ dr’ \e (r) WV +r? —2rr' ow) p(1') do, 
where 
f il |r—r’|>a, 
2 
= ite! r+r'>a>\|r—r’'|, 
2rr’ 
—1 a>rt+r’. 
Then 
T= fe) WO, 00) der" dr’ 
where 
0 |r—r’|>a, 
2 ENS 
Witrprt) = sew 20 hd r+r'>a>|r—r’|. 
Dp 
167° W a>r+r’. 
For the following density distribution, 
p PECL, 
Goce 
1) = CHIT 2 
22 
0 Cae, 


we get the following result after straightforward but tedious calculations. 


[a2 xt! W jcta’— cred’ — 5 eal/z ar a 2'| , 

if a<2z. 

This result is easily extended to the potential V(7-), provided V(7) vanishes 
fone ae. 
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16 dV(r) 
pe Sy y\ Gees Boa: 
pct | ze rar 


16 dV(r) | Ee aks Wheat aie 
eat” or al = SNS 3 Se a es U fi 
G20) ae oegie z 64 ot’ 
Appendix B 


=F fy rdr—r' er) da 
m1 


fe ( -deG@)d ; : 
ie | es. Sf? (\r—r'|) (7) dv dv’. (B-1) 
If we assume 
(O Te <A 
ead 
uy! eas 
fete 2 eel a d|r—r'| “ar rst) = r—r’ cos N pe 
fee ee ale |—o) 2) 


Substituting (B-2) in (B-1), 


22 - 
= me | (7?—r?+a’) p(r’) r'drdr'. 
1h 


This becomes after straightforward but tedious calculations, 


2 
[=— «2 aaa : a’/z—— a'/z', 
for the density distribution (3-1). 
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A new cluster expansion technique is developed for the calculation of the energy expectation 
value of the many-fermion systems with singular potentials. The wave function, which is 
studied in this paper, is of the form 


Pa f(r) S(— DP, 2)x(3, 4)+++-4(2N—1,2N)}, 


which, in a special case, coincides with Jastrow wave function. The formula for the energy 
expectation value is written in terms of the complex cluster integrals. The method introduced 
in the derivation of this formula has an analogy to the classical cluster expansion method in 
the theory of an imperfect classical gas of multicomponents. 


§ 1. Introduction 


In the calculation of the energy expectation value of the many-fermion systems 
with short-range repulsions, Jastrow” first introduced the cluster expansion technique. 
The more systematic treatments of this cluster method were given later by several 
people.?~” The wave function which was studied in their works was of the form 


(Jastrow wave function) 


¥o=Uf (ra) Det (plane wave). (1) 


As well-known, the correlation factor I f(7,;) in front of the Slater determinant is 
due to short-range repulsions, and the introduction of the correlation factor of this 
type yields a finite result for the energy expectation value. 

On the other hand, another example of the cluster expansion technique was 
given by us in the discussion of the Bardeen-Cooper-Schrieffer theory of supercon- 
ductivity in the configuration space. The wave function, which was studied in 


our previous paper” hereafter referred to as A, was of the form (BCS wave 


function) 


Vo= (PPA, 243, 4) L2N-1, 2N)}, (2) 


where P is a permutation operator working on the indices of 2N coordinates and 


p its parity. The two-fermion wave function %(z, 7) is 


* This paper was presented at the annual meeting of the Physical Society of Japan, April 4, 1960, 
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LG, J) =P (15) aha) p DAES (3) 


where #(r) is a function giving the spatial correlation between two fermions, and 
a and # the two spin functions. As shown in A, the energy expectation value 
of the BCS ground state is written in terms of the quantum-mechanical ring-cluster 
integrals b, defined by 


b= Ng (rd (ra) DP (rm,1) iFzes (4) 


where 2 is the volume of the system. The factor (—1) originates from the Fermi- 
Dirac statistics of particles. 

The purpose of the present paper is to develop a new cluster expansion 
technique for the calculation of the energy expectation value of the many-fermion 
systems with singular potentials. The wave function, which is studied in this 
paper, is of the form* 


v— |W | a) YP, (5) 
(4,9) 


where ¥Y% is the pair-correlated wave function defined by (2). The correlation 
factor Uf(7;;) in front of BCS wave function is due to the singularity of potentials. 
It is easy to see that (5) is equivalent to Jastrow wave function (1), when 
$(r) = 21exp(skr), where , is the radius of the Fermi sphere. 

7 


The content of this paper is as follows. § 2 is concerned with the normaliza- 
tion integral of the wave function (5). In this section, we shall introduce the 
complex cluster integrals and show that the normalization integral expressed in 
terms of the complex cluster integrals has the same form as that of the partition 
function in Mayer’s theory” of an imperfect classical gas. In § 3, the formula for 
the ‘energy expectation value will be written in terms of the complex cluster inte- 
grals. The method, which we adopt in the derivation of this formula, has an 
analogy to the classical cluster expansion method in the theory” of an imperfect 
classical gas of multicomponents. 


§ 2. Normalization integral of the wave function 


The problem at hand is the calculation of the normalization integral : 


(|B) = (2N)}| U(r) War) de®, (6) 
TENS 
Wy(2?”) =2(1, 2)1(3, 4) --X(2N—1, 2N)2i(—1)? 
a x PAL(1, 2)%(3, 4)--4(2N—1, 2N)}. (7) 


* The wave function of this type may be obtained by the extension of the BCS wave function 
to the system with singular potentials, 
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2N : é E 
7” stands for the set of 2N coordinates (space coordinates ry::+rgy and: spin coor- 
dinates 5,,:-+ Say). 
As shown in Appendix 1, Wy(<*”) can be written in the sum of the products 
of the ring-cluster functions B,(<*’) as follows, 


Wy(r*) = UB, (z”), (8) 
where 


Bt) =(—1)7 Cj, JL jos Ts) favs 4: (9) 


Equation, (8) is analogous to the development introduced by Beth and Uhlen- 
beck® and Kahn” in the calculation of the Slater sum in the quantum statistical 
mechanics.* The minus sign in (9) originates from the Fermi-Dirac statistics of 
particles. The group of 2» fermions represented by the function B,(z”) will be 
called a ring-cluster of species v. In (9), >’IH denotes a sum of products. of B,- 
functions over all possible divisions of 2N fermions into separate groups (or ring- 
clusters) containing even number of fermions. The number of the products which 


represent 7, clusters of two fermions, 7, clusters of four fermions, ----:- , m, clusters 
of 2v fermions,:----:- yes 
i ; 
arch yt Le lo (10) 
2 My. si 


according to Appendix A of A. As 
Inserting (8) into (6) and using (10) in consideration of the fact that I f* (rij) 
is a symmetrical function in the 2N space coordinates, we.-have 
S = sa), Nowy ; | 
(ely ser nyreny! Ww -2-L2™ wim), (11) 


ag ad 
—Umy 


wherc 


e 


Wiy(mn) =| TL f*(ry) HEB, (=) Pde. | (12) 


Throughout this paper, any bold-face symbol will be employed to indicate a set 
of numbers, one for each species. Thus tne bold-face m indicates a set of num- 
bers of ring-clusters of different species, m, of species ¥:  M=M, Mz,°°*,My""s 
Also, the expression [B,(<”)]” denotes the product of m, ring-cluster functions 
B,(c””) with the different set of 2» coordinates : 


[B, (e.) Wing te Creat By, (=) wee B; eS) . (13) 
Following Jastrow, we now introduce the function “7, defined by 
hy=f? (ry) —1. (14) 


* It is recommended that the following reference besides references (8) and (9) should be 
read on this point: J. de Boer, Reports on Progress in Physics, XII (1948-49) p. 336, 
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Then, Wy(m) can be written as 


Wer(m) =| (1 +h) (Ba) Ide. (15) 
JG@A v 
Furthermore, we introduce the B,*-functions defined by 
i BiG) = A+hy Be), (16) 
1st <jx2v 


where h,; plays the role of connecting two fermions among the 2» fermions com- 
posing the ring-cluster of species » (or the B,(z”)-function). The diagram show- 
ing the role of the functions A;; in (16) is shown in Fig. 1(a). The group of 
2v fermions represented by the function B,*(z*) will be called a “molecule” of 
species v. Hereafter the molecules will be specified by the Greek letters and the 
fermions by the italic letters. 

With this definition of the B,*-functions, (15) can be rewritten as 


Wer(mn) =| TH+ /tyq)TILB,* (e*) Jmde™ a7) 


where II’ denotes the product of the functions (1+/,,..), in which the fermion m 


(m, n) 
belongs to the one molecule of species “4 and the fermion 7 to the other molecule 
of species v, that is, h,,, plays a role of connecting two molecules. The diagram 
showing the role of the functions h,,, in (17) is shown in Fig. 1(b). 


Ps 


(a) (b) 


Fig. 1. Comparison of the role of the A-functions in (16) 
with that of the A-functions in (17); a dotted line 
represents an /-connection. 


In the development of the product TI/(1+Aym), which occurs in (17), into 


(m,n) 
the sum of the products of the A-functions, we now pay attention to the sum of 
the products of the h-functions connecting the two molecules, 4» and v. We in- 
troduce the g,,-function defined by 


Juv= Ayn . (18) 
Sum over ali products 
of the h-functions 
connecting two molecules, 
wand ». 
The diagram showing the role of the 4,,-function is shown in Rigi 2 2 her. 
function is analogous to a certain extent to Mayer’s f-function in the statistical 
mechanics of an imperfect classical gas, 
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OO: OO GOGO 


>> ae ‘ TD healtre 
ae 
Inv 


Fig. 2. Diagrammatic representation of g,,, (cf. (18)); a 
bold-face line represents a g-connection. 


With this definition of the g,,-functions, the product Il’(1+h,.) can be re 
(m,n) 
written as 


TV (1+Ain) wa +9 uy), (19) 


(m,n) 


where the sets (/,v) are taken over all pairs of molecules (B,*-functions) contribu- 
ting to (17). Inserting (19) into (17), we then obtain 


Wer(mn) =| TCA +9.) HLB.* Ge) Pade (20) 


Let us now write the right-hand side of (20) in terms of the cluster integrals. 
We introduce the cluster functions 8,(7"*) defined by 


B(2%) =TNlg LLB. Ce) 1, (21) 


Sum over all products 
of the g-functions 
connecting >}s, molecules. 


where the expression [B,*(<”) ]*» has the same meaning as in (13), and 2, is the 
total number of fermions composing the cluster functions /,(7?"*), that is, 7s= )j»s, 


In particular, 
Bo...01,0-- (z”) =B,t(c™). (22) 


The cluster represented by the function Bs(t"s) will be called a “complex molecule” 
of species s. This complex molecule consists of s, molecules of species 1, 5% 
molecules of species 2,°°, 5 molecules of species »,:::, which are connected to one 
another by no-less-than one g-functions. In particular, the complex molecule of 
species (0,---0, 1, 0,---) is a single molecule of species v. Some example of graphs 
corresponding to the cluster functions 9,(7?"s) are shown in Fig. 3. 
With this definition of the cluster functions, we find that 
T(1+9,.) ULB,* (<™) l= 3.7"), (23) 


(HY) » 
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Fig. 3. Some example of graphs representing the 
cluster function fs (t2”s ). 


where )“II denotes a sum of products of #,(<°"*)-functions over all possible division 
of S'm, molecules into complex molecules, as in (8). Equation (23) corresponds 
to the Ursell-Mayer development in the statistical mechanics of an imperfect 
classical gas. Inserting (23) in (20), we have 


Wyx(m) = dill, (24) 
where 
[= | B,(ci2) deme, (25) 
In particular, 
Bo. 01,0. \B" (2) de®, (26) 


In (24), one of the products represents 7, complex molecules of species s, m2,, 
complex molecules of species s’,---; Il 8,=I1(8,)"s. Here we need to know how 


many times the products belonging to the set {m,} of complex molecules occur in 
the summation of (24). This is equal to the number of ways in which the dis- 
tinguishable }/7, molecules are divided into groups so that there are m, complex 
molecules of species s, 7, complex molecules of species s’,--:. The total number 
of those ways of divisions is clearly 


Il, m,! 

Il (s!)"s ms!” we 
where the bold-face symbol s! indicates that s!=s,! 5, !.++5, !e+. Using (27), we 
can write (24) as 

Wen) lle, ee (28) 


2 S58, Ms ! 
s 


Inserting (28) into (11) and considering the restrictions that ¥'s, m,=m, egw 


2,°°), we get 
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i erage Ceare eassoay aca ia ine (29) 
Dv s, ms=N Ms! , co 


Sov 


where the bold-face symbol v* indicates that p*=1% 2°---p'»---, 
Let us now rewrite (29) in a simpler form. In the definition (25) of §s, 
we carry out the integration over the spin coordinates s. According to (A-14) 
of A, the cluster integrals 3, can be rewritten as 
ei (—=)1 Fe ee 
B= 2 | Mg DB" ey Pdr, (30) 


Sum over all products 
of the g-functions 
connecting >}s, molecules 


where 


Be (r”) = I (1 +hs,in) 1 (riyi5) d (7 tats) DCT joys) . (31) 


1st <k<2v 


We now define the complex cluster integrals 5, by 
— Gab Ahan ( v\ ]s n 
be pale lB, (r”) ]*dr™*. (32) 
Sum over all products 


of the g-functions 
connecting >}s, molecules 


In particular, 


=, v—1 
bra, =$ SD [Bs (r) dr™. (33) 
Qy 


When A=0, Bp. .o1,-0.- is nothing but the ring-cluster integral defined by (4). 
Inserting (30) into (29) and using (32), we obtain 


(EP) =2"(ND*AN)! DU Bde (34) 


oe ys,ms=N Ms 


Ss ov 


Equation (34) is the final result for the normalization integral (¥|¥%), which 
is formally identical with the expression for the normalization integral of the 
BCS wave function (2), (cf. (6) of A). We, therefore, find that the normaliza- 
tion integral of the wave function (5) is written in terms of the complex cluster 
integrals 5, and has the same form as that of the partition function in Mayer’s 
theory of an imperfect classical gas, with the exception of the factor 2”(N!)’ 
x (2N)!. As seen from the definition (32) of bs, the complex cluster integrals are 
constructed with the B,*-functions of various kinds (or molecules), which are con- 
nected to one another by no-less-than one g-functions. In this meaning, we may 
well say that the complex cluster integrals are analogous to the classical cluster 
integrals for an imperfect classical gas of multicomponents. However, it is to be 
noted that, in the case of the quantum-mechanical complex cluster integrals b,, the 
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effect of the Fermi-Dirac statistics is contained in the factor (—1). The graphs 
representing the complex cluster integrals b, are shown in Fig. 3. Therefore, we 
may well say that the complex cluster integrals are graphically analogous to the 


ordinary Mayer cluster integrals. 


§ 3. Cluster expansion formula for the energy expectation value 


In this section, we shall derive the cluster expansion formula for the energy 
expectation value of the state represented by the wave function (5). This formula 
will be written in terms of the complex cluster integrals b, defined by (32). 

The Hamiltonian of the system of 2N fermions is 


H=) ip: /2m + a0 (r5); (35) 


where the two-body potential v(7) contains a large repulsive core. The problem 
is the calculation of 


B=(P| He) /< FP: (36) 
Using the wave function (5), we can write the numerator of (36) as follows, 


{?| Fl PDE FX ipe/2m| Po) + Pol Fes Vies| Po) 


+ (Pld Fo Vijn| Poy, (37) 
where 
F=f? (ri5) > 
(29) 
Fis=F/f? (ria), 
and 


Pe FPLP? (raf? (raf? (ra)- 
Also, V,;; and V;,, are defined by 


Vy Ly" a) rt Gre) (38) 

and 
We, OUTED 0 Cre) 0 ay 2 « 
T to cdiogiamerwi’ lis seirsdacuashe ee (39) 


Sum over the cyclic 
permutations of (Z, j, 2) 


respectively, where the prime on f(r) indicates the first derivative with respect to 
r. Vis; is the effective two-body potential, in which the first term is the repulsive 
part originating from the introduction of the correlation function FX 7)s) ~FParther- 
more, the singularity of the two-body potential v(r) can be removed by the choice 
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of an appropriate form of f(r), as done by Jastrow. Also, V;, is the effective 
three-body potential originating from the introduction of f(7). 

First of all, we shall calculate the first term of (37). Using the definition 
(14) of the function A,;;, we can write 


Gy=( YF >i pi /2m|Yo)= (2N)! | uM (1+hAiy) Ww! (0°”) de, (40) 
zt (tj 
where 


W?(2°*) = {Ds (p?/2m) 2(1, 2) (3, 4)--X(2N—1, 2N)} 
xX U(-1)P AG, 240, 4)--4(2N—1, 2N)}. (41) 


We now introduce the kinetic energy function ¢,(r”) of a ring-cluster of species 


v defined by 
tyr”) =P (rjjn) P (Teds) “° P (Thavtr) da (p2/2m) P (Tint) PCat) 


P (Tiny a) Pinte) P (Thain) °° P (Taw 4) - (42) 
Then, Wy’ (z*”) can be written as follows, 
Wy Ce") =O Ao) Dota) (43) 


The derivation of (43) will be given in Appendix 2. J, denotes a sum of the 
kinetic energy functions ¢,(r”) over all ring-clusters composing a product IB, (<”’). 
Also, SII denotes the summation over all possible divisions of 2N fermions into 
ring-clusters, as in (8). Of course, a term of this summation is IIB,(c”) >3,2,(r™), 
and the number of the terms belonging to the set {m} of ring-clusters is given 
by (10). Inserting (43) into (40), therefore, we obtain 


G.=2"(NI)(2N)t Ek AY)” wy cn), (44) 
ym,=N m, ! 
where 
Wes | on (1+ hy) UB?) ot") ae. (45) 


Applying the technique in the process of the derivation of (20) from (15) to 
(45), we can write 


Wa'm) =| 1 +9) U[B* (7) \? yar dc. (46) 
Inserting (23) into (46), we have 
We! (an) = S113, (9) Date rae. (47) 


Now, the summation >), can be divided in the sum of the groups working 
on each complex molecules composing a product II%,(<*"s). Then, by making 
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a 


use of the technique in the process of the derivation of (28) from (23), (47) 


can readily be written as 


9/8 \\™ 
Way Gn) =n.) >) yee. G gee (48) 
z DISymMs=™M, 2 Ms - 
where 
ta |Bo(e™) Lintyle adel | (2%) de (49) 


t, may be interpreted as the kinetic energy of the complex molecule »f species s. 
Inserting (48) into (44), we have 
i Crmmed FALL) Whe (50) 


My! 


G,=2" (N!)?QN)! Lidimstsll - 
SDysym, = N 


Using (30) and (32), we get 


O Ms : 
G=2"(ND*QN)! DY, tl Sd, 61) 
p>» years aN 
where ¢s is written as 
ie = (i. (r°"s) Se (r4) drive \3, (r°"s) dr°”s, (52) 


by carrying out the integration over the spin coordinates in (49), where 


Bo(r?) =SaM1g,,1[B,*(e*) (53) 


Sum over all products 
of the g-functions 
connecting >}s, molecules 


Equation (51) is the final result for G,. 
Secondly, we shall calculate the second term of (37). We can write it as 


CaF as Viy| Poy = (2N) ions (1+inn) Vij Way (2*) dz, (54) 
45) 49 


where the superscript (7) on Il denotes the omission of a factor (1+/;;) from 
the product I1(1+h,,.). We now introduce the projection operator P,; defined 


(m,n) 
by 


Pll (1+ Ryn) =U (1+ I) (55)* 
With this definition of the projection operator, we can write as follows, 
1 (1-H) Va Oy H+ han); (56) 


where 


* In other words, when P;; works on the sum of the products of A-functions, it plays a role 
of excluding the terms containing h,; from the sum. 
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(ee Vig Pj. (57) 


Inserting (56) into (54), we have 


Ga= (2N)!|SVV gy T+ Pn) War) do (58) 
a9 mn 
=2(NI2NIy Le)” we (m), (59) 
vm,=N m,! 
where 
Wr! (m) =>21p2 U gg WB y(x2*) de, (60) 
(#4) 


In che derivation of (59), we have used the technique in the process of the deri- 


vation of (47) from (40). 
In (60), the summation >} can be divided in the sum of the groups working 


@®) 
on each complex molecules and the sum of the groups connecting two complex 
molecules. Then, we can readily write as 


Wy" (m) =IIm,! d) {dims vs + Dims Msi Veer 
y s (S, 8!) 


ds,m,=m, 
1) ™s 
+41 ms(ms—1) V0} ness)”, Re 
where i 
Us” = pa ‘ij Bs(t7"8) dts |p. (r?"s) dts ; (62) 
4, CS 


eer (2) =| ee Ve ea (77"8) Bor (r/?"s7) dvs az't| 
, 


ics,jcs 
{2 (7?"8) Por (GAs?) dts dt!™s!, (63) 


In (62), the summation >) is taken over all pairs of fermions composing the com: 
plex molecule of species s. On the other hand, in the summation >} of (63), 
the fermion i belongs to the complex molecule of species s and the fermion 7 to 
the other complex molecule of species s’, that is, U,, plays a role of connecting 
two complex molecules. So, the symbol 7 C s indicates that the fermion z belongs 
to the complex molecule of species s. Hereafter, this symbol will be employed. 
ve and vss” may be interpreted as the potential energy of a complex molecule 
and the two-body interaction energy between two complex molecules, respectively 
originating from the effective two-body potential V4,;. 
Inserting (61) into (59), we get 
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= re ie. ea | ze (4) 
G2" "(N!)? CN) is Dat DMs 3Us D4 Sng Vssr” +> Ms (Ms 1) Use 
(S87) 8 
dvs, men 


Jy ta Beale (64) 


ms! 
Using (30) and (32), we can write (64) as follows, 


Gj=2)(N!)7ON)! > (mw + LyMeMar Vee +3 Dims (Ms — 1) vss} (60) 
SISvs,ms=N 


Ul (2s) ay 
s ms! 
where v,” and vs. are written as 
Us" =| dG ag Pe (ra) drs /\3, (rs) drs (66) 
Acs : 


and 


vas = | ae Bs (r°"s) 8g (ros!) dre dr’ | 
ics, jcs 


[Bor5) By (x!) drs dr”, (67) 


respectively, by carrying out the integration over the spin coordinates in (62) and 
(63), where in the last equation we have replaced (';, by V,;, noting that the 
two functions 9,(r°"s) and f.,(r’”"s') are not connected by the A-functions. The 
definition of the $(r)-function is given by (53). Equation (65) is the final result 
for G,. It will be interesting to compare (65) with (51). 

Lastly, we shall calculate the third term of (37). We can write it as follows, 


G;=< ¥| x Fp VijxlPo— (2N)! jou (14+ Pinn) Vege W(t) de™, (68) 
4). 49 


where the superscript (77 &) on II denotes the omission of a factor (1+hi;) A +h) 
X(1+h,;) from the product aa +h). Using the projection operator defined by 
(55), we have 


Tg (1 2 Loa) Vine= v ijk II (1 Th Pin) (69) 
(mn) 
where 
Vin= Viaje Ps Pix Pre. (70) 
Uhen, it readily follows that 


be ! ‘ ‘ik 
G, (aw)! BoB sax Wt Bn) Worl”) de® (71) 
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x y—1 My 
=2"(NIaN)! YA)” we (mn), (72) 
Sum, =N ls 
where 
Wy!" (i) = shy B yx W504) de, (73) 


Using the technique in the process of the derivation of (65) from (60), we 
readily obtain 


G,= 2" (N!)?(2N)!33 {Smsvs® + Limes Vse +45 1m.(ms—1) Vs8 
>Dvs,ms=N — 5 


1 
4g MyM gr1Vesrgr +— DyNs(ms—1) ms! Vs551 +3, hm (m3—1) (ms—2) Vsss} 


(8, 8/,s!!) 2 (ss!) 


sera (74) 


ms! 


where 


p 


v9 =) SY DV anda(ris) dere] | 3, (eta) drs, (75) 


3 a 
v®, = | 2B ha od Bs (r?"s) Bg (r’?"s') dr? adr] 
i,jcs; kcs! 
i,jcs!; kos 


[. (r™+) Ba (r!e") drs de’, (76) 


+ 2 Vin es (rs) Bsr (7?"8') 3 gr (r/”"s17) desde iu aan | 


\ ics,jcs!,kcs!! 


(i. (rs) 351 (Fs7) Bsrr (rs!) dr sdr' Angry! 311, Ct) 


Ve, Ves and Vssrerr are interpreted as the potential energy of a complex molecule, 
the two-body interaction energy between two complex molecules, and the three- 
body interaction energy among three complex molecules, respectively, originating 
from the effective three-body potential Vi. In (77), we have replaced Ui; by 
V.., noting that three complex molecules are not connected by the /-functions. 
The diagrams representing those interactions are shown in Fig. 4. 
Inserting (51), (64) and (74) in (37), we have 
Vv 2 (26,)"8 
(| H| ¥>=2° WN!) ON) IR E(m,) eee (78) 


ysyms=NS Ms 
sp 


where 


1208 K. Nakamura 


Ussisu 


Fig. 4. Diagrammatic representation of vs®, vssr 

é a 
and vssrstt; The wavy triangle represents UO sja- 
connection. 


E(mg) = mg (ts + Vs) + ms o1V 551 +4 > Ms (Ms—1) V5 
s (ss!) s 


+33 MsMgiMgr'Vssrs11 +h Da (Me 1) M5:Vseer 
(ss/ 8/1) 


+ Dm. (me—1) (ms—2) Vess3 (79) 
in which 
wea jue tj # tt v cn) Ps (F's) drs|{9, (r°"s) drs (80) 
and 


Ves! = \ Qu Vij “a U tit) Bs(r°"s) Bsr (r?"s') dade’ | 


tcs, jes! i,jcs; 
é eat eee 


{2 (r?”s) Bs (r/?"s") dr sdr!*"s', (81) 


&(m,) may be interpreted as the total energy of the group consisting of complex 
molecules of the set {m,}. Thus, substituting (34) and (78) in (36), we can 
write the expectation value of the Hamiltonian (35) as follows, 


E=S¢(m,) S20) | seri gp bs) Ree (82) 
s mg! s mg ! 
SDvs,ms=N >Svs,ms=N 


This expression is formally identical with (13) of A. The difference is that (13) 
of A is expressed in terms of the ring-cluster integrals, while the present expres- 
sion is in terms of the complex cluster integrals. 

Now, it is possibie to rewrite (82) in a simpler form, by using the technique 
in the theory of an imperfect classical gas. We can readily rewrite (82) as 
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ny 1 
A= 2X MsyEs+ ares Ms){ Msgr Vssi + 40x Ms Ms CMs )Vesran, (83) 


unrestricted unrestricted 
where 
Es=tstvs > (84) 
and 
fe) 
(tts) = be (log Qy), (85) 
in which 
Oeste, (86) 
ms ! 


>Sdvs,ms=N 
Sv 


6 


Equation (83) is the energy expectation value of the system in the “ cluster-repre 
sentation”’. <m,) is interpreted as the mathematical average number of complex 
clusters contributing to the energy, and it corresponds to the canonical ensemble 
average number of particles in the classical statistical mechanics. Also, in (83), 
the first-, the second- and the third term express one-cluster energy, two-cluster 
interaction energy, and three-cluster interaction energy, respectively. 

In the systems with the large number of fermions, we can write (83) in the 


other form. As shown by Born and Fuchs,” we can put for large N 
(ms, )= 2b, 2", (87) 


where z is a parameter corresponding to the fugacity in the classical statistical 
mechanics and is determined by 


QV ghz? = N. (88) 


Equation (88) is the condition restricting the number of particles. Then, we get 


2 
EHO E; bette t So Dae Dede zrat er 


unrestricted 


oh * 
—— pe Uggs! sit bs bs bs Ce LS HS (89) 


3! 8, s/, si 

unrestricted 
with the subsidiary condition (88). This equation is the expression for the energy 
cxpectation value of the large system. In the derivation of this formula, the 
analogy of our method to that of the statistical mechanics is remarkable. 


1 @ 


* [t is easy to prove that the three-cluster interaction term is equal to(4/3) @(.N/2)3v.(0), where 


v3(0)= (112) | Vige dra dry are 
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§ 4. Discussion 


In this paper, we have shown another example of the cluster expansion tech- 
nique in the quantum-mechanics, and developed its mathematical formalism. Our 
method corresponds to that used in the theory of an imperfect classical gas of 
multicomponents. This fact will be clarified more distinctly by looking at the 
quantum-mechanical complex cluster integrals 5, defined by (32). In our formalism, 
the system of fermions is replaced by the group of the complex molecules of the 
set {(m,)}. This will be easily understood by looking at the formula (83) for 
the energy expectation value of the system. Here, it is to be noted that (m,) cor- 
responds to the canonical ensemble average number of clusters in the classical 
statistical mechanics. 

The wave function (5), which we have studied in this paper, may be obtained 
by the extension of the BCS wave function to the systems with singular potentials. 
Then, it will be understood that f(7) is a function giving the spatial correlation 
between two pairs. Of course, those correlations are not contained in the BCS 
wave function. Therefore, it will be interesting to apply our method to the 
calculation of pairing energy of the systems with singular potentials (nuclear matter 
and H,*). The discussions in this field will be given in the following paper. 

In conclusion, I wish to thank Dr. A. M. Sessler of The Ohio State Univer- 
sity and Prof. H. Ichimura of Tokyo Institute of Technology for stimulating dis- 
cussions. Also I am particularly grateful to Dr. Y. Ishikawa of The Fundamental 
Research Section for his continued encouragement. Thanks are also due to Dr. 
Y. Wada of Tokyo University for many comments on this work. 


Appendix 1 
Putting 
g=X(1, 2)X%(Q, 4)--X(2N—1, 2N) (1-1) 
and 
Py! = PAL" (1, 2)2'(3, 4) ---4/(2N—-1, 2N)}, (1-2) 


where %'(i,7) is of the same form as %(i, 7) and shall later be put equal to 7(Z, 7) 
we consider the following equation : 


Wy(P) =(—1)?¢P¢". (1-3) 
Hereafter, we shall express %(7, 7) and 7’ (i, 7) by the following graphs (or bonds): 


ral 


and 


eG; D= Scns G 
a 
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Let us now start with %(1, 2) in ¢-function and assume that the point 2 ap- 
. / . ry 
pears in Pg’-function in the form of %'(2,7). Noting that the point 2 appears 
once for all in g-function, we find that the connection of the fo!lowing type appears 
in gPg': 


2 


yes =1(1, 2)7' (2, J). (1-4) 
1% 3 


Secondly, the point 7 appears in ¢-function in the form of %(j,7+1) whenj 
is odd, or in the form of %(j—1,7) when 7 is even. However, we should note 
that X(j—1, 7) is replaced by —%(j, j—1), according to (3). Then, we find that 


the connection of the following type appears in @P¢’ for *=odd number 
2 
ae .: pe ire at A Re 
g =21(1,2)2'(2, XG. 7+1), (1-5) 
Fa | 


or for j=even number 


2 
Saacitees 
a=) 
In an abbreviated form, we shall express (1.5) and (1.6) as follov-, 
2 
a At =1(1, 2) (2, 7) (£DUG, B), (1-7) 
k 


where the plus factor in front of %(j, &) is taken when k=j+1, and the minus 

factor when k=j—1.* In other words, the plus factor is taken when the point 

j appears in the form of 7%(j, k) and the minus factor when the point 7 appears 

in the form of Z(&,7). In the former case, %(j, k) shall be said to be of “ the 
original type”, and in the latter, 7(j, &) to be of “the exchange type”’. 

Thirdly, the point & appears in Pg’-function in the form of 7’ (&, 2) or 2’ (, Rk). 

As in the second step, 7’(J, &) is replaced by —7’(R, 4). Then, in an abbreviat 

ed form, the connection of the following type appears in ¢P¢': 
2 j 
is ae =7(1, 2)’ (2,7) (£1), &) (+1)27'(k, 2), (1 *8) 


7 


* It is to be noted that two coordinates in y-fanction appear only in the form of y(j, +1) o: 
y(j—1, 7). However, this is not the case for 7/(, j) in Py’-function. 
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where the plus tactor in front of %’(k, Z) is taken when 7’(&, /) is of the original 
type, and the minus factor when 7’(k, Z) is of the exchange type, that is, when 
the point & appears in P¢’-function in the form of 7%’(d, &). 

Continuing the above process successively, and noting that the two different 
bonds (the solid line bond and the dotted line bond) emerge from one point, we 
Gnd that the connection of the ring type appears in gP¢’: 


i 
t 


if 4 =7(1, 2)1' (2, 7) (EDLY, EAD UD (ADU (z, 1) (1-9) 
“ / = (1) ( — 1) 71,2), 1s Ee 1) -+-%'(z, 1), (1-10) 


pec 7 
\ 


where the polygon has even number of vertices and my and my, are the num- 
bers of 7- and 7/-function of the exchange type contributing to the construction 
of the polygon respectively. 

Now, the parity of the permutation of the points, 1, 2, 7, &, 4:::, and z, in 
Pey'-function contributing to the construction of the polygon is clearly 


aly (1) as 

vhere the last minus factor originates from the fact that the parity of the per- 
mutation (2, 7, 2, ,--,z,1) with regard to the permutation (1, 2, 7, k,---z)* is odd. 

Thus, we find that the connection of the following type appears in (—1)” 
XoP¢’ : 

2 . 
, z Je 
ab 0 1) ix = 1) x { yh = (SD2G, 24 (2,9) Hy, EK, D 
] 221). (1-11) 


Nees 


~ 
Feet 


Here, when we put 7%’=7%, we find that (—i)’v?y' is expressed in the product 
of the ring-cluster functions B, defined by (9). Therefore, Wy(=?") can be writtcn 
in the sum of the products of the ring-cluster functions. 


Appendix 2 
As in “ppendix 1, we consider the following equation : 
We P)=D Pe (1) "Py, (2-1) 


where }\p;/2m works on ¢-function. As proved in Appendix 1, (—1)’¢Po¢’ can 
be expressed in the product of the ring-cluster functions : 


* Tt is to be noted that the number of members in this set is even. 


Cluster Expansion Technique in the Many-Fermion Systems. I 1212 


Cre b(t) By (c'*")-.., (2-2) 
where 
By Cc = (-—1)%G Je) i de ie Js) X(js, Ja) 3 dal 5 ji): (2 3) 


Now, the summation }3,;7/2m can be rearranged in the sum of groups work: 
ing on each ring-cluster function contributing to (—1)’¢P¢’. Then, Wy’ (P) can 
be written as follows, 


Wyr(P)= pe (p2/2m) B,! (2”)} By! (1/2) Xo 
+B,’ (t””) {di (pi'/2m) Banee.). XK aon 


fovea tenets wtaseeg (2-4) 


where 7 C » denotes that the fermion i belongs to the groups of fermions contribu 
ting to the construction of B,’ and the summation >} is over the members of the 


group. Now, we can write 
2 (p:'/2m) By (7) = (= 1) (p?/2m)z (js Ja) Fas (jos Js) x (js, Ja) . oe ars hy) 

. =z (—1)S(Gj, Ja) S (jo, Js) iS (favs f1) 

ae XL (Tein) Y(t) °° P(r) 
oe x2 (p7/2m) P (Ts.5.) P (Tinjg) pe (Tai) ’ (2 = 5D) 
where S(i; j) = {a(i)8(j) —a(Z)P@}/\/2. Then, introducing ¢,’(z”)-function 
defined by 

te) (T°) =P (raja) Y (Tied) P" (Ping) 
x di (pi'/2m) Print) P (Thode) °° P (Thapar tov) / 


p (Tinjo) p (Tintn) 2 CN gf! Cra) (2-6) 
we can write (2.5) as follows, 
¥)(p2/2m) B,! (t”’) = B! (c*)¢,/ (c”). (2-7) 


(2.6) corresponds to (42). Therefore, substituting (2.7) in (2.4), we get 
Wyw(P) = B,! 27") f(z) : ah CE®) cate 
+B)! (t”) -B,!(c'") ty (TM) 
aA» (278) 
=B! (c”)- By !") 3 (e,'(0") +t OP) +}. (2-9) 


Again, putting 7/=%, we shall find that Wy’ (<”) is written in the form of (43). 
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A new meson, 2°, which interacts only with the A particle is introduced to explain the 
mass difference between the A particle and the nucleon. The requirement that the self-energy 
of the A particle be positive restricts the type of 29 me.on to three possibilities, V(v), V(¢) 
or PS(ps). Some properties of the 4° meson as well as ideas for possible experimental verifi- 
cation of its existence are discussed. 


§ 1. Introduction 


For several years it has been established that there exist various kinds of 
elementary particles known as strange particles. In particular, the strongly inter- 
acting particles among them have been successfully classified by means of the 
introduction of the concept of strangeness. 

No one, however, had any idea of the physical meaning of strangeness. 
Sakata” suggested a new approach to the analysis of the structure of elementary 
particles based upon the composite particle model. In his scheme strangeness is 
replaced by a more physically realistic quantity, the number of A particles. Con- 
sequently the conservation of strangeness in strong interactions is reduced to the 
conservation of A particles. 

Ogawa et al. and Yamaguchi” discussed mathematical aspects of Sakata’s 
model, assuming a symmetry property which leaves theory invariant under the 
interchange of the nucleon and the 4 particle as long as the mass difference 
between the nucleon and the J particle is neglected. If we assume this symmetry 
(tK) currents are necessarily added to the usual strangeness violating baryon 
vector currents in the conventional Yukawa type interaction. By taking the (7K) 
currents into account, the transition probabilities for Kes, Kys and beta- and muon- 
decays of A are shown to be consistently described with the same coupling constant 
as that obtained from Kj, decay.” The introduction of anew symmetry property 
such as this enriches the content of the theory, but it also makes important the 


+ Preliminary report of this article was read at the symposium of the Research Institute for 
Fundamental Physics, Kyoto Univ., Dec., 1959. 
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elucidation of the distinction between the fundamental particles A, p and m. First 
of all the main differences between these fundamental particles are characterized 
by strangeness and electric charge. Another remarkable distinction between them 
is the mass difference, which we will try to account for. 

In the case of the neutron and proton, we can explain the order of magnitude of 
the mass difference by taking into account the electromagnetic interaction in ad- 
dition to choosing a particular value of the cutoff (of order of magnitude of the 
nucleon mass). In the case of the nucleon-/ mass difference, however, a satisfactory 
theory has not yet been given. There are various possibilities for the explanation of 
the mass difference of elementary particles. The following two approaches seem to 
be most plausible: (1) the existence of an internal structure for elementary 
particles, (2) the existence and interaction of new particles. 

In discussing the problem of the mass difference of leptons Taketani et al.” 
introduced form factors which are responsible for the non-locality of interactions. 
It seems to us that they tried from the former point of view to find a clue to 
the dynamics which governs the inside regions of elementary particles. 

This approach, however, is too ambiguous to discuss the structure of elemen- 
tary particles directly through form factors, because there exists scarcely any 
concrete knowledge about the dynamical laws of the inside region. 

Although one may think that the second approach is impractical at first sight, 
it has advantages making possible the discussion of interactions or the restriction 
of their types in the framework of the existing theory. It seems to us necessary 
and useful that we consider the latter possibility first before making a frontal at- 
tack on the problems of the structure of elementary particles. 

In this paper we shall discuss the nucleon-4 mass difference along the line 
of the ideas mentioned above. A new neutral boson which interacts only with 
the A particle is introduced. Just as the charge of an electron is characterized by 
its interaction with the photon, the strangeness of the A particle is in our scheme 
characterized by its interaction with a neutral boson with mass 72,0 which we shall 
call the # meson. The nucleon and the / should have the same mass before the 
interaction between the 7” meson and the / particle is switched on. 

The physical mass of the A, therefore, arises from 


the self-energy due to the interaction with the 7° meson. ru 

The possible mass, type or coupling constant of the Ce eae 

3 . . . . oaks 8 M8 2 ta is ee BA eS 
# meson will be determined consistently with existing 4 S 


experiments in the following sections. The experi- Fig. 1. 
mental observability of the 7° meson is also examined. 
§ 2. Properties of \°-meson 


(i) The type and the coupling constants 


For simplicity the spin of the 7” meson is assumed to be zero or one. The 
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mass renormalization constant 0M can be easily calculated in such a lowest order 
perturbation theory as Fig. 1 shows. The requirement that the self-energy of the 
Aparticle should be positive restricts the 7°-A interaction to three possibilities : 
PS(ps), V(v) or Ve). 

Assuming the mass of the 7° meson and the cutoff momentum K, one can 
determine coupling constants under the requirement that 0M/M should give the 
experimental result. Table I shows numerical values of the coupling constants 
for my o=200m, and 550m, and for Feynman cutoff parameter K=M, /2, M and 2M. 


Table I. Types and coupling constants (f and g defined in Appendix) 


== 
“Paco 200 m, 550 m, 


aK M2 M 2M Mp2 | M | 2M 
type | Coupling 
S s Se x x x x x 
Oi v x x x x x x 
V v 0.556 0.277 0.131 0.788 0.369 0.194 
V t 0.787 0.131 0.025 7.071 1.069 0.195 


(ii) Decay processes 

If a neutral meson of such a type and coupling constant exists in nature, in 
what process one can observe it ? Decay processes are first of all examined in 
detail. Table Il gives possible competing processes for the decay interactions, 
where X means an energetically forbidden process. 


Ef Table Il. Decay and competing processes 


M0 » -— 2My m, 
processes = --—~__ a ve es = 
9-5 3x 0 0 x x x x 
> 2 0 0 0 0 x x 
P>2r+7 0 0 0 0 x x 
> +7 0 0 0 0 0 MA 
o> 27 0 0 0 0 0 0 
79> J+ 7 x Xx x x x 0 
n9—> +27 x x x x x 0 
KY > +7 x 0 0 0 0 0 
K,°> 2°+7° x x x 0 0 0 
x oe 0 0 0 


Kt >)+7r* 
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(a) Processes competing with x2; decay 

Table III gives selection rules for processes competing with 2°27 decay, 
(where L and F mean processes forbidden by the conservation of angular momenta 
and Furry’s theorem, respectively). Since the decay probability for n—>/°+2r is 
small compared with 2°27, there would be no inconsistency. even if it could not 
be detected by present experiments. However, since the probability of the process 
m—>/9+7 is of the same order of magnitude as the probability of n—>27, one 
must require that this experimentally unobserved process is forbidden by some 


selection rule. 


Table III. Selection rules for processes competing with 7927 decay 


| 86) St) | PS(ps) PS(pr) | V@) VQ | A@ AO 
50> AO i8 L ip L | O Glut ea O 
GT es On Bie OL AO Pei OE ESE ty 2 aie 


OP OLK 
L: forbidden by the conservation of augular momentum 
F: forbidden by Furry’s theorem 


(b) Process competing with K-2x decay 

Since the coupling constant between the 7° meson and the /-particle is small, 
there is no serious problem for K,’>/°+2°. On the other hand, one must take 
care of processes K*-—>/’+2* competing with K*-2°+2*. According to experi- 
ments, 


TLS Daezoaiy yet de Some 
7 (K,°) sanittiUKe!) i O00. 


The lifetime of K* is much longer than K,”s. Thus it may be thought that 
K*->2*-+2° is forbidden in the first approximation. In other words one can tea- 


Fig. 2. 
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sonably argue that K*->z*+2° results from the deviation from the dJ=1/2 rule. 

Therefore w(K*-—/°+2*) would not necessarily be much smaller than 
w(K*—>7°+2*) even if w(K*t->/°+2*) is very small compared with w(K/> 
z*+nx-). These situations can be understood by examining w(K*—>/’+2*)/ 
w(K*—z°+2*) using such diagrams as Fig. 2 which contain only A, p or n. Let 
Jn, Yx and F be coupling constants for tNN(ps-coupling), KAN and weak 
interactions, respectively, and let f be the coupling constant for #AA as defined 
in the Appendix. Then we have 


2 2 
WK Seay a Wie Ix : 
Aq An ° Ar 


2 2 2 
w(K, >2*+27)=b = ( In ) 3 
Ar An 


Here a and 6, respectively, depend upon the number of diagrams which con- 
tribute to relevant processes, phase space volume and matrix elements. 
Assuming the matrix elements to be constant, we have 


a ~ (~ = (~ 4) 
b 3 7 
The former comes from the ratio of number of diagrams and the latter from. phas« 
space volume assuming 2? to be a vector meson with mass 550 mz. 


2 2 
ee $= ~ 0.3/15, 
Ant Ant 


2 2 
Se | 92 ys, 
Ant Ar 


Consequently, we have 


w(K*t—->A+2") _ a (Le ) (tafe) ~ 307+ 


w(K, >7* +77) b \ 9,7/4x Inf An 
Comparing this with the ratio mentioned earlier, 
TL Sige aaa 
w (Ky’) 500 ” 
we obtain 


wiK ee At at, Lip 
w(Ki seta) 20 


#°, therefore, will be observed experimentally through very careful examination of 


Kt—-nxt decay processes. 
Hiida® has pointed out that 


Kt—>at+ (a neutral boson with mass 550 ,) 
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may possibly occur among anomalous K* decay processes and this may be found 
by analyzing the spectrum for emitted pions. Our 2° meson may be _ identified 
with this neutral meson giving mass 55077,. 

(c) Decay of the 2° meson 


Table IV summarizes all possible decay processes for the 2° meson. The most 
favorable processes which are consistent with the types determined in (i) are the 
following. 


R—n°+7 for V(v) and V@) 
> 27 for PS(ps). 


These would be very difficult to observe because of short lifetimes, but it may be 
possible to check them experimentally by most careful investigation. 


Table IV. Selection rules for decay processes of 4° meson 


sis) |. S@ | v@ | va) | Pses | PS) | A@ | 4 
| 


Moxt+n-+7° 
7+ 79+ 7° 
Tact oe 
n+ 7° 
ee tg 
ae sriy 


Re Oa Ono) a Or 
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: most probable 
: forbidden by the Furry’s theorem 

: forbidden by the conservation of angular momentu: 
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puke h ty 
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(iii) Production of the 2° meson 


We can expect only a very small production rate for the 4° meson, because 
# does not interact with any field other than the A with which it has a small 


coupling constant. For production of the 2° meson the following reaction may be 
favorable. 


d+d—>i+ He' 


. . . ia 0 . . . 
. This is forbidden for the z° due to isospin conservation, whereas i’ with zero 


isospin can occur. We can, therefore, observe the 7° meson, if we can detect a r 
or x’ from this reaction. ; 


On the other hand some people anticipate the existence of the % which may 
also similarly appear through 
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d+d>m+ He. 
The magnitude ot the cross section is of the order of magnitude :” 
On 0< 105 cm" 


Experimentally the answer is still negative. In order to produce 2° meson, however, 
the nucleon has to be changed to 4 particle virtually emitting K meson. In ad- 
dition the smallness of the 7-/ coupling constant will make considerably lower 
the production rate for # (roughly an order of magnitude). Therefore it seems 
to be very difficult to check through production process. 


§ 3. Discussion snd concluding remarks 


We have proposed a new particle #? which interacts only with the J particle 
and which is responsible for the nucleon-/ mass difference. It had been established 
that the properties of 7 will be restricted to V(v), V@) or PS(ps) and its mass 
will be greater than that of the neutral pion. Decay schemes are 


Mh>m+y7 for Viv) and V(t) 
>2r for PS(ps). 


It should have a smaller coupling constant than that of the pion, and a very short 
lifetime. Although it may be difficult to check experimentally because of the 
smaller coupling constant as well as the short lifetime for the above decay proces- 
ses, careful examination will make its detection possible. For this purpose 


d+d>i+He 


and 
Kt>32 +2" 
may be useful. 

We cannot immediately decide which is most favorable for the # among ‘the 
three possibilities, V(v), Vi) and PS(ps). Remembering that the introduction 
of the 7° is motivated by analogy with the photon in the case of the neutron-proton 
mass difference, it seems plausible that the 7?’ belongs to the same family as the 
photon. In this case we might obtain the interaction of the A by replacing 9,, 
the differential operator for the A by 9,—7/¢,. 

For direct Fermi interactions the magnitude of the interactions is different 
from the ordinary one when 4 particles take part in interactions. In other words, 
although not yet established, the following might hold :” 

(a) The coupling constant for ANev is smaller than that for NNev. 

(b) The coupling constant for AANN is smaller than that for NNNN. 

The introduction of the 7° meson may explain the change of these coupling 
constants qualitatively, not quantitatively, because of the smallness of the 4° coupling 
constant. The first thing to do is to search for experimentally. 
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Finally we would like to remark briefly on another aspect of the 7° meson. 
Since the 2° meson belongs to strongly interacting particles because of its coupling 
constant as determined here, it may have some in- 
fluence on strong interactions, for instance, nuclear 
forces or pion production processes. 

Breit® recently discussed empirical evidence for 1 
considering the repulsive core of nucleon-nucleon x 3 [---~------ K 
interactions and the spin-orbit interaction as originat- A A 
ing in a vector field coupling. He determined its 
mass to be 9 to 11 times the pion mass compared N N 
with the spin-orbit coupling introduced phenomeno- Fig. 3. 
logically. In our model also there is a_ possibility 
that the spin-orbit interaction may arise from such a diagram as Fig. 3. Quanti- 
tatively, however, it seems to be difficult to obtain the required magnitude. We 
shall examine this problem on another occasion. 


Appendix 


We shall evaluate the self-energy of the A in the lowest order of perturbation 
theory. The interaction Hamiltonians are as follows, 


Hr,=f $ (x) Ob (x) o(x) +9M Y (x) $ (x) for direct coupling, 


H,=—1_$ (x) O¢ (x) 0,6(a) +9MG(x)¢(x) for derivative coupling, 


0 


where (x), 6(x) represent A and 7°, and M, myo their mass respectively. OM 
is the renormalization constant for A. O generally means the interaction operator 
between “° and J, i.e. 


direct derivative 
Scalar Os 1 oY p 
Vector O, ae ae 
Pseudoscalar Op is Ys p 
Pseudovector O, UY sT pn Tiss 


where 


r= Catv Ty)- 

Using the Feynman cutoff. we obtain the following results 
Gj) Direct coupling 

dMamndeviedagla 


sh ody Wy Sucapals | 2-zy 
M 4n 4n 2 | dx | 2y dy dD a5 
U 


0 
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foe 


where 
D*= M? 2? y+ K?(1—y) +mio(1—2) y. 


Gi) Derivative coupling 


ts 1 (MY (EN sacl pag G24 Oa) 
OMe (BYE) (adel pay[ SGP ON I, 
Ma FA (MEN at rig] 859% — Ma] 
Ma fA (MY (E) ade| pay] Gt 4 MOY Cad") 


L=M?(1—y)’?+m (1-2) y+ K’* xy. 


Note added in proof: Sakurai also proposed the neutral vector meson theory in connection with 
the spin-orbit coupling. Employing p-p data at 310 Mev he arrived at the conclusion that the mass 
of the neutral vector meson must be close to 3m,. J. J. Sakurai, Phys. Rev. 119 (1960), 1784. See. 


also J. J. Sakurai, Ann. Phys. 11 (1960), 1 
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In their recently published paper? Hugenholtz and Pines have developed a new method 
to evaluate the ground state energy of a system of interacting bosons, the merit of which 
consists in the elimination of the zero-momentum state and accordingly the applicability of 
the linked cluster expansion. Their theory, however, does not give correct results because of 
the undue treatment of the zero-momentum state; this will be proved in a simple example. 
Up to third order in coupling parameter of the ground state energy we compare the result 
of the usual Rayleigh-Schrédinger perturbation method with that obtained according to 
Hugenholtz-Pines’ theory and find that the latter does not agree with the former. 


§1. Introduction 


As is well known, in the case of fermion gas the ground state energy can be 
described by. the famous “linked cluster expansion” of Goldstone” by virtue of 
the fact that an unoccupied single-particle state in the Fermi sphere is read as a 
hole which is subjected to Fermi statistics and that the unperturbed ground state 
(the Fermi sphere) is characterized by the state with no excited particles and no 
holes. 

On the other hand, in the boson case the situation is quite different. An un- 
occupied zero-momentum state cannot be considered as a hole obeying the Bose 
statistics and thérefore the unperturbed state (all particles are sinking into the zero- 
momentum state) is not specified by no holes. From this fact naturally follows 
the inapplicability of the linked cluster expansion. As is seen instantly, the usual 
Rayleigh-Shrodinger perturbation formula for the perturbed energy contains, in more 
than second order in coupling parameter, various possible disconnected diagrams, 
each of which has such a singular character that the contribution to the energy 
per particle becomes infinite with the volume of the system at a constant number 
density. After all diagrams are properly taken into account following the R-S 
perturbation formula, the above physically absurd terms cancel each other, leaving 
only the terms dependent upon the density alone. 

To treat correctly the contribution to the energy from the disconnected dia- 
grams is rather a ‘complicated problem. In the case of weak repulsive interaction, 
if we simply replaced the creation and annihilation operators for the zero-momen- 
tum particles in the interaction Hamiltonian by c-number, No’ (No being number 
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of the zero-momentum particles), considering the fact that a great majority of the 
particles is lying in the zero-momentum state and followed the usual perturbation 
formula to evaluate the energy, we would fall into two errors: One is ignoring 
the contribution arisen from the disconnected diagrams and the other is the neglect 
of the so-called ‘‘ depletion effect” (after H. P.), i.e. the effect associated with the 
difference between the total number N and Np. To avoid these difficulties H. P. 
have deduced a new method by introducing to the Hamiltonian a parameter similar 
to the chemical potential in considering grand ensemble. However, their theory 
is based on an unproved theorem and it is due to this that we cannot answer 
definitely where they made error. It is, however, very probable that the replacement 
of ‘the’ zero-particles operators by c-number is not admissible, even though a 
Lagrangian multiplier method is introduced, in a sence that either the effect of 
the disconnected diagrams or the depletion effect is not rightly treated. 

In § 2 we list the result of the ground state energy following the usual R-S 
perturbation up to third order in coupling parameter. The lowest order including 
the contribution from the disconnected diagrams is nothing but the third order. 
In §3 we evaluate the energy following the Hugenholtz-Pines’ formalism and find 
that the contribution from the disconnected diagram obtained here is twice as much 
as that obtained in § 2 in the third order. In § 4, we make some comments on 
these problems. 


§ 2. Usual perturbation method 


Let us consider a system of N interacting bosons enclosed in a cubic box of 
volume 2. The Hamiltonian may be written, in the unit A=2m=1, as 


ote (2-1) 

Fy= iF akan, (2 12) 

a ea 2 ; 4 3) Arey Hie Uey Ue: (2-3) 
1,2,3, 


The operators a, and a, are ordinary ones obeying the commutation relations for 
the Bose statistics and v is defined as 


v(12; 43) = 8 (hy-+h,— yh) o( BA, keh), (2-4) 


where 0 means the Kronecker delta function and 


v(h, kW) =(e-**0(a) eM de (2-5) 


Here we assume the two-body potential v(x) to be non-singular and so weak as 
to be able to apply the perturbation method, which does not mean any loss of 
generality in the standpoint of this paper. Though v(k, k’), in (2-5), is a func- 
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tion dependent only upon the difference between its arguments k—k’ and accordingly 
v(k, k) =v(0, 0), we do distinguish v(k, &) from v(0, 0), because from observing 
the arguments we may appreciate the pattern of the scatterings. — . 

With the above notation the unperturbed ground state |%) is given by 


1 N ; 
00) =a (a'o) Des 4 (2 6) 
|0) being the vacuum state with no particles, and as the excited states we have 


only to consider such a type as 


i. 1 \ 1 t\ V—2 0 Dal. 

Pn) =o ayr dj, @-1: (ap) | P ( ) 
so far as the energy up to third order in coupling parameter is concerned. In 
(2-7) k must be restricted to a half region in the momentum space, since |P;.)=|P_x); 


for instance, we take the states with k,>0. 
By using the equations from (2-3) to (2-7), the matrix elements of V are 


evaluated as 
22 V9=N(N— 1) v(0, 0) > 
22 Vin=2)/ N(N—1) v (0, k), 


BOVE (eae Ok ea en (2-8) 
DOV MEO (EEE Oh) oe (v (= <) +o(4, ae )) 


+ (N~=2).(N—3) v(0, 0). 


When inserting these into the well-known perturbation formula for the ground 
state energy, 


Opa 


(2-9) 


Tee Vevey Veo Von Vi 
E, =&,-++ V, 0 / 0k (ed) / 0k kon m0 =. y, 00 * 0k 2 
oa eee! (Ex—&) (En—&)_“F  (Ex— &)? 


=< D;.| Hy|Px. =O Ej== 0} 
we finally get* 
mp aN |) v(0, 0) _N(N-1) yu, k) v(k, 0) 


22 (22)? “F B 
NY , 0 (0, k) v(k, k’) v(K’, 0) , —v(0, k) v(k, 0) 
Teg lee eR _ 5 ake 


x {2 (N—2) (o(4, +) +o(£, =4)) —(2N—3) v(0, 0)} |. (2-10) 


If we make the volume 2 become infinite at a constant density, (2-10) is reduc-} 


* Hereafter the primed summation symbol means that k=0 is excluded from the summation. 
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ed to | ae 
my 5 a ‘\/ ; / 
Ba 000, Qe eee woe 
2.0 (20)? B \ 
oS 
= N sve (0, k)v (k, k’) v(k’, 0) ; / ie 
(2 2) sik B Rh? _ / A 
Figs ls 
re 2N’ yyv0,k) Uv (k,0) (of k ie ke Ny He Disconnected diagram 
(2.0) *F he! 9° 9 oy © 49, in third order. Excited 
= y and unexcited particles 
2N3 0.0) v(0. k i are indicated by solid 
= (2.2) ah AUK: 7 yuk, DY (2 = 1) and dashed lines, res- 
: pectively. 


only the terms proportional to N in (2-10) remaining. The last term containing a 
term v(0, 0) in (2-11) is nothing but the contribution from the disconnected diagram 
as shown in Fig. 1. 


§ 3. Hugenhoitz-Pincs -cthod 


Let us begin to follow their paper, particularly § 3, and list the essentials in 
it. 

One replaces the operators a and a by cnumber Ni? and eliminate the 
zero-momentum state. The Hamiltonian becomes 


H(No) =Ho+ V(No)- (3-1) 
Now the number of particles is no longer conserved, since V(N)) does not com- 
mute with the operator N’ =o d.a,. N’ is, however, still approximately a good 
quantum number, in that it commutes with H to order 2’. Then one imposes 
the following subsidiary condition : 

(N')=N—-MN, (3-2) 
and under this condition one seeks for the least eigenvalue of (3-1) referring to 
N,. To avoid difficulties arising from (3-2) one follows the method of the 
undetermined multiplier. The ground state of the Hamiltonian (3-1) with the 
subsidiary condition (3-2) is also the ground state of the Hamiltonian 

H’'=H(N,) —#N’, (3-3) 
without any subsidiary condition. The ground state wave function \o(No, 4) > and 
thus also the expectation values) ByCNG 2), EyGNe and N’(N,, #) of H’, H and 
N’, respectively. depend on a parameter /, which is determined by 


N'(No, #) =N—No. (3-4) 


This relation expresses, for fixed N, the parameter / in terms of No. No is deter- 
mined by the condition that. for N fixed, 


dN, 
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From (3-4) and (3-5) one obtains 


OEy (3-6) 
aN, 


Finally, since the zero-momentum state completely disappears from the problem, 
one may use the linked cluster expansion” for the ae state energy : 


L-= 


il 
(olf VV eV VE ae llo? 
with the Hamiltonian : 
HT! = Hy’ + V(N»), Hes (=P) ai ax (3-8) 
Following the preceding paragraph, we first evaluate E’, 
Eq. (3-7). This is simply obtained from (2-11) by drop- e 


ping the last term (the contribution from the unlinked 


diagram as shown in Fig. 2) and replacing N and the Fig. 2. 
a inatoree by: d P= -resnécovely Unlinked diagram in 
energy denominator y Ny and k?—y, resp y: PPE 
Ne v(0, k)v(k, 0), Ne vvv(Q, k)v(k, W)v(k’, 0) 
eo" (040 , + 
sand ektngs © Ae Rap Oni  @—)E—1 
4 2N¢ x72 k) v (ke, 0) Ge kk )+0( whedh i )) (3-9) 
(ea) (2D 2 42 2 ae 
Wan ae this with respect to No, we get 
M M ~v v(0, k)v(k, 0) 
=="0 4 (0,0) — -f.. 3-10 
oat v(0, 0) oa 2. Pop (3-10) 


which may be solved by iteration and up to first order in coupling parameter 
gives | 


p= v0, 0) + O(v’). (3-11) 


Inserting (3-11) into (3-9) and neglecting terms beyond the third order, we have 
y= 290 0) —_Ne ee kyo (I, 0) Not yvv(0,k)v(k, hk’) v(®, 0) 


(2.0)? B 6.0) 3 br: BPR! 
4 2Ne sv 2(0, k)v(K, 0) (,(k ka She 
tea i! (» (Ss) to(, —4)) 
2No wv (0, 0) v (0, k) v(k, 0) 
enyF i anne 


This just agrees with (2-11) except that N is here replaced by Nj. However, at 
the same time, we must consider the depletion effect, i.e. the difference between 
N and Ny. For that purpose we consider the first order ground state wave 
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function 


, oh 2 ING Sa, OO) 
\Pe(No #))={1— AB SY SOLD al al of 10) (3-18) 


The expectation value of H’ with respect to (3-13) rightly gives (3-9). up. to 
second order. The expectation value of N’ gives 


7 —_ Nv pad, k) v (k, 0) 
N'(™, #4) = Oe, : 
No = Gove oH be Pa 


and thus (3.4) becomes 


N=N- No sy v(0, k)v(k, 0) 
‘eQir (=? 


Solving this with regard to No by iteration and using (3-11), we lidve 


ae Ne NG , v(0, k)v(k, 0) 3 (2. 
N=N ae is +O(v°). (3-15) 


If we insert (3-15) into (3-12), No in the first term of (3-12) becomes 


Fass Ne 2N* ~v v(0, k)v(k, 9) 3 
No == N (0) # + O(c 6 


and for the ground state energy we finally get 


N?* sven aks 0), _N /v(0, k)v(k, k’) v(k', 0) 


E= 20000, 0) — 


(22)*'F k (2.2) * kere RR” 
2N® <4 v(0, k)v(k, 0) (_(k _k hea 
+20)! F i (»( eee )+o( Owe )) 
__4N® yy v(0, 0) v(0, k)v(k, 0) 3-16 
(en) ks ie 


Thus the last term due to the unlinked diagram does not agree with (2-11); this 
is twice as much as that. 


§4. Concluding remarks 


As is seen in the previous sections, Hugenholtz-Pines’ formalism fails to give 
correct value even in the third order in coupling parameter, whereas, when col- 
lecting the energy in terms of scattering length, their result agrees with Sawada’s” 
and Wu’s” up to the order of Lenz’s value times a’log (na®) in terms of hard sphere 
(n and a being the number density and the diameter of the sphere). However, 
‘t ig never strange that such a situation happens, since the depletion effect does not 
affect the terms evaluated already, as was discussed in H. P. In our example, also, 
if we neglect the depletion effect (3:15), Eq. (3-12) obtained according to H, 
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P. agrees with the correct expression (2-11). Accordingly, if one proceeds to the 


evaluation of corrections up to higher orders of ma’ associated with the depletion 


effect, one cannot get the correct values any more. 


Note added in proof: The third order unlinked diagram, the last term in Eq. (2-11) or (3-16), 
would give a term of order 72 to the energy per particle, if the k-integration converged. Actually, 
the integration exhibits ultra-violet divergence for the short range potential and hence contributes to 
the energy a term with the branch point singularity at »=0, which has been known empirically as 7/2 
(Lenz’s value times (va3)1/2), Judging from the fact that the result of H. P. concerning this term 
agrees with Sawada’s. would any substitution have been done in the theory ? 
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The structure of extensive air showers (EAS) is examined in detail, in particular in its 
dependence upon the characteristics of the high-energy nuclear interactions and the primary 
energy spectrum. The following effects are taken into account: (1) The fluctuation in the 
depth at which the primary particles make their first interaction. (2) The fluctuations in the 
first interaction made by heavy primary particles. 

The main results are summarized as follows: (i) Shower curves are derived which are 
consistent with experiments, by a proper choice of the parameters involved in our model of 
the high-energy interaction. (ii) Under the assumptions that the relative abundance o° various 
groups of primary nuclei at the top of the atmosphere is the same as measured at lower 
energies and that all groups have the same energy spectra as the proton spectrum, the calcu- 
lated shower size spectrum is not inconsistent with the observed one even if there is a cutoff 
in the primary energy at about 5-10° Mc? per nucleon. (iii) Under the same assumptions, 
the fluctuation in the ratio between numbers of muons and of electrons is, at sea level, almost 
entirely governed by the fluctuation in the depth of the first interaction of protons. At 
mountain altitudes the fluctuation in the ratio is governed nearly equally by both the fluctu- 
ations due to protons and that due to heavy nuclei. (iv) Under the same assumptions, the 
shower rate due to primary nuclei heavier than protons is, at mountain altitude, equal to or 
greater than twice that due to protons. (v) There is a possibility that high-energy nuclear 
active particles (210 ev) in EAS initiated by a proton are as abundant as those in an EAS 
initiated by a heavy nucleus. 

Additional remarks which would be useful for further investigations are also given. 


§ 1. Introduction 


Extensive air showers (EAS) have been studied for the purposes of getting 
information on the primary energy spectrum on the one hand and on the chracter- 
istics of extremely high-energy nuclear interactions on the other. The energy of 
a primary particle in the former type of investigation has been evaluated from 
the number of electrons in an EAS near sea level. In the latter analyses have 
been made to investigate the behaviours of energetic nucleons, muons, the structure 
of shower cores and so on. In both studies, however, the conventional assumption 
has been made that fluctuations in the longitudinal development would not cause 


any serious error in the analyses. 


* On leave of absence from Research Institute for Fundamental Physics, Kyoto University, 
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Recently Kraushaar” and Miyake” pointed out independently the importance 
of the fluctuation in the depth at which the first nuclear interaction occurs. Krau 
shaar showed that the conventional conversion of the size spectrum into a primary 
energy spectrum led to an overestimation of the energy by a factor of 14. A 
more refined analysis made by Miyake showed that the attenuation length of the 
shower rate is intimately related to the interaction mean free path of primary par- 
ticles with air nuclei,* and that the intensity of the primary particles decreases 
more rapidly at high energies than does the intensity hitherto considered and that 
the practical upper limit of the energy spectrum would be about 5-10" ev. Recent 
experiments made by the Japanese” and Russian groups” also show that the lateral 
distribution of charged particles and the ratio between numbers of muons and of 
all charged particles fluctuates rather widely from shower to shower. 

The purposes of the present paper are to examine quantitatively the effect of 
the fluctuations on various quantities, taking into account the shape of the primary 
energy spectrum and the characteristics of the high-energy interactions and to get 
at least a first approximation to a consistent picture of EAS. 

The important sources of the fluctuations are certainly in the very early stages 
of the longitudinal development, in particular, the first nuclear interaction is most 
significant.” The fluctuations in this first interaction can be classified into three 
types. The first one is, as mentioned above, the depth at which the first interaction 
occurs and the second one is the possibility of fluctuations in multiplicity, inelasti- 
city and energy distribution of the particles produced. The third one is due to 
heavy particles. It arises from consideration of how many nucleons in the heavy 
nucleus, in the range from helium to iron, participate in the first interaction. 

The second type of fluctuations could be relatively unimportant as discussed 
by Kraushaar.” Its effects could be interpreted as due to an apparent fluctuation 
in the depth. Suppose, for example, that the first interaction is very elastic and 
the second one inelastic. An EAS initiated by such a sequence of interactions 
would be interpreted at low altitudes as being initiated at the depth at which the 
second interaction occurred. 


The fluctuation due to heavy particles has in some sense a similar feature to the 
second type of fluctuation. But it is more important than the latter, owing to the 
dependence on the mass number. Fluctuations other than those in the first interaction 
cannot be of major importance on account of the great number of participant par- 
icles. We shall therefore consider only the first and third types of fluctuations. 

There is one important effect to be considered. If an EAS is initiated at 
‘arge depth, the geometrical distances travelled by the nuclear active unstable par- 
icles from production to interaction are so shortened due to the change of air 
censity that they can make more nuclear interactions. This effect has the result 
chat for a given atmospheric thickness through which EAS develops, EAS initiated 


* This fact was also suggested modestly by Greisen®) and Cranshaw et al.’ 
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at larger depths involve more nuclear active particles and less muons than do EAS 
initiated near the top of the atmosphere even if their primary energies are the 
same. ‘This effect will be taken into account approximately to solve the nucleonic 
cascade equation. 

The magnitude of the fluctuation in the depth is sensitive to the shape of the 
shower curve, i.e. the variation of shower size with atmospheric thickness through 
which an EAS develops. The shape of the shower curve depends strongly on the 
characteristics of the high-energy nuclear interactions as emphasized in our pre- 
vious calculation.” Therefore we shall first examine in detail EAS initiated by 
protons. This will enable us as a first approximation to estimate the energy 
spectrum of primary protons and the characteristics of the high-energy interactions. 

From the experimental point of view, the magnitude of the fluctuation in the 
depth could be estimated from a positive correlation between various measurable 
quantities in each EAS. Apart from the fluctuation in the depth, however, heavy 
primaries might cause similar effects. Therefore we shall also examine EAS in- 
itiated by heavy particles, comparing their characteristics with those produced by 
protons. 

As a model of the high-energy nuclear interaction we shall use the same one 
as in I and review it here: 

(1) The collision cross section is independent of the energy of a colliding 
particle and is also independent of the kind of colliding particle, i.e. a nucleon or 
-a charged pion. 

(2) The number of secondary particles produced by a particle of energy* 
E in the laboratory system is given by 


n=2(E)". 


7 plays the role of the inelasticity. An energy of amount 7E is transferred to 
secondary particles and (1—7)# is carried away by the colliding particle. 

(3) The energy transferred to the secondary particles, 7H, is equipartitioned 
among them in the laboratory system. 

(4) Two of the secondary particles are nucleons. Of the (n—2) particles, 
d(n—2) particles are charged pions and (1—4) (n—2) particles are neutral pions. 
The fraction 4 is independent of energy. The production of nucleon pairs and 
of heavy mesons is disregarded. 

(5) Nuclear active particles of energy lower than the critical value E, do 
not contribute to the further development of the nucleonic cascade process. 

In the calculation we shall fx 4=0.7 and E,=10, and regard 7 and the in: 
teraction mean free path of nuclear particles L, as parameters. In particular the 
7-dependence of various quantities will be examined. 

At first sight our model seems to be rather crude. As far as shower curves 


* In the present paper energy is measured in unit of the nucleon rest energy, Mc?. 
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are concerned, however, it will be seen that by a proper choice of the parameters, 
shower curves can be derived which are consistent with experimental results. A 
detailed discussion on this point will be made in connection with results of jet 
showers. 

In § 2 we shall give a qualitative discussion on the fluctuation in the depth 
of the first interaction in order to make clear the relationship between the various 
quantities affecting this fluctuation. The calculated results on EAS initiated by 
protons will be given in §3. In $4 the model of the first interaction of heavy 
particles will be proposed and the calculated results will be given. In § 5 com- 
parison of the calculated results with experimental results will be discussed. 

The calculations reported here were carried out on the electronic computer 
SILLIAC of the Basser Computing Department in the School of Physics. 


§2. A qualitative argument on the fluctuation in depth 


We shall treat EAS initiated by different kinds of primary particles separately 
and call them A-particles according to their mass numbers. 

We use simplified expressions for some quantities to make it easy to under- 
stand how they are related to the fluctuation. This simplification does not change 
the following argument. We suppose the differential energy spectrum of A-particles 
of energy between E, and E,+dE, per nucleon to be expressed by 


I, (E)) Glig— hg lig 4 dE, (1) 


where 74, the exponent of the energy spectrum, is assumed tentatively to be in- 
dependent of £,, and the number of particles in an EAS at depth x’ from the top 
of the atmosphere, initiated by an A-particle of energy Ey, to be represented by 


Na (Bo, 2) =NaK¢ exp] ——7 "| =n, By exp] -—*—], (2) 
Vito 21) A4(2) 

where 2x, is the depth at which the A-particle makes the first interaction and 
a(=x'—2,) is the thickness through which the EAS develops. s has a value 
close to one at the lower atmosphere though being a function of x and depending 
on the model of the cascade. 24(2), which governs the main shape of the shower 
curve, tends to the attenuation length 7, of the shower size at large depth. 

From Eqs. (1) and (2) the frequency with’ which A-particles making their 
first collisions at a given depth 2, give rise to EAS with shower sizes between 
N and N+4N at z’ is given by 


Lik Noo (22, =) | aN, (3) 


where Ey(N, 21) = (N/Na)*™* exp[2x/siy (x) ] is an inverse of the function Ny (Ey, x). 


* Primary energies are represented by energy per nucleon, if not specially mentioned, 
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Since the probability that an A-particle makes the first collision at depth between 
a and x,+dz, is given by 
Oe t4 dx, (Ilan, (4) 


where L, is the interaction mean free path of the A-particle, the frequency with 
which A-particles give rise to EAS with sizes between N and N+dN at 2’ is 
given by 

F,(N) dN=4N | Tear Le (5) 


where 


fa(N, ai) =LaHo(N, 23)) (ZEA) emma 


vials, (yr exp| — pase! Jexp| ( raiedrinl )a| (6) 
SN, \AN4 sh4(x) sAg(x) Ba 

is the differential rate of showers for a given size N at 2’, initiated at a depth 
between x, and 2,+dzx, The integral domain of Eq. (5) must be determined in 
such a way that for a given size N, E, and 2, satisfy Eq. (2). With increasing 
a, from the top of the atmosphere, £, decreases correspondingly until the minimum 
energy and then increases to the maximum energy which may still satisfy Eq. (2). 
The particle of the minimum energy initiating at the corresponding depth produces 
a shower whose maximum development is at 2’. 

The shower size spectrum corresponding to the experimentally observed one 
is a superposition of Eq. (5) on EAS initiated by all kinds of primary particles. 
On the other hand the customarily assumed spectrum is of the form” 


ot (N)dN=KN-0> exp| - 72], (7) 
where the attenuation length 2 is used instead of A(z). K, 7/s and 4 have been 
measured experimentally. 

At an observation point EAS may be classified into three types according to 
their stages of development, i. e. growing-up stage, near and at the maximum de- 
velopment and decreasing stage. For EAS in the former two stages, their con- 
tribution to the integral (5) in the lower half of the atmosphere is relatively 
unimportant, because /4 (x) in the former stages has a negative or large absolute 
value. The larger x’, the more EAS are observed in the decreasing stage. 

Suppose an observation is made at so large a depth, say sea level, that EAS 
are observed almost entirely in the decreasing stage and their 74(x) can be re- 
placed by 7,. In this case the integral (5) is reduced to 


feal(e—2jsJee 
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neglecting the dependence of s and 24 on Eq and 2%... If 
val SAA < dy La: (9) 


the integral (8) tends to unity and the formula (5) coincides with the one correspond- 
ing to (7). Then the attenuation of the shower rate 4, is related to 7, with the 


well known formula” 
A= 5) 4h fa 4a) 84, (10) 


where 0, is the exponent of the size spectrum of EAS initiated by A-particles. 
On the other hand, if the integral domain of (8) has an appreciable domain of 


x, satisfying 


¥4/ Sha, 1f DAE (11) 


the integral (8) becomes much larger than unity. That is, EAS initiating at rather 
large depths contribute to (8) much more than those initiating at the top of the 
atmosphere and the fluctuation cannot be neglected. 

In general A, is given by the relation derived by Miyake :” 


Ag=La(1+ra), (12) 


where r4 is approximately represented by the ratio of shower rate initiating at the 
top to that initiating at larger depths, and gives a measure of the magnitude of 
the fluctuation. The larger the fluctuation, the smaller is 74. As shown above, 
if the fluctuation is small, Eq. (12) can be rewritten as Eq. (10). 

As one can see from the integral (8), the magnitude of 7, depends essentially 
on 44, Ly, 74 and the domain of 2, satisfying the condition (11). That is (i) 
the smaller 24, (ii) the larger Ly, (iii) for a given size, the larger 2x’, and (iv) 
independent of the shape of shower curves, the steeper the primary energy spectrum, 
the smaller is 74. And if 44 is an increasing function of Ey, the smaller the size, 
the smaller is r4 for given x’ and 74. This is the case in our model. 

It is necessary to remark on a relation between L, and 2, in connection with 
the condition (9) or (11). 24 depends sensitively on the interaction mean free path, 
L,, of the secondary nuclear particles which produce the main contribution to the 
shower size. Let their average L, over the energies concerned be L,. 24 is roughly 
proportional to L,, since the attenuation length of these nuclear particles is pro- 
portional to L,. If L4~L,, 24 varies proportionally to L,.* In this case, there- 
fore, the condition (9) or (11) is roughly kept irrespective of the magnitude of 
L,4. This will happen in the case where the primary particle is a proton, unless 
its interaction mean free path varies drastically with energy. On the other hand, 
if Ly is small as compared with L,, as for example for a heavy primary particle, 
the fluctuation is small. 


* This relation holds roughly as far as L, is larger than the radiation length. {n the limit 


Of Lye0, A 4 tends to the absorption length of a pure electromagnetic shower. 
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§ 3. Calculated results. I 


—— EAS initiated by protons 


In this section we give the results for EAS initiated by protons. The cal- 
culations (see the Appendix) were made for E,=10°, 10’, 10° and 10° Mc’, and for 
the following combinations of y and L,: 


a) 7=1, L,=90, 
b) =0.7, L,=90, 
c) 7=0.3, L,=90, 
c’) 97=0.3, L.=70. 


Moreover to obtain the characteristics of EAS initiated by heavy primaries, the 
averaged EAS over the depth of the first interaction was also calculated for the 
case b (see § 4). The method is the same as the one given iho All 

As energy spectrum of the primary protons, three forms were chosen : 


I. 9 7g=2.0 for all energies, 
See tor Ly 10%, 

Ul. p= 42.1 for 10°<E,<5-10°, 
foe) for E,>5-10°, 


126 for W100" 
tl. 7,= 
91 for E> 10". 


At the present time it is not clear whether there is or is not a high-energy cut-off 
in the primary energy. The results derived with the spectrum II have some features, 
as will be seen, which may provide a possible method of testing for the existence 
of a cut-off. The knees in the spectra Il and III have no special meaning. In 


the actual spectrum 7, would vary gradually and continuously as a function of Ep. 
The knees, however, make it easy to see how the fluctuation is related to the 


primary spectrum. 
3-1 Dependence of the shower curves on 7, L, and Ey 


The shower curves initiated at the top of the atmosphere are shown in Figs. 
la and 1b. The maximum sizes, their depths and attenuation lengths, 4,'s, p 
meaning a proton primary, are given in Table I. 4/,’s were evaluated from the 
numbers of electrons at depths of 24 and 28 radiation lengths. The maximum 
sizes coincide with each other within a factor of less than 2, irrespective of the 
values of 7 and L,. As emphasized in I the 7-dependence of 4, is significant. 
Furthermore /,, is sensitively dependent on J,. These two facts show that we can 
get similar shower curves, using two alternative combinations of 7 and: L,; one 


ELECTRONS 


NUMBER OF 


° 200 400 600 800 
DEPTH FROM THE TOP OF THE ATMOSPHERE (gem?) 
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NUMBER 


1200 i400 


Fig. la. Altitude variations of electrons in EAS 
initiated at the top of the atomosphere fo; 


E)=108 and 107 Mc?. 


° 200 400 600 800 
DEPTH FROM THE TOP OF THE 


109 Mc?. 


1000 -—«1200.—Ss:1400 
-2 
ATMOSPHERE (gem) 


Fig. lb. The same as Fig. la for Ey>=108 and 


Table | 
Case Eo Max. size Depth of max. size dy 

a 6.4-105 420 107 
b i" 5.2-105 430 127 
G 3.1-105 500 314 
6 3.5+105 480 233 
a 6.4-108 470 123 
b 10? 5.4-108 490 141 
o 3.2-106 570 334 
G 3.7-108 560 261 
¢ 6.3+107 530 136 

ae 55-107 540 157 
a 3.3-107 650 395 
¢ 3.9-107 640 290 
6.1-108 590 Tes) 

109 5.2-108 570 180 
g 3.4-108 720 482 
c 4.0-108 700 337 


PARTICLES 


HUMBER OF 
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being large 7 and large L, and the other small 7 and small L,.* It should be 
noted, however, that the magnitude of the fluctuation is large in the former case 
as compared with that in the latter case, because L, may be correspondingly larger 
in the former. This point we shall discuss again in a later section. 4, 1S an in- 
creasing function of EK, This would be a general tendency irrespective of the 
model of the high-energy interaction, unless any peculiar interaction does happen 
at higher energies. 


3-2 Features of EAS initiated at large depths 


Nuclear active unstable particles can make more nuclear interaction at lower 
altitude than they do at higher altitude, because the geometrical distances from 


rows 10% 
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OZPTH FROM THE TOP OF THE ATMOSPHERE (gem?) DEPTH FROM THE TOP OF THE ATMOSPHERE.( gem”) 
1 1 i Be ¢. 
Fig. 2a, Altitude variations of nucleonic com- Fig. 2b. The same as Fig. 2a for the case : 


ponents and muons (E>10 Mc?) in EAS 
initiated at the top of the atmosphere (solid 
curves) and at the depth of 540 gem™ (broken 
curves) for the case 0. 


‘ : see f 
* For example, similar shower curves to c’ could be obtained by using a combination o 


L,=90 and y=0.5. 
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their production- to interaction-points become shorter at lower altitude due to the 
higher density of the air. EAS initiated at larger depth, therefore, involve more 
nuclear active particles and less muons than do EAS initiated near the top of 
the atmosphere, for a given atmospheric thickness through which they develop. 
In the calculation this effect was taken into account as a modification of the decay 
constant of charged pions as shown in the Appendix. 

Since electrons are mainly produced by neutral pions of which parental nuclear 
particles have much higher energies than the decay constant, the effect does not 
much affect the shapes of shower curves irrespective of initiating depths. However, 
numbers of nuclear particles and muons are affected, as they are mainly occupied 
by particles of energies lower than the decay constant. Altitude variations of the 
nucleonic component and muons in EAS initiated at the top of the atmosphere and 
at the depth of 540 gem~ are shown in Figs. 2a and 2b for the cases 6 and c, 
respectively. The numbers of electrons in both EAS as a function of depth below 
the points of the first interaction coincided with each other within a difference of 
less than 10 percent. 


fp (N X;) 


Oo 100 200 300 400 500 
xi ( gem?) 
Fig. 3b. The same as Fig. 3a. Mountain 
altitude (700 gcm72). 


If the fluctuation in the depth is 
negligibly small, this effect is un- 
important because most EAS are 
initiated at the top of the atmosphere. 
. © 100 200 — Ee a 600 700 However, the greater the magnitude 

Oh in the possible fluctuations in the 
depth of the first interaction, the 


Fig. 3a. Relative shower rates for a given size 
N at sea level as a function of the initiating 


depth 2, for the spectrum I. Sizes are at- Sat is the magnitude of..the re- 
tached to the curves. FS, (N, x1) is normalized sulting fluctuations in the numbers 
tOnL Wate es —0) 


of nuclear active particles and of 
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muons. An important fact one can see from the figures is that for a given depth 


/ 
x’ the number of muons fluctuates in the opposite sense to the other components. 
Therefore the ratio between numbers of muons and of electrons in each EAS gives 
an important measure of the fluctuation experimentally. 


Table Ila. The case a. 
Sea Level Mountain (700 gcm7?) 
Size | 2, . Fp (N, 21) p Fp(N, 1) 
I Il I ; I Il Ul 
0 | 4.2-108 1 il 1 5.1-105 il iL 1 j 
100 | 2.2-108 1.4 123 ile 3.0-105 0.96 0.91 0.82 
200 | 1,1-106 1.8 1.3 ial 1.9-105 0.84 0.70 0.58 
198 | 300  6.0-105 Pil 1.5 1.0 1.5-105 0.49 0.39 0.30 
400 | 3.8-105 2.3 13 0.80 2.1-105 0.11 0.086 0.071 
500 | 2.2-105 2.0 ial 0.67 
600 | 1.5-105 1.4 0.71 0.35 
700 | 3.2-105 0.60 0.31 0.13 
0 | 25-407 1 1 1 3.6-108 1 il 1 
100 | 1.4-107 1 Ge 12 1.8-108 0.83 0.75 0.69 
200 | 7.2-108 1.4 1.3 1.3 1.6-108 0.53 0.46 0.40 
ios | 300 | 4.5-10 1.4 1.3 ial 1.8-106 0.24 0.18 0.15 
400 | °2.7-108 1.2 1.0 0.80 2.7-108 0.033 0.020 0.015 
500 | 1.9-108 0.86 0.80 0.50 
600 | 1.5-106 0.44 0.33 0.22 
700 | 2.0+108 0.14 0.085 0.063 
0 | 1.7-108 1 1 il 2.7-107 1 1 1 
100 | 8.6-107 1.0 il slp 1.8-107 0.69 0.71 0.71 
200 | 5.0-107 1.0 1.2 1 1.6-107 0.43 0.56 0.56 
107 | 300 2.9-107 0.87 11 11 1.9-107 0.090 0.10 0.10 
400 | 2,1-107 0.64 0.80 0.80 3.1-107 0.0099 0.015 0.015 
500 | 1.6-107 0.38 0.43 0.43 
600 | 1.6-107 0.14 0.18 0.18 
700 | 2.1-10? 0.028 0.030 0.030 
0 | 1.0-109 1 1 2.1-108 1 1 il 
100  5.8-108 0.97 1.0 1.6-108 0.60 0.61 0.61 
200 | 3.5-108 0.90 1.0 1.6-108 0.22 0.25 0.25 
10s | 300 2.5-108 0.72 0.82 2.2+108 0.041 0.043 0.043 
400 | 1.8-108 0.46 0.49 4.4-108 0.0028 0.0035 0.0035 
500 | 1.5-108 0.22 0.26 
600  1.6-108 0.057 0.056 
700 | 2.5-108 | 0.0056 0.0056 
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Table IIb. The case b. 


> CT Al Mountain (700 gem7?) 
Size | 2; FN, Ty) ‘i SN, ) P 
= I I UI lend ul masa 
0 |) 33-106 I) 1 Le 1 50-105 | 1 1 hire 
100 | 19-108 | 11 0.97 0.87 3.2-108 | 0.89 0.82 | 0.74 
200 | 14-108 | aa 0.89 0.72 23-105 | 0.61 0.51 0.44 
300 | 6.0-10° | 11 0.82 0.58 19-105 | 0.31 025,.|, 021 
2 400 | 37-105 | 0.98 0.70 0.45 25-105 | 0.063 0.050 | 0.040 
500 | 29-105 | 0.79 0.50 0.30 
600 | 23-105 | 0.47 0.27 0.16 
700 | 24-105 | 0.14 0.10 0.051 | 7 
0 | 20-107 | 1 1 1 36-108 | 42 1 1 
100 | 1.2:107 | 0.96 1.0 1.0 2.4-108 | 0.73 0.64 0.63 
200 | 7.0-10° | 0.91 0.92 0.84 2.0-108 | 0.39 0.35 0.31 
1s | 300 | 4.2-10° | 0.80 0.75 0.61 19-108 0.14 0.12 0.11 
400 | 2.9-108 | 0.65 0.54 0.42 33-108 | 0.018 0.013 0.010 
500 | 2.2-108 | 0.40 0.29 0.23 
600 | 2.4-10° | 0.16 0.13 0.091 
700 | 3.0-10° | 0.034 0.029 | 0.025 
0 | 13-108 | 14 1 1 27-107 | 4 1 i 
100 | 7.8-107 | 0.91 0.95 0.95 2.0-107 | 0.61 0.63 | 0.63 
200 | 45-107 | 0.76 0.83 0.83 1.8-107 | 0.31 032 | 0.32 
ior | 300°). 32-107 | 0.57 0.66 0.66 2.2-107 | 0.065 0.068 | 0.068 
400 | 2.4-107 | 0.37 0.44 0.44 46-107 | 0.0051 | 0.0056 | 0.0056 
500 | 18-107 | 0.19 0.23 0.23 
600 | 2.3-107 | 0.057 0.060 0.060 
700 | 3.7-107 | 0.010 0.011 0.011 
0 | #fo=109 = | a 1 23-108 | 1 1 1 
100 | 61-108 | 0.86 0.90 19-108 | 0.50 0.52 0.52 
200 | 38-108 | 0.65 0.76 19-108 | 0.17 018 | 0.18 
tos | 300 | 26-108 | 0.49 0.57 25-108 | 0.029 0.030 0.030 
400 | 2.0-108 | 0.30 0.41 4.8+108 | 0.0026 | 0.0030 | 0.0030 
500 | 19-108 | 0.13 0.18 
600 | 26-188 | 0.030 0.037 
700 | 4.0-108 | 0.0039 0.0049 


3-3 Dependence of the fluctuation on j,, yp and I. 
Fig. 3a shows the differential shower rate T(N, 21) defined by Eq. (6), as 
a function of an initiating depth 2, for the cases a, 6 and c with L,=90 gem7*. 


The cases a and b satisfy the condition (11) and c the condition (9) irrespective 
of the choice of primary spectra I, II or Ill. To see the dependence of the 
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fluctuation of L, in con- 
nection with 2,, in Fig. 
3a we also show the case —— spectrum 1 
chepwithyej5=70- gem7*. Ly aan 
As compared with the 
case c, /, is shortened by 
a factor of about 90/70 
as given in Table I, there- 
fore the condition (9) is 
still satisfied in this case. 

Fig. 4a shows the 
ratio g of the shower rate 
F,(N) given by Eq. (5) 
to the rate #,(N) ex- on of 4 oo 
pected on the assumption SIZE 


that all EAS are initiated Fig. 4a. The ratio g ot the shower rate F,,(N) to the rate ex- 
pected on the assumption that all EAS are initiated at the 


top of the atmosphere as a function of size. Sea level. 


SPECTRUM i_ 


at the top of the atomos- 
phere. g is approximate- 
ly given by (1+7,)/r>p 


with uss defined by Eq. ed SPECTRUM r 
SPECTRUM 
(1DHpas 1 rpee A, (N)/ SPECTRUM II 


(F,(N) —F,(N)). One 
can easily see how the 4 
magnitude of the fluctua- 
tion depends upon 7p. 

In the cases a and 6, as 
r,<1, q depends sensi- SIZE 

tively on 7p- The mini- Fig. 4b. The same as Fig. 4a. Mounta:n altitude (700 gem): 
mum values of qg for the 

spectra II and III at size about 5-10° are due to the knees of their spectra at 
E,=10' Mc. On the contrary, in the cases c and c’ such a dependence on 7, 
does not appear as can be seen from the condition (9). 

From these figures we see that for the cases ¢ and c’ the fluctuation is quite 
small and shower sizes correspond well to their primary energies. For the spectrum 
Il, therefore, g shown in Fig. 4a increases quite sharply at the size corresponding 
to the cutoff energy as compared with the cases a and 6, where q starts at a 
rather smaller size to increase gradually. 

For the cases a and 5, however, the shower size gives information about only 
possible upper and lower values of primary energies as shown in Tables 2a and 


2b where a primary energy corresponding to an initiating depth a is given with 


tp(N, %1). At sea level a large proportion of the observed EAS of size 10° are 


initiated at large depths. For the case a with the spectrum I, the domain of 2 
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giving rise f,,(N, x1) greater than one half of f,(N, 0) is from ty to an gem 
and the corresponding range of E, is from 4-10° to 1.5-10° Mc’, the difference 
being a factor of more than 20. In other werds, for 10° size more than half of 
the showers have been initiated at depths greater than 300 gcem~ and more than 
1/3 at depths greater than 500 gcm~. The fluctuation becomes smaller at larger 
size. However, even for size 10° the corresponding figures are 2,=0~400 gem” 
and E)=1.0-10°~1.8-10° Mc’. 

At mountain alti- 
tude the situation is 
rather different from 
that at sea level. Since 
EAS observed there are 
almost near or at the 
maximum development, 
the proportion of EAS 
satisfying the conditior 
(9) is much less than 
that at sea level. This 
fact can be seen ~in 


10° 10° 107 108 10? 
Tables Ila and IIb and Size 
Figs. 3b and 4b. Fig. 5a. The exponent of the power law size spectra for the 
Teeenouldie be: 1a spectrum IT as a function of size. Sea level. 


membered that the re- 
sults shown above were 
derived for EAS de- 
veloping vertically. If 
we take into account 
inclined EAS, the fluc- 
tuation might become 
larger. 


3-4 The size spectrum 
and the attenuation 
length 


5 6 
As has been em- 7 “y ae o 
phasized, the shower Fig. 5b. The same as Fig. 5a. Mountain altitude (700 gem72). 


curves are essentially 
related to both the fluctuation and the characteristics of the high-energy interaction. 
On the other hand experimental quantities connected with the shower curves are 
the size spectrum and the attenuation length of shower rate A,. The results are 
shown in Figs. 5a and 5b for the spectrum II and Fig. 6. 

The variation of 0,, the exponent of the power-law size spectrum, due to the 
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knees or the cut-off 250 

energy in the spectra, SPECTRUM I 

appears more clearly in vanes PECTRUM I 
i 


the cases c and c’ than 
in aand b. Except for 
this’ <pomt* -é,>has. a 3 
value insensitive to the  § 
shape of the shower a 
curves. 4, is slightly <= 
larger at mountain alti- 

tude than at sea level. 

The relation be- 
tween /,, and A, is well e 
approximated by Eq. 100 See 2 a eee ee re 
Gh Ae a a ee rn 7 
c’. One can see in Fig. 
6 that for c and c’ A, 


varies clearly according sc 
5 6 7 5° 
10 
to the change of y,. On 2 pe of a 
the Seay the varia- Fig. 6. The attenuation lengths of shower rates near sea level 
tion of A, is well smear- as a function of size. 


ed out for the cases a 
and b even if there is a cutoff in the primary spectrum. 4, is lengthened in 
these cases as compared with a value derived from Eq. (10) assuming that all 
EAS are initiated at the top of the atmosphere. This means that if 4, is evaluated 
by Eq. (10) from experimental values of @, and 4, in spite of the fluctuation being 
large, then it is overestimated. 

We shall return to discussion of the size spec!rum in § 4 in connection with 
EAS initiated by particles heavier than protons. 


3.5 The nucleonic component and muons 


The number of nucleonic component as a function of size are sown in Figs. 
7a and 7b. Some irregularity in the curves seems to be accidental owing to the 
assumed energy distribution—equipartition—of secondary particles in our medel.** 
The curves attached “top” show the numbers involved in EAS initiated at the 


top of the atmosphere so that their shower sizes correspond one to one to their 


primary energies. The “average” numbers, 7,(N), were derived by the expression 


ould vary gradually and continuously with energy. The dil- 


* The actual energy spectrum w 
therefore, would appear only near 


ference of 4, between the cases of large and of small fluctuations, 


a cut-off if it existed. 


#* This irregularity is so large in the case a that we cannot say anything about the nucleonic 


component and muons. 


N—COMPONENT 


NUMBER OF 


NUMBER Of N-COMPONENT 


AVERAGE b, AVERAGE 
Soreness TOP 
AVERAGE, 
SPECT. I 
‘ TOP 
TOP 
10? 10° 10° 107 108 10? 
SIZE SIZE 
Fig. 7a. Numbers of nuc!eonic components having Fig. 7b. The same as Fig. 7a. Mountain altitude 
energy greater than 10, 102 and 103 Mc?, re- (700 gem72) 
spectively; as a function of size. Sea level. 
‘Top’ means the numbers in EAS initiated 
at the top of the atmosphere. 
Ry (N) = | my CN, a) fy(N ay) davy/ \F,(N, a) dan, (13) 


where 7,(N, 21) is the number involved in EAS initiated at 2, Then they were 
averaged over the depth of the first interaction and over the primary energy 
spectrum as can be scen from the definition of £,(N, x), Eq. (6). 


Let us consider the case b at sea level. The average numbers are larger by 


a factor of 1.3 to 2 than those in EAS initiated at the top of the atmosphere. 
This factor increases with increasing energy of the nucleonic component, because 
the higher the energy the more quickly the nucleonic component attenuates. For 
the spectrum II the average number increases abruptly at size of about 10° due to 
the cut-off. Except for this point the average numbcrs are not much affected by 
the shapes:of the primary spectra, because the numbers of electrons and of nu- 
cleonic ccmponent fluctuate in the same way. 

For the cases ¢ and c’ the average numbers almost coincided with those in 
LAS initiated at the top and the abrupt increase of the numbers for the spectrum 
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Fig. 8a. Numbers of muons as a function of size 
at sea level. : Numbers in EAS of 
which shower rates are one halves of those of 
EAS initiated at the top of the atmosphere, for 
the spectra I and III. 


NUMBER OF MUONS 


, AVERAGE 
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Fig. 8b. The same as Fig. 8a. Mountain altitude 


(700 gem). 
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II did not appear. Curves for these 
average numbers are not, therefore, 
included in the figures. 


Except for the irregularity 
mentioned above, it could be stated 
that the numbers of the nucleonic 
component both at sea level and 
mountain altitude are linearly pro- 
portional to size, independently of 
7 and L, in our model. 


Similar figures for the muons 
of which parental charged pions 
have energies greater than 10 Mc’ 
are shown in Figs. 8a and 8b. For 
the case b, their dependence on. the 
primary spectra appears slightly as 
compared with the numbers of the 
nucleonic component, because the 
numbers of electrons and of muons 
fluctuate in an opposite sense. The 
dotted-broken curves show the 
numbers in EAS whose frequency, 
F,(N, 21), is one half of that of 
EAS initiated at the top. As can 
be seen from Table Ib, initiating 
depths of such EAS observed at 
sea level are 400~600 gcm~ for 
size 10° and about 300 gcm™~™ for 
size 10°, respectively, depending on 
the primary spectra. It should, 
therefore, be remembered that EAS 
initiated between the. top and the 
depth of several hundreds gem™ 
contribute to the shower rate with 
nearly equal frequency and further: 
more the ratio between the numbers 
of muons and electrons in such EAS 
fluctuates by as much as‘a factor of 
5 to 10. At mountain altitude, 
though the fluctuation of’ the ratio 
becomes small, it still gives the 
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same order as the one due to heavy primary particles, as will be shown in the 


next section. Lee 
7 roporti 
For all the cases 6, c and c’, the average numbers of muons are prop 


to N*, where a=0.80 at sea level and 0.85 at mountain altitude, N being the 
s1ze. 


§4. Calculated results. I 
——EAS initiated by heavy particles 


As will be discussed in § 5, the case gives a good agreement with the ex- 

periment so that we shall confine ourselves mainly to this case and additionally 
; a de 

to the case c’ which is in some sense related to the results (iii’) and (iv’) in § 5. 


4-1 Fluctuation due to heavy particles and the model of their first interaction 


Since the interaction mean free path of heavy particles is short enough to 
satisfy the condition (9), the fluctuation in the depth of the first interaction is 
relatively unimportant (see Fig. 10). An important fluctuation due to heavy 
particles arises from their dependence on mass number A and from how they break 


up at the first interaction and how many nucleons composing them participate in 
the interaction. 


From the analysis” of a jet shower induced by a heavy nucleus, it is shown 
that nucleons composing the heavy nucleus, which do not participate in the collision 
with an emulsion nucleus come out individually or as fragments by the evaporation 
process so that they have almost the same energy as they have before the collision. 
A similar collision may occur in the collision of a heavy particle with an air 
nucleus. Nucleons and fragments emerging from the collision make further in- 
teractions after penetrating through the atmosphere. An EAS initiated by a heavy 
nucleus is, thus, a superposition of EAS initiated by these particles and an EAS 
initiated at the first interaction. The number of nucleons composing a heavy 
nucleus which participate in the first interaction may fluctuate even for a given 
A. An EAS initiated by an A-particle would have, therefore, a characteristic 
intermediate between the following two extreme cases. One (hereafter referred to 
as an E-shower) is an EAS for which at the first collision all A nucleons interact 
in the same way and the other (referred to as an F-shower) is a fictitious EAS 
for which at the first collision all A nucleons come out without any energy loss 
and make their real interaction individually and with the interaction mean free 
path of nucleons. An E-shower initiated by an A-particle of total energy Ep can 
be replaced by a superposition of EAS initiated by A protons of energy E,/A. 
In an F-shower, the depths at which A nucleons make their real interactions 
fluctuate from nucleon to nucleon. Since to take into account. this fluctuation 
would be rather complex, we shall approximate an F-shower by a superposition 
of EAS by A protons of energy E7/A, averaged over depths of their first real 
interactions. This approximation would not be too far from the actual one for a 
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large A. The calculation for an 
F-shower is just the same as the one 
given in I. It should be noted that 
the fluctuation in the depths of the 
real interaction is quite different 
from the one hitherto considered 
and has no connection with 7,4 and 
L,4, and also that according to the 
definition of E- and F-showers the 
calculated results for both showers 
would give the upper and lower 
limits of the fluctuation due to 
A-particles. 

As an example, the altitude 
variations of the numbers of elec- 
trons in E- and F-showers, respec- 
tively, initiated at the top of the 
atmosphere by an a-particle are 
shown in Fig. 9. F-showers were 
only calculated for the case b. 


4-2 The size spectrum and the 
relative shower rates due to 
various groups of primary 
nuclei 

To calculate quantities concern- 


ELECTRONS 


OF 


NUMBER 


° 200 400 600 800 1000 1200 1400 
DEPTH FROM THE TOP OF THE ATMOSPHERE (gem) 
Fig. 9. Altitude variations of electrons in EAS 
initiated at the top of the atmosphere by e-particles 
of energy 107 and 108 Mc? per nucleon, respec- 
tively. 


° 1060 200 300 400 
xy (gem?) 


Fig.10. The same as Fig. 
3a for E-showers initiat- 
ed by «-particles for the 
spectrum [. Sea level. 


ed with EAS initiated by heavy particles, it is assumed 
that all groups of primary nuclei have the same spectrum 
of energy per nucleon as the proton spectrum and that 
the relative abundance of those groups at the top of the 
atmosphere is the same as at energies below 10 Gev’” 
as listed in Table 3. The interaction mean free paths 
of the representative nuclei given in Table 3 were 
evaluated with the empirical formula given by Peters.” 
Precise values of L,’s are not necessary, because the 
fluctuation in the depth of the first interaction is small. 

The calculation was made with the spectrum I in 
order to examine to what extent one can get a smooth 


size spectrum. 
The size spectra for the case b are shown in Fig. 


lla for E-showers and in Fig. 11b for F-showers. 
To indicate the intensity of inclined EAS, the. size 
spectra at the depth of 1300 gem~ are also shown. 


(ARBITRARY UNIT} 


% 


INTENSITY 
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Table III 
scp Ae | : A a ] 9 Ib, rel. abund. 
p p | 1 100 
a@ He 4 45 10 
IL, Li, Be, B 9 | ae 0.18 
M C, N, O, Ne | 16 | 2 0.64 
H Negi Sino. 30 21 0.10 
Fe Fe 56 16 0.04 


The mass thickness of 1300 gcm~ corresponds to the zenith angle of 38° at sea 
level. From both figures, one can see that up to the size of about 3-10° an ap- 
preciable change of the spectrum does not appear even if the primary spectrum 
has a cut-off at 5-10° Mc’. 

The case c’ is similar to the case b, as shown in Fig. 1lc. Though the size 
spectrum produced by each group of primaries drops rather suddenly at the sizes 


5, 


108 

SIZE 
Fig. lla. The differential size spectra at sea 
level of EAS initiated by various groups of 
primary nuclei. The broken and dotted curves 
are the total size spectra at sea level and at 
the depth of 1300 gem=2 respectively. The case 
6 for E-showers, 


Fig. 1lb. The same as Fig. lla. The case 6 
for F-showers. 
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corresponding to the cut-off energy 
per nucleon, the total intensity is 
quite smooth up to the same size 
as the one in the case 6. This is 
due to the fact that for a given 
primary energy EAS in the case 
c’ have larger sizes than those in 
the case b at sea level. 

A remarkable fact is that the 
shower rates of E-showers initiat- 
ed by heavy nuclei relative to that 


(ARBITRARY 


of protons are significantly dif- 
ferent at sea level and at moun- 
tain altitude for the case b as 
compared with c’, as shown in 
Table IV. At mountain altitude, 
since even for the case 0b the 
fluctuation in the depth of the 
first interaction is small, the rela- 


INTENSITY 


tive shower rates are quite similar 


108 107 oe 10 © to the case c’ up to a size of 
ce about 10° above which the effect - 

: my y 
Fig. 1lc. The same as Fig. 1la. The case c’ for of the cut-off appears. Grete 


E-showers. : fs 
other hand, since, for the case 8, 


EAS initiated by protons at large depths give rise to a considerable contribution 
to the shower rate, the relative shower rate of protons to heavier nuclei increases 
by a factor of 2 for E-showers* in going from mountain altitude to sea level where 
the effect of the cut-off appears above. a_size of about 5-10’ (see also Table 


IIb). 

Since the relative shower rates at mountain altitude are insensitive to 7 and 
L,, it is concluded that the shower rates due to heavy nuclei are greater than. or 
equal to twice that due to protons at mountain altitude under the assumptions 
given at the beginning of this subsection. From this fact it is reasonably understood 
that EAS having double Or. more cores are observed frequently at mountain 


altitude. 
One can also see from Table IV that with increasing size the relative rates due 


to nuclei heavier than protons increases gradually. In other words 04, the exponent 


* For F-showers the shower rate due to protons seems small. This is due to the fact that the 
fluctuation in the first interaction of protons similar to the one discussed in § 4-1 is not taken into 
account. If this fluctuation is considered, the relative shower rate due to protons will increase and 


become closer to that in the case of E-showers. 
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Table IV. The relative shower rates due to various groups of primary nuclei 


2 


at depths of 700, 1035 and 1300 gem™. 


b c 


ig E-shower F-shower E-shower 

size 108 | 107 | 108 | 109 | 108 | 107 | 108 | 109 | 108 | 107 | 108 | 109 
Mount. i | 

p 34 27 16 28 2A joe L6rat| 35 27 17 

a@ 32 34 29 2685 36 29 | BF 32 35 29 

ib 2 2 3 3 2 ee na 2 2 2 4 

M 1S 20) doe 34 19 21 ae ae 17 20 26 44 

H 7 8 12 16 8 8 12 ig 7 6 eats 23 

Fe 7 9 13 21 8 9 13 21 7 8 13 29 
Sea level 

p 67 | 57 36 35 | 28 15 46 35 27 

a 21 24 34 | 05 39 41 40 1 30 33 29 

if, 1 1 2 | 05 2 2 2 3 2 3 2 2 

M | ae 16 24 15 18 23 50 13 17 22 49 

H 2 4 6 35 5 6 9.) $29 5 6 10 23 

Fe 2 3 40 4 5 10 24 4 6 10 26 
1300 gem 

p 75 | 69 | 55 39 | 33 15 47 38 5 

aw 16 19 4 39 37 | 37 2 31 30 44 

L 1 1 1 2 2 3 1 2 2 3 

M 5 7 4a29 60 13 16 26 y 12 17 26 1 

H 2 2 8) 281) 40H 6 10 5 4 7 11 48 

Fe 1 2 8 10 3 Cwrhdle 9g} 0200 4 6 11 51 


of the shower size spectrum decreases with increasing A, though being not ap- 
preciable (see Figs. lla, b and c). This fact is attributed to an increasing 7, 
with energy—the knee at 10’ Mc’ in the spectrum II. 


4-3 The attenuation length of the shower rate 


The calculated d,’s of EAS initiated by a-particles and iron nuclei are shown 
in Fig. 12. Even for the case 0b, since the fluctuation in the depth of the first 
interaction is small, ,’s are approximately represented by Eq. (10). For E-showers 
A,’s are shorter than that of EAS initiated by protons, due to the short Ly’s. A,’s 
of F-showers are larger than those of E-showers as expected. An average A, of 
a-particles which could contribute to the shower rate with a frequency comparable 
with protons, is about 95 gcm~*. The difference between A, and Ape is mainly 


due to the fact that for a given shower size, an a-particle has an energy per 


nucleon ~14 times that of an iron nucleus. / corresponding to the one observed 


experimentally is the one averaged over the relative shower rates due to various 


NUMBER OF N-COMPONENT 


150 
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groups of primary nu: 
clei. From Figs. 6 and 
12, the calculated value 
is 100~110 gem™ for 
the case b. This value 
is maintained up to a 
size of 10° for the spec- 
trum II and up to about 
10° for the spectra I 
and III. 


For the case c’, A,’s 
are not very different 


Fe (F-SHOWER) 
Fe (E-SHOWER) 


from A,, because the 
fluctuation in the depth 
is small for all EAS 
including those due to 


protons. Hence / averaged over the 


106 10 
SIZE 
Fig. 12. The attenuation lengths of shower rates near sea level, 
for EAS initiated by a-particles and iron nuclei, as a function 
of size. 
10° 


Fig. 13. Numbers of 


—— b (SH WER),TOP 


b(E-SHOWER), TOP 


——— c'(E-SHOWER), TOP 


107 

SIZE 
nucleonic components hav- 
ing energy greater than 10, 102 and 103 Mc’, re- 
spectively, in EAS initiated at the top of the 
atmosphere by particles heavier than protons 
as a function of size. The dependence on the 
mass number aimost disappears. 


relative rate is close to A,. 


4-4 The nucleonic component and 
muons 


Generally, if the number of the 
nucleonic component or muons in EAS 
initiated by protons is represented by 
n,=kN* as a function of size, the cor- 
responding number in EAS initiated 
by A-particles is roughly given by 
na=kA(N/A)*=kA“* N*. If a=1, 
the A-dependence of m4 disappears. 
That is, for a given size an EAS 
initiated by even an iron nucleus 
involves almost the same 74 as an 
EAS by a proton. This is just the 
case of the nucleonic component in 
our model. The result is shown in 
Fig. 13. Since the fluctuation in the 
depth is small, the number of the 
nucleonic component involved in E- 
showers due to heavy particles almost 
coincides with the one involved in EAS 
initiated at the top of the atmosphere 


10 


NUMBER OF MUONS 


—— b (F-SHOWER), TOP 
ecse-- b (E-SHOWER), TOP 
Te ——— ¢’ (E-SHOWER), TOP 
—--—-- b, PROTON, TOP 
—-—- b, PROTON 
a (SEE FIG. 80) ~ 


105 10° 107 108 10? 
SIZE 
Fig. 14a. Numbers of muons in E- and F-showers 


initiated at the top of the atmosphere by a- 
particles and iron nuclei, as a function of size. 
For comparison the numbers in EAS due to 
protons for the case } are also given. 

+ : Numbers of muons in EAS due to 
protons of which shower rates are one halves of 
those in EAS initiated at the top of the atmos- 
phere for the spectrum III. Sea level. 


NUMBER OF MUONS 


aaa b jecevewen TOP 


b (E-SHOWER), TOP 
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io 107 108 10? 
SIZE 


Fig. 14b. The same as Fig. 14a. Mountain altitude 
(700 gem72), 
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by protons (compare with Fig. 7a). 
A slight difference arises between 
E-and F-showers. It should be 
noted that EAS initiated by protons 
contain a number of nuclear active 
particles of energy even greater than 
10° Mc? comparable with those in 
EAS initiated by heavy particles. 
This fact would make it difficult 
to distingyish between EAS initiated 
by protons and those by heavy 
particles from observations of the 
nucleonic component. 

For the muons the A-depend- 
ence of nm, appears as &@=0.8. 
The results are shown in Figs. i4a 
and 14b where the results of EAS 
initiated by protons is also presented 
for the case 6. The A-dependence 
and the difference between E- and 
F-showers is appreciable so that the 
ratio of the number of muons to 
that of electrons at sea level fluc- 
tuates by a factor of 3~4 between 
F’-showers initiated by a-particles 
and E-showers initiated by iron 
nuclei. Comparing the shower rate 
initiated by protons at large depths 
shown in Table 2b with Table 4, 
we see that this factor of .3~4, 
which would be an upper value 
according to the definition of E- and 
F’-showers, is however about 3 times 
smaller than the one due to protons. 
Taking into account the fluctuations 
due to protons and due to heavy 
nuclei, the ratio between numbers 
of muons and of electrons fluctuates 
by a factor of ten or more for more 
than 10 percent of EAS of a given 
size at sea level. Since the fluctua: 
tion in the depth of the first interac- 
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tion of protons increases with increasing atmospheric thickness, the larger the zenith 
angle the more the ratio fluctuate. From these considerations we see that for the 
case & the fluctuation in various measurable quantities at sea level are mainly attribu- 
table to the proton primaries. 

At mountain altitude the fluctuation in the ratio of muons to electrons, the 
factor being not more than 5 is nearly equally contributed to by protons and by 
heavy nuclei as primaries. 

For the case c’, the fluctuation in the ratio is mainly due to heavy nuclei. 
It should be remembered that the larger the zenith angle the less the ratio fluctuates, 
because the shower rate due to heavy nuclei forms a smaller proportion of the 
total rate because of the short L,’s. 


§ 5. Comparison with experiments and discussion 


There are three experimental results which are directly related to the shower 
curves : 
(i) The integral size spectrum is well represented by a power function of size 
N and the exponent ¢ at sea level is given by” 


fo or N10 


o= 
1940.20 fons N23 105) 
Table V 
Observer m1 Size A (gem?) | Reference No. 

Clark > 105 1OVZELE | (14) 
Greisen 105~108 | 140-10 | (17) 

Harwell group 3-10° 114 | (4) 

8-105 110 | (4) 

2-108 | 111 | (4) 
MIT group 3-105~3-108 | 98-5 (15) 
3-108~3-10° | 90-5 (15) 
105~10° 113+9 (16) 
Sydney group 3-10° 12517 (18) 
8.5+105 107 | (18) 

Tokyo group 105~107 100-15 (5) 

es es ea 


a 


(ii) The attenuation length of shower rate / near sea level is nearly ae 
of N. All values shown in Table V are in agreement with each other, 
except the rather large value derived by scale 

(iii) EAS of size = 10° are observed at sea level. . tel 

If all EAS having sizes 210° at sea level are initiated by iron nuclei, the 


. as 8 2 om ‘ 
sizes are 222-10" per nucleon, corresponding to H)= 10° Mc". It 15, therefore, rea 
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sonable to assume that the energy spectrum of primary protons extends at least 
=p to about 10° Mc’, so that EAS initiated by protons satisfy the results (i) and 
(ii) up to a size of about 2-10". & 

As easily seen from Figs. 5a, 5b and 6, the case 6 is in good agreement 
with (i) and (ii), below such a size irrespective of the spectra I, Hl and HII. This 
result is not altered by a contribution of EAS initiated by heavy nuclei as shown 
in §4-2 and 4-3. ‘Therefore, our model of high-energy interaction for 7=0.7 
and L,=L,=90 gem™ gives a good fit with (i) and (ii) for an energy spectrum 
of protons such that 7, is 1.8 at about 10° Mc?, increasing gradually with E,, and 
is 2.1~2.2 near 10° Mc?. It is noted that shower curves for the case 6 are quite 
similar to that for a primary energy of about 10” ev derived by Miyake” analysing 
the experimental data. 

One could get other shower curves quite similar to the case 6, choosing other 
combinations of 7 and L, properly,—more generally choosing inelasticity, interaction 
mean free path, energy distribution of secondary particles and their energy de- 
pendences properly and so on. It should be noted, however, that the shower curves 
derived in such a way could not fit the experiments, unless L,~90 gcm™, because 
A, is intimately related to L,. 

As far as the results (i) and (ii) are concerned, there is another possible way 
to explain them. For instance, as can be guessed from the results for the case c’, 
our model for 7=0.3 and L,=60~50 gcem~’, though the choice be artificial, could 
explain them, because A, is well approximated by Eq. (10). An essential difference 
between this case and bd is that in the former case the fluctuation in various quan- 
tities would be quite small as compared with the case 6. According to the results 
of II, the ratio between numbers of muons and of electrons at sea level fluctuates 
by at least a factor ten for vertical EAS and several times this for steeply inclined 
EAS (see Table VI). The case & can explain this large fluctuation as discussed 
in § 4-4. On the other hand, the other case cannot explain it. 

Finally, we shall discuss the relationship between our model for the case b 
and the experimental results from the study of jet showers which could govern 
-ppreciably the shape of shower curves. The results are as follows: 


Table VI. The numbers of observed EAS for given ranges of size N and of the number 
of muons n,. @ is the zenith angle (cited from II). 
a a 


g<25° 0>=45° 
100~300 0 0 3 4 8 1 0 { 1 
30~100 0 1 21 21 2 0 2 6 0 
10~ 30 0 16 43 6 0 0 9 7 2 
$— 10 2 21 19 2 0 0 8 11 0 
Lee a8 i 6 0 0 0 0 4 0 0 
iy aNaaeD 04=09) 123 ") “S240 | oss e E 
ngs | 04~0. | 0 | 0 | 30~100 |100~300| 0.4~0.9| 1~3 | 3~10 
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(i’) The energy spectrum of high-energy ;-rays which are attributed to the decay 
of neutral pions becomes suddenly steep at about 10” ev.” 2? The energy 
of the nuclear interactions in which such neutral pions are produced would 
be about 10 ev or more. 

(ii’) About 20 percent of secondary particles in the interactions of energy 10°~ 
10” ev are heavier than pions.” Though there are no data on the pro- 
portion above 10” ey, there might be a tendency for the proportion to in: 
crease with increasing energy, because the higher the energy the more impor- 
tant may be the core of the nucleon. Perhaps (i’) and (ii’) are correlated 
with each other. 

(iii) The inelasticity K of primary jets seems to have a decreasing tendency 
with increasing energy. That of secondary jets is close to unity.” 

(iv’) The interaction mean free path seems to decrease with increasing energy.” 

The results (i’) and (ii’) act to shorten /, independent of L,. (iv’) acts not 
only to shorten 7,, but also to decrease the fluctuation in the depth. (iii’) acts 
to lengthen 7, and also to decrease the fluctuation. Hayakawa and Ogita,” taking 
into account (i’) and (ii’) roughly with L,=90gcem~’, showed that the calculated 
shower curves are quite similar to the ones for the case a. This fact shows that 
the rather large value of 7 in the case b has the same effect as would be obtained 
by a lower K together with the effects (i/) and (ii). That is, K averaged over 
energies at which the main contribution to the number of electrons arises might 
be 0.4~0.5, but the effects of (i) and (ii’) could raise the effective figure up to 
0.6~0.7. 

Since (iii’) and (iv’) make the fluctuation small at higher energies, the fluctu- 
ation in the ratio between numbers of muons and of electrons decreases with 
increasing size as compared with the case b. If the effects of (iii’) and (iv’) are 
already appreciable within the size range of 10°~10°, that is, within the energy 
range of nuclear active particles which contribute mainly to the number of electrons 
in EAS of the size of 10°~10°, the observed fluctuation in the ratio could not be 
explained as shown in § 4-4. Therefore, we could conclude that the fluctuation 
‘n the ratio within the size range of 10°~10° is mainly governed by that in the 
depth of the first interaction of protons as given in the case be 

For the size spectrum, under the assumptions given in § 4-2 a consistent 
spectrum can be derived insensitive to 7 and L,, even if there is a cut-off at about 
5-10° Mc? per nucleon in the primary energy spectrum. If the fluctuation in the 
depth due to protons is as appreciable as in the case b even at larger sizes, Sa 
is a possibility that the number of the nucleonic component or muons 1n EA 


) 


* Since the number of muons has the A-dependence of Al, if a<0.6, the fluctuation in the 
atio might be equally attributed to heavy nuclei as well as to protons. Experimental values of a, 
: ibute widely from 0.4 to 12 Therefore it is desirable to measure a more precisely, 


wever, distr : f 
“4 is in agreement with values derived by Cranshaw et al. 


though our evaluated value 0.8 at sea level 
(0.75=+0.18) and Kraushaar” (0.750.09). 
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which are in early stages of development, increases or decreases at some size as 
shown in Fig. 7a and 8a, though EAS initiated by heavy nuclei might smear out 
this tendency. 

On the nucleonic component and muons the experimental results do not agree 
at the present time. And also our model is rather crude to discuss these com- 
ponents in detail, because they are mainly occupied by low energy particles. Thus 
we shall make only a few remarks. Under the assumptions given in § 4-2 one third 
of EAS at sea level and two-third or more at mountain altitude are initiated by 
nuclei heavier than protons so that it is quite probable that multiple cores will be 
observed very near the shower axes. These cores could be attributed to survivals 
of nucleons composing their primary particle. On the other hand, if the number 
of high-energy nuclear active particles is proportional to size, those particles in 
EAS initiated by protons are as abundant as in EAS by heavy nuclei as shown 
in § 4-4. The difference between these two cases might be that in the latter case 
cores have identical or at least comparable energies with each other. Further- 
more the latter case can give a high ratio between numbers of muons and electrons 
as compared with the former. These facts would give a possible clue to distinguish 
between EAS due to protons and due to heavy nuclei, but a high statistical accuracy 
would be required. It should be remembered that the smaller the ratio of muous 
to electrons, the more abundant are the high-energy particles in EAS initiated by 
protons. This tendency is opposite to EAS initiated by heavy nuclei. Events 
having double or more cores have been observed.” In order to confirm whether 
they are attributed to heavy nuclei, however, more refined analyses would be 
required. 


Acknowledgements 


The author would like to express his sincere thanks to Professor H. Messel 
for his hospitality. He would also like to thank Professor C. B. A. McCusker and 
Dr. D. D. Millar for valuable discussions, and the staffs of the Basser Computing 
Department for their help in carrying out the numerical calculation with the 
electronic computer SILLIAC. He owes thanks to Mr. T. Hamada for his sug- 
gestions on the programming of the computer. 


Appendix 
The method of calculation 


The diffusion equations of a nucleonic cascade initiated at the top of the 
atmosphere are given by 


A) / 
ee a —N(E, x’) + es E) N(E’, x’) dE’ 


a | Sve, E')x(E', x’) dE! 


On the Structure of Extensive Air Showers. II 1259 


GEE a) B 
Saigy cane ale (1 +2] Op, oo) { S.v(E, BE’) NCE", 2!) dE’ 
4 bie Ex(E!, x’) dE! (A-1) 


Here N(E, x')dE and (FE, x')dE are numbers of nucleons and charged pions, 
respectively, having energy between E and E+dE at depth 2’ in interaction mean 
free path L, units,* measured from the top of the atmosphere. S,y(£, E’) is the 
production spectrum of charged pions produced by a nucleon of energy E’, and 
so on. The decay constant B of a charged pion is defined by 


ae (A -2) 
eS ? (2! ) Aw 
where o(x’) is the density of air at depth x’, and m and = are the mass and 
life time of the charged pion respectively. Since x’/ p(a’) is almost constant over 
all altitudes, the value (2’/e(x’)) + averaged over depth from the top of the 
atmosphere to sea level is used to define B. 

In the case of a nucleonic cascade initiated at depth 2, the term representing 
the decay loss of charged pions in Eq. (A-1) must be replacd by, if no averaging 
procedure is made, 


1 mc i mc B 
gC (Ee, Ze = he) = a(E, , 
| Dies pO ee EM nea) we Bikes #) EZ Ge toyz) 


(A-3) 
where x(=2’—.2;) is an atmospheric thickness through which the nucleonic cascade 
develops. Though 2/ p(a%+2z) is zero at z=0 as it should be, it is nearly con- 
stant for a given 2x1, from sea level to 2/=2,+1, the average depth at which the 
second interaction occurs. One can, therefore, define a new decay constant B(x) 


as a function of 2%, 1. e. 


Legh “ ( esi iP Ce) 


averaged over the range from x’=2,1+1 to sea level. By Table VII 


this approximation the number of pions belonging to the | B(x) 
first generation 1s underestimated. But this is not signifi- 


cant because their energies are very large compared with i HE 
B(x). Several values of B(x) for L4s=L,=90 gcem™~ ; ee 
are shown in Table VII. To evaluate them the graph citec 3 88 
by Rossi”? was used. 4 74 

The diffusion equations of the nucleonic cascade : is 
initiated at depth x, become the same as Eq. (A-1) 


* In the Appendix the depth is measured in interaction mean free path units, except Eqs. (A-8) 


and (A:9). 
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simply by replacing B and x’ by B(a) and x respectively, and can be solved in 
a similar manner given in I. The only difference is as follows. Since the fluc- 
tuation in the depth of the first nuclear interaction is concerned, N(E, x) and 
a(E, x) must be expanded as 


—1 


= 51 "2" NB), 
NE, 2) = 3) FN) 
(A-5) 
A TY 
£ (E, 2)= 3) FE a(B) 


Thus the recurrence formulae for each generation turn out to be for 722 


N,(E) = | Suv(E, E’) Nia (E’) dE! + \ Swa(E, E)ma(E’) dE", (A-6) 


l—1)E | / / ! / / / 
Prey alin Asal Sew(E, E!)N,a(E’ dE +(S..(E, Bm) db’. 
ees al ad ee 

N,(£) and 2,(£), the secondary nucleons and charged pions produced in the first 
interaction respectively, are fixed by the model of high-energy nuclear interaction, i.e. 


N,(E) =Syw(E, Ey), m(H) =Srv(E, Eo), (A-7) 


where Ff, is an energy of a primary proton. 

The total number of electrons at depth ¢, initiated by neutral pions which are 
produced in the /-th nuclear interactions and which have the energy spectrum 
m(E) dE is given by 


t,(E, t)dE=7/(E) dE 2 3 M(s) Ki(s, —S) (= ) exp[a (wf 
% c 


(S-+1)[s97 (S)}? (227 
(A-8) 
where 
I for Z=1, 
fi(&t) =4 7 envy! 4 
1 (St) (32 ae (A-9) 


and ¢ in radiation units is measured from the depth of the first interaction. The 
notations are the same as given in I. 


The number of muons at depth x which are the decay products of charged 
pions of the /-th generation is for 12 


az 


-y pearl x = ay 
p(B, dB =m (B) dB) <2 dy=m(E) dpa) eee oe 
0 


(1-1)! (—-1)E } ((—2)! 
(A-10) 


The integral diverges for J=1, This divergence arises in connection with the 
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definition of B(x). If the integral for 7=1 is evaluated in a more correct manner, 
however, it gives a very small value, because the energy of the charged pions 
produced in the first interaction is so high that they almost always collide with 
air nuclei before decaying into muons. Therefore muons which are the decay 
product of the charged pions of the first generation are neglected in our calculation. 


26) 


27) 
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S-wave pion-nucleon scattering is investigated from the viewpoint that pion-pion interaction 
is important. Starting from the interaction Lagrangian L,; 


—Ly= SS pelrnerder+(sae) [ eel7o(r) xd (r)d?r+V (0) | per) g(r) dr, 


(where the third term corresponds to the effective potential obtained from the original pion- 
pion interaction H;7-*=2(¢-¢)2,) we solve directly the Klein-Gordon equation on the matrix- 
elements of the meson field operator between the nucleon state and the nucleon plus one- 
meson state. Choosing Yukawa type for the form factors ;(7) =(4z7r)14?2 exp [—Aj;r], we 
can obtain the best fit to the experimental behavior of the S-wave phase shifts for the following 
value of the parameters: Ag~5y, A,~3.5y, (2/4) (G2/2M+ V (0)) = (2/42) (G2/2M) (2/10) ~0 
=(0.4~0) 71. This choice of V(0) corresponds to the original pion-pion coupling constant 
i/4x=0.3~0.5 and is consistent with the value |A|/4z~1 determined from the (z-2z) process 
at 1.4 Bev. On the basis as obtained above, the qualitative nature of the small P-wave phase 
shifts is discussed. And we obtain the results which coincide with the ones of analysis by 
Lomon and Chiu. 


§ 1. Introduction and summary 


The characteristic feature of the S-wave pion-nucleon scattering, though more 
detailed knowledge has recently been acquired about it, is described by Orear’s 
line: 0,°=9.2k and 0,°=—6.3k for the iso-spin I=} state and the [=2 state 


2, 


4 


respectively. As is well known, for the iso-odd part of the phase shifts (é,—43) 
various theories can give the right order of magnitude, but for the iso-even part 
(@,+20;) no satisfactory explanations have yet been given (e.g. perturbational 
calculation of the pseudoscalar coupling theory gives the larger value for it by a 
factor 10~100). 

In this paper we shall call our attention, among the many investigations” so far 


made, to the theories based on the Tani-Foldy transformation from the pseudo- 
scalar coupling : 


Hy=h(\ pro) d*r)*-+22( | 07) 6 (0) dr) x (fo s@)d'r)-t, (A) 


where 4,=G?/2M and 4,=(G/2M)*. And we shall reconsider them from the 
viewpoint that pion-pion interaction takes an important role also in the low energy 
pion-nucleon scattering. Recently, the importance of pion-pion interaction has been 
yery frequently emphasized in the problems of nucleon structure,” of the second 
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and third maxima” of the pion-nucleon scattering and of single pion production.” 
Our thought of line, as has already been tried by some authors,” consists in that 
the original large iso-even part which plays the mischief should be cancelled out 
with the effective potential resulted from the pion-pion interaction H,"~*=A(-¢)’, 
Le. 


—Ly= SF (fretr) 6) d'r)*+ (2) e- (| per) o(r)a°r) 


x (| por) 8(r) d*r) +V(0) (\pa(r) sr) ar), (2) 


where we assume V (0) is negative following the above thought of line. Then we 
solve directly the Klein-Gordon equation on the matrix-elements of the meson field 
operator between the nucleon state and the nucleon plus one-meson incoming state 
and ask the phase shifts. This method is frequently used,” and in the previous 
paper” the author showed that the phase shifts defined from the above mentioned 
matrix-elements as in the usual quantum mechanics are really identified with the 
scattering phases. Taking Yukawa type for the form factors 


pr) = (dar) AS exp[—Acr], Px(r) = (Aar) A,’ exp[—A,7], 


we shall try to reproduce the experimental behavior of the phase shifts for the 
three parameters, 4,, 4, and V(0). 

In § 2, i), we shall calculate the S-wave phase shifts according to the method 
mentioned above and try to fit the theory to the experimental behavior for the 
following six cases, 


(A) 4,=A,=2p** ; (B) A=A,=3p; (C) A,=A,=4p; 
(D) 4.=37, 4,=2; (E) A=4p, A=8p; (F) A.=5, A,=3.5p. 


The results are shown in Fig. la (A), (B), (C), and Fig. 1b (D), (BE), (@) re 
spectively (in each case (2/47) (G?/2M + V(0)) =(0.4~0) 2" is most profitable) . 
From the comparison of them, we conclude that the best fit to the experimental 
behavior can be obtained for the case (F) (ie. d,=5y and A,=3.5p) . which 
gives the reasonable figure to the nucleon form factor consistent with the onc 
obtained thus far. 

In § 2, ii), we discuss the relation between the third term of Eq. (2) anc 
the effective pion-pion interaction H,-*=/(¢-¢)*. We calculate the effective p= 
tential through the graphs, Fig. 2 (a) and (b), and determine the value 4/47= 
0.3~0.5 corresponding to the above mentioned value of V(0). This value fo: 
pion-pion coupling constant is consistent with the value |/|/4z~1 determined from. 
the analyses®® of (z-27) process at 1.4 Bev. 


* As usual we make the non-local separable approximation for L; in the treatment of the S-wavc 
scattering. 


** We shall put A=c=1 and » (# is pion mass) =1 in the places where no misleading may occur 
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In § 3 we shall discuss qualitative behavior of the P-wave phase shifts of the 
pion-nucleon scattering on the basis obtained above. Asa result we shall see the 
following points: i) If we do not consider the effect of pion-pion interaction, we 
see that the term (G?/2M)¢’ plays the mischief for the phase shift for the (3, 3) 
state as well as for the S-wave phase shifts. And ii) we obtain for small P-wave 
phase shifts the results which coincide qualitatively with the ones of analysis by 
Lomon and Chiu.” 

Finally in this section we shall briefly review and discuss the works which 
are related to our thought of line. Along the Chew-Low formalism, Drell, Friedman 
and Zachariasen™ analyzed the interaction Hamiltonian (1) in the one-meson ap- 
proximation. Choosing the straight cut for the nucleon form factor and treating 
A, 4. and cutoff energy Wa, as parameters, they determined values for them 
A= 0.4171, 49=0.40? and Onas=4.5/, which give reasonable agreement with the 
experiments of the S-wave phase shifts up to ~100 Mev kinetic energy. (After- 
wards Goebel” pointed out that such values for parameters should lead to a reso- 
nance at momentum k=2.2y for iso-spin J=4 state.) Their work can be considered 
to correspond to our case (C) (ie. A=A,=4p) (see Fig. la(C)). 

Lomon™ treated also the interaction Hamiltonian (1) and succeeded in di- 
agonalizing the Hamiltonian obtained from (1). 

At a glance his solution seems to be exact, but afterwards Kobayashi and 
Klein” pointed out that Lomon’s soluticn is exact only in a certain approximation, 
in which the time dependence of the iso-spin is neglected (our solution is also in 
this approximation) . 

Recently Miyazawa and Kawarabayashi” proposed an interesting model in 
which they assumed as follows: 

i) The source of S-wave pion is extended to a range ~(2/)71. 
ii) Attractive pion-pion interaction (/(¢-¢)?:%<0) is important for S-wave pion 
nucleon scattering. 

Starting from (2) and using the Tamm-Dancoff approximation, they succeeded 
to reproduce main features of the S-waye phase shifts in the low energy region. Their 
work can be considered to correspond to our case (A) Gel" A,=A,=24) (see 
Fig. la(A)). 

With regards their assumption i), we cannot immediately agree with it and 
‘ts necessity for the explanation of the experiment is not so clear (this point has 
been the main motivation for this work). They pointed out that such an extended 
core is consistent with the conclusion from the electromagnetic structure of the 
nucleon and also from the analysis of the nucleon-antinucleon interaction by Koba 
and Takeda. On the other hand, we know the analysis of the nucleon-antinucleon 
interaction by Ball, Chew” and Fulco. They assumed that the absorbing region 
for nucleon-antinucleon annihilation is inside the rather small region ~ (3)7 
which is consistent with the repulsive hard core assumed in the analysis of nuclear 
force. Up to now, their theory seems to be based on the most acceptable founda- 


<< 
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tions and can explain low energy nucleon-antinucleon experiments very well. We 
shall see in § 2 that we do not need such a drastic change for the figure of nu- 
cleon form factor that the source of S-wave pion is extended to a range rw (21) 7. 

With regards their assumption ii), it is in agreement with our standpoint 
that pion-pion interaction is important for the S-wave pion-nucleon scattering. But 
in § 2, ii), we shall see that pion-pion interaction should be repulsive (A(¢-¢)* : A> 0) 
against their result that it is attractive (A<0), if we consider the graph Fig. 2(b) 
as well as Fig. 2(a). 

Recently, Sugano” has shown that “in the case of pseudoscalar coupling the 
second order matrix-elements are almost canceled by some of the fourth order 
ones which appear in the reduced Chew-Low equation as modified Born terms ”. 
In the present paper we shall not enter into the problem of the higher order cor- 
rection to the interaction Hamiltonian (1), but we only remark here on the work 
by Goebel,” which examines the higher order correction only due to the two-vertex 
interaction and concludes that “the effective S-wave two-vertex interaction consists 
very nearly of simply the lowest order Foldy terms” (1). 


§ 2. S-wave pion-nucleon scattering 


i) Calculation of the phase shifts 


As mentioned in §1 we solve directly the Klein-Gordon equation on the 
matrix-elements of the meson field operator between the physical nucleon state |N) 
and the nucleon plus one-meson incoming state |N, a) ( is the energy of inci- 
dent meson) and ask the phase shifts defined as in usual quantum mechanics. 


From (2) we obtain 


(a- = 18) 900) = 2S pol) fer 90) ae’ +( a) pel) jer) 8") d'r') Xz 


G V4 / Se ee Ui / Heed 
2 ( < ) ange 2 (feared r! Xt) +2V(0)p,(r) | per’) 6") r, 
(3) 


(V+) be (r) = a pel) | elo’) bur")?! + 


2( ©)’ 2¢ ian) pn(r) (| pel 6) dir) Xe +2V O) Pol) | par") a(n!) ar’ 
2M 


(4) 
where ox. (r) =(N| g(r) |N, o%?. 
Here we made such an approximation,* as 
= (N|exd(r)|N, ony=(N|e|N) XCN|G@)IN, on), (5) 


i 4 to the one 
* This approximation, which we call the “zero-meson approximation ”, meee ef - 
pointed out by Kobayashi-Klein™ and does not coincide with the usual Tamm-Dancoit metho 
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and defined new renormalization constant Z 
CIN tN )==Ze. (6) 


Decomposing Eq. (4) into the eigenstates of the iso-spin [ and transforming it 
into the momentum representation, we obtain 


(p° ie) dx (p) ad (Ay' U1 (p) Ci +).v (p) C:), (7) 


where we defined 


oil(p) = |e" d*r(Ni6(7)IN, o> 


21.(p) = (22) "| p,.(7) enn dip, 


12 
iia (2542 (2) Zine ‘), p= 2V (0), caslika MF 1=(¥2), 


Ca Jou) éx(p) d°p. (8) 


Considering the incoming-wave boundary condition, we can directly write the solu- 
ti0n fOreq. (7) < 


op) =0 (p— k)+ — reste) CF help) Gi) . (9) 
P 1€ 


To determine C; we derive the equation 


C,\=v,(k) -{ Avy (p) Cit Av (p) ma(p) C, d®p, 


p—k’—ie 
A 
C=u(k) — | pe pea ea (p) C, d'p, (10) 
by using Eq. (8), the definition of C. We then obtain 
C,=N,/D; (11) 
where 
14) 2a" pj, ( (bp) erp) dip 
= p—k’—ie ’ p’—k’—ie 
a | eee) ap P 1+A| V2’ (p) d*p > 
p—k p’—k?—ie 
v d*p 2 3 
n(h), | MED ee 1+4|2PP , a(R) 
N= awe “abet hie 
vs(k), 142 { vs'(p)d'p v1(p)v(p) d® p 
2 2 pi keege Ay p'—K'—ie > ard 


Then we can obtain the scattering amplitude /(@) =e® sin 0/k from the relation 
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SF (p) = — 27? (Ayv10, + 22v2c2). From now we choose Yukawa type = (42r) "A? exp 
[—A,.r] and. p,=(4rr)—A,? exp[—A,r] for the form factors. 

For the comparison we first write the scattering length in the case of no 
pion-pion interaction (i.e. V (0) =0) 


oa "(148 z ) 


ed st 2M eb A es 
1 £ (tet \4 
OM 2M) 4x 


Here the numerator is the Born term and the denominator is the order of magni- 
tude ~1+A,. From this we see that we can obtain the right order of magnitude 
for the iso-even part of the phase shift by taking A.=M~2M (WM: nucleon mass) 
but this leads to the corresponding reduction of the iso-odd part. So in the case 
of no pion-pion interaction, it is the iso-odd part rather than the iso-even part 
that is difficult to explain. 

Next we write down the results of calculation for tan 0/k, 


tand’/k=N’/D, 


heed RAL oA ditds AE A,2 
An \ (A248) 6A 2+R)? § 4t (ABB) CAPR)? 
2) 72 2 72 _ f2 
| Ae(Ag—k) +A, APB) 2A A, (Ac Ae’) |} (13) 
2 A,+ A, 
nil z Ad (Ae! —F*) 9 4 Z Af (A, —’) 
aeish dn (AZ+R)? 2 Re (A2+#)? 2 
Ay Ag A.* Ms E A 2h?) (A 2__ f?) = | 
are An (A2+#)? (AZ +R)? L 4 Se ‘ (A+ AL)? 
and for the scattering length 
ya ioe’ C= 42)" 
exmetne fe petetelae ie py 
Are ( ean See | 14 
= 1 1 og (A,—A,)* se 
rt 44 yA, + A A 
| abo 8x Megha 8x es 82 8x GRE 


Considering that the iso-even part of the first term in the numerator of Eq. (14) 
is too large and the iso-odd part of it has the right order of magnitude, we see 
that such a prescription as 
iso-even part of AiI~—A:, 
ye (15) 

may reproduce the experimental behavior of the phase shifts. 

To see the qualitative behavior we take the value for the coupling constant 
(1/42) (G/2M )’=0.08 and Z=1 and show the results of calculation for the next 
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six cases of parameters in Fig. 1: 

(A) A,.=A,=2p ; (B) 4.=A,=32 ; (C) A=A,=4¢; 

(D) A=34,4,=24; (E) 4.=44,4,=32; (F) 4,=5¢4, 4,=3.5¢. 
In each case (2/47) (G?/2M+ V(0)) = (2/42) (G?/2M) (2/10~0) = (0.4~0) p™ is 
most profitable corresponding to the first condition of (15). From the comparison 
of them we conclude that the best fit to the experimental behavior can be obtained 
for the case (F) (ie. A,=5y, A,=3.54) which gives the reasonable figure to 
the nucleon form factor, and we need no such drastic change as the case in the 
theory of Miyazawa and Kawarabayashi” to explain the experimental behavior of 
the S-wave phase shifts. 
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Fig. la. S-wave phase shifts (A, B, C) 
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Fig. 1b. S-wave phase shifts (D, E, F) 


Now we add some remarks about the results of Fig. 1. In case (A) which 
can be considered to correspond to the case of the theory of Miyazawa and 
Kawarabayashi, the magnitude of the phase shifts damps down rapidly at the 
region w*2 corresponding to the choice of A,=A,=2. On the other hand, the 
experimental value for J=% phase shift is rather enlarged for this energy region » 
(see Fig. 1). 

Case (C) can be considered to correspond to the case of the theory of Drell, 
Friedman and Zachariasen,’” and we can see that the resonance for the J=% state 
pointed out by Goebel" will occur really in this case. As for cases (A), (B) and 
(C), i.e. for A,=A,, the third term in (4) cancel out the first term irrespective 
of the energy, but as for cases (D), (E) and (F), ie. for A.> A, the third term 
damps down earlier than the first term does and the phase shift 6, becomes negative 


at certain energy corresponding to the dominance of the first term. 


ii) Effective coupling constant of pion-pion interaction 
In the last section we obtained the value for the parameter V(0) in the thire 
term of (2) (2/47) (G?/2M+ V(0)) =(2/10~0) (2/42) (G?/2M) in order to fit the 
theory to the experiment. 
In this section we discuss the relation between V(0) and the original effectiv 
This task is very difficult, so the following result 


pion-pion coupling constant /. 
Up to the second order in the origine. 


should be only of a qualitative nature. 
coupling constant G, we obtain” 
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Vig)=\Vrewrd'r 


Sar A (ka) +2B(ko) +C(ko) pb ate. dhg* 
On) (hk — we) ((R+Q) + wi+2) 


Ee f _~<dk- dh, 
2M 4° J (ky — ox’) ((k+q)0 +@x+q) 


2 
Ses (s eres: S"x40| Radayal (16) 
AU: An Ar a wt ii 4x 4x 2M : 


Wx 


where we take (f?/42) = (G/2M)’(1/4z) 


' @ 
=0.08. on 2 / 
The first term in Eq. (16) is due to aK zt calf 
virtual P-wave meson (Fig. 2 (a)), which a At ee dr 
only is considered in the M. K. theory, and ay >. % 
the second term is due to virtual S-wave fF \ \ 
meson (Fig. 2 (b)). Taking straight-cut N x 7 
for the integral in Eq. (16) (@max=6 for the - ) 
first term, Wpax=5 for the second) we obtain** eee ee 
: a Fig. 2. Potential due to pion-pion 
from Eq. (16) and the above mentione cee 


~alue for V (0) 


V(0)=(-1~- a Cys ot s0x45—+ & 4ox1.4}, 


10/ 2M 4a | 4x At 2M 
EA 36025) 
7 


This value for 4 is consistent*** with the value |4|/4z~1 determined by 
the analysis” of (a-2m) process at 1.4Bev. The difference about the sign of 2 
from the M. K. theory comes from the contribution due to the graph Fig. 2(b) 
which is larger than the one due to the graph Fig. 2(a) by factor 2 and opposite 
in sign. 


§ 3. P-wave pion-nucleon scattering 


In § 2 we showed that one can explain the experimental behavior of S-wave phase 


* The definition of A, B and C is given in the work by H. Miyazawa, Phys. Rev. 104 (1956), 1741. 
** The author should like to express his thanks to Dr. Y. Fujii and to Dr. K. Igi for pointing 
out the error made in the calculation of Eq. (16) in the previous manuscript of this work. 

*** This conclusion seems to differ from the one by Ito and Minami® who estimated the effect 
of pion-pion interaction (with the coupling constant determined from the analysis of (z-2z) process) 
to the S-wave pion-nucleon scattering by use of relativistic perturbation and concluded this effect is 
negligible. But to our regret, their works are mistaken in the following two points. 

i) Their Eq. (12) should be multiplied by factor 4, 
li) Pion-pion coupling constant® determined by (z-2z) process is |A|/4m~1.6 for the interaction 
Hamiltonian H;=A($-¢)?, and not (A/4z)2~1.6 for Hz = (4/16) (6+ ¢)2. 
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shifts from the viewpoint that pion-pion interaction is important. 

In this section we discuss the qualitative behavior of P-wave phase shifts on 
the basis obtained in § 2. Instead of (2) we take the original (without the non-local 
separable approximation) interaction Hamiltonian | 


were 
2M 


H=-S_| pr) rar +( 


2M )e ; | Por) B(r) xO(r)d*r 


+V (0) lp.e@a'r+(5) lo) (@-V)G-$@)) 4%, (a7) 


obtained by the Tani-Foldy transformation from the ps-ps coupling theory with 
the addition of attractive potential term due to pion-pion interaction. 

From (17) we obtain* up to the second order in the original pion-nucleon 
coupling constant G 


(WH) Galt) ==} 27 par) le) — Bion (5 


) Zbu(r) x tpe(r) 


vs G ; A whee / fon / / / Sah 
+2V O)pa(r) alr) 2 (2) 200. NIV! ex dele) +o xV' hale] 0Cr a'r! 


(18) 


where we defined ¢,(r)=(N\|¢(r)|N, ox). Here we made the “zero-meson ap 
proximation” as was done in §2. Transforming Eq.(18) into momentum representa- 
tion and decomposing it into the eigenstates of iso-spin and angular momentum 


2G 
2M 


(p'—B)§(p) =- 2 | o\(p—p') uP) 4°P 


—2 (2) né"| (pp) 6x(P) 4" 


—2V(0) [x(p—P) (pap +4 Aap v(p) | Pop’) 9(p) 4° i 
(19) 


—4 11 
where 2,= ae ( eS i —1} for [13, 31] state as usual. 
i Bj alge 2M 9 33 
Then we solve Eq.(19) only in the Born approximation (this coincides with the 


Born approximation in the usual method). This solution may not be correct in 
in qualitative nature (especially about 


quantitative nature, but it would be correct 1 
the sign of the phase shifts) . 


* We here made the following prescription : (N|t|\N)=Zr, (Nio|N)=Z’o and Z=Z (really Z 
and Z differ from each other in the order of (G/2M)4). There is some ambiguity about the above 
definition of Z. On this point and on ihe derivation of Eq.(18), see reference 10). From now we set 


Z=1. 
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Choosing Yukawa type »;(r)=(4ar)"A, exp |—A;r] for the form factors 
as in § 2, we obtain the scattering amplitude / (0) in this approximation 
f(0) = 31 (2141) e&* sind P,(cosf)/k 
Z 
A,? 


Bei coor (pice ye Me an ps Se 
dn Vom “*\om)* ) Ait (p—k)? de P+ (p—h)? 

aoe aa P - 
Pots Ga cos, (20) 


where (0= pk) and p=k. 

The first term and the second term on the right-hand of Eq. (20) contribute 
to all the partial waves and the third term contribute only to the P-wave. 

The contribution to each partial wave from the first and the second terms can 


be easily calculated using the following formula: 


MNS Fe) ee ee ae 
A+(p—k)? A+2k—2k’cos6 2k’ (A’/2k?+1) —cosé 
A We 
= oR pe (2/+ 1)Q, (1+ a P,(cos@). (21) 


where Q,(x)’s are Legendre’s polynomials of the second kind and we used the 
formula 1/(2—¢) =))(2/+1) P,(4)Q,(x) for |z|>1>|z|. For the low energy we 
may expand in cosJ the first equation in Eq. (21), and then we write the results 
of the expansion only for P-wave 


f,(9)/P, (cos?) =3e" sind/k 


—2 
EC P21) pe ) 2 cole (se 
dz 2M (A2+2%)? 42 \oM) “* (APL oR? | 1 
1 

a4 11 


2 2A,” B” » Got Wi 2 
— VO ee Z -| = wt eee 13 
At ‘ ) (A? + 2k")? A ( 2M Wx ( 4 ) ; tor ae 


(22) 


We remark here factor w, of the second term in the right-hand side of Eq. (22) 
and factor 1/, of the fourth term. From Eq. (22) we can see the following 
points. 

i) For the (3-3) state. The first term has the magnitude ~1/3 of the one of 
ihe fourth term at zero momentum and has opposite sign to it, and reaches the 
equal order of magnitude at the energy w=2. So, the term (G?/2M)4¢ plays an 
undesirable role for explaining the experimental behavior of the (33) state phase 
shift from the ps-ps theory, if we do not consider the effect of pion-pion interaction. 
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11) For other states: The Chew-Low theory predicts that small P-wave phase 
shifts are always negative. On the other hand, from (22) we can see that the 
(1,3) state phase shift 0,, becomes positive at a certain energy, and the (1, 1) 
state phase shift 0;, may become positive at higher energies. 

Taking for the parameters the set (F) which gave the best fit to the experi- 
mental behavior of the S-wave phase shifts, we show the results of the calculation 
of (20) for P-wave in Fig. 3(a). 

These results coincide qualitatively with the type (i) solution (Fig. 3(b)) by 
Lomon and Chiu” who analyzed the data between 100 Mev and 220 Mev. They 


10° 


5°t 


(d) By Pontecorvo 


(c) Type (ii) solution by Lomon and Chiu 


[I 
(es 
so do 
ae 
ttf 
tract seo 


10° (a) Theory 


Fig. 3. Small P-wave phase shifts 
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obtained the two sets of solutions related to the ambiguity as to the sign of 44; 
at 220 Mev, and preferred the type (i) solution, which gives 0, the positive sign 
at that energy, from certain reasons. But the results (Fig. 3(d)) by Pontecorvo,” 
who analyzed the data between 220 Mev and 333 Mev, seem to be ‘connected 
smoothly to the type (ii) solution (Fig. (8c)) by Lomon and Chiu. Before any 
definite conclusion is mentioned, more accurate analysis of the small P-wave phase 
shifts must be made. We here remark the results of dispersion-theoretical approach” 


which predict that 0,, is positive. 

The author would like to thank Prof. H. Yukawa for his encouragement. 
Thanks are also due to Prof. T. Inoue, Prof. Y. Munakata, Dr. S. Tanaka, Dr. 
M. Ida and other members of the "aboratory for their continual encouragement 


and invaluable discussions. 
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The validity of multiple dispersion representations are investigated in perturbation theory. 
The lowest-order vertex function is analysed as functions of two and three variables. A 
cc&jecture is proposed for the possibility of double dispersion representations. As an appli- 
cation of the double dispersion representation, the Bethe-Salpeter equation in ladder approxi- 
mation is solved in the case of total mass zero. 


§ 1. Introduction 


Five years ago, Nambu” proposed multiple dispersion representations for the 
three-body and four-body Green functions without any justification. It is known, 
however, that these representations break down even in the non-trivial lowest order 
of perturbation theory.” 

But recently Mandelstam” has proposed a double dispersion representation for 
the two-particle scattering amplitude. Its validity has been checked in many cases, 
though its proof is not yet given. 

In this paper, we investigate in what cases the multiple dispersion representa- 
tion is possible. In § 2, we summarize properties of the general term of perturba- 
tion theory and present a general necessary condition for the possibility of multiple 
dispersion representations. In § 3, the lowest-order vertex function is investigated 
as concrete examples of the double dispersion and Nambu representations. In § 4, 
we analyse the curious complex singularity found in § 3, and propose a conjecture 
for the validity of the double. dispersion representation. In §5, we discuss the 
relations between the double dispersion representation and the Deser-Gilbert- 
Sudarshan-Ida_ integral representation for the vertex function with two variables. 
In § 6, as an application of the double dispersion representation, the Bethe-Salpeter 
equation in ladder approximation 1s solved in the case in which the total mass is 
zero but the exchanged meson mass is non-vanishing. 


§ 2. General consideration 


The matrix element, M(&), corresponding to an arbitrary Feynman graph G 
is given by the following parametric integral” after all momentum integrations are 
carried out by means of the generalized Feynman identity : 
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Fie eee eT eae (2-1) 
me) =| ii eontreees) ea 


where 
a: number of internal lines, 


n: number of momentum integrations, 
a a 

dx“ =0(1— dx, Uda, 4220, 
¢=1 f=1 


k;: external momentum, 

F(k, x): a polynomial of &,’s whose coefficients are rational functions of 
zs. Their denominators are U’(J>0), where U is an nth order 
homogeneous polynomial of 2;’s. 

V(k, x): a linear function of scalar products k;k; whose coefficients are 
homogeneous rational functions of 2;’s. 


The analyticity of M(&) is determined by the function V(k, x), whose ex- 
plicit form is already derived in a previous work.” V(k, x) is continuous with 
respect to x in the domain 2x; 0 up to its boundary.”* The singularity of M(k) 
is given as follows.”~? 

Divide the internal lines of G into two parts, A and B, and put 


2j=0 for jEeA. (2-2) 


Then V is reduced to V that is defined as the V-function 
for the graph B* which is obtained from G by shrinking each 
line of A to one point. There appears a singularity of M/(&) 
for such a set of k;’s that a minimum (but not a saddle point) of 
V™ with respect to x(i€ B) happens just at a zero point of V™. 

We call the singularity for which B represents just an 
intermediate state the “ordinary threshold”, and that for which 
B contains an intermediate state as its proper subset the “ano- 
malous threshold”.** 


As an example, we consider the lowest-order graph of the two-particle scat- 
tering shown in Fig. 1. Here we write 


—k?=M;?, CS ak 4) 


— (ki +k)*=s, —(Ai+k,)?=2, —(k,+ks)?=u. (2-3) 
Then an identity 


Fig. 1 


4 
Sstit+u= 24 Mi (2-4) 


* But it should be remarked that 0V/Ox, is not well defined at x,=0 (for m>2) as was 
noticed previously.» 


** If B contains no intermediate state no corresponding singularity appears,» 
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, 4 
holds on account of momentum conservation >| k;=0. The V-function for this 
graph is — 
4 4 
V(s, 03 e) = (Qt) (DX LiM;) — LX, My? — 22 3M,’ 
— 23.24M3? — 24.2, MP —24.238—X Lat. (225) 
Singularities are classified into the following three types: 
(4) B=Ai53) ofiiaray: 
V®™ = (a, +23) (aym+23m3") —2,235, for B= {1, 3}. (2-6) 
(b) B= 1, 2,3} or {1, 2, 4} or {1, 3, 4} or {2, 3, 4}. 


3 3 
VO= (a 1) (Qi xm’) — 1X2 M?—222;M"—21235, 
— i= 


(Oro = ql, eyo (2-7) 
CBS Mee os. 
Vin. (2-8) 
The type (a) corresponds to ordinary thresholds, while the types (b) and (c) 
correspond to anomalous thresholds, which do not always appear. 
According to Mandelstam,” this matrix element can generally be represented 
as the following double dispersion form: 


ds! | dt! ik Sont Jyclt_.2o\i (2-9) 
; (s’ —s—i&) (¢’—t—i€) 


If there are only ordinary thresholds, this representation is naturally valid. Even 
when there appear anomalous thresholds, he has conjectured it will be still valid 
if they are of type (b) only. But the double dispersion representation will become 
impossible when a singularity of type (c) appears. 

Now we call, in general, the singularity for which V‘” contains only one 
among variables s, ¢, -°'; the “one-variable singularity”, and that for which V” 
contains two or more variables the “ many-variable singularity”. In the above 
example, the types (a) and (b) are one-variable singularities, and the type (c) is 
a many-variable singularity. In general, the location of the singularity is obtained 


by eliminating «,’s from 


OVE Oa GSB) (2-10) 
Ox; 


For instance, the singularity of Fig. 1 is determined by the equation 


det ( e i) 00" G. Be BY: (2-11) 
02; 02% 


(id 


Therefore the one-variable singularity is always given as s=const. (or ¢=const., 
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or:::), while the location of the many-variable singularity is generally determined 
by an equation 
Fis, 7, +) —0 (2-12) 
which contains two or more variables. Since (2-12) gives a complex surface 
singularity when analytically continued, the matrix element which contains many- 
variable singularity cannot be represented in such a multiple dispersion form 
as (2-9). So it is very natural that Mandelstam representation breaks down in the 
case in which an anomalous threshold of type (c) appears. 

Conversely, there arises a question: Is the multiple dispersion representation 
always possible for the matrix element which contains one-variable singularities 
alone? This will be examined by concrete examples in the next section. 

But, in this place, we should remark that the concept of the many-variable 
singularity depends on the choice of variables. For example, the Mandelstam re- 
presentation for the genera! graph is 


/ / / / 
ds Vat! gi(s,t) + | de’ Ae Go (t', w’) 
| | (s’—s—7&) (t/—t—7€) \ je (t! —t—7€) (u’ —u—i€) 


/ ! g3(u', s’) 
+ du Jas (G—u—ie) (= 52718)" aS 
where uw is not independent of s andz¢ as seen in (2-4). So, w=const. will be a 
many-variable singularity if we adopt s and ¢ only as the variables. However, it 
becomes a one-variable singularity if we add w as a new variable. By introducing 
some of such extra variables, the multiple dispersion representation in a wide 
sense such as (2-13) may become possible to a considerable extent.* But this 
problem is not treated in the present paper (it will be an interesting problem 


whether or not it is necessary that F(s, ¢, -:-) is linear when we adopt F as a new 
variable.). 


§ 3. Examples in the lowest-order vertex function 


In this section we investigate the possibility of the multiple 
dispersion representation by some concrete examples. As the ¢ 


simplest ones, we take the non-trivial lowest-order vertex func 1 
tion shown in Fig. 2. For simplicity, we assume all particles 3 
are scalar. 2 M* 
[A] Double dispersion representations : 
We consider the vertex function as a function of two Fig. 


variables, s and t. Then the V-function is given by 


* Prof. S. Hitotsumatsu pointed out tha i 
5 SE t the following result was obtained in the th 
e 
several complex variables. There are three closed sets V;(é=1, 2,3) in a domain D. D ane Do ie 
are domains of regularity. Given an analytic function F regular in D—V,—V.—V3, we can remesent 


f as 
where f,j is regular in D—V,— V;. S=hathytSay, 
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3 3 
VGst:2y= 2 2}) Om LM?) — Wy L3S— 11 X3t — 1, XyM’. (3-1) 


Since, in the present case, the many-variable singularity appears only when an 
anomalous threshold appears, we first consider the condition for the absence of 
the anomalous threshold. 

As was proved previously,* the anomalous threshold appears only when the 
stability conditions 


(m,—mMs3)?<s< (2+ ms)’, 
(m1— ms)? <t < (1+ ms)’, (3-2) 
(m1— m2)? <M? < (m-+m2)? 


are satisfied and the inequality 


f 2 
Wy < Ant MyM) n,m, for the spectrum of s 
M+ Ms 
or (3-3) 
2 
my < my s+ msM —m,m; for the spectrum of ¢ 
m+ M3 


holds. Therefore the condition for the absence of the anomalous threshold (for 
arbitrary s and ¢) is 
i) |7.—m|2 M, 
or ii) mtmS<M, (3-4) 
or iii) ms;=0. 


(3-4) is obtained also as the condition of the impossibility 


of drawing such a dual diagram”? as Fig. 3 for any positive Vs” oe 
values of s and ¢. In order to investigate the possibility of es 

the double dispersion representation, it suffices to consider only rT; 

the case in which one of (3-4) holds. Calculations are all ce 


presented in the Appendix. ' 
i) In the case M= 0, we can easily represent the matrix element (apart 


from some constant coefficient) as 


we > ¢ i ( ! 9 (s’, t') 3.5 
bade “i ee % Gd ms (m ued is se) G=i—%8) : 
where 
- ms Ms. 
| v(s', t') =| de 3(x(s'—t') +m’ —m') 6 (¥- POCE 


0 


« See (6-13) of reference 5). The inequalities (3-2) follow from Biz >>0- 
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1 


ees ms _ 
=\dz 3 (ax(s!—e")-+mst— m2) 4 (# — . Sere | , (3-6) 


; . 
ii) When M2m,+, the external particle becomes unstable, so an imaginary 


part appears even for s<0 or ¢<0. We consider only the case of 7.=7,=3=0: 


eae (3-7) 
M(s,t; ig —[2x95+2123t+212,M?]—i€ 


since calculation generally become troublesome. We then obtain 


tH ds! dt’ O(\V/s'—v't'|—M) 
M(s, tas m;=0) = \ \ (ix Sie) (geet 248) V (s +¢— M9)? — 452 
00 ’ 
6(M—|V/9 —V7|)90/s' +/2#—M) ___ 6(M—-V's'-V’’) | (3-8) 
oe v 4s! t’— (s’+2/ —M?)? V (M?*—s'—2')?—4s't! 
If we want to avoid the imaginary part in the spectral function, there will appear 


spectra of s<0O or ¢<0. 
iii) In the case of m,;=0, in order to avoid unnecessary complexity, we 


consider 


Ns, J=—( 3 + 2) M(s, ¢5 ms=0). (3-9) 


Om, Om 


If |72,;—222| = M, we obtain 


foe} 


ees s'—m?—t' +m? 
— / fh 
NG, = | as | ae CL eS 


€ (1 (s’ — mz") — m2 (t' — m7) ) 


X O(m7(s! — my")? + (M? =m, — m,?)(s' —m2)(t' — m2) + mt! —m2)"), (3-10) 


where €(x)=0(x)—@(—2). If |mm—m.|<M<m+mn, the double dispersion 
representation becomes impossible. This circumstance will be investigated in detail 
in the next section. 


[B] Triple dispersion representation 

Putting M*=w in (3-1), we examine the possibility of the Nambu represen- 
tation as a function of three variables s,¢ and wz. 

The condition for the absence of many-variable singularity is mm,m3=0, 


because (3-4) must hold for arbitrary M. It turns out, however, that the Nambu 
representation is allowed only in the case 


M,=M,=mM3=0. (3-11) 
Then 
2 7 a , : =] 4-"?6(A) 
M(s,t,u; m,=0)= ds'\ at! \ as sd 2.1 
Gri ws m ) | Ss | ‘ | Pe eo rw (8~12) 
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where 


4=(/ 5 +V0 40) (Vs 4+ —V 0) V5 Vt +V +) 
% (= SV (3-18) 


Namely, the spectral function is non-vanishing only when a triangle can be com- 
posed by /s’, ,/t’ and )/u’, and its value is inversely proportional to the area 
of this triangle. 


§4, Curious complex singularity 


We have pointed out in the last section [A] iil) that the double dispersion 
representation is impossible when ms=0 and |m—m.|<M<mitmy, in spite of 
the absence of many-variable singularity. In this section we investigate the reason 
and condition of the impossibility of the double dispersion representation in the 
absence of many-variable singularity. 

N(s, ¢) in (3-9) is rewritten as 

1 


N(s, =| 


0 


OEE 
f(x) [A—2) (mf—s) +2(mi—t) —i€| 


(Aol) 


where 

f(x) =(—2) mi + amP—2(1—2) M’. (4-2) 
The difficulty is caused by the fact that 1/f(x) has complex poles with respect 
to 2 when |m,—2:|<M<m 1m. If we divide 1/f(x) into partial fractions, 


the problem is essentially reduced to the integral 


1 


dx 


és ~ a (Oi 20s 2 

I(s, o=\ are (i—2z)} {1 —2) (—s)+2(—2)} Se 
pled ny eo eeet me 
=a eae tl - 


where we have rewritten s—m by s and t—mzy by ¢ for simplicity. For s=e%-t. 
I(s, t) is analytic if 
arg s=0-+argt. (4-4) 


Since the physical sheet of t is of course O<arg ¢<27, s must belong to the 


domain 
6<arg s<2x+6 (4-5) 


But 27<arg s<27+0 belongs to an unphysical sheet. 
e physical sheet, the domain —9<arg +<0 becomes 
domain of a direct product of 


in order to satisfy (4-4). 
Conversely, if we put son th 


necessary. Thus though J(s, ¢) 1s analytic in the 


two cut-planes, the double dispersion representation in the ordinary sense becomes 
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impossible because these two cut-planes are relatively shifted by the angle 4. 

If we allow the operation of taking out a pole on an unphysical sheet by 
using “complex distribution” which was previously introduced by the present 
author,” we can formally represent J(s, ¢) as 


foe} 


dt! [ay d(s'—e*t’) si rit : eA ee _ (4:6) 
Ss 
0 


Gy = 


MAL, tt 


L 
(| 
ca! 
ot, 8 


oe 
0 0 
But in the present paper such an extension is not treated. 

In the following we consider in what cases the double dispersion representa- 
tion in the ordinary sense becomes impossible by the appearance of the above 
curious complex singularity due to the relative shift of cut-planes. We propose 
the following conjecture for this problem. 

CONJECTURE: The double dispersion representation will generally become 
impossible when the denominator function V satisfies the following condition: 

The simultaneous equations 


20 for jE A; 


4.7 
Me =0 for ie€B gee 


Ox; 


have definite®” (complex) solutions with respect to the ratios of 2;,’s, and the 
equation 


F(s, t)=0 (4-8) 


which is obtained by eliminating z;’s from (4-7) has complex solutions with 
respect to s(or t) when ¢(or s) takes some values on the cut-line. 

We examine this conjecture in the following. For simplicity we omit the 
superscript (B) of V. 

i) We apply this conjecture to the example (4-1) in which we put 2;=2, 
X_=1—zx and 


V=f(a1, X2)(%2(—s) +2,(—2)], (4-9) 


where f (a1, 22) may be any arbitrary mth order homogeneous polynomial. We 
know directly that the double dispersion representation is impossible only when 
1/f has complex poles. Now, from (4-7) we have 


0 
AS i 7 [a2(—s) +2,(—2)]+F- (—2) =0, 
(4-10) 
OV ) 
ca ae +2,(—2)] +f: (—s) =0. 


2 
As (m+1) V= 2, %:9V/dx,=0, from (4:9) we get 


SF (4X1, 2) =0 (4-11) 
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or 

X_(—s) +2,(—t) =0. (4-12) 
When (4-11) holds, from (4-10) we get 

Af /Ax,=0f/82,=0 (4-18) 


or (4-12), but (4-13) generally has no solution since a ratio x,: 2, must satisfy 
two equations. Therefore it suffices to consider the case in which both (4-11) 
and (4-12) hold. So, if (4-11) has complex roots with respect to 2:22, then 
from (4-12) s becomes complex for any real ¢ (#40). 

ii) In higher order graphs the denominator consists of two factors 
Vv" (1SmXa—2n) and U'(/=1). From our conjecture, we can show that the 
above complex singularity is not caused by U. 

We apply our conjecture to the denominator 


Vie UV. (4-14) 
We then have 
2 / 
ove ote Veimu Vv" ed = (), (4-15) 
Ox; Ox; OX; 


From V’ (oc) (2,9 V'/0x;) =0, we get U=0 or V=0. For U=0, from (4-19) 


we find 


Whentt 1,00) 2=Oionly ; (4-16) 
when /=1, 0U/0x,=0, (4-17) 
Of eO=—0, 9 V0. (4-18) 


Since U involves at least three x,’s except for some trivial cases, the ratios of 
a;s are undetermined in the cases (4-16) and (4-18). In the case (4-17) the 
number of the equations is more than the number of the independent ratios of 
z;s. Thus, after all, (4-15) is reduced to the equations 


0V/dx;=0. (4-19) 
iii) For lowest-order graphs Eq. (4-8) is given by such a form as (Qa 1s 


For the vertex function of Fig. 2 it is 


2+ me+me2—M? = mr+m,'—t 
F(s, )=—1/2-|m/+m,—M ‘ 2m? me+ms—s\=0. (4:20) 
m-+m;'—t mz+ms'—$ 2m3" 


The discriminant of this quadratic equation with respect to s is 


D= {M?— (1m—m2)*} {M?— (+ m2)*} {t— (m—ms)*} {t— (m+ ms) a 
(4-21) 
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For the values on the cut-line of ¢(t> (m-+s)"), the third and fourth factors of 
(4-21) are positive definite, hence it is necessary and sufficient for D<0O that 


|2721 — 2| <M <1, + m2. (4-22) 


As was stated in the last section, the double dispersion representation is not pos- 
sible when (4-22) holds. 

It will be worthwhile to notice that F'(s, ¢) in (4-20) is just the denominator 
function, %, of the explicit expression of the lowest-order vertex function (modified) 
which was given by Kallén and Wightman,” hence the matrix element cannot 
have any complex singularity other than the solutions of (4-20). 

iv) In order that the Nambu representation is possible, it is necessary that 

(a) One of the virtual-particle masses is zero, say m,=0, for the absence 

of many-variable singularity. 

(b) One of the remaining virtual-particle masses is zero, say ,=0, because 

it must be D&O for any real ~=M? when t> (m,+m3)?=my. 
Then Eq. (4-20) becomes 


F(s, t) =s|ms+ (t—m,’) (u—m,’) |=0. (4-23) 


If the Nambu representation holds, a double dispersion representation is to hold 
when ¢ and zw are identified (t=w). From our conjecture, therefore, (4-23) must 
not have any complex root also for t==w when s>0. Accordingly, 

(c) The last one of the virtual-particle masses must also be zero. 
Thus (3-11) is only the case in which the Nambu representation is valid. 

v) We now apply our conjecture to the lowest-order two-particle scattering 
amplitude (cf. Fig. 1). For simplicity we make use of the notation of Karplus, 
Sommerfield and Wichmann :” 


4 
Vs Ja XH; X;5, (4 ; 24) 
where 
2 2 vores 2 
Oi aan at ac + (a=) > (4-25) 
4M; 1; 
(4—@)’?=M,’, : (q2—9s)*= M,?, 
a (qs—q)*=M;’, = (4—G) "= Me, (4 -20) 
EM Gh Ce =X 9.— Gi) ts 
We assume the stability conditions 
ly2l<1, |] <1, lyse] <1, |yu} <1. (4-27) 
Eq. (4:8) is written as 
Fs; 't) det wy) =0. (4-28) 


The discriminant of this quadratic equation with respect to 445 is 
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D 


| 
| 
all 
| 


~ 
H 


_|y4 De el 1 ya 1 yn O Yu 

yu O Yea} |e Yio 1 D3 Hoa 
1 Yu Vou O yr 1 Yo) ABR) 
Yu Yu Yu 1 | 


which can be rewritten as 
Log Yo | 1 M2 Vu 
D= yop Ll Mul --|¥i2 Ll yes (4-30) 
Noo Yor 1 ars et wel 
because of Jacobi’s theorem, hence it becomes D<0O when these two factors have 
opposite signs. They are positive for 
Vos. Yaa —V. (1 — ya) (1—ysi) < Soe < yas Ye tV/ (1—3n8) d= yu). 
ya du—V (1—y8) (1—2ui) <a < JuJu tV (ys) G9), 
respectively. When there is no anomalous threshold tor ¢, it becomes yo<—1 
for ¢ on the cut-line (¢> (7.-+,)). Then each factor of (4-30) becomes nega- 
tive definite, hence D>0. Thus it should be possible to write down the double 


dispersion representation when no anomalous threshold is present. Indeed, this was 
given explicitly by Mandelstam® and Kibble” But, if there appears an anomalous 


threshold (of type (b)) for ¢, e.g. 
Yoa+ Yor <0, (4-32) 


(4-31) 


then the cut-line becomes 
Vo < fo Vaa—V. (1 — 328) (1—ysi) (4-33) 


Therefore it 
osu —V (1— 925) (1— yi) > ya u-V (l= 8) (1—)ui); (4-34) 


it can occur D<0O on the cut-line, so the double dispersion representation will 


break down. . 
vi) The condition for the impossibility of the double dispersion representation 


is (from the above argument) 


(a) Voa+ Yea <0 
and Yop ae —V. (1-928) (1— ys) > ya Yu—V (1— 913) (1— yu), 


or (b) Yat yu <9 
and yeu —V (18) (1—yu4) = Yona —V. (1— 28) (1— sa). 


If we interchange » and / in the above argument, we obtain the condition 


(c) Via Yea S ( 


and Viz Vos ve Q — yi3) (1 ‘Fs os) > Vi4 Yaa V i el — yi) qd — yi) ; 
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or (d) Yutys< 0 
and Yuyu—V A—yu) A — ysi) > y12a—-V (1— 8) (1— ya). 
The condition (a) or (b). should be equivalent to the condition (c) or (d), since 


the double dispersion representation is symmetric with respect to s and ¢t. We 
will demonstrate that either (c) or (d) follows from (a) (other cases are similar). 


We put* 
Yy=SinGy, |G:3|<2/2, (li—j|*=2) (4-35) 
Then (a) can be rewritten as 
SIN Po3 < — SIN Yo, 
and (4-36) 
COS (Go3 + Pai) <COS(Yi2+ Yrs) 5 


namely 
—T< Pog+ Pos <0 
and (4-37) 
|Gos+ Ps| > |Pr2+ Gul » 
hence 
Poa t Put Pit Pu <0. (4-38) 
Now if 
|Pi2+ Gos| > | Prat Paal , (4-39) 
from (4-38) we obtain 
<P. + Oo3 <0 
and (4-40) 


COS (Py2+ Pos) <COS (G14 Pos) , 


ie. the condition (c). If the inequality in (4-39) is reverse, we get the condi- 
tion (d). Finally, if the equality holds, we must have 


Pit Yrs= Put Gu <0 (4-41) 
on account of (4-38). If nae ij=Pi. OF Pop, | 
Prat rst Past Pra=2 (Pra + Yrs) > 2 eibireg ho (4-42) 
because of (4-35). Likewise, if Max Yij=Cu OF Pu, 
Pi2t Post Pot Prr= 2 (Put Oss) > 2 tes Giz 7. (4-43) | 
We thus obtain from (4-38), (4:42) and (4-43) 


* 9,;=7/2—0,; where ;; is the notation of reference 9). 
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2 Max 23-2 <Pn+ Yast Put Pu<0, (4-44) 


which is just the condition for the presence of the anomalous threshold of type 
(c) given by Karplus, Sommerfield and Wichmann.” Namely, in the absence of 
many-variable singularity, the condition (c) or (d) follows from (a). 

There are of course the cases in which (4-38) is satisfied but (4-44) is not. 
For example, put 


—2/2<P2=$2=Pu< —2/3, Gu=0. (4-45) 


§5. Relations with the Deser-Gilbert-Sudarshan-Ida integral 


representation 
An integral representation has been derived for the vertex eee 
function with two variables or the Bethe-Salpeter amplitude 2 
by Deser, Gilbert and Sudarshan” and independently by Ida.” iy 
It is (see Fig. 4) 
BL co P 
P(E, «) are 
de | de eee (5-1) 2 
<1) 0 (p—¢-P/2) ue ais Fig. 4 
When we write 
2 2 : 
-(p+Bfmn. (o-Eon, Pew, en 
Za 2 
and transform 
€=1—2z 
2 
w=a—=—* MP=a—2(1—2) M’, (5-8) 
(5-1) becomes 
i 1 © 
P(z, 
M(s,1)=\dz\ da ~ (z, @) (5-4) 
0 


) —zs—(1—2z)t—ié © 


In this section we investigate the relations between (5-4) and the double disper 


sion representation, 


i a D 9(s’, t’) ‘ 
M(,0=|as'| at (= s—i8) (—t—78) | gee 


considered in § 3. 
The representation (5:5) is naturally always <onverted into the form (5-4) 


whose spectral function is given by 


foe} oo 


la Ceg ME \as'| avec, rye Ges CU 2)P), (5-6) 


0 0 
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provided that the convergence condition is satisfied. 


Conversely, of course, (5-4) cannot in general be rewritten as (5-5), but the 


following conversion is formally possible. 
First, we notice the identity 


1 o o , , 
dz = { ; 0(s’—#’) (5-7) 
es ener Ve (s/—s—i€) (t/—t—i€) ’ 


0 


or more generally, 
1 


2” dz ( fe) ni dz 
e=[\ee5,] | ) 
eee (1—2z)t—i€ y Os J) &—2zZ5— (1—2z)t—7€ 


0 


fof 77 ae —a)"d™ (s/—2/) . 
ja (s'—s—i€) (t/—t—i€)  ~ @sR? 


I 
ac 
> 


If Y(z,a@) can be expanded into a power series of z: 
D(z, a) =) dala)2”, (5-9) 
then using (5-8) we have formally 


2" dz 


a—zs—(1—z)t—i€ 


M(s, t)= oz {a a(a) 


0 


e = yt i da ,,(a) (n!)~* (¢t’—a@) noe (s’—2') 


= / 7 _n=0 ’ (5 : 10) 
Jas jae (s'—s—ié) (t’—t—i€) 
namely 
; i co a (¢’ ae a) n ; ; 
e(s', 1) = 1 | dag, (a) <9 (9-2), (5-11) 


0 
An infinite series of 6” is not well defined in the ordinary sense of Schwartz’s 
distribution. But if we admit such a formal series as 


i(e+2)= 3! = ae (x), (5-12) 


n=0 


there will be the case in which (5-11) gives a meaningful result. In fact, the 
difference between the spectra of s’ and ¢’ must be caused by such a situation. 
As an example, we will consider the matrix element of Figs, 


MGs, o)= | dx® | as 


3 
2 2 5 
pe XL; Msy — Hy Hy M* — 2, X45— 1 Lat —i€ 


Multiplying it by 
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1 


“ Pare Soap A2 
1= | dad(a— >) zaim?—2,2,M ) {azo (2— Ly +) (5-14) 


(21+ 2) X3 ee Ly 


0 


where M<m,+ 7, we can easily convert (5-13) into the form of (5-4).. Then 
its spectral function is 


oe 0 (a di rime — 2, x,M? 0 (2— es (5-15) 
(ait ara) 2; ooh ed 6 ‘ 


Y(z, a@) =\ee 


(x1 a) X3 


which is rewritten as 


ACME | (tan) das 0 (a-aed=miz( 2) 


— (1—2) {(1—2z) m+ 2m,"} —2xm,’) (5-16) 


by putting 2=(1—z) (1—y), m=(—.2)y and 23=2. 
In particular, when M=0, f(z, a@)-can be expanded into the power series 


(5-9) by the aid of (5-12). Then 


be Sa 2\n ; 
$, (a) = ir — Ts) | (l1—2x)"** dx:-0™ (x(1—x2) a— (1-2) my — xm). 


(5-17) 


Therefore from (5-10) the spectral function of the double dispersion representa- 
tion is 
2 2) J : 
Oe —= la) 
9(s', t') = ae en | da (—2)" dz 
0 


n=0 
0 


ihe “ < 
x rsa) (x(1 —2x) io Gl —2) m2 — xm?) (t oy PA@) (s's7') 
nN. 


(nl) | ax a( , ma :( a jam (s'—7'). (5-18) 


Making use of (5-12) again, we obtain 
l / / 2 2 / my ms" 5-19 
¢(s', {) =| ded(a(s = 1!) +mi—ms) 0 (1 SRE: | (5-19) 


0 


which surely coincide with (3-6). 
When M0, the expansion of ¥(z, @) in (5-16) becomes much more com 
plicated than (5-12). So, we will consider N(s, t) in (4-1) for which the spec 


tral function is given by 


-3(a— (1—z) m2—2zm,’) /f (z). (5-20) 
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Dividing 1//(z) into partial fractions and expanding them into power series by 
means of (5-12), we obtain the correct result (3-10) if M<|m,—m,|. If 
|\7—12| <M <n, we shall formally obtain “complex distributions” as present- 
ed in (4-6). 


§ 6. Application to the Bethe-Salpeter equation 


The Bethe-Salpeter equation for the system in which two scalar particles (mass 
m1, M2) are bound by exchanging scalar mesons (mass /4) is 


1 1 
(p+ P/2)?+mP—iE  (p—P/2)?+m,'—ié 


xt (_—44___f@ P), (6-1) 
wt J (p—g)* +e —ie 

in ladder approximation. Here P is the total momentum, p the internal momentum, 

and 4 the square of coupling constant. This equation was solved in the case #=0 by 

Wick and Cutkosky.” 

For 440, it has recently been shown by the present author” and Ida” that 
when P,=0 the Bethe-Salpeter equation (6-1) can be solved by an iteration method 
with respect to the spectral function, as the integral representation (5-1) then 
reduces to a single dispersion. In this section we extend the above method to 
the case M=O under the assumption that Bethe-Salpeter amplitude, /(p, P)=f(s, 2) 
(see (5-2)), can be represented in a double dispersion form, 


(Mapes 


co 


ce ie alee p(s’, t’) 
Ss, O= |as \ae (J —s—i8) (1-18) ” (6-2) 


where subtraction terms will be unnecessary on account of bound state problem. 
Using this representation, we have 


il d‘q Tene 
Sai CoLgyea gama os P= es | ue Mice, 4 RWW pee" 2). G8) 
0 0 
where 
WAS et asset 
Seal \ a Sr d*q Bea 
mid {(p—g)*?+/2—i8} {(q+ P/2)?4+ 8! —i8} {(q— P/2)?-+2" —i€} Cee 
M(s,t; s”,t’’) is just the matrix element of Fig. 2 with 
m=Vt", m=vV/s!, map. (6-5) 
Therefore from (3-5) 
a sea ~0 : / 
M(s,t; 5,0") = ds! | dit — aI eae 
veh oe tyes (s'—s—78) (t/—t—7€) 
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with 
1 


Res t’ : lip wey. =| dxd(e'—) es") fa (y-<-# 3 (6-7) 


4 a Lae 


Accordingly, (6:3) becomes 


/ ‘ D(s', t') 
ds’ \ di : 
\ s \ t Wo Sager (6-8) 


with pes 


o(s, t= ds" | de" KGS, 05 8", e968", "). (6-9) 
0 0 
Now, as is seen from (6-6) or (6-7), K°(s', t'; s’’, t”) is non-vanishing only 
where 


JISV/" +e; VUSVt +h. (6-10) 


So, we substitute (6-2) and (6-8) in both sides of (6-1), the continuous spectrum 
of the right-hand side starts from the value larger by y/ than the smallest value 
of the spectrum of the left-hand side. Therefore in order that both spectra coin- 
cide, the smallest value must be supplied from the poles 


pi ee ee) (6-11) 
mp—s—iE m7—t—ié 


By including these factors under the double dispersion integral, the spectral func- 
tion becomes 


8(s'—m,) dt’ —mz’) \ dx| ay an Gs : mx) 


1 ag ah hihi OG) 
pepe ome dn Hest) 
hs mea) s'—m? _ y= ms (sme) EL ta xz—m, 


GG BG i DCsiof) = whe (6-12) 
(s’— mz’) (t!— mz") 
Then putting” 
g (s’, t') =0 (s’—m’) d(t'—m2) +41 (jog = Mz) + G2 aes = me) +%2(s', ’), 
(6-13) 
where 
0,(s') =91(s')0(s'— (m+ PY”), 
$2 (t') =¢r GAG ~ (m+#)”); (6-14) 


2 SSS oe 


* For simplicity we normalize the coefficient of the first term to unity. 
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G(s’, t’) =91,(s', t')6(s'— (m+) 4 (t'— (m+ F) "5 


and comparing the spectral functions of both sides of (6-1), we obtain 


es P(x, y) (6-15) 
it = A | dx\ dy (x—m) (y—mz2’) 


io £8 { dy LS (6-16) 
gi (s') = o=une a, y—m?: 
} Or, 0) : 
g,(t') =— ae | dex 208 (6-17) 
Pie (se t’) — es z (6 18) 


(s' —m2)-(¢' — m2) 
Substituting (6-9) and (6-13) in the right-hand side of (6-18), we get an equation 
fory Gra Cs £’) : 

ouls'yt) =I #1) + asa Ko’, 3s", t”)@a(s", (6-19) 
where 


7a(s, t') =K St); om ma) \as"K (s’, t’; 8”, m7) 9,(s’") 


2 ae" KG, t!: m2, t”) o,(t"), (6-20) 
I 
(s’—m,’) (t'—m,?) 


Because of (6-10), (6-19) is a Volterra integral equation of the second kind. 
Therefore the resolvent R(s’, t’; s’’, t’’) is given by the Neumann series (always 
convergent) : 


TOS. t! : si te) = 


KOR Fr a: (6-21) 


Ris t! ; Bue ty = ps Kits, t! . Ke t’’) : (6 - 22) 


where 
K*(s, t'3 8, t”) =|del aK, t's 2, y) R(a, y: 3%") (6-28) 
with K'=K. Thus the solution of (6-19) is 
r2(s‘, t') =yn(s', t') + | as” \ di R(s jtasis/Or )ya(s ne) 
= Ks, toms ona) \ ds" RO, Pe ms) (5) 
4: | dt! R(s', t's m2, t”)gx(t") (6-24) 


on account of the property of the resolvent, 
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UR (sah 05 6 PO sade (Sot eS eo) oe \dx| dvKw, LE AMIR CD eS 6 Las 
(6-25) 
Next, substituting (6-9), (6-13) and (6-24) in (6-16) and (6-17), and utilizing 
(6-25) again, we have 
Pe bee \ GER eae | ae’ \ bh (arias! rt) ents) 


—|ai'\ aR, PEt.) Onto) y (6-26) 


at ie 


o(t’) =— | as RO, LOL Ws | ds! | as” RG’ tos 59s OS) 


eal. as’ fae" RG, Ee nit) G2 (t"); (6-27) 
i. €. 
ee laos ee os, OD 
with 


Kus’, s!’)=— \ dt’ R(s’, t'; 8”, m2’), 


Kls, 2) =— | de ROS, ee Prac ay 
(6-29) 


Kat’, s")=— \ds' R(s', t'; 8”, mz?) , 


Ke, t)=- | ds’ ROS, the mpatl ys 


(6-28) is again a Volterra integral equation of the second kind. It can likewise be 
solved by the iteration method. Thus ¢,(s’) and ¢,(t’) are obtained. 

Finally, we substitute the solutions ,(s!), Q(t’) and Yn(s’, t’) in (6-15). 
Then (6-15) becomes a transcendental equation for 7. The eigenvalues of 4 are 
determined by this equation. 

It is of some interest to notice the relations 


¢1(s’) =a | ae Yu (s', '), Q(t’)=— ds' P2(s, t’), (6-30) 


fas’ at’ ents’ yee 1, | as! | dee, y= 0) (6-31) 


which immediately follow from (6-15) ~ (6-18) and (6-13). (6-30) 1s checked 
also by (6-24), (6-26) and (6-27). 
The above method cannot be applied to the general case. M0, for the double 


dispersion representation (6-2) then beccmes impcssible, The Bethe-Salpeter am- 
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plitude which can be represented as (6-2) does not tend to a solution the 
Schrédinger equation in non-relativistic limit. This has kindly been pointed out 


to the author by Dr. M. Ida. ; 
In conclusion, the author is much indebted to the Yukawa Memorial Founda- 


tion for a fellowship. 


Appendix 
Calculations in § 3 
[A] i) | 
ds’ , 4 =i 
M(s,¢; M=0)= ——— Is, #; M=0) 
s'—s—ié 
with 


3 
1G, tf; 170) =| dc 0 (x.2r48'+ e140 di zim’). 


Taking ¢<(#-+m;)? and putting 24=(1—2x)y, m=(1—x)(1—y) and x:;=2z, we 
obtain 


tj 1 
vase, 2 
Ge te\i=0) = | ax|dy-a(x{A—y)s' +30} —ymy— (1—y) m3 = — me) 
0 


0 
f a 
XL x 
= \ 3 - 79 (xs'—me— me) 
J x(s—t') +m?—m, 1—z 


/ 3 2 2 
=| e | decd (2r(s! =e!) + m— mat) 0 (9 Be ie 
0 


fangs 
By analytic continuation we get (3-5) with (3-6). 


ii) (3-8) is immediately obtained from (3-12) by carrying out the integra- 
tion Over 2. 


iii) 


[ey 101" + 29 Mg? — 2 Lp M? — xy 235— 2, X3t —18 


Ns, t) = \ (+22) dx 


Putting 2,.=(1—2z)y, %=(1—2z) A= y) and x,=2z, and carrying out the integra 
tion over x, we have 
al 
N(s, =| “Fis i> ee ee dy = ¢ 
) iymr'+ (1—y)ms!—y (1— y) M* 8} {(1—y) (ms? — 8) +9 (me —2) —i€} 
Taking t<my and M<|m,—m,|, we can write 


N(s, \=| =e \ay TO a) ae 
ya Oe Sy EN ay try hay ) eet ay aa iV, 


s j ds! s'—me—t+m,? 
Jo S—s—i& m,(s’—m2)?* + (M*—my'— m,’) (s'—m,*) (¢—m;?) +m,?(t—m,)?" 


4 
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This can be easily represented as (3-10). 


[B] 


with 


as 


, < 
s —s—71€ 


Mi(svtaunm=O)is [ LS wits 140) 


/ 2). 
TGs fu ;-m,—0) =} Ax 0 (X23 5’ +2, X3t + 2X1X_U) 


= G(s’) $7 s'—t—ut+y (s'—t—u)*—4tu 
V (s’—t—u)?—4tu Spey (st) ee 
[ ar 
=0(s' \ = 
( ) ) (f— tah Cla-¢ — 0) — 4s! 7 
where we have taken ¢<0 and w~<0. We then notice that 
Vst + Vir2 
1 pstitoy st dul 
vy (9 +4 —n)2—4s' 7 at iat (ul! —u)Y — (s' + =a)? + 45! 0! 


Thus (3-12) is obtained. 


Note added in proof: Recently Eden has proposed a * proof” of the Mandelstam representation, 
but it is not correct because his sufficient condition cannot exclude the possibitity of the complex 


singularity stated in § 4. 


1) 
2) 
3) 
4) 
5) 
6) 
2) 
8) 
9) 
10) 
11) 
12) 


9 


14) 
15) 
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Lattice Vibration and Random Walk Problems 


Ei TERAMOTO 


Physics Department, Kyoto University, Kyoto 


(Received August 11, 1960) 


Mathematical relations between the lattice vibration and the random walk problems are 
presented for the case of a system of one-dimensional harmonically coupled oscillators. Namely 
it is shown that the Laplace and Mellin transforms of the frequency spectrum of the lattice 
vibration can be expressed in terms of the transition probabilities of the random walk problems 
with the continuous and discrete time parameters respectively. 


§ 1. Introduction 


In recent years a considerable number of investigations have been concerned 
with the problem of studying the effects of the impurities on the lattice vibration.”~®” 
Namely the appearance of the localized vibrational modes and the modifications of 
the frequency spectrum were investigated by analyzing the time-independent equa- 
tions of motion. Montroll and his coworkers suggested the utility of a random 
walk problem to calculate the moments of the frequency spectrum.” As a preli- 
minary account of these problems, therefore, it seems to be interesting to present 
the exact formal relations between the problem of the lattice vibration and the 
random walk problem. In this note we mainly investigate such relations. In the 
following sections, we show that the Laplace and Mellin transforms of the frequency 
spectrum can be obtained by solving the random walk problems with the continuous 
and discrete time parameter respectively. 


§ 2. Lattice vibration 


We shall consider the system of one-dimensional harmonically coupled oscillators 
which consists of N identical particles of mass m. The equations of motion can 
be written in the form 


1 du, 
ee Ghee 


where zw, is the deviation of the coordinate of nth particle from its equilibrium 
position and (mn) denotes the difference operator defined by 


=D (n) -un, (1) 


a) (n) ‘U,— a (ttn — Un+1) =, (tn — Un_1) =A (Un 1+ Un_1— 2ttn) : (2) 


The parameter @ in the above equations is y/K/m, where K denotes the force 
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constant of the interaction between the neighbouring particles of mass m. 

The equations of motion (1) can, of course, be easily solved under certain 
boundary conditions. In this paper, however, we are interested in studying the 
mathematical relations which connect the characteristic properties of the lattice 
vibration with the random walk problems. 

If we use the coordinates of the particles in equilibrium configuration, instead 
of the subscript 7 of the displacement w, the difference operator (2) can be rewritten 
in a form 


BE eee erty (Xo aye a) On) = oa {cos(a) —1| LOG 


(3) 
where the equilibrium distance of neighbouring particles is denoted by a and the 
coordinate X takes only the discrete values ma (n=1, 2,-:-, N). When the lattice 
spacing a is sufficiently small, the difference operator (3) obviously takes the form 
a 

: 4 
axe (4) 
The differential operator (4) is clearly the one which describes the vibration of a 
continuous elastic string* and also appears in the diffusion equation which describes 


D(X) 9 ad 


the motion of free Brownian particle. Therefore, in our case of the discrete lattice 
space, it is quite natural to associate a random walk, in which only steps of the 
length a are allowed, with the lattice vibration which is characterized by the diff 
erence operator (2). 


§3. Characteristic matrix and transition probabilities 


Before specifying a random walk problem, we shall consider the eigenvalue 
problem 


D(N) + tin=— dun (5) 


under a certain boundary condition. We denote the eigenvalues and the components 
of eigenvectors of Eq. (5) by 4, and u respectively. Using these eigenvalues 
and cigenvectors we define the characteristic matrix of Laplace type as 


p(n, m; 7) = Yu? exp(—A,t) uf. (6) 
The characteristic matrix (6) obviously satisfies the equation 
a(n, m;t)=2(n) p(n, m; 7) 
T 


=a{p(n+1, m;7) +p(n—1, m3;7T)—2p(n, m; T)} (7) 


* In this limit, the equation of motion (1) leads to the equation d?u/dt?=(T/p)d*u/dX?, where 
the tension 7" is given by Ka and the linear density p by mia, 
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and also, if we assume that the eigenvectors are normalized, it should satisfy the 
initial condition 


p(n, m; 0) = Yuh uy =o nn- (8) 
» 


Now let us consider the one-dimensional random walk problem in which only 
the steps of length a are permitted and both the probabilities that a variable point 
makes a step to the right and left in the time interval d= are equal to a (dr), so 
the probability of staying at the same position in the time interval dz is ? (47) 
—1—2a(dt). In this case, if we denote the probability of finding the variable 
point, which initially started from the lattice point mm, at the lattice point 7 at 
time t+dt by p(n, m3;t+4r), it obviously follows that the relation 

p(n, m; t+ 4c) =8 (dz) p(n, m; t) +a(dt)p(n+1, m; T) 
+a(dcyp(n—l, ms 7) (9) 
or 
p(n, m; t+ dt) —p(n, m; Tt) 
=a(4r) {p(m+1, mea) +p(m—1, m; 7) —2p(m, m; =)} (10) 
holds. Dividing both sides of Eq. (10) by dz and assuming that tne limit 
a(dt)/dt>a exists as dt-—0, we get in the limit 


5 b(n, m;t)=alp(n+1, m;t)+p(m—1, m;7)—2p(n, m; T)}, (11) 
ts 


which is just the equation which holds for the characteristic matrix of the lattice 
vibration, Eq. (7). Therefore the parameter a=,/ K/m in Eq. (7) stands for 
the transition probability rate in the corresponding random walk problem. As 
already mentioned, it is seen that by the limiting process of a>0 Eq. (11) is 
reduced to the diffusion equation with the diffusion constant aa’. 

As for the boundary conditions, we can easily translate the conditions submitted 
to the lattice vibrations into the boundary conditions for the random walk problem. 
For instance, the case of the lattice vibration with fixed ends corresponds to a 
random walk with reflecting barriers one of which is located between the lattice points 
1 and 2, and the other between N—1 and N. The case of periodic boundary con- 
dition can be treated as a random walk on a ring lattice in which the lattice 
points 1 and WN are connected at the distance a. 

Thus it has been proved that the characteristic matrix p(n, m;t) defined by 
Eq. (6) is just the probability of finding the variable point at the position n at 
time t, provided that it initially started from the point m, in the random walk 
problem with the continuous time parameter. 


§ 4. Solution of the random walk problem ‘with 
continuous time parameter 


Here we shall first consider the random walk problem for the infinitely ex- 
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tended: linear lattice. In this case, Eq. (11) can be easily solved by introducing 
the generating function defined by 


Pes oy y! So a IT Ce (12) 
It is clear that 
My. ry)= p(n, m;t)=1. ae (13) 


Now, multiplying Eq. (11) by 2*” and adding over all 7, we obtain the 
differential equation 


ee rt) =a: (2-+-+.—2) Fe, =) (14) 
Or z 


The solution of Eq. (14) which satisfies also. the subsidiary condition (13) is 
obtained to be 

Z ) et. (15) 

z 


The coefficient p(n, m;T) of 2"-" in Eq. (15) gives us the desired solution 
of Eq. (11). As is well known, the exponential function 


co{a(e+2). 


is just the generating function of the modified Bessel function [,(2a7). Therefore 


Ke, De "exp \a (2 


we have 
| p(n, m3 7) =e7 Inn (2007). (16) 


This is actually the solution of our random walk problem with a continuous time 


parameter. Really the relations 
p(n, m; Tt) = 9, y! pia, m;T7)=1 (17) 


hold for all z. Moreover, the probability p(n, m ; t) depends on. the positions n 
ee m sot through the distance |n—m|, that is, 


p(n—m; 7) =p(—n+m; 7), (18) 


because of the relation J_,(x2) =l,(x) for the modified Bessel tunction. It is also 
verified that the function (16) satisfies the Kolmogorov- -Chapman equation 


p(n, m;T)= ¥! p(n—l, m; t—7') p(Z, m; 7’). (19) 
l=-—o 
This follows directly from the addition theorem of the modified Bessel function 


h(x) = SY Ina 2") (2'). (20) 
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When x is large and much greater than /, we can use the asymptotic ex- 


pansion formula of J;(x), that is, 


2 Gli) ar) 4-3) 21 
Tags te tte Ht GF Bea 


so that in this case p(m, m;t) can be written in an expansion form 


2) 2 eh ee ee 


I, (a) ~ 


V 4nat 16at 2 16ter)* 
where 
p=4(n—m)’. 
For the suitably large values of »—m, therefore, Eq. (22) can be approx.mated as 
f eal {— (n—m)?* 93 
Bilis S, Vv drat we 4at “= 


lt we replace the variable n—m by (X—X,)/a in Eq. (23) we obtain, as we 
expected, the probability density 


aol 2 
p(X, Xo; aka ip | = ae dX, (24) 


which is the solution of the diffusion equation with the diffusion constant @a’. 

The solution of the random walk problem with the periodic boundary con- 
dition p,(, m;7T) =p,(n+N, m;7) can be composed of the solutions (16). Namely 
it is written as 


p(n, m; 7) ae p(n+kN, m;7), (25) 


because, in this case, the linear lattice forms a ring, so that the variable point can 
reach the position at time ¢ after round trips of any number of times. However, 
when we consider a sufficiently large system, the contributions of terms with k+0 
are negligibly small. 


§5. Laplace transform of the frequency spectrum of lattice vibration 


The solution of equation of motion (1) can be expressed as a linear com- 
bination of the normal modes 


uy? = A® exp {iv, th. (26) 


Inserting Eq. (26) into Eq. (1), we have the secular equation 
2 
D (n) -uf? = — 4, (27) 
a 


by which the characteristic frequencies w, are determined. Comparing this equation 
with Eq. (5), we find that A,=0,'/a. 
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Now we shall consider the trace of the characteristic matrix (6), that is, 
rete ate Uke ee, (28) 


For a ring lattice we must use the periodic solution (25), but when N is suffi 
ciently large we can calculate the trace using only the central term in the sum 
of Eq. (25). In this case, therefore, it follows that 
D p(n, n; 1) =Ne“™ I, az) = | e™ (a) da, (29) 
0 

where the sum over v in Eq. (28) is replaced by the integral, introducing the 
spectral. density @(4) which represents the distribution of w*/a. 

Thus we can obtain the distribution function of */a by calculating the 
Laplace inverse transformation 


e+tT 


E XT 4 2a7r aN Tea 
lim — je ee, I,(2ar) =p(a) (30) 
which gives us the result” 
2) -1/2 
~ {o( : )-( ; )} , 0<AK<4ar 
p(4) = 2Qra 2a 2a (31) 
0, A> 4a. 


If we denote the distribution function of w itself by f(w) dw, there is obviously 
a relation 
f(w) dw= (20/&) p(w*/a) do. 
Therefore, it has been shown that the frequency spectrum of the lattice vibration 
can be obtained by solving the random walk problem with continuous time para- 
meter and calculating the Laplace inverse transformation. 


§6. Random walk problem with discrete time parameter 


Here we shall introduce another type of the characteristic matrix, which is defined 
in terms of the eigenvalues and eigenvectors of Eq. (5), by 


p(n, m; s)= Sota (1- ++) us, (32) 


m 


where s is a positive integer or zero and 4,, denotes the largest eigenvalue. If we 
use Eqs. (32) and (5), it follows that 

7 | : Sa As : Ay v 
p@,m;s+1)= pages (1) u— >) us? (1-+) ae? 


m™m m 


= p(n, mss) +— Din) p(n, m; 8). (33) 
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Thus we obtain the difference equation which has to be satisfied by the characteristic 


matrix (32), that is, 
p(n, m; s+1)=rp(n+1, m; 8) +rp(r—-1, m; s)+(1—2y)p(m, m; 8), (34) 


where 7 is @/A,,. 

Comparing Eq. (34) with Eq. (9), it can be seen that Eq. (34) has just the 
same form as Eq. (9) which describes the change of probability distribution of 
the random walk problem with the transition probability defined for the finite time 
interval dr. Consequently, in this case, our problem can be regarded as the 
random walk problem in which the variable point makes a step to the right or left 
with equal probability + or stays in the same position with probability 1—27 at 
each discrete time points s=0, 1, 2, --- and p(m, m; 5s) is the probability that we 
find the variable point at the position 7 just after the time s, provided that it 
initially started from the point m. 

The result obtained in the previous section shows that the largest eigenvalue 
A, is 4a, so that the transition probability 7 in our random walk problem should 
take the value 1/4. 


§ 7... Solution of the random walk problem with discrete time parameter 


The solution. of this elementary random walk problem can, of course, be con- 
structed as a combinatorial problem, but here we shall solve Eq. (30) by the use 
of the generating function, in just the same way as in §4. The generating 
function is again defined by 


Ke, )= Sepa, mi 9), (35) 
which has also to satisfy the condition 

KQ, )= Sp, m3 5) =1. (36) 
If we multiply both sides of Eq. (34) by 2"-” and sum up over all », we have 


Ke st) =|7(2+4)+0-2 1 Ke, ap (37) 


[t is readily seen that the generating function, which satisfies the recurrence formula 
(37) and also the subsidiary condition (36), is given by 


K(e, )={7(2++)+a-2p}' (38) 
Now the probability p(n, m;s) can be obtained by calculating the coefficient 


of 2""”" in Eq. (38). The right-hand side of Eq. (38) can be rewritten in the 
form | 
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1 


oS 
Be 


1 : , 
{r(2+1)+a~2p\'= Wet (L— 2-2 4-7} 


and if we put the value y=1/4 into this expression, we have 


Kee Oe I Ge 19) Td laa (39) 


os 2s ps 8 7 


Therefore, the probability of finding the variable point at the position just after 
the time s is given by 


plains aoe (a ) 


2* \stn—m 
me ['2s-+1) iS 
s ee te ee 40 
2*  T'(st+n—m+1)l(s—n+m+1) inal? (40) 
p(n, m; s)=0, |z—m| > s. 


The Bernoulli distribution (40) can be cerived also from the combinatorial 
considerations, which we shall discuss in Appendix I. It is also well known that 
the Gaussian distribution appears as the asymptotic form of Bernoulli distribution, 
if one applies Stirling’s formula to Eq. (40). For the periodic boundary condition, 
we can follow completely the same discussion that we used in § 4. 


§ 8. Mellin transform of the frequency spectrum of lattice vibration 


Finally let us consider the characteristic matrix (32) and take its trace, then 


we have 


Rs o {74 \',@ — ay 
=| (1-4-) p@ar, (41) 
0 Am 
or writing ¢=1—//4/,, and 2,,=4a, | 
S pln, n; 3) =4a| #7) dé (42) 


0 


ere we have defined the function 6(€) by @(§) =e(4a(1—§)). 
Inserting the solution (40) into Eq. (42), we obtain 


1° £(2s+1) (43) 


fi age — N a if 
\é p(§) d= Aa 92s [P(st)P > 


0 
which is the Mellin transform of function ? (€). The inverse transformation of 
Eq. (43) gives (Appendix II) 
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_N_ (g—&) 4", 0<é<1, 
p(é) =4 4z@ (44) 


0, E>1. 


If we change the variable € in Eq. (44) back to 4 by the relation €=1—1/4a, 
then we obtain again the result (31) which gives us the distribution function of 


w/a. 
Appendix I 


Combinatorial calculation of the random walk problem 
with discrete time parameter 


Here we shall show that the random walk problem which has been presented 
in § 6 can be directly solved as a combinatorial problem. Actually we can treat 
the problem in two different ways. 

The first method is as follows. In our random walk problem (Bernoulli 
trials), the variable point makes a step of unit length to the right or left with 
equal probability 1/4 or stays at the same position with probability 1/2, at each 
discrete time point 1, 2, ---, s. If we assume that, among s trials, i steps are made 
to the right, 7 steps to the left and (s—z—j) trials are spent without displace- 
ment, then the probability associated with such processes is given by 

ed ee (Al) 

i! j§(s—i—j)! \ 4 2 
By this process the variable point makes total displacement j—i. Therefore the 
probability of finding the variable point, which has started from the lattice point 
m, at the point m after s trials can be obtained by adding the probabilities (A1), 
under the condition that ;—i=n—m is fixed. Namely we have 


[(@—n+m)/2] 


s! : ( Th er 
<0 i!(¢-+n—m)! (s—2i—n+m)! \ 2 


we (AYO 8) em a 
a (4 ~ 2i+n—m i ) oD ; oir 


where [x] denotes the integral part of x. 

Another method which leads directly to expression (40) is somewhat tricky. 
We introduce a new random walk problem which relates to the original one in 
such a way that two successive trials of new random walk problem produce the 
same result with that of one trial of the original random walk problem. Namely 
we consider a problem in which the variable point makes a step of length 1/2 to 
the right or left with equal probability 1/2, at discrete times 172, oo eT bene it 
is clear that by two successive steps the point makes a displacement of distance 
1 to the right or left with equal probability 1/4, or returns to the initial position 


‘p(a,m;s)= 
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with probability 1/2. Therefore, we can obtain the required solution by solving 
this subsidiary random walk problem, and obtaining the probability distribution at 
the time just after 2s trials, that is, 


1 RS 
DUR SIA Gs TED yell A3 
pC ) ( ) 2° \stn—m ey 


where P(n, m3 2s) is the solution of our subsidiary problem. 
Finally we can derive expression (A2) also from the generating function (38), 
which can be written in the form 


“(yee G)) 
=(4) BaQG) GG). 0 


where we put ;=1/4. If we pick up the coefficients of 2"-" in Eq. (A4), we obtain 


1 eto : Pe nan) fey (A5) 
(+) 2X 2i+n—m i 2 


Therefore, the above discussion gives a proof of the formula 


seal x ieee ( Bae PSEAG 2s i. (A6) 
& \2i+n—m 2 2 Pate Ge 


Especially for »=m, 
pata er AM an 
Appendix II 


Mellin transform 


Here we shall give the calculation of Mellin transtormation of Eq. (44). 
Substituting Eq. (44) in the left-hand side of Eq. (43) and changing the variable 
by x=1/é and t=\/z—1, we have 


1 1 


ao N fs Ks = N | rei & , ha 
Bic ee Ss &_—§ — é ds V +, < —t 
\é PE) a Ara i de/V Ara } / 
0 
eee ZN aye (A8 
an, \dz/a Va—-1= ae | ae/ +e) ) 


1 0 
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and it follows that 


Ioan 


=| date) = \aea+e)~— \ de P(V+P) Toth 
0 0 d 


1 cis CaMag ae eS 
= — GHA AA) Fel 
Le 2s | rieisasah 2s | Aistifo2 2s 


Consequently, using I,=7/2, we have, 
wz, Ws) it *“£(2s+1) 


dees ost sl SS ayy 
[hus we finally obtain 
et ee Ne) eee 
&s == 
\é p(S)ds= da 2® [P(s+i)P (AQ) 
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High Energy Elastic Scattering of Nucleon from Nuclei 
Analyses of Experimental Data 


Toshinori TAKEMIYA, Tatuya SASAKAWA* 


Department of Physics, Kyoto University, Kyoto 
and 
Yoshiyuki SAKAMOTO 


Yoshida College, Kyoto University, Kyoto 
(Received August 5, 1960) 


The angular distributions of the nucleon elastically scattered from nuclei are analysed 
at energies ranging from 95 Mev to 340 Mev. Predictions on the angular distribution put 
forward by one of the authors (T.S.) are examined. All the predictions seem to be satisfied 


§1. Introduction 


In the previous paper by one of the authors (T.S.),” in the assumption that 
‘the short-range correlation between nucleons and the Pauli principle in the target 
‘nucleus in its ground state plays an essential role in the high energy elastic scat- 
‘tering of nucleon from heavy nuclei, the following are predicted for the angular 
distributions : . 
; (1) The positions of maxima and minima coincide respectively with those 
given by the impulse approximation, 
(2) the absolute value of the angular distribution is multiplied by a constant 
factor |A|° to that given by the impulse approximation, . 
(3) this ‘factor is an independent constant of mass number in heavy nuclei _ 
and independent of the incident energy, and finally 4 
(4) the magnitude of )/|/|? is order 0.4~0.5. This factor results from the 
Pauli principle in the target nucleus. . 
There, using the set of phase shifts based on the phenomenological inner 
“potential with the one-pion-exchange tail,”’” the above predictions have been con- ° 
firmed at 95Mev. In the preSent paper, we shall report the results of analyses at 
energies 95 Mev, 135 Mev, 310 Mev, and 340 Mev. Pirie. 
Because, based on such a potential, the analyses of the two-body scattering 
have not been extended to higher energies, here we shall adopt the phase shifts 
by Gammel and Thaler” listed in the paper by Kerman, McManus and Thaler.” 


* Now at Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, 


Massachusetts, U. Ske 
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Equations used for the analyses are all described in the previous paper and 


here we do not reproduce them. 


§2. Analyses of the experimental data 


The results of analyses are shown in Fig. 1 (95 Mev”), Fig. 2 (135 Mev”), 
Fig. 3 (310 Mev”) and Fig. 4 (340 Mev”). Adopted parameters are listed in 
Table I, where 7 is related to the nuclear radius by R=7A’”* and a is the 
parameter of the diffuseness, provided that the nucleon density in the nucleus is 


given by 
BS -1 
nomafarenn(=2)]", 
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Effect of the Coulomb force is neglected. If we take into account the 
Coulomb force, results are expected to be more satisfactory. To give a measure 
of this effect, we wish to quote the paper by Cromer.” He performed the calcula- 
tion for C at 310 Mev using the phase shiitts by Gammel-Thaler, with the effect 
of the Coulomb force. He got a satisfactory fit. 

If the transparent nucleus theory is assumed, it would not give so satisfactory 


results as the present ones. For example, see Figs. 7,12 and 16 in the paper by 
Richardson et al.” 
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Yhese facts being considered, the predictions (1) and (2) denoted in § 1 may 
be said to be true. 

The value of )/|/|? is summarized in Fig. 5. The predictions (3) and (4) 
are satisfied in heavy nuclei (A181). However, it is slightly increasing with 
increasing energy in low mass number side. This tendency may have any relation to 
the one anticipated by Kerman, McManus and Thaler. However, the precise 
physical meaning as to the point why it appears in low mass number side and 
not in heavy nuclei is not certain. This requires a more careful theoretical in- 
vestigation. 


§ 3. Comment 


In these calculations, we assumed the wave number of a nucleon is not changed 


inside and outside the nucleus. That = 
u 


5 3 C 
is to say, we do not take into ac Ep=95 Mev 
(Gammel-Thaler phase shifts) 


count the effect of the binding energy 
of . the target nucleus. To examine “: Pe ey 
this point, we take, as an example, Ep, tside=110 Mev 
the scattering of 95 Mev protons from 
Cu. As the depth of the optical 
potential at these energies is about 
20 Mev,” we calculated the energy 
of the impinging nucleon inside the 
nucleus to be 110Mev. The result 
is shown in Fig. 6. 

Compare with Fig. 1 (3). The 
adopted parameters are given in 


Table Il. 


Table [1 


r(10-cm) 4 (10-"em) V (ae 


0.49 0.452 10 


Fig. 1(3) 
0.49 0.413 0° 10° 


\e) ; Oo 4, 
Fig. 6 20 30° st 


Ooo. 


Fig. 6 

As for our present analyses, we can not conclude whether we must take into 
account the effect of the binding energy of the target nucleus. Anyhow, it is of 
very interesting that the value of )/|/)? is within the predicted value 0.4~0.9, 
hence we may say that at any rate the most important factor to the scattering 
mechanism is the short-range correlation and the Pauli principle between the target 
nucleons, which is embodied in the value of 7/|A|’. 


§ 4. Conclusion 


The predictions, put forward in the previous paper” and repeated in §1 of 
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the present paper, on the angular distribution of high energy nucleon elastically 
scattered from heavy nuclei are examined. All the predictions (1), (2), (3) and 


(4) seem to be satisfied as a general feature. aa 
The fact that in light and intermediate nuclei the value of )/|A|? is slightly 


increasing with increasing energy requires a more careful theoretical investigation. 

It is not certain whether we must take into account the effect of the binding 
energy of the nucleus. At any rate the most important factor in high energy 
scattering seems to be the short-range correlation and the Pauli principle embodied 


in /|ap?. 
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The method of the theory of the nuclear forces proposed by Taketani, Nakamura and 
Sasaki) is developed to clarify the present stage of the theory of the nuclear forces and to discuss 
the aims, as well as the important results obtained up to present, of the theoretical investigations 
which are now in progress by our group. 


A broad program of theoretical investigation is being carried out by Japanese 
nuclear force group with the view of proceeding to a new stage of the pion 
theory of nuclear forces. In this paper we will describe our point of view on the 
present stage of the theory of nuclear forces and discuss the method that will be 
used in a series of our papers. 

1. Since Taketani, Nakamura and Sasaki? (hereafter referred to as TNS) 
proposed a method in 1951 to attack the problems of nuclear forces, the usefulness 
of the method was confirmed through investigating many problems which could be 
treated with the static approximation. 

We developed the theory following the point of view that the virtual pion 
problems, such as the problems of nuclear forces, could be more easily treated 
without worrying about the very complicated features of quantum mesodynamics 
than the real pion problems,** especially in the outer region where the distance 
between two nucleons is larger than the pion Compton wave-length. 

2 Most of the results obtained by the above mentioned investigations were 
summarized in a review article published in 1956” (denoted hereafter as Suppl.). 
The most important results could be summarized as follows : 

i) We can divide the region where the nuclear potential acts into three 
parts, taking the distance between two nucleons, z=pr (#7? is the pion Compton 
wave-length), as a parameter ; 

ii) If x is large enough, the nuclear potential can be approximated very 
well by the static one-pion-exchange potential (denoted hereafter as OPEP), which 
is derived theoretically without any ambiguity. This region will be called Region I, 
which could usually be given by 21.5, although it depends on the necessary 


* This work has been done as a part of the 1960-61 Annual Research Project on the Theory 
the Research Institute for Fundamental Physics, Kyoto University. 


of Nuclear Forces organized by 
See, e.g. F.E. Low, Rev. 


*k This point of view was contrary to that of most foreign physicists. 
Mod. Phys. 29 (1957), 216. 
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degree of accuracy for the calculation ; 
iii) In Region II (0.7S2S1.5), we must take into account dynamical 
effects and the contributions from two-pion-exchange potential (denoted hereafter 


as Ll PEP Qe 

We can rely upon the qualitative features of the static TPEP, which has been 
calculated by many authors using different methods. However, we have not yet the 
quantitatively reliable results, because in this region it is expected that the nonsta- 
tic effects would contribute appreciably.* So the reliable derivation of the nonstatic 
potential is very much needed. 

iv) In Region III (20.7), many effects, which are difficult to evaluate, 
such as exchange of three or more pions, exchange of strange particles, relativistic 
effects and the structure of elementary particles, may give essential contributions. 
Moreover, it seems that in this Region III the expansion with respect to the num- 
ber of exchanged pions will not be a good approximation or it may even diverge.” 
Therefore the potential in this region should be treated phenomenologically. 

3. The experimental data, which were analyzed in Suppl. to test the validity 
of the static potential derived from the pion theory, were mainly the electric 
quadrupole moment of the deuteron and the total and differential cross sections of 
the p-p and -p scatterings below 100 Mey. The results of these analyses still hold 
good. 

4. However, owing to the alteration of the experimental data of the nearly 
3 Mev p-p scattering and also the necessity of taking into consideration the effects 
of the vacuum polarization of the Coulomb field,” the conclusion previously obtained, 
that the repulsive central potential in the *O state in OPFP is inevitable to account 
for the above-mentioned data, must be weakened.** By re-examination we know 
that there is no definite evidence for the existence of the repulsive central potential 
in the *O state in Region I, although the predictions of the OPEP are still within 
the experimental error. 


It is very much desirable both to perform more accurate exveriments and to 
carry out more elaborate theoretical investigations to verify the repulsive central 


* This point was clearly stated by TNS. We read in subsection 11 of TNS “The static 
potential due to the fourth order calculation has not always meanings, since in the region where the 
fourth order calculation has sufficient enough magnitude, other nonstatic effects will generally become 
strong too........ ut 

Recently, Weisskopf has discussed this point in connection with the problem of the existence 
of the spin-orbit force in the two-nucleon potential. He says “But does it contain (L-S)-force? We 
do not know. In the western world people say “yes ”, and in Japan “no”” (Suppl. Prog. Theor. 
Phys. No. 11 (1959), p. 53). This is unfortunately due to a misunderstanding about the viewpoint 
of the Japanese nuclear force group. For example, we read in subsection 14 of TNS the following 


“ 


Siatementa, fa. sack » it seems probable that the fourth order perturbations will give L-S-coupling 
from the pseudoscalar meson theory as its nonstatic parts, a 


** This point has been stressed by T. Ohmura at the Meeting on the Nuclear Force Ploblems 
held at Institute for Nuclear Study, University of Tokyo, June, 1958. 
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potential in the °O state in Region I. 

An analysis of low energy p-p scattering (0~20 Mev) is now in progress by 
Otsuki, Taketani, Tamagaki, and Watari. According to their preliminary results, 
the existence of the repulsive central potential in the °O state in OPEP seems to 
be necessary to account for the above-mentioned experimental data. 

5. After the publication of Suppl. many experimental data have been published 
concerning the polarization, depolarization, spin correlation, and so forth. Con- 
trary to the measurements of the total and differential cross sections, which give 
the observables averaged over the direction of polarization of the spin, these ex- 
periments, which give the observables connected with the various polarized states 
of the nucleons, make it possible to separate the nonstatic contributions from the 
static one, because considerable parts of the nonstatic contributions appear in com- 
bination with the spin operator. 

6. So we should take into account the effects of the nonstatic contributions 
in discussing the experiments on the polarization, depolarization, spin correlation, 
and so forth. 

Especially, to treat the complete or nearly complete experiments” theoretically, 
it will be necessary to start from the completely nonstatic standpoint. 

7. The aims of the above-mentioned completely nonstatic investigations will 
be the following : 

A. To make clear to what extent the concept of the two-nucleon potential 
in x-space holds; 

B. To derive, especially, the OPEP and TPEP with full recoil, which will 
be reliable in Regions I and II, and, as a result, to establish the domain where 
the static approximation holds good; 

C. To clarify the differences between the nonstatic OPEP and TPEP derived 
from the ps: and pu-coupling respectively, and to compare them with the experiments; 

D. To see to what extent the experimental results on the polarization, de- 
polarization, and so forth, may be accounted for from the standpoint of the pion 
theory. 

8. All the calculations of the nonstatic potentials so far published are based 
on the expansion with respect to the inverse of the rest mass of nucleon, and the 
actual evaluations have been confined to the terms of the first and the second 
order with respect to M~* (M being the rest mass of the nucleon) in the TPEP 
and OPEP respectively.” 

However, we feel that the expansion with respect to M~-' would be a very 
poor approximation. Especially it seems to indicate the inadequacy of the above- 
mentioned expansion that the first order corrections with respect to M to the 
static TPEP calculated by I. Sato almost cancel the latter both for the central and 


tensor part except in the “E state.” we . _ 
9. Therefore we must calculate the nonstatic potential without using the M~- 


expansion. 
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Hoshizaki and Machida” have derived the nonstatic OPEP and TPEP, the 
evaluation of which have been carried out in the momentum representation avoiding 
the M--expansion completely. Their main results are the following : 

A: The concept of the local potential in the configuration space holds very 
good for the treatment of the nucleon-nucleon scattering up to nearly 300 Mev. 

This is a very important fact which assures the appropriateness of the usual 
theoretical analyses based on the use of the potential ; 

B: All the types of the potential, which satisfy the general invariance re- 
quirements, appear in the potential in Regions I and I. It is possible that the 
terms in the potential which show specifically dynamical effects give appreciable 
contributions to account for the measurements of the polarization of the spin, and 
so on, even at rather low energies (10 Mey) ; 

C: Magnitudes of the central and tensor parts in our nonstatic TPEP with 
full recoil are completely different from the one obtained by 1/~*-expansion and are 
nearly 1/2 of those in the static TPEP,” and the spin-orbit part is rather large 
in Regions II and III. So the qualitative features of the high energy p-p scattering 
phase shifts (150 and 310 Mev)™ may be understood rather naturally by our 
potential.” The case of pu-coupling is better than that of ps-coupling in comparison 
with the experimental data, although one may not definitely conclude it by an 


analysis at such high energies since the potentials in Region III give appreciable 
contributions. 
D: The nonstatic OPEP includes the following term: 


fe il ( L ) (1) (2) ( 3 3 rae 
+ ie) Se es Pe 5 
r 4n 2 \M Rig Bie | Bes x % oa zee 


x[ (6 0?) D2 (o®-L) (6® -L)], (1) 


where +(—) corresponds to the case of ps(pv)-coupling among others. This is 
the first difference appeared in the observable quantities due to the two types of the 
pion-nucleon coupling established almost rigorously.” So, it is very important to 
compare this difference with experiment and to decide which of the two coupling 
types will be main in the low energy pion-nucleon interaction. The determination 
of this coupling type may give a link between the problems of the pion physics 
and that of the structure of the elementary particles, because, if the pion has com- 
posite structure, the coupling between the pion and the nucleon will generally be 
a linear combination of the ps- and pv-couplings in the low energy limit, and 
there is a direct relation between the ratio of the strength of the ps- and pv- 
couplings and the structure of the interaction kernel for the constituent particles.” 

Hamada™ has very recently analyzed the p-p scattering experiments at high 
energies (especially at 150 and 310 Mev) and concluded that the quadratic LS 
potential of the range #~' such as just mentioned above is manifestly required in 
the "E state where both the tensor and the linear LS potential vanish. Although 
we must also take into account the other terms than that given in Eq.(1), which 
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are not included in Hamada’s analysis, to discuss the differences in OPEP due to 
the ps- and pv-couplings, it would still be interesting to compare Hamada’s potential 
with the corresponding terms in OPEP.* The quadratic LS potential which fits 
the high energy p-p scattering obtained by Hamada has the following form: 


+0.0054  L(L+1) 2— (2a) 
ah 
or 
+-0.00155 u L(L+1) (1+8 eo +65 —) (2b) 
x x ee 


in the *E state. Eq. (2a) is very similar to the one given in Eq. (1), which 
may be written as 


+ 0.0018 L(L +1) (1+ : ue =) a (3) 
n the ‘E state. Both the sign and magnitude coincide with the case of pv-coupling, 
while the the case of ps-coupling gives the wrong sign and, as a result, too large forward 
scattering cross section. Hamada has also analyzed the experimental data in the *O 
state and found that the fit to the experimental differential cross section at 310 Mev 
is noticeably improved by including the quadratic LS potential. The sign and the 
order of magnitude agree with the case of the pv-coupling also in this case and 
the sign given by the ps-coupling is wrong, although this result derived from the 
analysis of the *O state data is much less conclusive compared with the one derived 
from the 'E state data. 

It should be emphasized that the close examination of the higher partial waves 
in the 'E states in combination with that of the 'S state will give the most reliable 
and convenient method to inquire the detailed form of the interaction between the 
pion and the nucleon at low energies. So it is very much desirable to get more 
precise information by analyzing the experimental data, and also to establish the 
applicable domain of the nonstatic OPEP. It is also necessary to examine carefully 
the effects due to the potentials in Regions II and II. 

In this connection, it is also desirable to evaluate the predictions of the non- 


static OPEP using the momentum representation exclusively. This work is now 


in progress.” 


10. It is especially interesting to see to what extent the nonstatic pion theoret- 


ical potential resembles the phenomenological potentials with large spin-orbit 


coupling.” 


It should be noted in this connection that not only the magnitude of the spin- 


* Otsuki, Tamagaki and Watari! have evaluated scattering phase shifts including all nonstatic 
terms in OPEP and assuming reasonable potentials in Regions II and III. 
The authors are indebted to Drs. Otsuki, Tamagaki and Watari for their helpful discussions 


on this point. 3 
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orbit force but also its relative magnitude compared with the central and tensor 
potentials are very important to fit the polarization or depolarization seater 

(a) Actually the nonstatic TPEP derived by Hoshizaki and Machida” (denoted 
hereafter as HM) fit rather well’? with the experimental phase shifts” if one 
assumes the potentials in Region II appropriately, although the spin orbit potential 
is of nearly the same order of magnitude with the previously derived ones.” 

The shape of the spin-orbit potential in the HM potential is much more 
singular than the Gammel-Thaler potential and rather similar to the ones proposed 
by Bryan” and by Hamada.” 

(b) If we increase the magnitude of the spin-orbit part in the HM potential 
by multiplying a factor 1.5~2, the fit to the 310 Mev p-p scattering phase shifts’ 
becomes possible with potentials of reasonable order of magnitude assumed in 
Region III. It seems probable that this extra factor of 1.5~2 would be obtained 
by taking into account the effects of (3/2, 3/2)-resonance in the pion-nucleon 
scattering and of the pion-pion interaction. 

So we may think that considerable part of the spin-orbit potential which is 
needed to reproduce the high-energy nucleon-nucleon scattering data will be given 
by the two-pion-exchange contribution. 

(c) The spin-orbit part in the HM potential is very singular and large in 
Region III where other processes such as the exchange of three or more pions 
could contribute appreciably. Therefore, it is rather difficult to separate the con- 
tributions of the potentials in Region II from that of the potentials in Region III 
in the analyses of the experiments at energies higher than nearly 100 Mev. 

To compare the potential in Region II with the experimental results in detai 
and to test the nonstatic pion theory, it would perhaps be necessary to perform 
the double and triple scattering experiments at energies lower than 100 Mev, 
e.g. at 50 Mev or so. 

(d) Comparison of the HM potential with the experimental phase shifts” 
shows that the pv-coupling is much more preferable than the ps-coupling. 

11. It is very important that the pv-coupling is always much better than the 
ps-coupling when the comparison with experiment is possible. 

This fact would indicate that the coupling of the pion with the nucleon at 
low energy would mainly be pseudovector type. The information on this point 
might give a link between the theory of strong interactions between ordinary 
particles and the theory of the structure of elementary particles. 

12. The corrections to the HM potential which should be taken into con- 
sideration will be the following : 


(1) The problem on the validity of the expansion with respect to the 
coupling constant of the “ probability” part in the general form of the potential 
derived by Fukuda, Sawada and Taketani. Hoshizaki and Machida® have evaluated 
the alteration of the unexpanded “ probability” part due to the nonstatic effects. 
Comparing the results with that in the static case, this correction seems to be not 
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so large and have a tendency to make the potentials shallow. 

Gi) Contribution of the (3/2, 3/2)-resonance in the pion-nucleon scattering. 
This contribution seems to make the potential deep contrary to the first one. 
Comparing the HM potential with the TMO potential,” which is the static limit 
of the HM potential, and with KMO potential,” which is the TMO potential 
supplemented by the pion-nucleon rescattering corrections, one may_ tentatively 
suppose that the rescattering corrections would not modify the qualitative features 
of the HM potential, although the depth of the potential might become considerably 
deeper. It is necessary to perform the evaluation of the contributions from the 
rescattering corrections to the nonstatic TPEP, for that purpose the dispersion 
theoretic approach would be most appropriate. 

(iii) Effects of the pion-pion interaction. Horie and Machida” have derived 
the static potential of the order g‘4 due to the interaction Hamiltonian Ad*;.. The 
potential obtained includes only the isospin-independent central force which is 
repulsive (attractive) when / is negative (positive), and the magnitude of which 
is small compared with the corresponding part of the TMO potential. 

Fujii and Miyamoto” have evaluated a part of the contributions from the 
state with [=J=1 (J and J are the total isotopic spin and angular momentum 
respectively) in the two-pion system using the phenomenological form factor for the 
vector current of the nucleon obtained by the electron-nucleon scattering experi- 
ments. Their results involve large spin-orbit part which has a similar shape and 
magnitude with the Gammel-Thaler potential. It will perhaps be necessary to 
make clear the other part of the contributions from the state witha = 0 1Wsine 
twopion system, which is not taken into account in their calculation and might 
alter the results considerably. 

13. The difference between the potentials due to the pv- and ps-couplings that 
appear in the nonstatic OPEP cannot be treated by a purely dispersion theoretic 
approach, because it depends solely on the subtraction terms. 

This fact is an example of the inadequacy of the purely dispersion theoretic 
approach when one deals with the structure of interactions or elementary particles, 
although dispersion theoretic approaches are very powerful tool to investigate sul- 
table problems. 

14. The nonstatic OPEP in Region I may be derived rigorously in the case 
of the ps-coupling.” We think it has a precise meaning also in the case of the 
po-coupling, despite that it will depend on the structure of the pion and the 
nucleon.” 

15. The comparisons of the pion field theory with the experiments so far 
performed have been restricted mainly to the static approximation both for the real 
pion phenomena as well as for the virtual pion phenomena. 

The nonstatic theory of the pion-nucleon interaction may now be compared 
with the nucleon-nucleon scattering experiments. Especially, the nonstatic OPEP 
which seems to be almost free from theoretical ambiguity will give a very con- 
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venient device to investigate the dynamical properties of the interaction. 

It is not accidental that it is the two-nucleon problem where the precise com- 
parison of the theory of the pion-nucleon interaction has become possible and the 
strong indication concerning the type of the interaction between the pion and the 
nucleon at low energies has been obtained for the first time. The reasons for this 
are, firstly, the two-nucleon interaction at far distances is a phenomenon in which 
the so-called low energy theorem holds exactly, secondly the matrix elements be- 
tween the states where energy is not conserved contribute to the potential operator, 
and thirdly the experiments on two-nucleon problems are at present much more 
accurate than that on real pion processes, and therefore may allow very precise 


comparison with the theory. 


The authors are very much indebted to Drs. S. Otsuki, R. Tamagaki, W. 
Watari and N. Hoshizaki for their helpful discussions. 
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Two Nucleon Potential with Full Recoil. I 
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Nonstatic nuclear potential due to one-pion-exchange process is derived in the momentum 
space without using the expansion with respect to the inverse of the mass of the nucleon. 
Close examinations of its properties show that it can be expressed with good accuracy by a 
local potential in x-space at low energies (below nearly 300 Mev). Nonstatic parts of the 
potential have different signs according as whether the assumed coupling between the pion and 
the nucleon is pseudoscalar or pseudovector. Comparison with the experimental phase shifts 
is briefly discussed. It is shown in the case of the pseudoscalar coupling that the nonstatic 
one-pion-exchange potential derived in this paper is almost exact from the theoretical point 
of view when the distance between two nucleons is far enough (large compared with one third 
of the pion Compton wavelength). It is also argued on some physical assumptions that the 
potential will in fact be exact in the case of the pseudovector coupling too. 


§ 1. Introduction 


In the preceding paper” (referred to hereafter as TM), Taketani and Machida 
discussed on the problems of the nuclear forces at the present stage and suggest- 
ed a plan for theoretical investigations which will be followed in this and the 
subsequent papers. 

As has been stressed in TM, one of the central problems at the present stage 
of the theory of nuclear forces will be to derive the quantitatively reliable non- 
static OPEP (one-pion-exchange potential) and TPEP (two-pion-exchange potential). 
This calculation will be necessary for interpreting the experimental data concern- 
ing the polarization of the nucleon (polarization, depolarization, spin correlation, 
and so forth), to which the nonstatic interactions will give essential contributions 
contrary to the observables averaged over the direction of the spin (total and dif- 
ferential cross sections). It is also necessary for establishing the potentials in 
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Regions I (221.5) and U (0.7<2<1.5).* Especially it will be necessary to ex- 
ploit, so to speak, the complete potential, which includes all the possible types of 
the two nucleon potential for the analyses of the complete or nearly complete ex- 
periments. 

All the evaluations of the nonstatic potentials so far published have been based 
on the expansion with respect to M~'(M being the rest mass of the nucleon), 
most of them being confined to the evaluation of the first order correction with 
respect to M~' for the g‘-order static potential (y is the pion-nucleon coupling 
constant).2"® Okubo and S. Sato” and Tzoar, Raphael and Klein” have evaluat- 
ed the spin-orbit potential due to the two-pion-exchange process including the con- 
tributions from the (3/2, 3/2) resonance in the pion-nucleon scattering, and Okubo 
and Marshak” have derived the second order correction with respect to M~ for 
the g-order potential. Unfortunately, however, the validity of the expansion with 
respect to M~' is very doubtful, or it may even diverge. For example, I. Sato has 
evaluated the first order corrections with respect to /~* to the fourth order static 
potential to show that they almost completely cancel the corresponding terms in 
the static potential both for the central and the tensor parts respectively except 
in the °& state (see Table 5-1 of reference 2)). 

The reason for the use of the expansion with respect to /~* in the previous 
calculations is to carry out practically the Fourier transformation of the potential 
to the a-space from the momentum space. One of the powerful methods by which 
one may avoid the use of the M~-expansion will be the dispersion theoretic ap- 
proach, which has several advantages such as the relativistic invariance through- 
out the calculation and unnecessity of the renormalization. There seems to be, 
however, several difficulties in the course of the evaluation of the observable 
quantities by dispersion theoretic approaches at present. Moreover, this method is 
not suitable to treating the problems concerning the structure of the interaction or 
the elementary particles, such as the determination of the type of the coupling 
between the pion and the nucleon (this point will be discussed in § 4). 

We will develop, in this and the subsequent papers, a method of calculation in 
the momentum representation, the principal steps of which will be the following : 

i) We use the most general forms of the nuclear potential in the momentum 
representation, which may be expressed as a nonlocal potential in the x-repre- 
sentation. We will evaluate the nonstatic OPEP and TPEP in the momentum 
representation without using M~'-expansion, and will separate them into invariant 
forms. 

ii) We will insert this potential in the momentum representation into the 
integral equation** which is the Fourier transform of the Schrédinger equation or 


* x is the distance between two nucleons in the unit of the pion Compton wavelength. 
** This integral equation in the momentum representation and the matrix elements of the most 


general potentials as well as the general types of the potential in the momentum representation 
will be discussed in detail in a separate paper,” 
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into) the equation for K-matrix, Eq. (2-5), to obtain scattering phase shifts. 
aii) If the potential with full recoil obtained in the momentum representation 

were approximated with sufficient accuracy for a certain domain of energies by a 
local potential, we may use the usual Schrédinger equation to obtain phase ‘shifts. 
Actually we shall see that for scatterings at energies below nearly 300 Mev the 
OPEP and TPEP with full recoil may be represented rather accurately by local 
potentials in x-space. 

We will discuss, using the above-mentioned method, in this and the subsequent 
papers the following problems: 
a)- To see to what extent the concept of the local two-nucleon potential in 2- 
space is valid by close investigations of the properties of the potentials with full 
recoil ; ; 
b) To derive the nonstatic nuclear potential in Regions I and II, by evaluating 
the OPEP and TPEP with full recoil, and to make clear the domain where the 
static approximation holds good; 
c) To see differences between the cases of the ps- and pv-couplings which may 
appear in the nonstatic OPEP and TPEP, and to compare them with experiment, 
if possible ; 
d) To see to what extent the experiments on the high energy nucleon-nucleon 
scattering, including experiments on the polarization, depolarization, correlation of 
the spin, and so forth, could be accounted for by the pion theory of nuclear forces. 

In § 2 we will briefly discuss the general forms of the two-nucleon potential 
in the momentum representation and coupled equations which connect the R-matrix 
or K-matrix with the potential; a derivation of the nonstatic OPEP will be given 
in §3; importance of the nonstatic OPEP will be discussed in § 4 in connection 
with the fact that the nonstatic OPEP may be derived almost unambiguously ; in 
§5 the nonstatic OPEP will be numerically examined in detail and a local potential 
in «x-space, which is a rather good approximation at energies below nearly 300 Mev. 
will be found; in § 6 comparison of the nonstatic OPEP with experiment is briefly 
discussed postponing the detailed discussion to the paper III which will be published 
by Otsuki, Tamagaki and Watari. The contributions from a part of the non- 
static OPEP will also be discussed in connection with recent analyses given by 
Hamada.” Other problems in our program will be treated in subsequent papers. 


§2. General formalism 
Most general types ot the two-nucleon potential in the momentum represen 
tation mav be written in the following manner : 


, .(S-kx 
Sp, Be! 1p) po — Vat! © oe it 
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Lae 


1 if (2) , (), (2) , 
Fr. enh fe" k) Vit (o ce q) V; 


a (o®-kX q) ee -kXq) ge (o® .¢) Vie (2°71) 

UL 
where pt is the mass of the pion, p, —p and p’, —p 
are momenta of the two nucleons in the initial and final 


/ 


states respectively and 


k=p—p’; 
q= (P+P), (2-2) - 
s=_ (6%+6%), Fig. 1. 

2 


and V,’s (i=0, 1,-:-5) are real functions of k’, q? and (kX q)? and may be written 
explicitly in the isotopic spin space in the following way: 


Vi=1-Vi (BR, 9g’, (kXq)?) + (7-7) Vii, @?, (eXq)’?). (2-3) 


The general form (2-1) has been derived under the following assumptions: 
invariance under translation, Galilei transformation, interchange of two particles, 
rotation, space reflection, time reversal, and hermiticity. Okubo and Marshak” 
was the first to derive the general form of the nonstatic nuclear potential, which 
corresponds to Eq. (2-1) transformed into zx-space with respect to k. We will 
give the derivation of Eq. (2-1) in detail in a separate paper,” because it will 
be necessary afterwards (see the Appendix) to obtain the nonstatic potential in z- 
representation and make clear the properties of operator q in 2-representation. 

If we expand the potential with respect to M7’, we obtain Vo, V2 and V; 
only in the static approximation, V), Vi, V. and V; in the first order, and all types 
in the second and higher orders with respect to M7. 

It should be noted that the conservation of energy does not hold for the matrix 
elements of the potential operator. Therefore 


p #p”, 
and k*, q? and (kXq)? are independent variables. When energy conserves we get 
(k-q) =0, (kX q)*=k'q’, 
and V,, V;, V; and V; are not independent of each other because of the identity 
(0 -k) (oh) q?+ (oa) (oa) + (0 kX q) (6? -&Xq) 
= (0) (kx q)?+ (kg) {(6 -B) (oa) + (o®-q) (6 -k)}. (2-4) 


The general form (2-1) is also relativistically covariant, because a manifestly 
covariant expression for the corresponding matrix element written by the Dirac 


Two Nucleon Potential with Full Recoil. 1 1329 


wave function and ;-matrices may be transformed into the form given in Eq. (2-1) 
by making use of the Tani-Foldy transformation.” 

One method to obtain the scattering phase shifts from the potential in the 
momentum representation is to transform the Schrédinger equation into the integral 
equation in the momentum space and to solve it. This method will be discussed 
in a separate paper.” Another method will be to solve the following equation” 


<f|R\i> =— <f|Kli> —in\0(E.— Ey) <f\K\n> <n|R\i>, 


<f|V|m> <m|K\|n> (2-5) 
E,—E,, i 


to obtain the R- or K-matrix, where boldface letter means that the matrix element 
is taken between two states with equal energy. Inserting the general forms of R- 
and K-matrices which are similar to Eq. (2-1) into Eq. (2-5), we obtain coupl- 
ed integral equations for these invariant functions. If one solves these equations 
to get the invariant functions appearing in R-matrix, one may readily write down 
the observable quantities by these invariant functions” Or one may solve the 
second equation in (2-5) to obtain the scattering phase shifts and compare them 
with the experimental phase shifts, since the eigenvalues of K-matrix are —tan Of 
This method will be a useful one, because this equation is of the same type <° 
the one tranformed from the ordinary Schrodinger equation, and may be converte:. 
to a Fredholm integral equation of the third kind by a simple replacement.” 


<f\|Kin> =<f\V n> +P| 


§3. Derivation of the nonstatic OPEP 


A general formula for the interaction potential between two particles in the 
quantum theory of fields has been given by Fukuda, Sawada and Taketani’” (re- 
ferred to hereafter as FST). This formula may be used equally well in the p- 
representation as well as in the az-representation. One may calculate the potential 
up to any desired order of the coupling constant straightforwardly by this formula. 

Although the second order nonstatic potential with respect to the coupling 
constant may be easily obtained by many methods, e.g. by calculating the transition 
matrix element for finite time according to the old perturbation theory, or by 
transforming the first order term in the interaction Hamiltonian into the second 
order one by a unitary transformation, the FST method seems to be more con- 
venient than others to evaluate higher order nonstatic potentials. 

When one is going to solve the two nucleon problems using potentials, one 
must have the off- as well as on-energy shell matrix elements of the potential 
operator. We will give also the off-energy shell matrix elements by the pre- 
scription given below. Our results are the same as those given by many 
authors!” ® although expressed in different forms. 

We will evaluate the nonstatic OPEP for the case of the ps- and pv-couplings 


following the FST formula (the case of a linear combination of the ps- and pu: 


/ 
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couplings will be discussed in a separate paper”’)swn. We will calculate up to the 
second order of the coupling constant in the present paper and the results will be 
shown in § 4 to be in fact rigorous in Region I. 

The FST formula may be written in the following form, 


Vag Vn Pg —piboy, 
Wee Gr Ao eM) PL (3-1) 
al 


ame 
where V, may be called the “normal” part and P the “ probability” part, and 
H, and H’ give free and interaction Hamiltonians respectively. 4 is a projection 
operator to a subspace composed of states with two nucleons and no pion. J is a 


‘ 


linear operator which transforms the two-nucleon subspace back into the whole 
Hilbert space, and is actually determined by solving the equation 


(1-4) {W'S +[ Fh, J\— Jn A'S} 4=0, (3-2) 
under the conditions 
J=y+ (1—7) Jy, 
de eas fl >A). (3-3) 


Expanding Eq. (8-1) with respect to the coupling constant, we obtain the 
second order potential ; 


2 1 9 — 
Vata 77) H(a- ) (iy ale hy oy ( 0 ies HY’ 3.4 
84 Ml AN Fh) CEE BQ) Ay aa ae 
where Hy and Hy’(=H) operate on 7, and 7 respectively. In Eq. (3-4) we 
have assumed that H’ is of the first order with respect to the coupling constant. 
When 4’ includes the second order terms (denoted as H’”’), which is the case for 


the pv-coupling, the right-hand side of Eq. (3-4) should be supplemented by a 
term 


nH""y , 
Equation (3-4) turns into the following form, 
V™ = —[a(p’) O.u(p) |” [a (—p’) O.u(—p)]? 4(&), (3-5) 
where 
—1975sT a for the ps-coupling, 
Oi ”: 
arc T for the pv-coupling, (3-6) 


where —i0, means energy-momentum vector (k= P—Pp’> on=(k’+/")1"), and 
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Ae i cama 
P+ we 
k,= (p—p’, FE — Ee), (3-7) 
i= (p+ M*)**. 


u(p) is a four component Dirac wave function with momentum p and energy &,. 
The potential (3-5) may be written in the following way by using the Pauli 
spin matrix : 


yeah) (oh) yo -4) (0-4) y. 


Ls pv 
x (o®-kXq) eee q) Wace (¢™.-6,”) Vz; (3-8) 
L 
where 
= q 
2 
(3-9) 
2 
Vics ) KC, 
M 
2 
Viet 4) KC, 
Mp 
and 
af? (g®.7® Rei case Wie e i, 
oS ree is aes Reser res ee REND 
fate | _9 —Ew* :, 
A= iL esh ae tae me \ E,+E,+2M > : 
(3-10) 
( 
i a (E,— Ey)"\M—0 (E, + By +2M)}, 
2 ae 
cat Ey t2M ly _a ih ( SG) ar CBee By +2M) }f. 
M(E,+£,) Z i Ey + 2M 


In the above equations, 9=0 corresponds to the ps-coupling and #=1 to the pv- 


coupling, an‘ 


is = p i F 0.08. 
An IV Age 


As is well known, the ps-coupling may be transformed into the pv-coupling 
plus additive terms, and vice versa, by appropriate unitary transformations, and 
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by doing so one will be able to make the second order potentials, due to the me 
types of couplings, equal with each other, except the contact interaction terms. 
Therefore it will be possible to transform the nonstatic OPEP given by Eggs. 
(3-8) ~ (3-10) derived from the ps(pv)-coupling to the one due to the pu(ps)- 
coupling plus higher order terms with respect to the coupling constant. Actually, 
Sugawara and Okubo” transformed a part of the terms of order g?/M?® into the 
terms of order g‘/M to obtain the same second order potential. However, by such a 
unitary transformation we will have a physically different potential from the original 
one, because they will give different answers for properties of bound states. So 
we prefer not to make use of any unitary transformation in this paper. The dif- 
ferences between the case of the ps- and pv-couplings appeared in Eq. (3-10) 
are physically meaningful, whether one transforms them into other forms by some 
unitary transformation or not. 

The static limit of Eqs. (3-8) ~ (3-10) reduces to the well-known formula 


Von = ag : 7) (co -k) (c® -k) (3-11) 
we ht 

It is also readily seen that if one assumes the conservation of energy, the terms 

V;, V. and V; disappear.* 


§ 4. Rigorous derivation of the nonstatic OPEP 


Before going into detailed investigation of the properties of the nonstatic OPEP, 
we will show that the nonstatic OPEP given by Eqs. (3-8) ~ (3-10) is the exact 
expression for small momentum transfer (|k"| < (3/4)*) or for large distances (x>1/3) 
in the case of the ps-coupling and that it will also be an exact one in the case of the 
pv-coupling if we put some physical assumptions on the nature of the interactions 
between pion and nucleon. The following discussion is a generalization of a 
paper by Hiida, Iwadare and Machida,“ where it has been shown that the static 
OPEP is exactly given by the second order perturbation calculation. 

_ First, we consider the case of the ps-coupling. The nonstatic OPEP includ- 
ing all possible corrections may be written in the following form, 


V=—[a(p’) .u(p))” [u(—p’) P.u(—p) | 4, (2), (4-1) 
where 
4,(#) =P hPa 
Re+ py Re Ke? 


> 
(8x)2 


a(x’) =0, (4 nye? 


* Very recently Gupta has applied the S-matrix method to evaluating the nonstatic correc- 


tions in the OPEP and TPEP to obtain just a term included in V. in our notation in the case of 
OPEP.1) 
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ki=p,.—p, = (p—p’, Ei— Ey)» 
and p’~p”. 
I’, in Eq. (4-1) is given by 


/ 1/2 
(2. Pe) < pl — (P= 12) 6010) i> 


=[4+ (p—P')"4rcl (P—2') "22 Va b', pulp), (4-3) 
and may be written in general in the following way, 
P.(p', p) =—i97sta{lt+[(p—p')? + P+ (p" + M’) Ft (p+ M") F3} 
+ (rp + M)izsta(izp+M) Fit Gp +M)ijpstal’st i7sta(i7p t+ M) Fe, 


(4-4) 
where 
Fak (po +M, pt+M’, (p—p’)”), 
and g is the observed coupling constant defined by 
(2 £2) e <p'|— (1-4) ¢elp> =—igu(p’)7stau(p). (4-9) 
M - (p—p!)2+ 42=0 


nserting Eq. (4-4) into Eq. (4-3), we obtain 
u(p') Pau(p) = —igu(p)7stau(p)[1t+ M+) Fi) I. (4-6) 


We assume the following spectral representation for F' CRY 


Fe) = | do") bey (4-7) 
(S4)2 Sp beck ta 

The essential point for our discussion is that F,(k?) does not have a singularity 

at #=—/’. Although we use the unsubtracted form, Eg. (4-7), it will be easily 

seen in the course of the following discussion that the existence of the subtractio1 

terms in the spectral representation for F,(k) does not alter our conclusions. 


Using Eqs. (4-2), (4-6) and (4-7), Eq. (4-1) turns into 


V=9|u(P’) 7st aU (P) 1° [a(—p)rotaul —P) 


ee ee | 1 2 7(K’) | 
2 2 2 1 P +P dk 
x[1+ ¢ +)| di B+ #—i€ Boe Baw 
BO 


=9'[a(p!)rstau(p)]°le(—P')7stau(—p) |” 


Pe Per EN Coe sta ao () 
aS +2 de ee elo PVA 
bs \P e+e ae +’ —ie€ an RP+K 


1334 N. Hoshizaki and & Machida 


foo} 


arte aed oimF,(—*’) 9 o(K) 
fs Ae dk ye dk’ 9 2 
+ (kh +p a Feo Dae: [2 ae R+K 
+ | de imi (—k Dae +1) \e Bia aid dit oi ris (4-8) 
(Bn)? B+ —ic (Sa)? ESE oh nee 


The first term in the right-hand side of Eq. (4-8) has a pole at —RP=p, while 
the other terms have singularities only at —k’=(3)*. So the contributions from 
the latter may be neglected compared with that from the former for the values of 


which are small compared with (3)”. This fact corresponds in the 2x-space 
to the fact that the first term in the right-hand side of Eq. (4-8) gives a term 
the exponential factor of which is e~’, while the others give terms the exponential 
factors of which are e~**(a==3) at large distances. Therefore the exact forrn of 
the nonstatic OPEP at large distances (x>1/3) is given by the frst term of the 
right-hand side of Eq. (4-8), which is just the one given by Eq. (3-5), the order 
of magnitude of the correction factor being e~* 

It should be remarked that it is essential to define the observed coupling con 
stant at k®>+2=0. If one uses the other coupling constant defined at k°=0, the 
nonstatic OPEP may not be given by the second order perturbation, as is seen 
easily. 

Now let us consider the case of the pv-coupling. The pv-coupling in the 
local field theory is well known to be unrenormalizable and no systematic method 
is known to extract reliable predictions from that. However, it is plausible that 
the elementary particles and the interactions between them. will have some sort 
of structures and the interactions will be nonlocal. The interaction between the 
pion and the nucleon at low energies would, then, have to be considered as the 
local limit of an interaction with a structure. Actually, if the pion has a composite 
structure as in the Sakata model,” the interaction between the pion and the nucleon 
at low energies will be a linear combination of the ps- and pv-couplings and there 
is a direct connection between the type of the coupling and the properties of the 
interaction kernel between constituent particles. Then it would be physically 
natural to assume the same spectral representation in the cases of the ps- and pv- 
couplings for the propagation function of the pion and for the vertex operators. 
So we may consider Eq. (3-5) or Eqs. (3-8)~(3-10) to be exact for small 
momentum transfer |k*|<(3)* although some physical assumptions are made for 
the case of the pv-coupling. 

The differences between the nonstatic OPEP obtained by the ps-coupling and 
by the pv-coupling appearing in Eqs. (3-8) ~ (3-10) are very important, because 
they are the first observable difference derived almost unambiguously, and they might 
give an insight into the relation between the theory of the strong interaction of 
the elementary particles and the theory of the structure of them. 

It is not accidental that these differences have first been established in the 
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u.vestigation of the nuclear potential and not in the phenomena involving real pions. 
The reasons are: i) There is a physical region (Region I) in the nuclear 
potential where the so-called low energy theorem holds exactly, contrary to the 
real pion phenomena where the same theorem holds only in~approximation (the 
mass of the pion is put equal to zero) ; ii) The matrix elements of the potential 
between two States with different energies also give observable effects as well as 
those between two states with equal energy. it ese 

It should be noted here that the differences due to two types of couplings 
obtained above cannot be inferred from purely dispersion theoretic approaches. In 
dispersion theoretic approaches one will evaluate first the absorptive part of the 
scattering amplitude and then obtain the dispersive part minus the subtraction 
terms using the dispersion relation. Since the absorptive parts are determined by 
energy conserving processes with real incoming and outgoing particles, the dif- 
ferences due to the assumed types of couplings will appear only in the subtraction 
terms, concerning which purely dispersion theoretic approaches say nothing. This 
is an example of the inappropriateness of purely dispersion theoretic approaches 
when one deals with the structure of the elementary particles or the interaction 
between them, although they are very powerful when applied to suitable problems. 


§5. Detailed properties of the nonstatic OPEP 


Because the nonstatic OPEP have evry clear theoretical meaning as have been 
discussed in thé preceding section, it is interesting to investigate their properties 
in detail. 

‘Our potentials given by Eqs. (3-8)~ (3-10) are functions of k’, q’ and 
(kX q)*, where q’-dependence gives the degree of nonlocality of the potential in 
a-space and (kXq)’ corresponds to the square of the orbital angular momentum 
(see the Appendix). We will investigate the q’-and 0-dependences of our OPEP, 
@ being the angle between k and q: 


(k-q) 
kq : 
k=|k|, q=lq1. 


Figs. 2(a), (b) and (c) give q-dependence of Vs, V,and Viat @=60" Itus 
seen that the V,’s become slowly shallow when q increases,*” and may be approx- 
imated by a constant in some domain. V; coincides with V, except for a factor 
—(kxq/l)’. 

Figs. 3(4@) ~ (e) show the @-dependences of V;. It is seen that the V;’s hard- 
ly depend on @ as long as qg is not too large. 

Therefore, we must be able to transform the nonstatic OPEP given by Eqs. 
(3-8) ~ (3-10) into the local potential in 2-space in a good approximation as long 


cos d= 


* This fact has also been recognised by Signell.2” 
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ps—po 


Fig. 2a. g-dependence of V, (@=60°). 


(10-24-2)! ps—pu (10-2ps-2 ps—ps 


Fig. 2b. q-dependence of V; (@=60°). 


(10-24-2) PSePY (10-22) ps—ps 


Fig. 2c. g-dependence of V, (@=60°). 
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ps—pv ps—ps 


(w-?) 


Fig. 3a. Angle dependence of Vz (q=y). 


\10-2y.-2) oa 10-2p-2 doops 


Fig. 3b. Angle dependence of Vs (=u). 


ps—po ps—ps 
(10-2.-2) (10-24-2 | 


k=p 
0.5 


0,4 


Fig. 3c. Angle dependence of V, (q=#). 
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(u-2) ps—pv (u-?) 


ps—ps | 


Fig. 3d. Angle dependence of V2 (k= y). 


(10-24-2) ps—po 


Fig. 3e. Angle dependence of Vy, (k=y). 


as qg is not large (i.e. for nucleon-nucleon scatterings at energies lower than near- 
ly 300 Mev). 
k-dependences of V;’s are given in Figs. 4(a) ~ (c). 


It is seen that V, is very 
close, at g=/4, to the static one. 


Now we will transform the nonstatic OPEP into 2-space when q is not large. 


V,’s in Eqs. (3-9) and (3-10) are given by terms of first nonvanishing order in 
q/M sufficiently accurately when q is small compared with M.* 


Our potential, 
then, may be written as 


* For V, it might be necessary to use more accurate form. This point will be investigated in 
another occasion, 
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Fig. 4a. k-dependence of V, (@=90°, g=y) 


(10-2-) 


Fig. 4b. &-dependence of V,/k2 (0=90°, g=#) 
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ps—pv (10-34~%) 
(10-22) 


Fig. 4c. k-dependence of Vy (@=90°, g= z). 


a yay Bs ®) fg 2 ) 
AES) Sala pee gales NOD 


i (o™-q) CED Veh) ¥ (o®-kX ve q) V,(2) 
pL 


~ (6-6) (281) va | (6-1) 
where 


Vi) =- 


AVC) = ee oe 
An 


7a 
ee ti Paes 
RR) a ia? | 
2 2 
Vit Lo (4 2r, 5-2 
«(&) ees M/ w (5:2) 


and w= (k*+/")""; the upper (lower) sign gives the case of the ps(pv)-coupling. 
Eqs. (5:1) and (5-2) reproduce Figs. 4(a)~(c) very accurately. We can easily 
see that the nonstatic terms in Eg.. (5-1) vanish as a whole in the first Born ap- 
proximation because of the identity (2-4). 


The potentials in momentum space, Eqs. (5-1) and (5-2), may be transformed 
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into .xc-space by 


dk 
(27)* 


V(x, q) = eV (k, q), ay 5-3) 


where q in V(x, q) means a differential operator on the two-nucleon wave function 
(see the Appendix), 


o* (r)qb(r) = = o*(r) (VEV) G(r). 


Making use of the following formulas, 


dk ir oy (2), 
rar (6 -k) (0 -k) Va(k) 
=-[(2-2)v.@ |o%-n @?-y-|2 2 v0) -4-4@ |@”-2%, 
(5 - 4a) 
ape a » ee yy oak, 
\ranat (o® -kxq) (6? -kXq) Valk) = ( r yr) Vee) |e iy Shag 
iL fe) ies Af 1 (2 (t(2, 2 0 
+[4 2 vin—Le@ [ora @r-g—Cr-ed}, 4b)" 
where 


(o-L) (o®-L) =(6-L) (o®-L) wep (o®-6) (x-V—V-x) 


$= {(2®-¥) (2-2) =(09-¥) (ez) + DQ}, 


and 
[sore OX D'V 
a 
a -|(4 ZY: vcr) |E— a{ + s age +6 (r) |q. (5-46) 
rT OT eT. OF. 
where 
Pal (@ V—V-«), 

ana 


PEAR touts) 
Vilr)=| (2n)*- Vi )3 


* In this and following equations, L means the orbital angular momentum qieihior, And AP, 
propriate symmetrization is to be understood, i.e. (0 -L)(a®-L) means (1/2) {(@ -L) (o® -L) 


+ (a -L)(o-L)}. 
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we obtain 


¥f” (a, q) Sih (r® .r®) \¥. (xz) (6-6) + Vr() Sw 
An 


$V jC) CDE + ¥,5(2) (2-0) + Vora) Suh 


M’* 
en cet oa} ee 
where 
S, ae (¢®-r) (or) — (6-6), 
2 re 
and 
Vi (cy SE, (5 -6a) 
SB) ge 
oul : 5:6b 
Sere (14242 )5, (5-6b) 
V, Ee, : )S (5-6c) 
Veq(a)=Vnn(a)= + (14343) (5-6d) 
6 x Zz Ge 
(sy eh (LAN 3.43.) eF 5.6 
Vise) = + 4 () (1+ 24 =) “ (5 -6e) 


the upper (lower) sign corresponds to the case of the ps(pwv)-coupling. Okubo 
and Marshak” previously calculated the nonstatic corrections up to the order of 
g’M~ by means of M~'-expansion and obtained the corresponding expressions ag 
above. 0-function terms are not written explicitly in Eqs. (5-.6a)~(5-6e). In 
calculating the matrix elements of the potential in the given angular momentum 
state, we obtain the same results as calculated directly in the momentum representa- 
tion, if we take into account the contributions from these d-function terms. 


§6. Comparison with experiment 


To compare the nonstatic effects with experiments; we need some knowledge 
on TPEP, especially because the differences in OPEP due to the ps- and pv-coupl- 
ings disappear in the Born approximation (although we may not rely upon the 
quantitative detail of the TPEP, we may use the knowledge on TPEP qual‘tative- 
ly). 

We have given in this paper matrix elements of the OPEP both on and off 
the, erergy shell according to the prescription described in § 3, and will give the 
TPEP in the paper IP” using the ‘same prescription, which may be. thought to 


WERT NOY ee ae 
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give the qualitative features of the correct TPEP in Region IJ, although the con- 
tributions from the resonances in the pion-nucleon and the pion-pion scatterings 
are to be added. Therefore, it is very interesting to compare the differences in 
the OPEP due to the ps- and pv-couplings with experiments, under some rea- 
sonable restrictions on the potential in Region II. Otsuki, Tamagaki and 
Watari have investigated this problem. Their results, which will be given in detail 
in the paper III,” seem to show that the pv-coupling is preferable and that it is 
difficult to interpret the experimental data by the ps-coupling only. 

Although one might think at first sight the differences appeared in Eqs. 
(5-6a) ~(5-6e) due to the ps- and pv-couplings are too small to be detected by 
experimental data available at present, this is not necessarily the case. For example, 
Hamada® has recently analyzed the p-p scattering data semi-phenomenologically 
including the quadratic spin-orbit potential.* Although we must take into account 
the contributions from q’- and (¢”-q) («-q)-terms to discuss the differences due 
to the ps- and pv-couplings, it would be also interesting to see the effects of the 
L-dependent potentials in the OPEP. 

First, Hamada® adjusted the central potential so as to fit the zero energy scattering 
parameters and the experimental phase shifts for the ‘S, state at 310 Mev. The 
central potential thus obtained, however, gives 0(*D,) ~0.264 at 310 Mev, which 
is too large compared with No. 1 Solution of MacGregor et al.,2” 0CD,) ~0.207, 
and does not agree with the experimental differential cross section. To remedy this 
deficiency, one will have to introduce terms like quadratic spin-orbit potential, since 
the tensor and the ordinary spin-orbit potentials vanish in the 1H-state. In fact, 
Hamada has found that the quadratic spin-orbit potential is manifestly required in 
the ‘E-state (1D, and 'G,), the precise form of which was chosen. to be 


V#, (a) = —0.0054p-2— (6 -L) (o -L) (6-1a) 
x 


or 


V(b) =—0.00155p %— (1 +8~ "+65, (6 -L) (@®-L). (6 1b) 
ie: BA Obs 


Using the formula 


(o®-L) (o®-L) =(L-S)*—0(J, L)L(L +1), (6-2) 
we have 
V#.(a) =0.0054pL (L+1) i (6-3a) 
and ' = 
V#,(b) =0.001552.L (L+1) — (148 +6.) (6-3b) 
Xx 


* The authors are indebted to Drs. Otsuki, Tamagaki and Watari for calling their attention 


to Hamada’s paper and helpful discussions. 
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respectively for the */-state. silt ov 
These expressions should be compared with the following term, which is in- 
cluded in the nonstatic OPEP, Eq. (5-5), 


AV pF (2-2) Via) [0B (2B) (0 -L)] 
4n 


2 4-2 
nan Lioney (ty Slated 


Ce 

x[(o?-0) L2— (o-L) (6 -L)], (6-4) 
where the upper (lower) sign corresponds to the ps(pv)-coupling. For the *E- 
state, Eq. (6-4) turns into 


Wiese (#\ra+1) (1+ — =< Z 
4 M a 


7 x 


6 
3 3 Cae 
= £0.0018uL(L+1) (14+ -+- ee (6-5) 
9 wa et 


The form of the right-hand side of this equation is very similar to that of Eq. 
(6-3a) and the magnitude is also nearly equal at 221 (the impact parameter of 
D-wave at 310 Mev is about 1p’). 

Apparently, the pv-coupling is the one that gives the same sign as Hamada’s 
and the ps-coupling gives the different one. If one takes into account JV, Eq. 
(6-5), for the ps-coupling, the angular distribution of the high energy p-p scattering 
would definitely disagree with experiment. 

Hamada” has also examined the experimental phase shifts in the *O-state and 
found that the fit to the experimental differential cross section at 310 Mev is notice- 
ably improved by including a quadratic spin-orbit potential. We see that in this 
case too the pv-coupling gives the same sign and order of magnitude as Hamada’s 
potential while the ps-coupling gives a different sign. 

It will be in order here to note that the quadratic spin-orbit potentials due to 
two-poin-exchange processes” are small compared with Eq. (6-4) at x1, and 
have the same sign as those in OPEP for the ps- and pv-couplings respectively. 


§ 7. Conelusions and discussions 


i) We have first described the outline of our method and the general pro- 
perties of the potential in the momentum space. 

ii) Then, following the FST method, we have obtained the nonstatic OPEP 
with full recoil in the momentum space and showed that it can be transformed 
into a local potential in a-space in a good approximation for two-nucleon problems 
at energies below nearly 300 Mev. 


iil) For mcimentum transfer small compared with 3y, or for distances large 
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compared with (34)~*, the nonstatic OPEP is determined unambiguously (although 
some physical assumptions are used for the case of the pv-coupling), and is given 
by the result of the second order perturbation calculation with the observed coupl- 
ing constant. 

iv} Nonstatic parts of the OPEP, Eqs. (5-6c) ~ (5-6e), have different signs 
for different types of the coupling between the pion and the nucleon. This is the 
first definite difference obtained from the theory unambiguously for the observable 
results derived from the ps- and pv-couplings. 

v) Otsuki, Tamagaki and Watari™ have compared the nonstatic OPEP with 
experimental data, assuming the appropriate potentials, which seems to be rea 
sonable from the standpoint of the pion theory, in Region II. Their results seem 
to show that the case of the pv-coupling is preferable, although more elaborate 
investigations would be necessary to establish the above statement conclusively, 
which might give a link between the theory of the strong interactions and the 
theory of the structure of elementary particles. 

vi) The differences between the two potentials derived from the ps- and pv- 
couplings, respectively, have arisen because of the nonconservation of energy for 
the matrix elements of the potential operator. They cannot be obtained by pure- 
ly dispersion theoretic approaches, since they will be included in the subtraction 
terms. 
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for his stimulating discussions and important suggestions throughout this work. 
They also thank Dr. S. Otsuki, Dr. R. Tamagaki and Dr. W. Watari for their 
helpful discussions on many aspects of the two-nucleon problems. One of the 
authors (N.H.) is indebted to the Yomiuri Yukawa Fellowship for the financial 
aid. Part of this work has been supported by the Yukawa Yomiuri Fund. 


Appendix 


Transformation of a potential from p-space to x-Space 
In §5 we have used several formulas in the course of the transformation of 


the nonstatic OPEP from p-space to 2x-space. . 
i) First we will show that the operator q is (—7) times the gradient on ¢(r), 


the two-nucleon wave function. ; , 
Let us start from the Schrédinger equation in the x-space with the potential 


which is in general nonlocal, 


[z+ Ev yo =|<r|Vir'> arp), (A-1) 


\ 


where r and r’ are the relative coordinates after and before the potential operates 
respectively, and the center-of-mass coordinate has already been separated. As 
will be discussed in detail i. reference 7), <r|V|r’> may be written in the fol- 


lowing way: 
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ar] Vir =|( Lbs Zar PD) Rr FI NV (oO oS. te. a), (A-2) 


J (2n)° 


Writing Eq. (A-2) in the following form, 


<r|V|r'> = dgdk jixosenny o®, o”, k, a eit rr) 
(2n)° 


= dk ikrsen/2 V(o, a”, k, Pes 5 
(on)! Ar) 


and taking the matrix element, we obtain 


||" @) ar <r|V|r’> dr' f(r’) 


=|[or@ar| v(o, 0%, EE, i" 5) er) |r’ ce 


l y O(r—r’ 


a Jerav(or, nae ei (V+¥))b@r)ar, (A-4) 


9 
a 


where use has been made of 


\\e* @ar| iz? 5 a(r—r’) |dr'g (r) 


= ||| -*2-06) Jasary (R+-£] é (a) 
= |\ a) ds dR i (o* b) 


rf) 
Or’ 


= [Ja@—r) drdr’ + | (2 yey) oe) 0) 2 49 | 


=| 9) SE 4D $@ar. (A-5) 
Comparison of Eq. (A-2) with Eq. (A-4) shows that one may transform 


Vio, o®, k, q) by the formula Eq. (5-3), 


dk 


ihr 
(on)** V(a®, o nk, gy, (A-6) 


V(x, a) =| 


where q in V(*, q) is to be understood as (—) times the gradient operator on 
the two-nucleon wave function 


#7) q9 0) =—9 gH) H+ GO), (A-7) 


ii) Derivation of Eq. (5-4b) 


Two Nucleon Potential with Full Recoil. I 1347 


coy aie ; 
a pet, Ne ee 


=o VQ) VAG VAT); 


where q is a differential operator on the wave function. Making use of Eq. (6-4a° 
we rewrite the above equation as 


lee Zvi) -L0@ |? DO? -D—-C-e™q}. (A-8) 


Transforming Eq. (A-8) we obtain 


Buse | (+ aN, & Rie L) (6®-L) +(o®-E) (6 T)| 


r Or 
[4 2 v.—Law ior. aer-a— Pea}, A) 
where 
(6® -E) (o® -L) =(6%-L) (6 -L) -= (x-V—V-«) 


+ {(2-¥) (6-2) — (2 -Y) (0 -x)}, (A-10) 


and L satisfies usual commutation relations 
[L,, LiJ=iLe GJ; k is a cyclic permutation of x, y, z) 


for angular momentum operators. 
iii) Derivation of Eq. (5-4c) 


|= o** (ex q)?Vi(k) = — (VX q)?Valr) = — 1 ie Veg)" Val) 
(2x)* (,9;*) 


: 2 ; — i Oe a oes | 2 2 
=-[(4 5.) % | 3 emma erp” 


-[E-gynop-[idne-—pole am 


=t—— (x-V—V-x). 
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The time dependent problems of the vibrational motion are investigated for the cases 0: 
infinitely extended one-dimensional lattice which contains one or two impurity atoms (isotopes). 
Starting from the equations of motion of these systems, we derive the integral equations 
which show various time dependent properties of the lattice vibration of these perturbed one- 
dimensional lattices. Namely, the asymptotic solutions of these integral equations represent 
the localized vibration which is preserved by the impurity atom when its mass is smaller 
than that of base atoms. The integral equations are actually solved by means of the pertur- 
bation calculation and also by the use of Laplace transforms, and the behaviors of the lattice 
vibration © ~ce’a'ly the carture of the vibrational energy by the impurity atoms, are evaminca, 


§ 1. Introduction 


['<.cntly considerable progress has been made in the theory of lattice vib- 
rations of crystalline solids containing defects such as the impurities and holes. 
The detailed mathematical investigations of monatomic lattices have been made by 
Montroll and Potts,” and by Lifshitz,” using the method of Green’s function. The 
corresponding investigation of the electronic levels in solids has been made by 
Koster and Slater® by the use of the Wannier function. Later, Montroll and his 
collaborators extended their method to study the vibration of diatomic lattices.” 
Hori and Asahi? have presented a method of solving the one-dimensional problem 
which is an application of the method of transfer matrices originally utilized by 
Kerner” for the problem of the electronic energy band. 

Results obtained by various authors show that a local defect causes the ap 
pearance of the vibrational modes whose frequencies are discrete and isolated 
from the main continuum of the modes of unperturbed lattice as well as the 
shifts of in-band frequencies by the amount of order O(1/N), N being the total 
number of lattice points. The vibrations of these isolated modes are localized 
around the lattice defects, which are analogous to the bound states of electrons 
around the impurity centers. 

So far only the stationary properties of the imperfect lattice vibration have 
been considered, and various methods of approach developed are devoted to solve 


1350 E. Teramoto and S. Takeno 


the time independent equations of motion. It seems therefore to be interesting to 
study the problem from a slightly different point of view by explicitly solving the 
time dependent equations of motion with a suitable initial condition. _The present 
paper represents an attempt to study this time dependent problem with particular 
attention to the states corresponding to the localized modes. 

We deal with such a simple model that a one-dimensional monatomic lattice 
with nearest neighbor interaction contains one or two isotopic impurity atoms. 
Our basic procedure is to excite the vibrational motion by making the displace- 
ment of an atom at an initial time t=0 while all other atoms remain at their 
equilibrium positions, and then to study the behavior of the motion of each atom 
as a function of time. The corresponding investigation of the propagation of elec- 
tronic excitation in pure insulators was made by Merrifield.” A general description 
of the temporal evolution of such a time dependent problem in quantum mechanical 
motion in the random lattice was made by Anderson” in order to give a proper 
basis for a quantum mechanical theory of transport problem. In the case of lattice 
vibration, the vibrational energy is transferred throughout the crystal, and for a 
-egular lattice the equipartition of the vibrational energy over all lattice sites is 
achieved in the limit of ¢> co (it is infinitesimal for a lattice of infinite dimension). 
For the imperfect lattice, however, the free propagation wave is scattered by the 
lattice defects and under certain circumstances it is expected that even for too 
the amplitudes of the vibration around the impurities can remain finite. The 
solution representing these states seems to elucidate the aspect of the localized 
vibrational modes from a different point of view. 

In §2 we present preliminary accounts of the equations of motion for the 
unperturbed lattice by introducing the propagator. It will be also shown that the 
trace of the propagator is equivalent to the Fourier transfcrm of the frequency spectrum. 
In §3 the time dependent equations of motion for imperfect lattices are trans- 
formed to the integral equations, which provide us with the general description 
of the non-stationary properties of the lattice vibration. In the following two 
sections the approximate procedures of solving the integral equations are given. 
In § 4 the asymptotic solutions surviving for t>co are obtained, which are actually 
connected with the localized vibrational modes. In §5 the first order perturbation 
calculations are carried out and the solutions explicitly yield the time evolution 
of the vibrational motion propagating throughout the host crystal and being dis- 
turbed by the impurity atoms. §6 is devoted to the discussion of the Laplace 
transforms of the integral equations, which are adequate for getting formally exact 
solutions of our integral equations. Lastly in § 7 we give a brief discussion about 
a pair of isotopic impurity atoms. 


§ 2. Unperturbed lattice 


In this section we shall study the system of one-dimensional harmonically 


Time Dependent Problems of the Localized Lattice Vibration 1351 


coupled oscillators which consists of N identical atoms of mass m. The equations 
of motion can be written in the form 


aun 


dé: =) (n) ‘Uns (1) 


where zw, is the deviation of the coordinate of mth particle from its equilibrium 
position and (7) denotes the difference operator defined by 


a) (n) gt ae ~ (tp —tUn+1) _ (Un —Un—1) 
m Mm 


=m (tn 41+ Un—1— 2Un) 2 (2) 


The parameter @ is 1/K/m, where K denotes the force constant of the interaction 
acting between the neighbouring particles. The solutions w,(¢) of Eqs. (1), which 
satisfy the initial conditions that at t=0 the displacements of the atoms from their 
equilibrium positions have given values {z,(0)} and their initial velocities are all 
zero, can be expressed in the form 


Un (t) = Die (n, m3 t)Um(O), (3) 
where the propagator matrix p(7, m;z) satisfies the differential equations 
2 
p(y m3) = D(a) -(n, ae) (4) 


and also the initial conditions 


P(nj'm 3 0) =o,0 


[Zo in: | =0. (5) 


B t=0 


As is well known, the solutions of Eqs. (4) for infinitely extended lattice are 
given by the Bessel functions.” This can be easily seen by introducing the gene- 
rating function defined by 


K(z, 0) =D" o(m, m3 0) (6) 


which obviously satisfies the initial conditions 
B20) =1; 
(7) 
| dK (z, t) /dt\,-.=0. 
By multiplying tne both sides of Eq. (4) by 2"~” and adding over all 7, we have 


the differential equation 


£K = a/2—F K(z, 0). (8) 
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The solution of Eq. (8) is given by 
= it \ a —- er Ly, 9 
K@ HA exp|a(V/z —=}th +B exp alz at (9) 


where constants A and B are determined by the initial conditions (7) and we 
find that A=B=1/2, hence we have 


K(z, t) =cosh|a(/z — =) ¢, (10) 


Now comparing Eq. (10) with the generating function ot Bessel function 


exp] La(é— 


a 


il = =n 
= )}= 2S Jala)s 


we obtain the coefficient of z“~” in Eq. (10) as 
? (n, mM x t) = J oes (2at). (11) 


Here the propagator (7, m;t) depends on the positions 7 and m only through 
the distance |n—m|, because of the relation J_,(x2) =(—1)*J, (2). 

It obviously follows also that the solution which satisfies the cyclic boundary 
condition, that is, e(n+N, m;t) =e(n, m;t), can be given by 


pool, T2e—menay (att). (12) 


Lastly we shall refer to tne relation which connect the tunction p(n, m;t) 
with the time independent p-5b!2m; of the lattice vibration. Let us consider the 
eigenvalue problem 


D (n) *v,= —7v,, (13) 


with the cyci.c bounaary conaition. We dencte the eigenvalues and the eigenvectors 
of Eqs. (13) by 4, and wv,” respectively. Clearly (13) is the equations which 
determine the normal modes of the lattice vibration and J, is related to the angular 
frequency by /,=«,. Using these eigenvectors, the propagator can be expressed as 
On, ms t) => eae ()o!, (14) 

where the functions A,\”(¢) satisfy the differential equations 

Ga 

“iP AY @) = —/, ASO) =—oF APM. (15) 


The solutions of these equations are 
AQ (0) =a? e+ bw ete 


a v v . oe ere < 
and the constants a’ and 6 are determined by the initial conditions (5). Then 
it follows that af”=)” =v%*,’2 and we have 


m 


f 
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O(n, m:; t) = v®* cos(a, t)v®. (16) 


This means that the propagator can be also directly calculated by using the solutions 
of eigenvalue problem (13). Actually the solutions of Eq. (13) are 


vy =N7~“exp (i2aun/N) 
(==, 2 ve N). (17) 
wo, =4a? sin? (vz/N). 


From Eqs. (16) and (17), we get 


o(n, m;t)= SN- se2" > Neos {Zaz sin (vt/ N)} 


== |e 420 (n—m) cos {2at sin ot dé 
7 
0 


a|H 


| cos {2(2—m) 6} cos {2at sin 6} dd, (18) 


where the sum has been replaced by an integral, assuming N to be sufficiently 
large. The last integral is just Jacobi’s integral representation of the Bessel 
function Jan—m(2a@t). 

Further, if we take the trace of Eq. (16), we obtain 


Lie(n, m5 t)= LiL *cos(w, ee 


ek feos (aeray den, (19) 


where again the sum has been replaced by an integral by taking a sufficiently 
large value of N and introducing the frequency distribution function /(«). Thus 
we know that the trace of propagator e(n, m;t) is the Fourier cosine transform 
of the frequency distribution function f(w). When N>1, e(m, m;z%) can be ap- 
proximated by the central term (k=0) in Eq. (12) only, so that from Eqs. (11) 
and (19) we have 


NJ) (2at) = (co (wt) f (a) do. (20) 
0 
Che inverse transformation of Eq. (20) gives the frequency spectrum” 
fo) SEAN (2at) cos (wt) dt 
0 
2N (4g? 3)", 0<a<2a (21) 


I 


0 5 w> 2a. 
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§3. Integral eauztion of the time dependen: problem 


Here we shall consider the one-dimensional lattice in which several atoms are 
replaced by the isotopic impurity atoms of mass ©, then the equations of motion 


can be written in the form 


J D(n) -tint V (n) + ttn eo 
t 


where (’ (7) represents the difference operator 
VD (@) un = 60? 0,1 (a bua 2m) 
/ 
On tne Le Ua (23) 
7 


in which /’s denote the sites of impurity atoms and €=(m/M)-—1. For the pro- 
pagator we have also the differential equations 


2 
(0 Mm: t)= Dn) -p(m mi, t) + U (nm) -p(n, m; t) 


and the initial conditions are again given by Eqs. (5). Now we assume the 
solution of Eqs. (24) to be of the form 


(EPA (8 TONG eae a Cin 7 a (25) 
where (n(n, m:¢) is the solution for unperturbed lattice, that is, 
aon (n, m; t)=D(n)-e.(n, m; 2). (26) 
Then it tollows that the function F'(, m;7t) should satisfy the equations 
2, Met) gy Fl. i: = CeCe Oe (27) 


with the initial conditions 


EG, m= 0)=0, 


| 2 Fe, mit) | =0. (28) 
Using the eigenvectors of Eq. (13), if we put 
EGS aL) = hia (Ee) ey™, (29) 
we have 
£ a (t) +210, aly (2) =e" ol" V (k) -p(k, m; 2). (30) 


Further we write 
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do) 


—— 4am. 
dt 


() =29 Der, 1) 


then Eqs. (30) are reduced to 


d 


LEO — piopt #79 (LY). L, 
de m (¢) e dive U (k) eck, mM; LD: 


so we obtain 


t 
bY @) ebpere vo* U (k) p(k, m; t')dt', (32) 


0 


where the additive constant of integration is zero because of the initial condition 
(28). From Eqs. (31) and (32), we have 
t t! 
a® (t) ai dt!\ ei" v*U (k) -e(k, m;t!) dt”. (33) 
0 


0 


By means of a partial integration, Eq. (33) is seen to be equal to 


fs 
eis 1 fermeot| cin v*D (k) -e(k, m; t') dt’ 


2iw, 


é 


— fe vo* 1 (k) -e(k, m; t’) art. (34) 


0 


Therefore we obtain 


F(n, m: t) Say { (etovtt 1) g-tavlt-4) /2i.c,} vw” 
Kk 0 v 
x B (Rk) -e(k, mt!) dt! 


=>| sig Silo C—O} LOD (&) -p(k, mstdt’, 5) 


v WM, 


0 


and according to Eq. (16) 


t t-t! 


Fe Gavin 210) =a’ | depot, k: 1) V (2) p(k, mst) (36) 
0 0} 
Thus we finally obtain the integral equations 
o(m, mst) =pa(n, 7052) +5[ de! aepo(n, Een) B® -p(e mit)» BD 
0 0 


§4. Asymptotic solution of the integral equation 


In the pertect lattice the vibrational motion which is initially excited at some 
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point in the lattice spreads over all lattice points and especially in the case of 
infinitely extended perfect linear lattice the vibrational amplitude of every atom 
diminishes to zero as t>0o. In fact, the propagator for the infinitely extended 
unperturbed lattice has a property that as to 


Po(m, m3 t) =Jan—_m (2at) 20 (38) 


for all ». However, when the lattice contains some impurity atoms, we encounter 
different situations. Namely in some cases the impurity atom can capture the 
vibrational energy and maintain a non-vanishing stationary localized vibration. 

In order to study this localized stationary vibration, we shall treat the infinitely 
extended linear lattice which contains one isotopic impurity atom located at the 
lattice point 7 and we shall be concerned only with the asymptotic solutions of 
our integral equations. It is readily seen that the integral equations (37) can be 
rewritten in the form 


Ad 


O(n, m;t) =Po(n, m;t) +d lar \aepo(n, k;t—t') UV (2) -e(k, m3 
0 0 


tr 


=)(n, m;t) +€a° | dt'po(1, l;t—t') az {o(Z+1, m: 7) 


0 0 
+pe(l—1, m;7)—2e(, m;T)}. (39) 


Here we assume that in the limit of t- co there exists a stationary vibration which 
is asymptotically attained irrespective of the initial state. We denote it by 


p(n, m;t) =a, exp (iat). (40) 
Inserting (40) into (39) and using the fact expressed by Eq. (38), we have 


t tv 


Ge =ea°| di Jxn-1 (t—-#’) \a: (4141+ G11 — 2a) e'°" 


0 0 


Ea’ 


ee CaO) [at ayo (20 (t—2’)) (e*” —1). (41) 


0 


(TO) 


The result of integration, for sufficiently large value of t, is given by the equations” 
t fi 
[Jarnnn (2a (t—t’) ) eet dt! =e"\ Juan (2az) enit dz 
0 0 
el Juan (2at) Cm dt 


0 


= —i(—1)"" (2a) W/o — da (w+ V/ 0? — 4a) 2-1} “gies 
(42) 
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il: co 
[Jac (2a (t—t’)) dt = —— di Jantemye1 (2att) =V), (43) 
é m= 
In Eq. (42) we assumed that w>2a. Actually it has been made clear by many 
authors that the characteristic frequency of the localized vibration always appears 


above the top of the frequency continuum of unperturbed lattice. Therefore from 
Eqs. (41), (42) and (43), we obtain the equations 


au=€ (—1) "ag | es PO Guataa—2a) (44) 
n= —— — Qisit Q1—2a 

oY w? — 4a B/G ae aS aa : 
which determine the characteristic frequency w and the amplitudes {a,} of the 
localized vibration. It is obvious that the solution of Eq. (44) has such a sym- 
metry that @,-)=@-(n,—-». Consequently, from Eq. (44) for n=/ and /+1, 


og © 
a= = 26 (G1), 
1 pr aro | 1 a). 
a 2a z 
Tene | 2 Qi.1— 4) - A5 
oe oy/ wi — 40 \wt+/ wv — 40? (41141) i 


Thus we can have non-vanishing amplitudes, provided that. the condition 


9 a 


2 2a 
eee ne Rak ( os + 1| = 4G 
of w—4a? ora de Co) 


‘5 satisfied. This can be simplified and we get 
wo—-V w — 408 =V w'— 407 E. (47) 


The main fact revealed by Eq. (47) is that the real value of w can be obtained only 
when €>0 or M<m_ In this case we find 


1+6€ 
tee ee ae 
*« for the amplitudes, from Eqs. (44) and (45) 
9a 2[n—_ | 
Eel a a, (49) 
an— ( ) ot” w'— 4a 


and using Eq. (48), we have 
Qnz= (—-1) m-1(1 +28) SN a (50) 


which shows the localization of the amplitudes which has a peak at the lighter 


impurity atom. . Pana 

We have seen that there exists a stationary localized vibration when the mass 
of isotopic impurity atom ‘5 smaller than that of basic atoms. Therefore the vibra- 
tional energy. which is introduced by exciting some part of the linear lattice, can be 
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captured at the impurity atom in a form of the localized vibration. This time 
dependent behavior will be actually demonstrated by the calculations given in the 


next section. 


§5. Perturbation calculation 


In order to see the time dependent behavior of the propagation of the lattice 
vibration, we shall evaluate the solutions of the integral equations (39) by a per- 
turbation procedure. Namely, assuming that the parameter € is sufficiently small, 
we shall be concerned only with the first order quantities in €. 

In the first stage of successive approximation of Eqs. (39), we have 

t tl 
DOME T) een) +8\dt\dspo(n, ese NOD nae ee 
0 0 
Using Eqs. (4) and (5), this can be rewritten in the form 
ae 
PM 32) = 05 (1, net) +8\de'\ den (n, 2; t—-t’) 


0 0 


a : 
ae CF Mm 57, 
— 5 / E / d / 
=)(n, m;t) +€\dt'p(n, 3 t—-t ) 7 old, WE Se je (52) 
0 
Now we can use the recurrence formula of the Bessel function 


d ’ d / 
a Cet ) sar Mm (Qat y=a}Jou—m—1(2at’) — Istiomys1 (Cae ) ys 
Thus the second term of Eqs. (52) reduces to 
& ie Co ae NOES 
0 yA) dyin ® » mM, 
0 


=a de Irgech (Bet (2H) ATH (Ql) Pipa ees (53) 


0 


In order to calculate these integrals, we shall take the origin of lattice coordinates 
so as to be m=O and assume that 7>0. Then using the relations™ 


OST e) re de (94) 


az 


[FF ydy= 25-1)" Tyce), Ghv> 1) 6S) 


eh 
ii) 


and 


De fa 1) 'Jac(x) = (cosar+Jg(22))/2, (56) 


Time Dependent Problems of the Localized Lattice Vibration 


we have 


t 


Jan—1 (20 (t—2’)) Jn). (2aat’) dt! 


Seer 


0 


1 feo} 
os GENE J 2¢n—1) +2) 42% (2AL) 
1 jn=z42 10 P [n—2]+2—1 
Se (1) ee OS) (— Ca), 


and similarly we have 


=~ IO 


\Jaun—1 (2a (t—2’)) Jari (2at’) dt’ 


oe 


==(=1) [n—2] +141 {soseat) ae2ee) <"S(=1)Ju(2a0) 


j= 


Thus from Eqs. (53), (57) and (58), we obtain 


é | de'po(n, i342) “po (1, 0;t’) 


0 
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(97) 


(58) 


=€(—1)!"""I*” {cos (Qat) + Jo(2at) + (—1) 99 Tecin-v 40 (2) 2S meee 


Especially when /=0, the calculation of integral (53) becomes simpler because of 


the relation (54), that is, 
ce Seed a 
E\dt'po(n, 0s¢—#) 7, o(0, 0; £’) 


0 


=ta\ de Jum (Qa(t—t’)) {Ta (Qat!) — J, (2at’)} 


t 


= — 28a ae’ Inn (200(t—1')) J, (2att’) 


0 
=— 26d —1) ® J scabs’ (2at) 


=&(—1)"! {cos(2at) + Jo(2at) 23) (—1)‘Jo;(2at)}. 


(60) 


Thus we have obtained an approximate solution of our integral equations in the 


forms, for />0, 
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ein, 0; t) =I, (Qat) +€(—1)'"""'*” {cos (2at) + Jo (2at) 
|n—d] +2 P 
+ (1) Tocnaap ery (Zat) — 2), (—1)*Jo;(2at)}, (61) 


andetor—0> 
p(n, 0; t) =I (2at) +€(—1)™ {cos (2at) + Jo(2at) 


—25" (—1)* Ja:(2at)}, (62) 


Fig. 1. The motion of the impurity atom p(/, 0; £) with 
!=5 and e=0, 1/4, —1/4. 


Fig. 2. The perturbation vibration Eq. (59) with 7=5. 


where J=0 means that the system starts from such an initial state that the im- 
purity atom is displaced by unit distance from its equilibrium position and all 
other atoms sit on their equilibrium positions. In these expressions the cosine term 
implies the existence of the stationary vibration, but we cannot say much about 
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the stationary localized vibration using these solutions which were obtained by the 
perturbation calculation, because our approximation goes wrong for a large value 
of time ¢. On this point, however, we shall give further discussions in the next 
section. 

Eq. (61) with n=/, that is, the actual motion of the impurity atom is gra- 
phically shown in Fig. 1. Fig. 2 shows the perturbation term (59). 


§ 6. Method of the Laplace transform 


In this section we shall try to solve the integral equations (37), for the lattice 
with a single isotopic impurity atom at the site 7(=0), by means of the Laplace 
transformation. At first let us denote the Laplace transforms of the propagators by 


J \n—m| (S) = jer" (m, m;t)dt= fe" Jacnam (2at) dt 
0 ry 


rela (tte rene me 63 
V/ 40+ \\/4e2+s?+s (63) 
and 
G(n, m; 5) =|“ p(n, m; t) dt. (64) 
0 


If we calculate the Laplace transforms of both sides of Eq. (37) with m=0, we 
have 


G(n, 0; s) =9 in (s) +€a°H(n, 1; s) {GU+1, 0; 5) 
FGU=1, 0; 5) —2G6() 0% 5)}5 (65) 


where 


Hn hes) -(¢ -{fncn Leet) dz| de 


= arom Lice) ja etn 


aly, J \n—1| (s). (66) 


Si 


Consequently, Eq. (65) can be rewritten in the form 


G(n, 0 5S) =IJIint (s) oth Bobi. 1 (S) (Gd, “05 s) 


Seceuicrnebaiclcert (67) 
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Next, introducing the functions 


X,(s) =G(n, ye s) Jin (s), (68) 
we get 


Xi (5) = oe gin (3) (Xraa (5) + Xr-a(8) —2Xi(5) 
S 


+9241) (S) +921) (s) —29_1(s)} 
=&9 n—-1) (S) 18912) (5) —0,,o} 


2 


HCO gS Xreils Rea (32K Drie (69) 


S) 


where we have used the relation 
Jir41) (S) +9211 (5) — 292) (5) Se {og(Z+1, 0;t) +o(¢—1, 0; t) —2a(2. 0; t)} dt 
0 


ao foo] 


il aa a’ “ Ss: —st f he s —st Q: d. 
=—-\e "-— p, (1, 0s t) dt=—Le “a (2, OF 2) += Ne “2 ae 
2 at ! a’ 0 ae 


a 
0 0 


2 
Ss s 
rAd (s) ee 


Now it is seen that the solutions of Eq. (69) have such a symmetry that 
X74 (Ss) =Xi_x (s), because Jj,-,,(s) depends on the distance |2—J| only, so that 
we get 


2 
Xn(S) =EYin—2 (8) {89 2) (8) —9;,0} $2 gina (s) {X142(s) —X2(s)}. (70) 
If we put m=/ and 7+1 in Eq. (70), we obtain two equations which can be used 
to evaluate the solutions X;(s) and X;.1(s) as functions of s. Actually we obtain 


_ €g n=l (s) {S92 (s) —0d, of 
X, (5) = Sdn ls) isdn (3) 8.0) (71) 
1—2(€a*/s) {91(s) —9o(s)} 
Substituting (63) into (71), we finally obtain 
2a zie) 5 2a 2 
Xi) ae — ( iy 
(s) (Sas +s eens Tae) ul 
v 1 
(1+8)/4a?+ 8'—&s 


(72) 


Thus if we calculate the inverse Laplace transform of Eq. (72), we can obtain 
the exact solution of our problem, but the calculation is too complicated to have 
a simple analytical expression. However, it is interesting to see the relations 


Time Dependent Problems of the Localized Lattice Vibration 1363 


which can be derived from Eq. (72). Namely from Eq. (72) we have 


Lae ( 2a J magoh% 7 
.() — ——————— : 
V 402 + +5 1(s) ( 3) 
If we use here Eqs. (63), (64), (68) and the relation 
on =e, rs adn (att) 
area 2in\\e t a a 


we obtain the inverse Laplace transform of Eq. (73) in the form 
j l 
/ 
pie. 0 BT. Cat) — Janey (are ain —l| \oG 0; pu) P0020) ay, 
0 
(75) 
We shall consider from now on a special case in which the impurity atom 
sits on the site J=0, in other words, the case in which the impurity atom is ini- 
tially displaced by a unit distance while all other atoms remain at their equili- 
brium positions. In this case from Eq. (72) we have 


s—v 4a? +3 1 
/4e+s (146) / 4a? +8—€s 


it y 
= on . 76 
(+6) /4a?#+8—€s 40+ ey 


Xo (s) =E 


or 
G (0, 0; s)=1/{0 +46) /4e7+9—ES, (77) 
where the superscript (0) indicates the position of the impurity atom 7=0. Now 
from Eq. (72) we have for />0 
2a 21 
oe ee FX (sy EEG 80, OS) h 5 
Xi(9) =(Feanaae) 1%) +66, 05.9} 
or using (63) and (68), 
2a ip 0 i 
Si TE | oe 78) 
GU, 05 9=A4O(Feeeaz) CPG 059 


The inverse transformation of Eq. (78) gives the relation 
t 


/ 
o(d, 0;t) =21(1 +) \e® (0, 0; me (79) 
0 
Thus it has been shown that if we know a propagator p (0, 0;¢) we can derive 


all solutions using the relations (76) and (79). | 
We can easily see that when &>0 the denominator ‘of Eq. (77) has a pure 
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imaginary root s=iw and w>2a. This again implies the fact that the lighter iso- 
topic impurity atom can give rise to the stationary localized vibration. In fact, 
Eq. (77) can be rewritten in the form 


10. 0:9) = Oto uv Age hes 
MONIT at) 88 
— (1+6) 4a? +s’) Be es ei EE (80) 
A(1+6)’o?+ (1+26)s* 1426 (1+8)"424 2 
1+26 


Here we can see that the inverse transform of the second term of Eq. (80) gives 


6 cos|_ == 2a}. (81) 
1426 4/142 


This corresponds to the stationary localized vibration the frequency of which was 
already obtained in Eq. (48). Moreover if we expand Eq. (80) in power series 
of &, the cosine term of p(0,0;z2) given by Eq. (62) is obtained as the first 
order term of (81) and all other terms of Eq. (62) result from the first term of 
Eq. (80). 


§7. A pair of the isotopic impurity atoms 


Lastly we shall consider the case in which the linear lattice contains two 
isotopic impurity atoms of equal mass M at the positions 7 and —/. In order to 
obtain the characteristic frequencies of this binary localized vibration, we shall 
study the asymptotic solutions of our integral equations just in the same way as 
that we used in § 4. In this case our integral equations with 7—=0 become 


p(n, 052) =pa(n, 032) +8\de'ra(n, L3¢—-1') \de DD -e 05 2) 
+6 |dt'p0(u, —1;2—2) de D(—D -e(—1, 037). (82) 


0 0 


Again assuming the asymptotic solution of Eq. (82) in the form (40), we have 
for t—>0o 


1 a ( | 
ane = me (rer $ a1 2a)) |dt Jagan (2a (¢—2')) (e*” —1) 
“0 
Ea? l ! jot! 
ais Py (@~j41+4_)-1—2a_,) jae Jansen (2a (t—t')) (e**” —1), (83) 


0 


and making use of Eqs. (42) and (43), we get 
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Sahat ie = 4 Ca + a-1—2a;) 
oV w'— 40 \0o+V wo —4a 1417 Qja1 1 


2|n+2| 
+é(-1)""" afi beiel Soo ee ee 
ov wv —4a?\o+V w'— 4a? ee gine: “34 


provided that w>2a. Now, corresponding to the symmetric (a_,=a,) and anti- 
symmetric (a_,=—a,) vibrational modes, we can rewrite Eq. (84) as 


2 2a 2|n—2| 2a 2|n+2Z] 
een a 
wo” w&— 40 \\otYV w—1a0 wy ow — Aa 


X (ai41t+a-1— 2a), (85) 


where the plus and the minus sign correspond to the symmetric and the anti- 
symmetric case respectively. The solutions of Eqs. (85) can be obtained by 
studying a set of three equations for which n=J, /+1 and Z—1. Thus it follows 
that w should satisfy the equations 


lect he Slate 
é SIP ee | SIE ———= =e 86 
ow w'—4ae* otvV w'—4a’ a otV o'—4a Be) 


To write this equation in a simpler form, we introduce the variable z=o/2a(>1). 
Thus it turns out to be . 


(142 )/2-1 —z=t2(e+V/27—-1)™. (87) 


For sufficiently large value of / the right-hand side of Eq. (87) becomes negligibly 
small and the equation is reduced to Eq. (47) which gives the frequency of the 


localized mode of a single isotopic impurity atom. 
In order to have an approximate solution of Eq. (87) for large J, we shall 


write 
Z=Zt+o (88) 


where z, is the solution of Eq. (47), that is, 


zo (148) //142€ (89) 
and 6 is a small correction. If we evaluate only the first order correction, we 
obtain 

&(1+6) ( é )’ 9 
J= (90) 
= +t 26)? V/1+2€ 
or 
Ee TOs (ae “\ 20, (91) 
oars 1-426 ize! 
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where the plus and the minus sign correspond to the symmetric and antisymmetric 


localized vibrational mode respectively. 
Finally we shall study a special case in which the pair of impurity atoms 


has the closest distance. If they are situated at sites 0 and 1, it is easily seen 
that we have, instead of Eq. (84), the equation 


n+1 2a :) (a ag — a3) 
a yaa —Aa’ (a 2 Aq? : : 


a 9a 7)" 
— ——— +a,—2a). (92) 
rey ov w'—4a0" eevee 2 Aq? : ‘ 


Now it is again easily verified that there exist two types of solutions, for which 


i) Symmetric case @-,=@n+1 


Pe maart laymen mercer eth eet 


ii) Antisymmetric case d-,=—An41 


By letting 7 be 1 and 2 in each case, we can derive the secular equations in the 
form 


dn =&(—1)” 


V/2—1)% =14+2 (95) 
where the upper and the lower sign refer to case i) and ii) Doe J@ly.9) LOE 
solutions of Eqs. (95) are given by 
case i) z= (1+6&) /2//é, €>1 (96) 

-1/2 
case ii) A ACESS) (1798) = 1— 21/048) (1+9&)— (1 +36)| : 
2y/ 2€ 
(97) 


The solution of the case i) gives a lower level and that of case ii) an upper 
level, each of which is splitted from the degenerate level when the two impurity 
~ atoms are infinitely separated. Thus, in this case, the frequency of the symmetric 
localized mode is lower than that of the antisymmetric localized mode. However, 
it can be shown that the solution of lower level does exist only when €>1 or 
M<m/2. Therefore it may be concluded that the stationary localized vibration 
corresponding to the lower impurity level does not exist when m/2<M <m (Fig. 3). 
In these cases we must reformulate our theory of the stationary statc in such a way 
that it can explicitly take account of the scattering processes of the free i incoming wave, 
the frequency of which lies around the maximum frequency of the unperturbed lattice. 

Further, it is easily shown that the secular equation (95) can be generalized 
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to the case in which the relative distance between two impurity atoms is 
p(=1, 2, -+) , that; ig 


Sot Hr e-V 21) =144, co 


where the upper and the lower sign correspond to the symmetric and the antisym- 
metric vibrational mode respectively. By analyzing this equation (98), we car 
prove the fact that when p is even the antisymmetric mode gives the lower fre 
quency and if p is odd the symmetric mode becomes the lower level, and thesc 
localized vibrational modes corresponding to the lower levels can exist only when 


1 
2p—1- 


(99) 


Therefore if 


Cp) <M (100) 
2p cy 


we have only one localized mode with frequency higher than that of a single im- 
purity atom, otherwise we have two impurity levels, corresponding to the sym- 
metric and antisymmetric binary localized vibrational modes. 


2.0 


15 


: 10 20 30 40 50 € 


Fig. 3. The characteristic frequencies 
of the localized xibration associated with 
the closest pair of impurity atoms. 
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On the Scattering of K* by Nucleon 
at Low Energies 


Masayoshi Azuma and Takesi Ebata 


Department of Physics 
Tohoku University, Sendai 


August 3, 1960 


According to the older data,” the 
elastic K*-nucleon ordinary scattering 
cross sections are almost constant up 
to about 2 Bev, while the charge ex- 
change one rises remarkably even at 
low energies. Many authors?~’” have 
tried to explain the two features in 
marked contrast, assuming the K-baryon 
interactions of Yukawa type with or 
without KKz or KKzaz interaction, but 
no sufficient success was obtained. 

Now the recent data”~” show that 


the charge exchange scattering cross 
section is rather energy-insensitive. 
Thus the S-wave interaction predomi 
nates in every K*-nucleon scattering, 
in contrast to the case of z-nucleon one. 
In this situation, it is important to re- 
flect whether or not the elementary 
K-baryon interaction with ps-ps coupling 
can explain the low energy scattering 
data. The point is, no doubt, how to 
treat the S-wave interaction or so called 
core term. In the case of z-nucleon 
scattering, as was shown by Chew et 
al.,” the Born term in the dispersion 
relation is largely reduced by the P- 
wave contribution in the (3,3) state. 
In our case there is no such large P- 
wave contribution. Thus it will be of 
some interest to see to what extent the 
simple second-order perturbation ap- 


oun o(mb) 
16 
2 
8 
. { 
: . 100 200 300 Mev 100 200 300 Mev 
Fig. 1. o(Kt+p—>K*+). Fig. 2. o(Kt+n2—>K0+P). 
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o (mb) 
16 


12 


100 200 


Fig. 3. o(K+t+n—K*+n). 
$ : ref. 2) 
proximation can reproduce the experi- 
ment. It has been pointed out by some 
authors” that the perturbation calcula- 
tion would fit the experimental data near 
the zero energy. Especially, D. Amati 
and B. Vitale’ carried out the second- 
order perturbation calculation in practice. 
However, they neglected the recoil effect, 
and the cross sections thus obtained de- 
crease smoothly with energies in contra- 
diction to the experimental ones. We 
carried out the calculation taking this 
It will be 
shown that the results are much im- 
proved. The calculation is simple ; the 
scattering amplitudes are 

gitgs for K*+p>K*+p 

Moc i 29;" for K*+n>Kt-+n 

94—9s for K*+n>K°+p 

(1) 
except for the common function. (The 
mass difference between A and J is 
neglected, the resulting error being a 
few percent.) The results are given 
in Figs. 1, 2 and 3, where K *-nucleon 
elastic total cross sections vs energy 


recoil effect into account. 


300 Mev 


307" 0028) S04 120" 1505 130; 


Fig. 4. do/dQ(K++p—>K*+p) at 225 Mev 


He: ref. 3) 


t : ref. 4) 


are plotted in comparison with the ex- 
perimental data.”~* Fig. 4 shows the 
differential cross section for K*-p scat- 
tering, including Coulomb part. The 
coupling constants chosen are 


Ga tgs =44, 97/9s=4.5 (2) 


which agree with those obtained by 
Sugano and Komatsuzawa from dis- 
persion relation.” 

We see that the fit is rather quite 
good considering the roughness of our 
approximation, and any other coupling 
such as KKa, KKaz or (K*t,0,K 
—0,K*7,K) («7X9,7) a interaction” 
seems to be dispensable. The reason 
for the reasonable fit is not clear. 
This fit may be only apparent or be 
due to the smallness of higher order cor- 
rections” and the possible enlarged 
range of S-wave interaction. In this con- 
nection, it is remarked that Kawara- 
bayashi and Miyazawa™ explained the 
smallness of z-nucleon S-wave scattering, 
assuming the core term of long range 
and taking into account the cancellation 


due to 2-7 interaction. In the case of 
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K*-nucleon interaction, there may be 
no interaction such as z-z in their paper, 
and the S-wave occurring from the 
direct K‘*-nucleon interaction will then 
be fully effective. If its range is really 
considerably large, our Born approxi- 
mation will turn out to be quite valid. 

As for K~-nucleon scattering, there 
is large absorption even at low energies, 
in contrast to the K*-nucleon case. We 
may not be able to treat this process 
se) easily as K*-nucleon scattering. 

The authors should like to express 
their thanks to Prof. Nakabayashi, Prof. 
Sato, Dr. Akiba and Dr. Takahashi. for 
their helpful discussions. 


1) C. Ceolin, N. Dallaporta, L. Guerriero, 1 
Laboragine, G. A. Salandin and L. Taffara, 
Nuovo Cimento 13 (1959), 818. This con- 
tains further references. 

2) Proceedings of the Ninth Conference on 
High Energy Nuclear Physics, Kiev, 1959. 

3) D. F. Davis, N. Kwak and M. F. Kaplon, 
Phys. Rev. 117 (1960), 846. 

4) L. S. Rodberg and R. M. Thaler, Phys. Rev. 
Letters 4 (1960), 372. 

5) H. P. Stapp, Phys. Rev. 106 (1957), 134. 

6) G. Bialkowski and A. Jurewicz, Phys. Rev. 
116 (1959), 1269. 

7) XK. Igi, Prog. Theor. Phys. 19 (1958), 238; 
20 (1958), 403. 

8) R. Sugano and A. Komatsuzawa, Prog. 
Theor. Phys. 23 (1960), 287. 

9) R. Sugano, Prog. Theor. Phys. 22 (1959), 
381. There are some errors in Eq. (6.6) ; 
the correct ones are 
Vo(mx) =0.30(942—39s") +0.03(9,? + 93) 

V1 (mz) = — 0.30 (94? + 95”) +0.01(9,? +595") 
(Private communication from Dr. Sugano). 

10) D. Amati and B. Vitale, Nuovo Cimento 
5 (1957), 435. 

11) K. Igi, taking into account the (K*r,0,K 
—0,K*tqK) (1X9, a fitted the experi- 
ments (preprint). 

12) G. F. Chew, M. L. Goldberger, F. E. Low 
and Y. Nambu, Phys. Rev. 106 (1957), 1337. 

13) K. Kawarabayashi and H. Mivazawa, Prog. 
Theor. Phys. 23 (1960), 490. 


Electromagnetic Vertex 
for >°>A°+y¥ 


Hiroshi Katsumori 


Department of Physics 
Osaka Gakugei University, Osaka 


August 20, 1960 


The vertex part /’,(2°A°) which de- 
scribes the decay of 3° into a A’ and 
a photon is generally written as the 
sum of three terms which are pro- 
portional to 7,, &, and o,,, where k, is 
the momentum transfer of the photon.” 
It has been shown that the first two 
terms do not contribute to the real 
photon emission and that the Pauli- 
moment-like term o,, gives the major 
contribution even to the process including 
virtual photons.”’? Also the possibility 
has been pointed out that the observed 
mass of 3°, which is slightly lower 
than the arithmetic mean of the masses 
of ¥*+ and 37, may be explained by 
taking into account the electromagnetic 
self-energy due to the vertex en Ch Ib 
especially the part ¢,,.” In the present 
report several relations of the vertex 
[’,(2°2°) will be examined, which are 
rigorously true to all orders in the 
strong interactions. 

The charge independent strong in- 
teractions of baryons with z and K 
mesons, H, and Hx, are assumed to be 
represented by the doublet form of 
Gell-Mann? and Pais.” The minimal 
electromagnetic interactions of baryons 
and mesons are written in three parts,” 


Pie Airis where 
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H.=42 (Niz,Ni— Nir NOAs | 
+= (Kd,K—3, KK) A, 

y= (Nara Nim NaN) Ay a 

+ € (Kr,3,K—9,KtsK) A, 


+ ie I's 0,7A,, 


Ma (4), N= (opi pyrg) = 
(oltgA ag Pea We 


shall consider, following Tanaka’s argu- 
ment,” the transformation of the con- 
ventional isospin rotation, 


(1): Noe" N,, Noe" Nz, 
Ni e!"/272 Ny, N,>e'@!27 N,, 
mer, Koen K, 

under which H, and Hx are invariant, 

and H,,, is also invariant if A,—A, in 

H, and A,->—A, in H, and H,, and 

next consider the second transformation, 

(D) : Noe*!" Ni, Niet 7a N,, 
Net" Ny, Net" Ny, 
te" zr, KOK, 

under which H, and H,, are invariant. 

and H,,, is also invariant if A,—>A, in 

H, and H,, and A,>—A, in H,. The 

electromagnetic vertex defined as the 

expectation value of the time-ordering 
operator in the physical vacuum may 
be written as the sum of the con- 

tributions from H,, H, and H., i.e. 

PC) HC a BO te. Com- 

bining the results to which the trans- 


formations (I) and (ID) lead, we obtain 
the relations, 
(St) = (2 a= (a= (Ma 
(2° Mg = (Ma) .=0, 
(3' y= ETS as 
= —(1°S"), ; (3° ,= (A), =0, 
(Sty = —(S7)e= (SMC A? 2 )e ; 
(5)= (A). =0, 


(2) 
where (2+ g=(T(3*3'A,) 0, (2A a= 
(T (2°A°A,) @, ete. Thus we have 
PB) =a EA HER Yo) 
PZ) =") HK EL CEM os 
Lalsy) =L,(4) = (a )a= (Aas ; (3) 
(22) =L, (43) =(S91, 

Eels ie): } 
In the above derivation, we have neg- 
lected the mass difference between 
A and X, and have assumed the even 
relative parity between them. If we 
assume, in addition to the above sym- 
metry, the symmetry between nucleon 
and &, we get (3°),=(°)a=0,” but 
(S°),40 and (3°1°),40. Even if 
the nucleon and = symmetry does not 
strictly hold, the magnetic moments /4z0 
and /44 are thus expected to be small 
enough, while the magnetic-moment-like 
coefficient /s04 may be appreciably 
large. Furthermore if the pair effects 
are neglected as in the Chew model, 
{+++}, is the only contribution including 


Table 1 


Coupling of Bi (STA) | BL, (SA) 


(J Ar) 
1 0.392 —0.572 
275 


—0.237 
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Table II 
Coupling of Coupling of : 
(ENE) Ge BK) ACANK) on my | 2 ONO? OB MCINA) BUNGEE A AR 
1 1 0.660 —0.679 0.341 —0.348 
1 115 0.469 —0.413 0.266 —0.233 
1%5 1 0.445 —0.377 0.255 —0.222 
its its —0.255 0.111 —0.184 0.107 
the direct = meson current.” There- study, however, seems to suggest that 


fore if the pair effects are not predo- 
minant and if 92> 9x, it follows from 
(3) that 


Brmee ert lea» 


(4) 
| 4x0 40| > | f4s0| = | 440] - 


Finally, the lowest-order perturbation 
result of /s040 is listed in Tables I and 
I, for the purpose of reference, where 
B, and B, denote the contributions from 
the baryon and meson currents respec- 
tively, though B, calculated by the per- 
turbation theory might be overestimated 
as in the case of nucleon. /4z040 in 
hyperon magnetons is given by 


te, Gsan , 2 
V 4a V 42 


x [Bi (2A) —B,” (22) | 


Goux , Jane , k 
V4 V/ 42 T 


ds Ysux , Jax, 1 

yf Ar VY Aw 
[Bi (2 A) — B, (£2 A) }. ® 
Relative signs of the coupling constants 
and the coupling types (1 or 7s) are 
both indeterminate at present. The ob- 
Served mean life of 20.1 X10 sec”) 
provides a too lower limit, (ft sagot ze, 10~* 
in hyperon magnetons. The above 


the reasonable magnitude of |/s0,40| is a 
few hyperon magnetons as well as |/4:+|, 
and such conjecture does not contradict 
the standard deviation of the recent 


measurement of the mass of 3°(~ | 


+1.0 m,”). 
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The Analyticity Properties of the 
Bethe-Salpeter Amplitude 


Keiji Watanabe 


Department of Physics 
University of Tokyo, Tokyo 


August 31, 1960 


As is well known, the Bethe-Salpeter 
equation has abnormal solutions which 


, 
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are never met in the case of non-rela- 
tivistic Schrédinger equation. They cor- 
respond to the degree of freedom as to 
the relative time. Ohnuki, Takao and 
Umezawa,” and Ohnuki and Watanabe” 
investigated this situation, and showed 
that, in contrast to the normal solutions, 
the abnormal ones do not belong to the 
eigen state of the Hamiltonian of the 
system in question. With the antici- 
pation that the normal and abnormal solu- 
tions should have some differences also 
in their analyticity properties, we have 
examined them. In the case that the 
mass of intermediary boson is zero, we 
have found no difference among them. 

We consider the bound states of two 
bosons, whose masses are assumed to 
be equal, interacting through boson field 
with zero mass. The Bethe-Salpeter 
equation in the ladder approximation 
is as follows: 

[(o+9)*+1]-[e—7)?+1]2 (p) 

—i. [eR | oy 
7 (p—k)*—i€ 
where 7=(0, E/2), E being the total 
energy of the system. We have assumed 
that the bound state is at rest. Ac- 
cording to Wick and Cutkosky® the 
eigenvalue problem Eq. (3) can be 
reduced to a Sturm Liouville type: 
In!’ (2) +2(n—1) z(1—2*) 719,' (z) 

= n(n) a2) 94(2) 

+A 24) att get) 

X 9n(z) =0, (2) 
where 2(>0) stands for a_ principal 
quantum number of the bound state. 
The boundary condition for g,(z) is 


I (+1) =0. (2a) 


From Eq. (2) we see 
+1, +V¥1—-77/7, © 
9, (2) =r 0, 0, —n, Zz 
—n-+1 
(3) 


We may remark here that the singulari- 
ties at z=+1 are common to the 
normal and the abnormal solutions. 
With this 9,(z), we can represent the 
partial wave amplitude 7;"(p) in the 
For simplicity we 


n, 1 


following form” : 


here restrict ourselves to the case 


n=/l+1, 
r'(p) 
i] l Im(z) dz 
~ S[p—poEz+1—(E*/4) —ie}? 


-1 

x Yr (p). (4) 

According to Eqs. (2a) and (3), the 
power series expansion of g,(z) around 
z=+1 is 9,(z)=(z4+1)"+:::. As is 
well known, this series does not con- 
tain the logarithmic term, which can 
be ascertained by the direct computation. 


Therefore, 
de) =(, a"Gu(z) Syl 
G2a—) Nea dz”  \=41 
(9) 


Thus, we can perform partial integration 
of (4), obtaining the following formula : 


ae = sees : 


1 
i Feces ee 
P 1 
p+1+pE—(E*/4)—je 
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1 


pad oe \ ale a NS ea 
n\ ) p+1—p.Ez— (E’/4) —ie 


-1 


a" "Gn ¥ 
x dz"*! dz] Yi (p) (6a) 
if po=9, 
1 7 
x(p) = (pp1—=E)""* 5 |e dz ~ 


(6b) 
Eq. (8) tells us about the analyticity 
property of 7%/"(p) in the p,plane as fol- 
lows: the poles at fp>= —(E/2)+// p*+1, 
po=(E/2)+V/ p*+1, the cuts extending 
from —(E/2)+7/ p’+1to(E/2)+/p'+1 
and from —(E/2)—)/ p’+1 to +(#/2) 
—)/p’+1. This is shown in Fig. 1. 


Poy 


E 2 
ell V p+ Pom 
Fay pri 


Fig. 1. fo-plane. 


When E becomes zero, the four poles 
degenerate into two and branch points 
vanish. This property can also be as- 
certained by solving Eq. (3) directly. 
The solution is 1(p)=(+p?)"~: F(—2, 
—n+2;2;—p"), where F is the hy- 
pergeometric series with finite terms 
and the singularities are involved only 
in the first factor. 

Remembering the remark under Eq. 
(3), we can thus conclude that the 
normal and abnormal solutions are not 
different in analyticity. In this note 
we have assumed that the masses of 
the bosons bound together are equal ; 
this assumption is, however, immaterial, 
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because the integral representation like 
Eq. (6) can also be obtained in the 
case of unequal masses. 

Now, the Bethe-Salpeter amplitude is 
originally defined as 


i) =e"? *(0|T (6 (21) 6 (a2) ) |B>, (7) 


where P denotes the total momentum 
and X=1/2-(a2,+2%2), L=21—L2.. When 
we break up the. product in Eq. (7) by 
the insertion of the intermediate state. 
assumed to have positive energy, we 
obtain 


\/p+1—po— (E/2) —i€ 


V p't+1+po— (E/2) —7€ 


Awd oP) 
Ne) aces 


i | ferent, re 


0 


o(—p, w) 

w+ po— (E/2) —i€ 
where ¢, and o are certain functions, 
E is the total energy of the bound 
system, and w=// pti. Thus, the 
analyticity property is as follows: poles at 
po=(E/2)—V/p+1, —(E/2)+Vv p+, 
the cuts extending from w—E/2 to ~, 
and —w+E/2 to —o. 

When we compare this result with 
that obtained by the ladder approxi- 
mation, we see that the latter has the 
extra-poles at po=(E/2)+// p?-+1, and 
po=—(E/2)-Y p+1-A remark should 
be made here that such extra-poles are 
excluded in Eq. (8) because the inter- 
mediate states are limited to the positive 


| du, (8) 


energy ones. 
The author is indebted to Dr. Y. 
Ohnuki for the most helpful discussions. 
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Note on the D(y, p)n Reaction at 
the y-ray Energy of 164 Mev 


Masahiko Matsumoto* 


Research Institute for Fundamental 
Physics, Kyoto University, Kyoto 


September 14, 1960 


The differential cross section and the 
proton polarization have been computed 
for the y-ray energy of 164 Mev. For 
the deuteron wave function and the 
interaction operator of #1, £2 and spin 
flip 141 we have used the same one as 
that in our previous work” but a dif- 
ferent energy. 

Two types of the interaction operators 
for each transition are used in order 
to determine retardation effect. The 
radial dependences of E1, E2 and spin 
flip M1 transition operator including 
higher power terms or the retardation 
effect are written in the second column 
of the Table I referred to as (A). First 
terms of the expansion of (A) in terms 
of «x are the conventional transition 
operators and are written in the third 
column referred to as (B). 

The final state wave functions are 
approximated by the asymptotic form 


* Present address: Department of Physics, 
Shiga University, Otsu 


Table I. Radial dependence of the interaction 
operator. The retardation effect is involved 
im (A). (By) isthe conventional transition 


operator. 
minieraceie (A) | (B) 
Fee Ried (3/) {2j1(«x/2) | 
E1-transition | —(gr/2)jn(ex/2)} oa ee 


co | (20/x2) {3j2(«x/2) 
E2-transition si (1ex/2) j4(ex/2)} 


spin-flip 


| | 1 
M1-transition | Jo(«x/2) 


Vi7(R2) = Rx ji (kx) cos Or; 


—kan,(kx) sind,,;, 


except for the region x<1.5. A set of 
phase shifts used is given by the an- 
alysis of Gammel and Thaler at 310 
Mev.” The full account of the tensor 
coupling in the final states for EI 
and £2 transition is involved. The 
obtained results are shown in Table II 
and Fig. 1. 

Comparing the results due to the in- 
teractions (A) and (B) in Table II, 
the retardation effect gives the total 
cross section larger than the one of the 
conventional interaction. The retar- 
dation effect really gives the larger 
cross section o,(E1) for the £1 tran- 
sition, but we get larger cross sections 
due to the conventional interaction for 
E2 and spin flip M1 transition. ~This is 
an unexpected fact. Both angular dis- 
tributions (Fig. 1) are similar but (B) 
shows a little strong forward asymmetry 
depending on the larger E2 transition 
amplitudes. 

Total cross sections and angular dis- 
tributions do not agree with experi- 
mental data, and have rather small 
value.” Lately T. Akiba” has estimated 
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sap Il. Transition amplitudes and cross sections in each transition. Calculations due to 
e interaction (A) (second column) and the interaction (B) (third column) are compared. 


Interaction (A) a eclani) (B) 
deuteron >8P)=J,p 0.0723 0.0462 , 
deuteron >3P,=],, 0.406 0.375 
3 —s, 
oP deuteron > 3P,=J;. 0.113 0.0739 
deuteron >3F',= Iso 0.211 0.232 
o7(E1) 35.2 wb 32.3 ub a 
do(E1—E1)/d2 2.255 +0.814 sin? 6 2.414+0.230 sin? 0 
deuteron > 3S, =I, —0.243 ; —0.297 rR 
deuteron >3D,=Iy; 0.387 | 0.449 
deuteron >3D,=Io5 0.276 | 0.267 
(E2) deuteron >3D;= 13 0.0914 0.214 
deuteron >3G;=[y, | 0.552 0.628 
a | 
op (£2) 1.19 wb 1.87 ub 


do (E2—E2)/d2Q 


0.0996 + 0.134 sin? 6—0.178 sin‘ 0 


| 


0.0751 + 0.587 sin? 6—0.596 sin‘ 0 


do(E1—E2)/d@ 


0.168 cos @+2.16 sin? 6 cos @ 


0.182 cos 0+2.62 sin? @ cos 8 


deuteron >1S)=/, 0.0307 0.0323 
deuteron > 1S,=/, 0.108 0.115 
(M1) 2 d 
o7(M1) 2.47 pb 2.77 pb 
do(M1i—M1)/d2 0.0392 +0.236 sin? 0 0.0443 +0.264 sin? 0 
or 38.9 ub 36.9 wb 
Ce TRL Ms Le eat ee A ee 
j the Hulthén function for the deuteron 
u state and he has found that the cross 


—— 
~~. 
~ 


! 


ie i = 
30° 60° 90° 120% Brsoe 


Fig. 1. Angular distribution at #y=164 Mev. 
The soild line denotes the result due to (A), 
the dotted line denotes the result due to (B). 


the virtual meson effect at Tiv=160 Mev 
without the final state interaction using 


section due only to the virtual meson 
effect for E1 transition is about 8~13/b 
If we add our total 
cross section and the increment due to 
the virtual meson effect, the total cross 
section may approach the scope of the 


at the energy.” 


experimental value. 

It was thought that the wave function 
inside the nuclear force range had little 
contribution for £1 transition. How- 
ever, the shorter wavelength of the final 
state at the proton energy 310 Mev 
makes a first maximum of the waves 
grounds. de an) Lnerefore,, the contri- 
butions of the inner region of the 
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nuclear force to the overlap integrals 
are very important and the approxi- 
mation of the final wave function in 
this region may have the major role of 
the /1 transition. 
know the reliable features of waves 
except the asymptotic form. Then we 
must content ourselves with the ap- 
proximation which modifies the asymp- 
totic form by analogy of the previous 


However, we do not 


The approximation wv,;=kx 
X jr (kx) cos 0,,(x<1) gives rise to the 
values of overlap integrals about 10 to 


15% smaller than the present approxi- 


work.” 


mation. 


For the variety of sets of phase shifts 
for p-p scattering, the set of Gammel 
and Thaler” or of Stapp’s solution No. 1 
gives the largest cross section. This 
is the same conclusion as that of de 
Swart and Marshak.” We have also 
calculated the proton polarization but 
it may be of no use except for the 
comparison of (A) and (B)_ because 
the differential cross section is out of 
fit with experiment. 


The author would like to express his 
gratitude to Professor M. Kobayasi for 
his encouragement. 


1) J. Iwadare and M. Matsumoto, Prog. Theor 
Phys. 24 (1960), 797. 

2) J. L. Gammel and R. M. Thaler, Phys. Rev 
107 (1957), 291, 1337. 

3) We use the same notation as that in re- 
ference 1). 

4) W. Zernik, M. L. Rustgi and G. Breit, 
Phys. Rev. 114 (1959), 1358. 
They obtained o7=48b without the retarda- 
tion. 

5) T. Akiba, Prog. Theor. Phys. 24 (1960), 370. 

6) T. Akiba, private communication. 

7) J. J. de Swart and R. E. Marshak, Physica 
25 (1959), 1001. 


- wave number component 


Collision Broadening of the 
Landau Levels 


Tokio Ohta* and Tohru Miyakawa** 


*Department of Physics 
** Department of Electric Engineering, 
Defence Academy, Yokosuka 


September 14, 1960 


A tentative method is proposed in 
order to avoid the divergence of the 
scattering probability of a carrier by the 
static impurity potential in a magnetic 
field at the bottom of each Landau sub- 
band. 
such as 


The conventional assumptions 
cutoff’’” and 
are not used. The 
unit volume of the crystal is taken, a 
spherical mass is assumed, and all the 
spin-effects are ignored. 

Applying the multiple scattering 
method for the amplitude correlation 
function” to the case in the presence 
of a magnetic field, we have for the 
density of states 


“ uncertainty 


292) 


“collision cutoff 


P(E) = 


Z 
20 


Di $a" (vr) Par) 


x {1/[ba (E+ i9) —(O.(E+ 74) >| 

—1/[b.(E—in) —(On(E— 19) )}}, 
(1) 

a=(n,1,k), b.(E)=E—E,, 


(ar|O|a") =BeqCat| 3) tle), 


where ¢.(r) is a function of the carrier 
coordinate r and denotes a Lanclau state 
with a magnetic quantum number », an 
azimuthal quantum number /, and a 
along the 
magnetic field k, ¢; is the scattering 
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matrix due to i-th impurity, N is the 
number of the impurities, and ¢_ ) means 
the averaging over all the impurity po- 
sitions. In deriving Eq. (1) an approxi- 
mation (F/(b—O))~ <F)/(b—<O)) 
was assumed and the fourth and the 
higher orders of the scattering matrix 
was ignored. /FF—1 is the incoherent 
part of the Méller wave matrix.” 
Separating the real and the imaginary 
parts of the diagonal operator O. as 


{Oz (E+ in) ) 
=A,(E, 7) ¥ii CE, 9)/2, 
we obtain 
P(E) = (1/22)? ( 
/{ (EB — Enx—4nn)?+ (AD x/ 2) “i 
bce. (2) 


Using the perturbation method and 
the screened Coulomb impurity potential, 
the scattering probability in the quantum 


Oey tim Sl a2) 


vi% n>+0 nk 


limit is given by 

[= (2a/h) (Are*/«)* (2/2)? (N/2a) 
x po’ (€2) A/)L{1+7 exp) Ei(—1)} 
+ (7/70) (1 +70 ex (70) Ei(—70)} J; 
y= (Ae,+¢,)/ho, r= ¢/ho, 
é,='/2m* r, e=Wk/am*, (3) 


where r, is the Debye length, o is the 
cyclotron frequency, « 1s the dielectric 
constant, and o'(e.)=(1/22h)(m*/ 2,” 
+s the usual density of states. Putting 
Eq. (3) into Eq. (2) in place of In, 
we obtain the density of states at 
(0, l, k), in which the broadening effect 
is adequately taken into account. Next 
we substitute the obtained density of 
states. except the factor 1/(27A)’, which 


comes from the degeneracy of the center 
of cyclotron orbit, into Eq. (3) in place 
of ~(€.) and obtain 


Pp= (1/2ah) J(€,) €s' (wt €s) X 


{1+ (1+ 4e,/€,) (1+ 4e,./(€,+he))} 
/ (4e.+€,) (4€.+€,+ho), 


foo} 


J(e.) = | dupa) 1+F)} /LA4 OY 


+aPK?f?(u)u(u—€,/a)’], 
a=€,/4, b=(€,+hw) /4 (A) 
K=16%(2m*)*?/zhe* Nho, 

f (u) = (1+) (1+au/b), 


where the approximation 1+7 exp(7) 
x E,(—7) ~1/(1+7) is used. 

From Eq. (4) we can readily obtain 
the half-width of the broadened level 
of the bottom (€,=0) of the sub-band 
and compare the result with the ex- 
perimental values in the following : 
“Dingle’s temperature” found experi- 
mentally (H=2x10*Oe) for InAs is 
14.7°K,” while the calculated value is 
13.5°K assuming H=5x10*Oe, N= 
4X10"/cc. and r,=5X107 cm. The 
half-width of the I.M.O.-absorption in 
Ge inferred from the observation 1s 
1X 107 eV (H=4.66 x 10* Oe) and the 
width due to the phonon scattering has 
beennlealculanedontos be \@.5K00meV™ 
(H=5xX10' Oe), while the calculated 
values due to the impurity scattering 
are 1.3X107%eV for c-band and 2.6X 
10-"eV for v-band assuming H= 
5x10‘Oe, N=2x10"/cc, and r= 
1x10-°cm. The total value 74x 
10-!eV may account for the order of 
the experimental value. 

Very recently, Kubo et al.” have 
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calculated the broadening with a method 
of approximating the integral equation 
by an algebraic cubic equation assuming 
the Gaussian impurity potential. Our 
method, which may be called the 
“iteration method” for solving the same 
integral equation, will be discussed in 
detail in a forthcoming paper, in com- 
parison with the work of Kubo et al. 


1) B. Davydov and I. Pomeranchuk, J. of Phys 
U.S.S.R. 11 (1940), 147. 

2) E. N. Adams and T. D. Holstein, J. Phys. 
Chem. Solids 10 (1959), 254. 

3) P. R. Weiss and E. Abrahams, Phys. Rey. 
111 (1958), 722. 

4) R. J. Sladek, Phys. Rev. 110 (1958), 817. 

5) E. Burstein, G. S. Picus, R. F. Wallis and 
F. Blatt, Phys. Rev. 113 (1959), 15. 

6) T. Ohta and T. Miyakawa, Prog. Theor. 
Phys. 22 (1959), 893. 
T. Ohta, M. Nagae and T. Miyakawa, Prog. 
Theor. Phys. 23 (1960), 229. 

7) R. Kubo, N. Hashitsume and S. Miyake, 
presented at the 15th Annual Meeting of the 
Physical Society of Japan, April, 1960. 


Application of p-Meson Theory to 
3 Bev z~-p Data 


Hiroshi Nakamura 


Department of Physics, Tokyo 
Institute of Technology, Tokyo 


September 26, 1960 


The angular distribution of protons 
of z-p inelastic collision at 5 Bev 
suggests a sharp tendency to forward 
scattering and this fact is favorable for 
the existence of some isobaric states 
such as Fig.i and Fig. 2. Therefore, 
using Takeda’s o-meson” or the author’s 


(1,1) nucleoneum,” we have ¢ai-ulated 
Feynman diagram (Fig. 1) and applied 
it to the 5 Bev data.” 


p (3/25, 3)22) & Ge nence 
Tc bp 
Figs Fig. 2 


Following Takeda’s theory, if we 
put m,=4/4(m, is p-meson mass.), the 
momentum p* of the recoiled proton is 
estimated as 


1.3 < p* <1.4 Bev/c. (c.m.s.) 


The remarkable difference between 
inelastic 2-prong and 4-prong events is 
the existence of the anomalous group 
of the recoiled protons in the region 
(A) 

1.2<p* <1.4 Bev/c, (1) 
—1.0<cosé* <—0.9, (2) 


where 4* is the scattering angle at 
barycentric system. Since the Feynman 
diagram (Fig. 1) contributes as 2-prong 
inelastic scattering, we may consider 
that this anomalous group results from 
this diagram. 

It is easily shown that the main 
angular dependent part of the differenti- 
al cross section for this diagram is 
given by 


where & and &’ represent the four vector 
of z and p, and F, and Fy represent 
the form factor of the vertex 7-2-9 


and z-N-N, respectively. Therefore, 
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we must consider that Fy(—2x*) (or 
F,(—<x’)) may damp in high energy 
region x>4.44 (or 23.64) in order 
to get the desired angular distribution 
(2: 

From this form factor, the total cross 
section becomes 

1.7~1.9 mb. 


This gives rather good agreement with 
the experimental cross section in the 
region (A) 

1.3 mb. 


Thus, p-meson theory gives a expla- 
nation to group (A) of the data, though 


(8 events) 


we determined the form factors from 
the experiments. 

Concerning to p*, the best fit is given 
if we assume 


m, = 6p. 


In conclusion we remark that the 
events of group (A) must be of the 
two pion production, if our description 
is true. 


1) G. Takeda et al., Prog. Theor. Phys. 24 
(1960), 529. 

2) H. Nakamura, Prog. Theor. Phys. 24 (1960), , 
gels 

3) W. B. Fowler et al., Phys. Rev. 108 (1957), 
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